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Abstract. We give some Voronovskaja formula for linear combinations of general-
ized sampling operators and we furnish also a quantitative version in terms of the
classical Peetre K-functional. This provides a better order of approximation in the
asymptotic formula. We apply the general theory to various kernels: Bochner-Riesz
kernel, translates of B-splines and Jackson type kernel.
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1. Introduction

In the study of the order of approximation to a function f by sequences of
linear operators T,,, it is well known that if T, is positive the rate of (pointwise)
convergence is at most O(n~?) for functions which are not smoother than C?.
The existence of derivatives of higher order of f(x) cannot improve this order
of approximation. This is due to the Korovkin theorem which states that the
optimal rate of convergence cannot be faster than C*-functions (see [1]). Tt is
therefore interesting to construct (non-positive) linear operators to improve the
order of approximation. A classical approach is based on the construction of
suitable linear combinations of positive linear operators. This idea comes from
the classical work of P. L. Butzer for Bernstein polynomials [13] and has then
been developed by several authors (see e.g. [3,18,23,28-30]).

In recent years we have developed a theory for the study of linear com-
binations of the Mellin integral operators which includes the Mellin-Gauss-
Weierstrass operator, the Mellin-Picard operator, moment operator and others,
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see [8,9,11,12,22]. This approach for integral operators is very suitable because
from the original kernel, we obtain a new kernel, not necessarily positive, which
generate a Mellin operator of the same kind.

Now we apply the same approach in the study of linear combinations of
certain discrete operators not necessarily positive. An important class of such
operators is given by the generalized sampling series introduced by P. L. Butzer
and his school in Aachen (see [15,16,25]), which have fundamental applications
in signal processing, in particular in linear prediction by samples from the past
of the signal to reconstruct. These operators are defined by

@@= e(n(s-5))r(E) nenser

k=—0o0

where ¢ : R — R is a continuous function and the signal f belongs to suitable
function spaces.

Thus, it is certainly of interest to investigate the order of pointwise or
uniform convergence of G, f to f. Under certain moment conditions on the
kernel function ¢, in [16] it is proved that the rate of uniform convergence, in
the space of all the uniformly continuous and bounded functions on R, may
be of order O(n~"), for any integer r € N. However, largest is the constant r,
the harder it is to build examples of kernels which satisfy the above mentioned
moment conditions. These examples are mainly costructed by means of the
solutions of certain linear systems based on the Poisson summation formula (see
[14,16]). In the present paper we consider a simple approach for the construction
of linear combinations of generalized sampling operators, which give a better
order of pointwise or uniform convergence. In particular we are interested in
the asymptotic behaviour, which gives Voronovskaja type formulae for these
combinations. Given aj,ag,...,as; € R\ {0} such that oy +--- 4+ a5 = 1, we
define the operator:

(G f)(x) = Z ai(Ginf) (),

and we look for coefficients «; such that certain moments of higher order are null.
In this way we obtain a linear system whose solution gives an operator with a
high order of approximation. We apply this method to suitable particular cases:
we examine the Bochner-Riesz kernel, a Jackson type kernel and a kernel defined
by combinations of translates of central B-splines. The latter operators are of
interest in the linear prediction theory, since they have a compact support. We
furnish also certain quantitative versions of the asymptotic formulae, in terms
of the Peetre K-functional (see [2,17,21,24]), using an approach introduced
in [19].

Note that the new operators G7 f are not of the same type of the original
ones, because they are not generated by a single kernel function ¢, unlike what
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happens for Mellin operators. Indeed, in Mellin frame, a linear combination
produces a new kernel which generates another (non-positive) Mellin operator.

2. Convergence properties of generalized sampling series

Let L>°(R) be the space of all the essentially bounded real functions defined on
R and by C° = C°(R) the subspace of all uniformly continuous and bounded
functions f : R — R, provided with the usual supnorm || f||.. For & > 1 by

Ck = Ck(R) we denote the space whose elements f are k-times continuosly
differentiable and f* € C°.

Let ¢ € CY be fixed. For any v € Ng = NU {0} and u € R let us define

+oo

o) = 3 olu— k) - u),
k=—o00
M, (p) := sup > el — k)||k—ul”.

