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Sobolev Theorems for Cusp Manifolds

Jürgen Eichhorn and Chunpeng Wang

Abstract. In the past, we established a module structure theorem for Sobolev
spaces on open manifolds with bounded curvature and positive injectivity radius
rinj(M) = infx∈M rinj(x) > 0. The assumption rinj(M) > 0 was essential in the proof.
But, manifolds (Mn, g) with vol(Mn, g) < ∞ have been excluded. An extension
of our former results to the case vol(Mn, g) < ∞ seems to be hopeless. In this
paper, we show that certain Sobolev embedding theorems and a (generalized) module
structure theorem are valid in weighted spaces with the weight ξ(x) = rinj(x)−n or
ξ(x) = vol(B1(x))−1.
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1. Introduction

For open manifolds, we developed in [2–5] Sobolev uniform structures to in-
troduce canonical intrinsic Sobolev topologies for geometric objects like Rie-
mannian metrics, connections or spaces of mappings. To the generalized arc
components we attached features like spectral properties or in certain cases
characteristic numbers. All these constructions have been performed under the
assumption of bounded geometry, i.e. bounded curvature up to a certain degree
and injectivity radius rinj = infx rinj(x) > 0. The reason for this permanent as-
sumption was the frequent use of certain Sobolev embedding theorems, and, as
an absolutely essential tool, module structure theorems for Sobolev spaces. To
prove these theorems, we used bounded geometry.

Unfortunately, a large class of manifolds is excluded, namely manifolds with
finite volume or rinj = infx rinj(x) = 0, which appear, e.g., as locally symmetric
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spaces of finite volume in a very natural manner. The first main task to extend
our theory of Sobolev uniform structures to open manifolds with vol(M) < ∞
or rinj = 0, is to reestablish the corresponding Sobolev embedding theorems and
module structure theorems for these classes of manifolds. But we see no chance
to do that. The assumption rinj > 0 was essential in all proofs. As already
indicated in [5, p. 18], a suitable approach could be to work with weighted
Sobolev spaces. This is the content of this paper.

The paper is organized as follows. In Section 2, we start with a brief
discussion of weighted Sobolev spaces and the fundamental behaviour of the
injectivity radius at the ends. Then we establish our first embedding theo-
rem concerning the embedding of sections of weighted spaces into the space
of bounded Cm-sections. This is Theorem 2.11. Here we assume bounded
sectional curvature and use the weight ξ(x) = max{1, rinj(x)−n}. In concrete
cases, it could be difficult to calculate the continuous function x → rinj(x).
Therefore we propose to work also with general estimates for the injectivity
radius, e.g. rinj(x) ≥ C(p)e−(n−1)

√
Kd(x,p) and ξ(x) = eδρy , δ = n(n − 1)

√
K,

ρy(x) = dist(x, y). Fortunately, an embedding theorem “weighted Sobolev
space −→ Cm-sections” remains valid. This is Theorem 2.12. The key for
module structure theorems for weighted Sobolev spaces is the so called scale of
embeddings. We establish this scale for arbitrary weights, excluded the initial
step. This are Theorems 2.16–2.18. According to [7, 8], the initial step in the
unweighted case is valid if and only if infx∈M vol(B1(x)) > 0.

We see that in our case vol(M) <∞ or rinj(M) = 0 for at least one end of
M the weighted scale of embeddings fails. Hence we must work with weighted
Sobolev spaces. The final Section 3 is devoted to this task. Fortunately, the
initial step of the scale of embeddings has been established already in [10],
and in an elaborated version by Hebey in [8]. The used weight is ξ(x) =
v(x) = 1

vol(B1(x))
. After that we are able to establish our module structure

theorem for the weight 1
vol(B1(x))

. Using our scale of embeddings and Hölder
inequality for the weighted measure dµx = 1

vol(B1(x))
dvolx(g), the proof of our

main Theorem 3.6 reduces to the solution of the system (38). This main theorem
is not a module structure theorem as in [6] or in a pure algebraic sense. The
multiplication of a Sobolev function with Sobolev sections of a vector bundle
transforms these sections into a weighted Sobolev space of lower Sobolev index.
This is expressed by the last two equations in (38). Important, our system (38)
has many nontrivial solutions. Unfortunately, the weights ξ(x) = rinj(x)−n and
v(x) = 1

vol(B1(x))
do not give equivalent weighted Sobolev spaces.

In a forthcoming paper, we apply our results to the introduction, discussion
and application of uniform Sobolev structures as in [2–5].
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2. Weighted Sobolev spaces

We consider a Riemannian vector bundle E = ((E, h,∇) → (Mn, g)), (Mn, g)
open and complete. Then we set for p ≥ 1, r ≥ 0, m ≥ 0,

Ωp
r(E) ≡

{
ϕ ∈ C∞(E) : |ϕ|p,r :=

(∫
M

r∑
i=0

|∇iϕ|pxdvolx(g)
) 1
p
<∞

}
,

Ω
p,r

(E) = Ωp
r(E)

| |p,r
,

◦
Ω
p,r(E) = C∞c (E)

| |p,r
,

Ωp,r(E) =
{
ϕ a distributional section of E with |ϕ|p,r <∞

}
,

b
mΩ(E) =

{
ϕ ∈ C∞(E) : b,m|ϕ| =

m∑
i=0

sup
x∈M
|∇iϕ|x <∞

}
,

b,mΩ(E) = b
mΩ(E)

b,m| |
=
{
ϕ ∈ Cm(E) : b,m|ϕ| <∞

}
.

Then,
◦
Ω p,r(E) ⊆ Ω

p,r
(E) ⊆ Ωp,r(E), b,mΩ(E) are Banach spaces, for p = 2

Hilbert spaces. If (Mn, g) satisfies the conditions (I) and (B0),

rinj(M
n, g) = inf

x∈M
rinj(x) > 0, (I)

|sectional curvature K| ≤ C, (B0)

then one has for r > n
p

+m a continuous embedding

Ω
p,r

(E) ↪→ b,mΩ(E). (1)

If (Mn, g) and E satisfy additionally

|∇iRg| ≤ Ci, 0 ≤ i ≤ k, (Bk(M, g))

|∇iRE| ≤ Di, 0 ≤ i ≤ k, (Bk(E))

then

◦
Ω
p,r(E) = Ω

p,r
(E) = Ωp,r(E) for r ≤ k + 2. (2)

A second Sobolev embedding theorem is given by

Proposition 2.1. Assume

k ≥ r, r − n

p
≥ s− n

q
, r ≥ s, q ≥ p (3)

and (I), (Bk(M, g)), (Bk(E)). Then

Ωp,r(E) ↪→ Ωq,s(E). (4)
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Proof. We refer to [5, 6] for the proof.

With the help of (1), (3) we proved in [6] our module structure theorem
for Sobolev spaces which asserts that under certain (lengthy) conditions for p1,
r1, p2, r2, p, r, k, (Bk(M, g)), (Bk(E)) and (I), the tensor product of sections
defines a continuous bilinear map

Ωp1,r1(E1,∇1)× Ωp2,r2(E2,∇2)→ Ωp,r(E1 ⊗ E − 2,∇1 ⊗∇2). (5)

Unfortunately, (5) is for cusp manifolds with (highly enough) bounded curvature
not available since (1) and (4) fail. But the constant C in (1) for m = 0,

|ϕ(x)| ≤ C|ϕ|p,r, (6)

behaves like

C = C
(
K,n, p, r, rinj(x)−

n
p

)
= O

(
rinj(x)−

n
p

)
(7)

which can be really considered as a constant if rinj(M) > 0. For cusp manifolds,

rinj(x)→ 0 as x→∞. (8)

Hence the constant in (6) grows and grows if x approaches infinity, and we can-
not have a continuous embedding theorem (1). The way out could be weighted
Sobolev spaces with a weight ∼ rinj(x)−n. This is our main idea. Before consid-
ering special geometric weights, we briefly introduce general weighted spaces.
Let E = ((E, h,∇) → (Mn, g)) be a Hermitean vector bundle, ξ a measur-
able section of End(E) with values in the pointwise endomorphisms such that ξ
is locally bounded from above and is locally strictly positive. ξ extends to
(T ∗)⊗i⊗⊗j E. Set

Lp,ξ(E) =
{
ϕ ∈ Lp,loc(E) : ξ

1
pϕ ∈ Lp(E)

}
with

|ϕ|p,ξ = |ξ
1
pϕ|Lp ≡ |ξ

1
pϕ|p.

We restrict here to weights ξ, ξ(x)(e) = ξ(x) · e. We now define for an arbitrary
weight ξ(x) = ξ(x)· ∈ L1,loc, ξ > 0,

Ωp
r,ξ(E) =

{
ϕ ∈ C∞(E) : |ϕ|p,r,ξ :=

(∫
M

r∑
i=0

ξ(x)|∇iϕ|pxdvolx(g)
) 1
p
<∞

}
,

Ω
p,r

ξ (E) = Ωp
r,ξ(E)

| |p,r,ξ
,

◦
Ω
p,r
ξ (E) = C∞c (E)

| |p,r,ξ
,

Ωp,r(E) =
{
ϕ : ϕ a distributional section with|ϕ|p,r,ξ <∞

}
.
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In our applications below, ξ(x) will be a negative power of rinj(x) or a certain
estimate for this. Therefore we must discuss same properties of the function
rinj(x).

We consider open complete manifolds (Mn, g) with bounded curvature KM ,
|KM | ≤ K, with finitely many ends ε1, . . . , εs. Each of these is automatically iso-
lated, i.e. there exists for any εσ, a neighborhood U(εσ) which is not a neighbor-
hood of any other end. Consider such an U(εσ). Then either infx∈U(εσ) rinj(x) =
0 or infx∈U(εσ) rinj(x) > 0. This property is independent of U(εσ) and a property
of εσ alone, i.e. either rinj(εσ) = 0 or rinj(εσ) > 0. Analogous considerations lead
to the alternative rinj(εσ) < ∞ or rinj(εσ) = ∞, which means that for U(εσ)
sufficiently near to infinity for all x ∈ U(εσ) there holds rinj(x) =∞. An exam-
ple is the hyperbolic space. Finally, supx∈U(εσ) rinj(x) =∞ is an invariant of εσ
too, and in this case we write sup rinj(εσ) =∞.

Remark 2.2. It can happen, even in the case (B0), that rinj(εσ) = 0 and
supx∈U(ε) rinj(x) =∞.

Lemma 2.3. Suppose (Mn, g) open, complete, satisfying (B0) and let ε be an
isolated end of M , U(ε) a neighborhood of ε alone.

1. If vol(E) <∞ then rinj(ε) = 0.

2. infx∈U(ε) vol(B1(x)) = 0 if and only if rinj(ε) = 0.

Proof. The Case 1 is absolutely trivial.
For the Case 2 we start with the standard Bishop-Guenther-Gromov volume

estimates. Let x ∈M , r ≤ min
{
rinj(x), π

12
√
K

}
. Then

2π
n
2

Γ(n
2
)

∫ r

0

(sin t
√
K√

K

)n−1
dt ≤ vol(Br(x)) ≤ 2π

n
2

Γ(n
2
)

∫ r

0

(sinh t
√
K√

K

)n−1
dt.