Let the function ¢ satisfy the following assumptions:

i) for every u € R we have

+o0o
mo(pu) = > plu—k) =1,
k=—0o0
ii) for every u € R we have for v =1,2,...,r — 1,

my(p,u) =0, m.(p,u) = A,
for a given constant A, € R\ {0},
iii) M,(p) < +o0 and

lim Y Je(u—k)|lk—u =0

w—r+00
|k—u|>w
uniformly with respect to u € R.
From now on we will write m,(¢) = m,(p,u) for v € Ny and v € R. Note that
(see [6]) for p, v € Ny with u < v, M, () < +oo implies M, () < +00. When ¢

has compact support, we immediately have that M, (¢) < +oco for every v € Ny
and iii) holds.

For n € N, the generalized sampling operator generated by ¢ is defined as
(see e.g. [15,16,25])

G =3 90(77, (x_g))f@ reR

k=—00
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Under the above assumptions we have L*(R) C (1, oy Dom G, where Dom G,
is the space of all functions f : R — R for which the series defining G,, f(x) is
absolutely convergent for every x € R.

At first we consider some quantitative estimates of the uniform convergence
in the space C° in terms of the classical modulus of continuity. For € > 0, we
define the (usual) modulus of continuity of C° by

w(f,e) == sup [f(x) = fy)l-

lz—y|<e
We have the following theorem (similar estimates can be found in [10]).

Theorem 2.1. Let f € C°, § > 0 and j € N be fized. If Assumption i) holds
and M;(p) < 400, we have
20| fllos

|Gnf = flloo < Mo(@)w(f,6) + M;(p).

niéi 7
Proof. For every x € R, we obtain

@ne-sei< 3 tetne—hl|r(£) s

k=—o00

< 3 lotnr-Rletrd)+ X lotur—l|£(%) o)

—l<é & —z|>6
|nz— k|’
<Ml f0) + 20 X lelna =Rl
|k—nxz|>nd
< Moyl f,0) + W=y )
~ olyp ) nj(5j J P)-
Thus the assertion follows from the arbitrariness of z. O

Another result is the following.

Theorem 2.2. Let f € C°, § > 0. If Assumption i) holds and M;(p) < +o0,
we have )

|G f = flloo S w(/,0) <M0(g0) + M;LE;D)

Proof. Since w(f,Ad) < (A+ 1)w(f,d), for A > 0, we have

(Guf)@) — F@) < 3 Jplnz — k>|w(f, £

——x
k=—o0

)
< f |<p(nx—k:)|(1+ |§;m|>w(f,5)

u5)

Thus the assertion follows from the arbitrariness of z. O]

< wlf,8) (Mo«o) n
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Remark 2.3. a) If we take, § = % in Theorem 2.2, we get

[Guf = fll < Cu(£,2).

where C' = My(p) + M (p).

b) If f € C"NCY, under the assumptions i), ii), iii), using the Taylor formula
with integral remainder, we can obtain the following uniform estimate (see
also [16]):

M, ()
|

n"r

1Gnf = flloe < £ oo

Now we state an asymptotic formula for G, f, for a particular case see [5,6],
in which only the case r = 2 is studied.

Theorem 2.4. Let f € L®(R) be a function such that ) (x) exists at a point

x € R. Under the Assumptions i)-iii) we obtain

") (1
lim w7 [(Guf) (@) — fa)] = A,

n—+oo 7!

Proof. Using the local Taylor formula for the function f, there exists a bounded
function h such that lim, o h(y) = 0 and

1(5) = s+ s (5 -o)e- +£2) (£- x)r+h<§ o) (- x)

Thus we have

16w 101 = 450D 4 5% oo (o= ) n(E ) 0y

r! . n n
=—00

Now we estimate the term
+o00 ]f
I:= Z o(nx — k)h(— - x) (k —nz)".

n
k=—oc0

Let € > 0 be fixed. There exists 6 > 0 such that |h(y)| < € for every |y| < 4.
Moreover there exists w > 0 such that for every w > w

Y lplu—R)k—ul <e

|[k—u|>w

uniformly with respect to u € R. Let @@ be such that on > w, for every n > n,
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so we have
k r
11| < Z o(nx — k;)h(ﬁ - q:) |k — nx|
|%—x\<§
+ Z o(nx — k)h(E - x) |k — nx|”
n
| —a|>0

< eM(p) + ke D lp(na —k)|[k — na|”

|k—nz|>nd

< e(My () + [[Alloo)-

Thus, passing to the limit, we have lim,, . n"[(G.f)(z) — f(x)] = A, fm(x),

r!
that is the assertion. O

Remark 2.5. Following the same reasoning as in [6], we can relax the bound-
edness assumption on f assuming that there are r 4+ 1 positive constants ay,
ai,...,a, such that

|If(x)] <ag+ayz+---+ax", forevery z € R.