Suppose infx∈U(ε) vol(B1(x)) = 0 and infx∈U(ε) rinj(x) = rinj(ε) = i0 > 0. If
i0 ≤ 1, then

0 <
2π

n
2

Γ(n
2
)

∫ i0

0

(sin t
√
K√

K

)n−1
dt ≤ vol(Bi0(x)) ≤ vol(B1(x)) (9)

for all x ∈ U(ε). If i0 > 1, choose 0 < r0 ≤ min
{

1, i0,
π

12
√
K

}
and one gets

0 <
2π

n
2

Γ(n
2
)

∫ r0

0

(sin t
√
K√

K

)n−1
dt ≤ vol(Br0(x)) ≤ vol(B1(x)) (10)

for all x ∈ U(ε), i.e. in any case a contradiction. For the converse direction we
recall [1, Theorem 4.7].
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Proposition 2.4. Let (Mn, g) be open, complete with H ≤ KM ≤ K. Let
ρ = dist(p, x) and fix r, r0, s with r0 + 2s < π√

K
, r0 ≤ π

4
√
K

, where in the case

K ≤ 0, r0 + 2s, r0 can be arbitrary, i.e. we set in the case K ≤ 0, 1√
K

= ∞.
Then

rinj(x) ≥ r0
2

1

1 +
V Hr0+s

vol(Br(p))

V Hρ+r
V Hs )

. (11)

Moreover, if r + s < ρ, then

rinj(x) ≥ r0
2

1

1 +
V Hr0+s

vol(Br(p))
(V H

ρ+r − V H
ρ−r)

. (12)

Here V H
r = vol(BH

r (z)), BH
r (z) ⊂ H-space form. If now limxν→∞ rinj(xν)

then necessarily for fixed r, r0, s, ρ

V H
r0+s

vol(Br(pν))
(V H

ρ+r − V H
ρ−r)→∞ as pν →∞,

i.e. vol(Br(pν))→ 0+ as pν →∞.

Remark 2.5. It is very easy to construct ends ε with bounded curvature,
vol(ε) =∞, rinj(ε) = 0.

Preparing our first embedding theorem, we must still introduce some notions
and estimates. Set

r̃inj(x) := min
{
rinj(x),

π

12
√
K

}
. (13)

Lemma 2.6. There exists a constant C > 0, depending on K, such that for all
x, p ∈M

r̃inj(x) ≥ Cr̃inj(p)
ne−(n−1)

√
Kd(x,p).

Corollary 2.7. Given p ∈M , there exists a constant C = C(p) > 0 such that

r̃inj(x) ≥ Ce−(n−1)
√
Kd(x,p).

Lemma 2.8. There exists a constant C = C(K) such that for each x, y ∈ M
we have the inequality

r̃inj(y) ≥ Cr̃inj(x)exp
{−(n− 1)π

12

d(x, y)

r̃inj(x)

}
. (14)
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Lemmas 2.6, 2.8 and Corollary 2.7 are [9, Lemmas 2.3–2.5] and we refer to
[9] for the proofs. The key to the proofs are the standard volume comparison
theorems and (9), (10).

The main point of these lemmas is the maximal decrease/increase of the
injectivity radius.

Proposition 2.9. Let (Mn, g) be open, complete with H ≤ KM ≤ K. ε an end
of Mn with rinj(ε) = 0, U(ε) a neighborhood of ε. Denote

I

(
ε,

π

12
√
K

)
=

{
z ∈ U(ε) : rinj(z) <

π

12
√
K

}
.

Then there exists a > 0 such that for all z ∈ I
(
ε, π

12
√
K

)
sup

x∈Brinj(z)(z)
rinj(x) ≥ arinj(z). (15)

Proof. rinj(ε) = 0 implies I
(
ε, π

12
√
K

)
is not empty and r̃inj(x) = rinj(x) for

x ∈ I
(
ε, π

12
√
K

)
. Suppose (15) is wrong. Then there exist sequences (xν),

(zν)→∞ in I
(
ε, π

12
√
K

)
,

xν ∈ Brinj(zν)(zν) and rinj(xν) > νrinj(zν). (16)

We set y = zν , x = xν in (16) and obtain

r̃inj(zν) ≥ rinj(xν)exp

{
−(n− 1)π

12

d(zν , xν)

r̃inj(xν)

}
.

But
d(zν , xν)

rinj(xν)
≤ rinj(zν)

rinj(xν)
<

1

ν
→ 0,

1 > exp

{
−(n− 1)π

12

d(zν , xν)

rinj(xν)

}
>

3

4
,

4

3
rinj(zν) ≥ rinj(xν), ν ≥ ν1,

which contradicts (16).

Remark 2.10. 1. It is possible (and standard) to prove Proposition 2.9 by
means of convexity considerations.

2. If vol(ε) <∞ then one can assume I
(
ε, π

12
√
K

)
= U(ε) and rinj(z) < π

12
√
K

for all z ∈ U(ε).

Now we are able to prove our first embedding theorem.
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Theorem 2.11 (First embedding theorem). Let E = ((E, h,∇) → (Mn, g))
be a Riemannian vector bundle, (Mn, g) being open, complete, H ≤ KM ≤ K,
with finitely many ends ε1, ε2, . . .. Suppose, at least for one end ε, rinj(ε) = 0.
Let

ξ(x) = max
{

1, rinj(x)−n
}
. (17)

Then, for r > n
p

+m, there exists a continuous embedding

Ωp,r
ξ (E) ↪→ b,mΩ(E). (18)

Proof. According to our choice of ξ, Ωp,r
ξ (E) ⊂ Ωp,r(E). We start with r > n

p

and suppose

ϕ ∈ Ωp,r
ξ (E) ∩ C∞.

Then, according to [5, p. 16–18],

|ϕ(z)| ≤ C2

( r∑
i=0

∫
Brinj(z)(z)

|∇iϕ(x)|pxdvolx(g)
) 1
p

= C2

( r∑
i=0

∫
Brinj(z)(z)

ξ(x)−1ξ(x)|∇iϕ(x)|pxdvolx(g)
) 1
p

≤ C2 sup
x∈Brinj(z)(z)

ξ(x)−
1
p

( r∑
i=0

∫
Brinj(z)(z)

ξ(x)|∇iϕ(x)|pxdvolx(g)
) 1
p

= C2 sup
x∈Brinj(z)(z)

max
{

1, rinj(x)−n
}− 1

p

·
( r∑
i=0

∫
Brinj(z)(z)

ξ(x)|∇iϕ(x)|pxdvolx(g)
) 1
p

= C2 sup
x∈Brinj(z)(z)

min
{

1, rinj(x)
n
p
}( r∑

i=0

∫
Brinj(z)(z)

ξ(x)|∇iϕ(x)|pxdvolx(g)
) 1
p
.

Let z ∈Mn \
⋃

vol(εσ)<∞
U(εσ). Then

C2 = C2

(
n, p,H,K,

(
rinj

∣∣∣
M\

⋃
vol(εσ)<∞

U(εσ)

)−n
p

)
and

C2 sup
x∈Brinj(z)(z)

min
{

1, rinj(x)
n
p
}
≤ C3, (19)
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C3 independent of z. If z ∈ U(ε), where rinj(ε) = 0, then

C2 = C2

(
n, p,H,K, rinj(z)−

n
p

)
= O

(
rinj(z)−

n
p

)
for z →∞ in I

(
ε, π

12
√
K

)
. But in this case

C2 sup
x∈Brinj(z)(z)

min
{

1, rinj(x)
n
p
}
≤ C2 min

{
1, arinj(z)

n
p
}
≤ C4, (20)

C4 independent of z.

Altogether, we obtain |ϕ(z)| ≤ C|ϕ|Brinj(z)(z),p,r,ξ ≤ C|ϕ|p,r,ξ, i.e. |ϕ| is

bounded by C|ϕ|p,r,ξ.
The remaining part are standard arguments. If ϕ ∈ Ωp,r

ξ (E), ϕν → ϕ w.r.t.

| |p,r,ξ, ϕν smooth, then ϕν → ϕ w.r.t. b| | = b,0| |, ϕ is C0. Applying this to

∇ϕν , . . . ,∇mϕν yields the assertion.

Examples of open manifolds as above are manifolds of the type Γ \G/K =
locally symmetric manifolds of finite volume, or, a little more general

M = M0 ∪ U(ε1) ∪ · · · ∪ U(εs),

where εσ are the cusps = ends (with finite volume) of some Γ \G/K.

The choice of the weight rinj(x)−n is in a certain sense the upper limit of the
set of weights if one wants to have an embedding theorem as Theorem 2.11. For
practical calculations this choice is relatively inconvenient, since the calculation
of the injectivity radius rinj(x) can be very difficult. Much more convenient is
to work with an estimate for the injectivity radius. An example for such an
estimate is given by inequality of Lemma 2.6, Corollary 2.7.. If vol(ε) < ∞,
then for U(ε) far enough from a “central” compactum

r̃inj(x) = rinj(x) for x ∈ U(ε), rinj(x) ≥ Ce−(n−1)
√
Kd(x,p). (21)

If rinj(ε) > 0, i.e. rinj(x) ≥ c > 0 for all x ∈ U(ε), then the estimate (21)
is much to crude and does not reflect any actual behaviour of the injectivity
radius. On the other side, for open complete (Mn, g) with only such ends we
have already well established embedding and module structure theorems. The
weight is, e.g., simply ξ(x) ≡ 1. Finally, in the mixed case rinj(ε) = 0 but
vol(ε) =∞, the actual behaviour of the injectivity radius can be very far from
exponential decay and we should work with the choice of (17).
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We summarize, in the case of bounded curvature there are for an end ε
exactly three alternatives.

rinj(ε) > 0 and hence vol(ε) =∞, (22)

vol(ε) <∞ and hence rinj(x)→ 0 as x→∞, (23)

rinj(ε) = 0 and vol(ε) =∞. (24)

The case (22) is already settled. We are concerned with (23) and (24) and
establish in the case (23) a first embedding theorem for the weighted spaces

with the weight ξ(x) = Cen(n−1)
√
Kd(x,p). For simplicity ξ(x) = eδρy , y fixed,

δ = n(n− 1)
√
K, ρy(x) = d(x, y). Then there are defined

|ϕ|p,r,ξ = |ϕ|p,r,δ,y =

(∫ r∑
i=0

|∇iϕ|pxeδρydvolx(g)

) 1
p

,

Ωp
r,δ,y(E) =

{
ϕ ∈ C∞(E) : |ϕ|p,r,δ,y <∞

}
,

Ω
p,r

δ,y(E) = Ωp
r,δ,y(E)

| |p,r,δ,y
,

◦
Ω
p,r
δ,y(E) = C∞c (E)

| |p,r,δ,y

Ωp,r
δ,y(E) =

{
ϕ : ϕ distributional section with |ϕ|p,r,δ,y <∞

}
.

Theorem 2.12. Let (Mn, g) be open, complete, vol(M) < ∞, |KM | ≤ k,
E = ((E, h,∇) → (Mn, g)) a Riemannian vector bundle, r > n

p
+ m,

δ = n(n− 1)
√
k. Then there exists a continuous embedding

Ω
p,r

δ,y(E) ↪→ b,mΩ(E).