Our next aim is to determine the order of approximation in Theorem 2.4,
using the classical Peetre K-functional defined by ([24]):

K(e, f) = K(e f,C°,C%) = f{||f — gl +ellg'llc : g € C'}

for f € C° and € > 0. The K-functional is related to the modulus of continu-
ity w, by means of the following lemma (see [2,17,24]).

Lemma 2.6. For every f € C° we have

£ 0 Al L
_ = >
K<2,f,C,C> SG(f.e), e20,

Here W(f,-) denotes the least concave majorant of w(f,-), (see [2,17]).

Our next result is based on the following version of the Taylor formula
(see [19]):

) (o )
£) =3 T 0 a4 B (i),

m

for g,z € R, m > 1 in which the remainder R,,(f;xo,z) is estimated by

| — zo|™

Ry (f; 20, 2)| < w(f™; |z — x9)).

m!

In [19] the following estimate of the remainder R,,(f;xo,z) in terms of w, is
also established:
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Lemma 2.7. Form € Ny let f € C™ and z,xq € R. Then we have
[T — @o|™ |z — @0
Rm ; ) < - (m)7 - 4 *
| Ron(f; 20, 7)| < 1wl 1
We now give a quantitative version of Theorem 2.4.

Theorem 2.8. Let f € C" and x € R be fivred. Under the assumptions of
Theorem 2.4, if moreover M, 1(p) < 400 we have

fo Mr(SD)@(f(r) 1 erH(Sﬁ))

n"[(Gnf)(x) = f(z)] — Ar 1 < r! r+1n  |A]

Proof. The proof follows by the same arguments as in [6, Theorem 2]. O]

3. Linear combinations of generalized sampling series

In this section, using a direct method, we will construct suitable linear com-
binations of generalized sampling operators in order to improve the order of
approximation in Voronovskaja formula. In what follows, we will assume that
the moments m,, () of the function ¢ are independent of u € R for every v € N,
when they exist.

3.1. General theory. Let o;, @ = 1,...,s be non-zero real numbers such that
a1+ --+as =1 and for n € N let us consider the following linear combination

s

(Ghf)(z) = Z i(Ginf)(x), x€R

=1

We define for v € Ny and =z € R

M:(p.n) = ;a f o(inz — k) (% - x)

k=—o00

Note that

s

Mi(o.n) =m, ()Y

=1

(6%}

(in)”
By the assumption ii) we have that M (p,n) =0, forv=1,...,r — L.

Concerning the uniform estimate with the modulus of continuity w, we have
the following:

Corollary 3.1. Under the assumptions of Theorem 2.2, there is an absolute
constant D > 0 such that

625 ~ flle < Do £.2)
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Proof. By Theorem 2.2 with § = %, there is a constant C' > 0 independent of ¢
such that

1637 = e = Y luliGunt = e = €Y (1.5 ) < D17,

where D :=C Y7 |l O

Note that also in this case, we can obtain an analogous uniform estimate
for functions f € C" (see Remark 2.3b)).

Now we show that the above linear combinations provide a better order in
the Voronovskaja formula. In particular we will obtain an order strictly greater
than r in Theorem 2.4 for functions belonging to C” for j > r.