Proof. As before for ϕ ∈ Ω
p,r

δ,y(E) ∩ C∞,

|ϕ(z)|

≤ C

(
r∑
i=0

∫
Brinj(z)(z)

|∇iϕ(x)|pxdvolx(g)

)1
p

= C sup
x∈Brinj(z)(z)

( r∑
i=0

∫
Brinj(z)(z)

(
e−

n(n−1)
p

√
kρy
)p|en(n−1)

p

√
kρy∇iϕ(x)|pxdvolx(g)

) 1
p

≤ C sup
x∈Brinj(z)(z)

(
e−(n−1)

√
kρy
)n
p

(
r∑
i=0

∫
Brinj(z)(z)

eδρy |∇iϕ(x)|pxdvolx(g)

)1
p

≤ C1(rinj(z))−
n
p

(
sup

x∈Brinj(z)(z)
e−(n−1)

√
kρy
)n
p

(
r∑
i=0

∫
Brinj(z)(z)

eδρy |∇iϕ(x)|pxdvolx(g)

)1
p

≤ C2|ϕ|p,r,δ,y,
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since, according to Corollary 2.7, at each end

(rinj(z))−
n
p

(
sup

x∈Brinj(z)(z)
e−(n−1)

√
kρy
)n
p ≤ D. (25)

The remaining arguments are exactly the same as in the proof of
Theorem 2.11.

The next step in preparing module structure theorems are embedding the-
orems similar to Proposition 2.1.

First we restrict to the case of functions. We recall the following theorem
which can be found in [7].

Theorem 2.13. Let (Mn, g) be open, complete and suppose an embedding

Ω
0,1,1

↪→ Ω0, n
n−1

,0 ≡ L n
n−1

is valid. Then, for any real numbers 1 ≤ q < p and any integer 0 ≤ m ≤ k
satisfying 1

p
= 1

q
− k−m

n
, there is an embedding

Ω0,q,k ↪→ Ω0,p,m.

Here in Ωs,q,k, s stands for s-forms, hence s = 0 for functions. One says in
this case, the scale of Sobolev embeddings is valid.

Theorem 2.14. The Sobolev scale of embeddings is valid if and only if

inf
x∈M

vol(B1(x), g) > 0.

Proof. We refer to [7, p. 38] for the proof.

Corollary 2.15. For complete manifolds with finite volume and bounded cur-
vature the Sobolev embeddings are not valid. In particular this holds for cusp
manifolds.

We see once again that our search for embedding theorems in the class of
weighted spaces has a substantial background.

In the next considerations, we will not fix the weight ξ(x), but we will have
in mind three classes, ξ(x) as in Theorems 2.11, 2.12 or ξ(x) = 1

vol(B1(x))
.The

proofs of the following Theorems 2.16, 2.17 carry over straightforward from
the unweighted to the weighted case. But we present them to improve the
readability of this treatise.
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Theorem 2.16. Let (Mn, g) be open, complete and suppose a continuous em-
bedding

Ω
0,1,1

ξ ↪→ L n
n−1

,ξ.

Then, for any real numbers 1 ≤ q < p satisfying 1 ≤ q < n and 1
p

= 1
q
− 1

n
,

there holds

Ω
0,q,1

ξ ↪→ Lp,ξ. (26)

Proof. By definition

|ϕ|p,r,ξ =

(
r∑
i=0

∫
|∇iϕ|pξdvolx(g)

) 1
p

.

Let ϕ ∈ C∞c and set φ = ϕ|ϕ|pn−1
n
−1. Then |φ|

n
n−1 = |ϕ|p,

∇(ϕ|ϕ|p
n−1
n
−1) = |ϕ|p

n−1
n
−1|∇ϕ|+

(
p
n−1

n
− 1

)
ϕ|ϕ|p

n−1
n
−2∇|ϕ|,

there holds |∇|ϕ| | ≤ |∇ϕ| and(∫
|ϕ|pξ(x)dvolx(g)

)n−1
n

=

(∫
|φ|

n
n−1 ξ(x)dvolx(g)

)n−1
n

≤ C1

∫
(|∇φ|+ |φ|)ξ(x)dvolx(g)

≤ C1

∫ (
|ϕ|p

n−1
n
−1|∇ϕ|+

(
p
n−1

n
− 1
)
|ϕ|p

n−1
n
−1∇|ϕ|+ |ϕ|p

n−1
n |
)
ξ(x)dvolx(g)

≤ C1

∫
|ϕ|p

n−1
n
−1|∇ϕ|

(
p
n−1

n
+ |ϕ|p

n−1
n

)
ξ(x)dvolx(g)

= C1p
n−1

n

∫
|ϕ|p′|∇ϕ|ξ(x)dvolx(g) + C1

∫
|ϕ|p

n−1
n ξ(x)dvolx(g)

≤ C1p
n−1

n

(∫
|ϕ|p′q′ξ(x)dvolx(g)

) 1
q′
(∫
|∇ϕ|qξ(x)dvolx(g)

) 1
q

+ C1

(∫
|ϕ|p′q′ξ(x)dvolx(g)

) 1
q′
(∫
|ϕ|qξ(x)dvolx(g)

) 1
q

with 1
q

+ 1
q′

= 1, p′ = pn−1
n
−1 = p− p

n
−1, 1

p
= 1

q
− 1

n
, p′q′ = p, |ϕ|pn−1

n = |ϕ|p′|ϕ|
and where we applied Hölder inequality with respect to dµx = ξ(x)dvolx(g).
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We obtain(∫
|ϕ|pξ(x)dvolx(g)

)n−1
n

≤ C1p
n−1

n

(∫
|ϕ|pξ(x)dvolx(g)

) 1
q′
(∫
|∇ϕ|qξ(x)dvolx(g)

) 1
q

+ C1

(∫
|ϕ|pξ(x)dvolx(g)

) 1
q′
(∫
|ϕ|qξ(x)dvolx(g)

) 1
q

.

Then we multiply this inequality with
((∫
|ϕ|pξ(x)dvolx(g)

) 1
q′
)−1

and get by

means of n−1
n
− 1

q′
= 1− 1

n
− q′ = 1− 1

n
−
(

1− 1
q

)
= 1

q
− 1

n
= 1

p

(∫
|ϕ|pξ(x)dvolx(g)

) 1
p

≤ C1p
n−1

n

((∫
|∇ϕ|qξ(x)dvolx(g)

) 1
q

+

(∫
|ϕ|qξ(x)dvolx(g)

) 1
q

)
.

Note that if (Mn, g) is complete, then
◦
Ω

0,q,1
ξ = Ω

0,q,1

ξ . Since (26) holds for

ϕ ∈
◦
Ω
0,q,1
ξ , it also holds for ϕ ∈ Ω

0,q,1

ξ .

Now, the corresponding extension of Theorem 2.13 is given by

Theorem 2.17. Let (Mn, g) be open, complete and suppose a continuous em-
bedding

Ω
0,q0,1

ξ ↪→ Lp0,ξ,
1

p0
=

1

q0
− 1

n
, 1 ≤ q0 < n. (27)

Then there exist continuous embeddings

Ω
0,q,k

ξ ↪→ Ω
0,pl,l

ξ ,
1

pl
=

1

q
− k − l

n
, 1 ≤ q0 < n. (28)

Proof. By assumption, there exists C > 0 such that for all u ∈ Ω
0,q,k

ξ

|u|p0,ξ ≤ C
(
|∇u|q0,ξ + |u|q0,ξ

)
If u = |∇rw| ∈ Ω

0,q,1

ξ , then we obtain

|∇rw|p0,ξ ≤ C
(
|∇|∇rw| |q0,ξ + |∇rw|q0,ξ

)
≤ C

(
|∇r+1w|q0,ξ + |∇rw|q0,ξ

)
. (29)
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Let w ∈ Ω
0,q,k

ξ ∩ C∞ and q = q0, r = k − 1, k − 2, . . .. Then (29) yields

|w|pk−1,k−1,ξ ≤ 2C|w|q,k,ξ (30)

with 1
pk−1

= 1
q
− k−(k−1)

n
= 1

q
− 1

n
= 1

q0
− 1

n
.

We see (28) as follows. According to (27),

|∇k−1w|pk−1,ξ ≤ C
(
|∇kw|q,ξ + |∇k−1w|q,ξ

)
,

|∇k−2w|pk−1,ξ ≤ C
(
|∇k−1w|q,ξ + |∇k−2w|q,ξ

)
,

...
...

|w|pk−1,ξ ≤ C
(
|∇w|q,ξ + |w|q,ξ

)
.

Adding up these inequalities, we obtain |w|pk−1,k−1,ξ ≤ 2C|w|q,k,ξ, which ex-

tends to non-smooth elements Ω
0,q,k

ξ ↪→ Ω
0,pk−1,k−1
ξ . Repeating this procedure,

we finally get the claim of embeddings

Ω
0,q,k

ξ ↪→ Ω
0,pk−1,k−1
ξ ↪→ Ω

0,pk−2,k−2
ξ ↪→ · · · ↪→ Ω

0,pl,l

ξ ,

which yields the assertion (28).

It is immediately evident that Theorems 2.16 and 2.17 admit an extension
to vector bundles.

Theorem 2.18. Let (Mn, g) be open, complete, E = ((E, h,∇)→ (Mn, g)) be
a Riemannian embedding. Suppose a continuous embedding

Ω
0,q0,1

ξ (E) ≡ Ω
q0,1

ξ (E) ↪→ Lp0,ξ(E),
1

p0
=

1

q0
− 1

n
, 1 ≤ q0 < n.

Then there exist continuous embeddings

Ω
q0,1

ξ (E) ↪→ Lp0,ξ(E)

and

Ω
q,k

ξ (E) ↪→ Ω
pl,l

ξ (E),
1

pl
=

1

q
− k − l

n
> 0.

Proof. The proofs of Theorem 2.16 for functions and sections are identical. For
this reason we already dealt functions as ϕ. For the proof of Theorem 2.18 let
ϕ ∈ Ω0,q0,1

ξ (E) ≡ Ωq0,1
ξ (E). Let u(x) = |ϕ(x)| ∈ Ω0,q0,1

ξ (E) ≡ Ωq0,1
ξ (E). For

u = |∇rϕ| ∈ Ωq0,1
ξ (E), we have

|∇rϕ|p0,ξ ≤ C
(
|∇|∇rϕ| |q0,ξ + |∇rϕ|q0,ξ

)
≤ C

(
|∇r+1ϕ|q0,ξ + |∇rϕ|q0,ξ

)
.
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Suppose now q = q0, ϕ ∈ Ω0,q,k
ξ (E) ≡ Ωq,k

ξ (E). Then with r = k − 1, k − 2, . . .,
1

pk−1
= 1

q
− k−(k−l)

n
= 1

q
− 1

n
= 1

q0
− l

n
and repeating the proof for functions, we

obtain
|ϕ|pk−1,k−1,ξ ≤ 2C|ϕ|q,k,ξ , Ω

q,k

ξ (E) ↪→ Ω
0,pk−1,k−1
ξ (E),

and, by an analogous procedure

Ω
q,k

ξ (E) ↪→ Ω
pk−1,k−1
ξ (E) ↪→ Ω

pk−2,k−2
ξ (E) ↪→ · · · ↪→ Ω

pl,l

ξ (E).

Remark 2.19. ¿From Theorem 2.16 up to now we did not make any assump-
tions on the injectivity radius, curvature, volume and the weight. The weight
ξ(x) before Theorem 2.16 could be replaced by any other admitted weight.