Theorem 3.2. Let f € L®(R) be a function such that fU)(z) exists at a point
x € R with j > r. Under the assumptions of Theorem 2.4, if moreover M;(y)
is finite for everyv =r+1,...,7 then

T () m ° o ,
(o))~ fla) =30 AL S Oy e,

V=

ﬁ
.
|
—

Proof. Following similar arguments as in Theorem 2.4, using the local Tay-
lor formula for the function f, there exists a bounded function h such that
lim, o h(y) = 0 and

1) s s (£ L2 (Y (B (B
We have

(GL)(@ )—f(l“)

_Z%Z (inz — k (f(%)—f(x))

k=—o0
_ f< (@) g k £y
Z ./\/l —i—Zozlk_z_:oo o(inx — k) h pel )l Womiat
o MY @) mu(9) o
B Vz:; vl nv ; i 1
where
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Now we evaluate I. Let € >0 be fixed. There exists 6 >0 such that |h(y)| <e
for every |y| < 4. So, using the same method as in Theorem 2.4, we get

) + [hllw0(1)) = o(n™). O

Now, we assume that M?(p,n) =0, forv =r,...,j—1, for an integer j > r
and M3(p,n) # 0. This implies that m;(¢) := A; # 0. In this instance, from
Theorem 3.2 we can obtain the following Voronovskaja formula, for functions f
such that fU) exists at the point z:

f(j)(x)Aj : %
il

lim n/[(G}.f)(x) - f(2)] =

n—-+0o j'

As in Section 2 we can obtain the following quantitative version of the above
Voronovskaja formula.

Theorem 3.3. Let f € C7, j > r and v € R be fized. Under the assumptions
of Theorem 3.2, if moreover M;1(p) < +00 we have

EMJ(w)K(L@)), fm)

; ) f(])(l’) ‘ 5 o 2
WIGNE) = @) = = A D | < 24|+ Dn

=1

where E =" |ay].
Proof. We have for x € R

D(x) <=
\(szxx) g - Ly

jlnd

Zaz Z mx—k)h(%—x) (%—x)j .

k=—o00

Now, putting R;(f,z, £) = h(£ — z)(£ — z)7 and using Lemma 2.7, we get

Z mx—k)h(%—x) (%—:::)j

k=—o00
|’“ flr|j~< : ﬁ—%l)
< o inr — o (J)’m—
ZI Ik_zoo\so ], 10

—22\ Y Sty i
o (inx i 2 +1) .

k=—o00
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For any g € C*! we have

‘ﬁ_ ‘j

T , ~o_x )
_ N\@ Lin Uy (1)
I<2§j|az| > foline - S (n(f 9 o+ 5yl ||oo)

k=—00

,Z|az| S lpline - e~ o

k=—o00
g9V oo 202" lpline — k)52 — flf\”l)

20 +1) X2 leling — k)l — «f

k=—oc0

i

J

< (17 =9+
Taking the infimum over all the functions g € C/*! we finally get

2F M1 (p) ,
I< = M (p)K [ —L8r <J>). O
< S OK (g e !

3.2. The construction of specific linear combinations. Let vq,...,v,_1 €N,
with vy =7 < vy <--- <w,_1, beintegers such that m,, (p) # 0,7 =1,...,5—1,
and assume that m, (@) =0, for r < v < vs_1, v # v;. We look for constants «;
in such a way that M} (¢,n) =0 for j = 1,...s — 1. We obtain the following

linear system
S
S
i=1

S

Q;
> 57 =0

=1

S

Q;
=0.
Z istl

\ i=1

The solution gives a linear combination with order at least v,_; + 1 for func-
tions f for which f®s—1¥1(z) exists.

For example, we examine the case s = 2. In this instance the linear system

reduces to
a1+ e = 1
«Q
{ o1 + 2—3 =0
with solution @ = —51=, @ = 52+ So
9 1 2
(Gof)(x) = — (Gnf)(z) + (Ganf) ()

2r—1 2r—1
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and for every j > r + 1 we obtain, for functions f for which f)(z) exists,

J (v) ) m r—v )
(@)~ o) = 30 LM (L L ) o)

V! nv
v=r+1

J (v) ) m r—v __ )

v=r+1
In particular, for j =r + 1, we get

(1) (5
i (@)~ ) =T o)

Concerning the case s = 3, putting 1y, = r and denoting v, = p > r, the
linear system reduces to
a1+ o + a3 = 1

Qg Q3

o+ —+-—=0
2r 3
Qg Qg

(03] + =+ — = 0
o 3

. . _ p—r_gpu—r __ 2H(3H=T—1) — 3H(1=2+7T
with solution a; = %, Qo = %7 Qs = %, where we have

put H := 27" — 3#77 4 21 . Z#TT — 28 4 3H — 3H2¢7T. So we obtain the linear

combination
(G2 1) (@) =1 (G f)(x) + Ao(Gonf)(z) + T5(Gan f)(2)

and for every j >y + 1 we get, for functions f for which f)(z) exists,

(Ga)(@) = f(2)
J ) _ _
-y ! V'(x) m;(f) <al + oo %) +o(n)
v=p+1 ’
J v) -r _ _ T
=Y / V'(x) m;(f)%(zw -3+ 3“2%” Lyl 3?; ) +o(n™).
v=p+1 ’

In particular if j = p 4 1 we obtain

lim n* (G f) (@) = f(2)) =

f(u—f—l) (.T) 2u—r+2 _ 3u—r+1 -1
6H

>mu+1(90)-
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4. Examples

In this section we will apply the previous theory to various specific exam-
ples of interest in sampling and prediction theory. We limit ourselves to the
Voronovskaja formulae. Their quantitative versions are obtained in a similar
way. In the following, given a function g € L'(R), we define the Fourier trans-
form of g as
+oo
g(v) = / g(u)e ™ du, v eR.

(e 9]

I) Bochner-Riesz kernel. Let us consider the Bochner-Riesz kernel defined
by (see e.g. [14,27])

Y

2 1
p(r) =b"(x) = \/%F(Wr D ()71, (2])
for v > 0, where J) is the Bessel function of order \. It is well known that

Sy =0, ] <1
b(v) = { 0, o] > 1.

Using the Poisson summation formula

+o0 too
(=) Z o(u—k)(u—k) ~ Z PY) 27k ez,
k=—o0 =

we have for u € R

mo(b7) = Y b (u—k) =b1(0) =1

k=—00

and

mi(b) == Y b(u—k)(u—k) =0, me(b?) = Y b(u—k)(u—Fk)*=2y.

k=—o00 k=—o00

Moreover, in [6] it is shown that for v > 3 we have M3(b?) < 400 and

i ST (= (0=
kgUr(u)
uniformly with respect to u € R, so condition iii) holds for » = 2 and as a
consequence the following Voronovskaja formula for the Bochner-Riesz sampling
operators, denoted by B, is given lim, , . n?((B,f)(z) — f(z)) = vf"(x),
provided that f” exists at the point x.
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Concerning the linear combinations, we begin with the case s = 2. Using
the Poisson formula, we easily get

—_Zb’Y(u_k)(u—k)3 . my(b)= Zb”u E)(u—k)*=12y(y—1).
k=—o00 k=—oc

Then, from the general theory, we have, for functions f for which fU)(z) exists,
J >3,

J (v) ) m 2—v )
(B2 - fla) = YDA (2 B0 o)

Il
+
2
3

d

<
W~

In particular, for j = 4, lim,,_, ;o n*((B2f)(z)— f(x)) = L )( )7(7 1) follows.

Now we consider the case s = 3. Since we have m3(b?) = 0, in this case we
look for coefficients ay, a, a3 such that M3 (b7, n) = M3(b7,n) = 0, i.e., we put
vy =1 =2, = u=4. We obtain the system

ar+as+ag=1

« «
a+—+—2=0

4 9
(6%) Q3
2138
T
Since in this instance H = —120, its solution is given by a; = i, Qy = —%,
Q3 = 81 . We obtain the linear combination
16 81

(B3 f)(z) = ﬂ(an)(fB) - E(anf)(iﬂ) + ZO(anf)(f)-

Again, by the Poisson formula, we have

Zb”u— (u—k)P° =0

k=—o0
and

) = > W (u—k)(u—k)° =1207(y = 1)(y — 2).

k=—o00

Then we have, for j > 6,

_Jf” (p) (1 1 1 ~
(B@) = 1) =3 nv (ﬂ_15?4+40y4)+“”>

v=6
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For j = 6 we get lim, e n°(BLf)(x) — f (1)) = Lo

IT) Translates of central B-splines. Let us consider the central B-splines of
order h € N defined by

1 < h\ (h "
B = —1)* - -/
o) = gy 2D (1) (G )
where 2%, := max{2",0}. It is well known that the Fourier transform of the
functions By is given by