The heart of the proof that the scale of Sobolev embeddings is valid is to
establish the initial main assumption, the embedding

Ω
0,1,1

weight ≡ Ω
1,1

weight ↪→ Ω
n
n−1

,0

weight ≡ L n
n−1

,weight. (31)

Here we essentially use geometric assumptions.

3. The initial step in the scale of Sobolev embeddings and
the module structure theorem

As we already mentioned in Theorem 2.14, the scale of embeddings in the
unweighted case is valid if and only if infx∈U(ε) vol(B1(x)) > 0 for all ends ε.
On the other hand, the case infx∈M vol(B1(x)) = 0 which is satisfied in (23)
and (24) is just the case we are concerned with. Fortunately, for the weight
ξ(x) = 1

vol(B1(x))
, (31) is already positively settled.

Theorem 3.1. Let (Mn, g) be open, complete and suppose Ric(g) ≥ k ·g. Then
there exists a positive constant A = A(n, k) such that for any u ∈ C∞c (M)(∫

M

|u|
n
n−1v(x)dvolx(g)

)n−1
n

≤ A

∫
M

(|∇u|+ |u|)v(x)dvolx(g),

where v(x) = 1
vol(B1(x))

.

Proof. We refer to [8, 10] for the proof.

We recall that |KM | ≤ K implies Ric(g) ≥ (n− 1)(−K).

Corollary 3.2. Under the hypotheses of Theorem 3.1, there exists a continuous
embedding

Ω
1,1

v ≡ Ω
0,1,1

v ↪→ L n
n−1

,v. (32)
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Proof. This follows from Theorem 3.1 and

C∞c (M)
| |1,1,v

= Ω
1,1

v .

Corollary 3.3. Under the hypotheses of Theorem 3.1, there holds the scale of
embeddings

◦
Ω
0,q0,1
v ↪→ Lp0,v,

1

p0
=

1

q0
− 1

n
, 1 ≤ q0 < n (33)

and

◦
Ω
0,q,k
v ↪→

◦
Ω
pl,l
v ,

1

pl
=

1

q
− k − l

n
. (34)

Proof. We must work with
◦
Ω0,q,k
v = C∞c (M)

| |q,k,v
for k, l > 1. (33) and (34)

follow from (32) by means of Theorems 2.16 and 2.17.

Theorem 3.4. Let E = ((E, h,∇)→ (Mn, g)) be a Riemannian vector bundle,
(Mn, g) as in Theorem 3.1. Then there exists a positive constant A = A(n, k)
such that for any ϕ ∈ C∞c (E)

(∫
M

|ϕ|
n
n−1v(x)dvolx(g)

)n−1
n

≤ A

∫
M

(|∇ϕ|+ |ϕ|)v(x)dvolx(g), (35)

where v(x) = 1
vol(B1(x))

.

Proof. Let u = |ϕ|, use |∇u| = |∇|ϕ| | ≤ |∇ϕ| and apply Theorem 3.1.

Corollary 3.5. Assume the hypotheses of Theorem 3.1. Then there holds the
scale of embeddings

◦
Ω
q0,1
v (E) ↪→ Lp0,v(E),

1

p0
=

1

q0
− 1

n
, 1 ≤ q0 < n (36)

and

◦
Ω
q,k
v (E) ↪→

◦
Ω
pl,l
v (E),

1

pl
=

1

q
− k − l

n
. (37)

Now we are able to establish the generalized module structure theorem for
weighted Sobolev spaces. First we start with the weight v = v(x) = 1

vol(B1(x))
.
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Theorem 3.6. Let Ei = ((Ei, hi,∇i) → (Mn, g)) be Riemannian vector bun-
dles, (Mn, g) open, complete and Ric(g) ≥ k · g. Let v(x) = 1

vol(B1(x))
and let

n

p1
− n

p
< m1 <

n

p1
, m1 ≥ 0 integer,

n

p2
− n

p
< m2 <

n

p2
, m2 ≥ 0 integer,

n

p
=

n

p1
+
n

p2
− (m1 +m2),

r1 ≥ r +m1,

r2 ≥ r +m2.


(38)

Then the tensor product defines a bilinear map

◦
Ω
p1,r1
v (E1)×

◦
Ω
p2,r2
v (E2)→

◦
Ω
p,r
v (E1

⊗
E2).

Proof. We present the proof for E1 = E2 = M × R. The general case immedi-
ately follows by replacing functions by sections and ordinary multiplication by
the tensor product.

Let u ∈
◦
Ωp1,r1
v (E1), w ∈

◦
Ωp2,r2
v (E2). The result would follow if

|∇i(uw)|p,0,v ≤ K|u|p1,r1,v|w|p2,r2,v, 0 ≤ i ≤ r, (39)

which is equivalent to(∫
|∇ju|p|∇i−jw|pv(x)dvolx(g)

)1
p

≤ K|u|p1,r1,v|w|p2,r2,v, 0 ≤ j ≤ i ≤ r. (40)

The proof consists of two steps. First we apply Hölder inequality and secondly
we apply our embedding theorem Corollary 3.3, i.e. we seek s and t such that
1
s

+ 1
t

= 1
p

and apply it with respect to the measure 1
vol(B1(x))

dvolx(g),

(∫
|∇ju|p|∇i−jw|pv(x)dvolx(g)

) 1
p

≡ | |∇ju| |∇i−jw| |p,0,v

≤ |∇ju|s,0,v|∇i−jw|t,0,v, 0 ≤ j ≤ i ≤ r.

The second step consists to establish

|∇ju|s,0,v ≤ K1|u|p1,r̃1,v, (41)

|∇i−jw|t,0,v ≤ K2|w|p2,r̃2,v, (42)

where we applied Corollary 3.3 and (35).
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Inequality (41) concerns the embedding

Ωp1,r̃1
v ↪→ Ωs,j

v ,
1

s
=

1

p1
− r̃1 − j

n

and (42) the embedding

Ωp2,r̃2
v ↪→ Ωt,i−j

v ,
1

t
=

1

p2
− r̃2 − (i− j)

n
.