Ao - (23

h
— ) , veR, heN
2
(see [16,26]). We apply the previous theory to the kernel function defined by
(x) = 3—£ Bp(x —1)+ i—3 Bp(x —2) + 1—£ Bp(x —3)
P = 94 ) M 12 rE 94 ) M
for a fixed h > 6. The Fourier transform of ¢ is given by

Pv) = Eh(v)< (3 - %) iy ( h

) h )
12 3) e <1 R ) em)'
By elementary calculations we have

h h? 251h
0)=0.00)=0. 3"0)=(6—=)i 6W0)=-—"——-"""136
¢'(0) =0, §"(0) =0, 7(0) ( 2)%@() 8 120 T30

5) 5) 1255 125 5!

590) = =h2+=h—150) i, @©(0)=—-540 — —"h + —h?
?(0) <12 +2 50)2, 2 (0) 540 &3 + +
formula

—h3.
48 288
Then, since ) (2k7) = 0 for every k # 0, we have by the Poisson summation

mi(p) = ma(p) =0,

hZ  251h
=—— =136

y M) = o t

and

5h?  5h 1255 125

ms(p) = T3t 10, me(p) = 540 + ——h — 2

5
iy
63 48

58

288

Since ¢ has compact support contained in the interval [1 — %, 3+ %], we
have that M, () < 400 for every v € N and conditions ii) and iii) are satisfied

with r = 3, if h # 12. In this case we obtain the following Voronovskaja formula
for the sampling operators generated by ¢, denoted by S, :

i () — f) = ),
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provided that f” exists at the point x.
If h = 12 then we obtain a formula of fourth order taking into account that
in this instance ms(¢) = 0. So, we have r = 4 and

79
li 4 _ - 7 r@4
i (5, )(2) — () = o e,
provided that f®* exists at the point x.

Concerning the linear combinations, we consider the case s = 2. If h # 12,
we have v; = r = 3 and we look for coefficients ay, ay such that M2(p,n) = 0.

The solutions are oy = —%, Qg = % and the operator takes the form

(S2)(@) = ~3(SuF)(x) + (S f) ().

Then, from the general theory, we have, for functions f for which fU)(z) exists,

“)(z) m 3—u A
(S2f)(a) Zf AT o).

In particular, for j = 4, lim,,_, ;oo n*((S2f)(z)— f(z))= f(4)!( )%1 (36—E—%>

follows.
If h = 12 we take r = 4 and so we look for coefﬁcients a1, ap such that
Mi(p,n) = 0. In this case the solution is @; = ay = ¥ and the operator

15’ 15
takes the form
) 1 16
(S2)(r) = £ (Su)(&) + 12 (S f) (2.

Then, from the general theory if j > 5 we have, for functions f for which fU)(x)
exists,

SO(x) my(p) 24 — 1
vl nv 15

(Snf)(z) — f(z) = +o(n™).

v=>5
In particular, we obtain, for j = 5, lim,, ;. n°((S2f)(z) — f(z)) = %.
Now we consider the case s = 3. At first we consider h # 12. In this case
we look for coefficients aq, a, a3 such that M3(¢,n) = M3(p,n) =0, i.e., we
put v; =r = 3,v, = u = 4. We obtain the system

o tayt+az=1

Qo
P2y
at g +27



294 C. Bardaro and I. Mantellini

Since in this instance H = —50, its solution is given by @, = =, ap = —=2
a3 = %. We obtain the linear combination

(S2)(@) = 25 (Suf) () — 52 (o)) + 20 (S f) ().

Then we have, for j > 5,

(S0 Z Bl (<) (-1 5= 3) <o)

. . ) (x
For j =5 we get lim,,_, o n3((S2f)(z) — f(x)) = L& (% + 2 — 150) :
Moreover if h = 12 we look for coefficients oy, g, a3 such that M3 (¢, n) =
M2(p,n) =0, ie., we put vy =r = 4,15 = 4 = 5. We obtain the system

051+CK2+O&3:1

24038
o+ 6 +s 81
—+——=0
o+ g 3+ 243
Since in this instance H = —180, its solution is given by a; = ﬁ, gy = —g,

Qs = g—g. We obtain the linear combination

(SEN(@) = 155 (Sn (@) = (S )(@) + 25 (Ssu ) (o).

180

Then we have, for j > 6,

(S i £ R - (_%0> <_1 * 2v1—6 N 3V1—5> +on™).

v=6

For h = 12 we get mg(p) = B2 and so in particular, for j = 6, we obtain

limy, 400 n6((52f)($) — f(z)) = 16135279160 © ().

The method can be applied to many other examples of this type, starting
from combinations of translates of type

o(x) = agBp(x — by) + a1 Bp(x — by) + aa By (z — by)

for suitable real numbers ag, a1, as and by, by, by such that ag + a1 + as = 1 and
bo < by < by (see [6])
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IIT) Generalized Jackson kernel. Let us consider the generalized Jackson
operators with kernel

. e
) = Ty ) = e sine® (),

sin(mu)
mu

It is well known (see [4,14]) that .J, g is bandlimited to the interval [_le %] In

with z € R, 8 € N,y > 1, ¢, 5 is a normalization constant and sinc u :=

this instance, our operator takes the form

+o0 k}
(o)) = 3 sl - 0i(E), meN ser

Since J, 5 is bandlimited to [—%, %] and using the Poisson summation formula
we have that

(=Y Y Jyplu—E)(u—kY =J950), ueR.

k=—00

Therefore, see also [7], we easily get

-~ A 400
ml(‘]’%ﬁ) = _ZJ'Iy,ﬁ<O) = 0; mQ(J'y”B) = _J'/y/,/o’(o) = / 11,’2J%5(;E)dx = A’Yﬁ
and -
ms(Jyg) =0, ma(J,p) = —/ $4J%5(x)dx = —B, 3.

Conditions i) and ii) are satisfied with » = 2. Moreover if § > 3 then (see
[4, Remark 3.2(d)] ), also condition iii) is satisfied and the following Voronov-
skaja formula for the generalized Jackson operator holds (see [7])

lim n2[(Jun ) (@) — Fla)] = A, 5T,

n—-+oo 2

at every point x € R in which f”(x) exists.
As to the calculation of the constant A, g we have

< ¢in?? ¢

+
A’Y,,B = 160’%5&3’}/3/0' Wdl’

For example, for f = 3, using [20, Formula 12, p. 454], we get ¢,3 = %,
Ay g = %72. Concerning the linear combinations, we begin with the case s = 2.
From the general theory we get a7 = —% and an = %. So we have

(7202 P)@) = =5 s P)@) + 5 (onss ) (2).
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Then, from the general theory, for 5 > 4, we have, for functions f for which
fU)(z) exists,

M~

M () m 9y
(szﬁf)(l")—f(x) f() V(J%,B>( I 2

3+t 3 )+0(n_j)

—~ V! nv
7w g 5) 22" — 1
V! nv 3

AN
=

In particular, for j = 4, we get lim,, oo n*((J2, 5f)(2) — f(2)) = By pg5./ ()
at every point # € R in which f*)(x) exists.
As to the calculation of the constant B, 3 we have

® ¢in?? ¢

+
B%B = 646%55575/0 Wdl’.

10 97204
33777 Bys =317

Now we consider the case s = 3. Since we have m3(J, 3) = 0, in this case
we look for coefficients oy, ag, vz such that M3(J, 5,n) = M3(J, 5,n) =0, Le.,
we put vy = 1r = 2,15 = u = 4. We obtain the same system as before with

H = —-120 and oy = i, Qp = —%, a3 = %. We obtain the linear combination

For example, for 8 = 3, we get ¢y 3 =

1 16 81
(35D = 533 F)@) = 35 U ) (@) + 70 (s ) (2.
Again, by the Poisson formula, we have for g > 4

“+o00

ms(s) =0 ma(h) = [ aaa)de = O

o0

Then, for j > 6 and for every function f for which f)(x) exists

2 f(y)() V(J%) 1 1 1 —=J
(o)) = o) = S I (Gt ) o)

. . . ©) (-
In particular, for j = 6, lim, o n°((J , 5f)(2) — f(2)) = L0 5 follows.

As to the calculation of the constant C, g we have

® ¢in?? ¢

+
C., 5 = 128¢c, 53%° / 255 47
0 T

and for 8 = 4 we get (., 4 = 3225600,5,
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