Here we have to solve the system

1

s
+

1

t
=

1

p
, (43)

r1 ≥ r̃1 ≥ j, (44)

s ≥ p1, (45)

r̃1 −
n

p1
= j − n

s
, (46)

r2 ≥ r̃2 ≥ i− j, (47)

t ≥ p2, (48)

r̃2 −
n

p2
= (i− j)− n

t
(49)

for 0 ≤ j ≤ i ≤ r, where s, t, r̃1, r̃2 may depend on i and j. Note that (44),
(46) imply (45), while (47), (49) imply (48). (43) is equivalent to the fact that
there exists 0 < α < 1 such that

1

t
=
α

p
,

1

s
=

1− α
p

, i.e. t =
p

α
, s =

p

1− α
.

Then, (48) and (49) can be written as

1− α =
p

n

(
j − r̃1 +

n

p1

)
, α =

p

n

(
i− j − r̃2 +

n

p2

)
,

which, together with 0 < α < 1, lead to

n

p
=

n

p1
+
n

p2
−(r̃1+ r̃2)+i,

n

p1
− n
p
< r̃1−j <

n

p1
,

n

p2
− n
p
< r̃2−(i−j) < n

p2
.

Therefore, the system (45)–(49) can be rewritten as

n

p
=

n

p1
+
n

p2
− (r̃1 + r̃2) + i,

n

p1
− n

p
< r̃1 − j <

n

p1
,
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n

p2
− n

p
< r̃2 − (i− j) < n

p2
,

r1 ≥ r̃1 ≥ j,

r2 ≥ r̃2 ≥ i− j

for 0 ≤ j ≤ i ≤ r. Equivalently, there exist nonnegative integers m1 and m2

such that
n

p1
− n

p
< m1 <

n

p1
,

n

p2
− n

p
< m2 <

n

p2

and

n

p
=

n

p1
+
n

p2
− (m1 +m2),

r̃1 = m1 + j, r̃2 = m2 + (i− j),
r1 ≥ m1 + r, r2 ≥ m2 + r.

This is just the system (38).

Remark 3.7. 1. It is very easy to see that the system (38) has many so-
lutions, e.g., if n ≡ 0 mod 4, then p1 = p2 = p = 2, m1 = m2 = n

4
,

r1 = r2 = r + n
4

satisfies (38).

2. Our module structure theorem is not a real module structure theorem
in the strong sense because multiplication decreases the Sobolev indices
r1, r2 to r. In the case of a module structure in the usual strong sense,
the multiplication of functions with sections would preserve the Sobolev
index of the sections (for r1, r2, r big enough).

In Theorem 2.11 we used the weight rinj(x)−n, but in Theorem 3.6 the weight
1

vol(B1(x))
. It would be desirable to establish a connection between these weights,

even better, to establish an equivalence of the corresponding weighted spaces.
Unfortunately, the latter seems to be impossible. We will briefly discuss these
questions.

We have vol(Brinj(x)(x)) ≤ vol(B1(x)) if rinj(x) ≤ 1, i.e. for x ∈ U(ε) if
vol(ε) <∞. Hence

1

vol(B1(x))
≤ 1

vol(Brinj(x)(x))
.

Moreover, for |KM | ≤ K and c = 2π
n
2 Γ(n

2
)−1,

c

∫ rinj(x)

0

(sin t
√
K√

K

)n−1
dt ≤ vol(Brinj(x)(x)) ≤ c

∫ rinj(x)

0

(sinh t
√
K√

K

)n−1
dt.

For given a and ε there exists δ = δ(a, ε) such that 1 − ε ≤
(

sin at
at

)n−1
for

0 < t ≤ δ, i.e. (1− ε)tn−1 ≤
(

sin at
a

)n−1
, (1− ε)

(
sin at
a

)1−n
≤ 1

tn−1 , which implies
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finally
1

vol(B1(x))
≤ 1

vol(Brinj(x)(x))
≤ d

rinj(x)n

for x sufficiently near to ∞ in the case vol(ε) < ∞. Hence, in that case with
ξ(x) = rinj(x)−n, we have

Ωp1,r1
ξ × Ωp2,r2

ξ ↪→ Ωp1,r1
v × Ωp2,r2

v ↪→ Ωp,r
v ,

but we cannot assert that the image of Ωp1,r1
ξ × Ωp2,r2

ξ under multiplication is
contained in Ωp,r

ξ ⊂ Ωp,r
v . The desired inequality

e

rinj(x)n
≤ 1

vol(B1(x))

cannot hold. Take a hyperbolic end (]0,∞[×S1, dr2 + e−rdv2S1). Then the
injectivity radius at (v, s) is πe−r and

vol(B1(r, s)) = 2π

∫ r+1

r−1
e−ρdρ = 2π

(
e−(r−1) − e−(r+1)

)
.

For the desired inequality we would need a constant e such that e·vol(B1(r, s)) ≤
rinj(r, s)

2, i.e.

e · 2π
(
e−(r−1) − e−(r+1)

)
≤ π2e−2r.

Such a constant does not exist.

As a conclusion, to obtain substantial results, we have to work in distinct
theorems with distinct weights, in Theorem 2.11 with ξ, in Theorem 3.6 with

1
vol(B1(x))

. Clearly, we would have Theorem 3.6 with the weight rinj(x)−n in all

cases crinj(x)−n ≤ 1
vol(B1(x))

≤ drinj(x)−n. But there is not general rule visible
where this holds.This remark is supported by our example above which is far
from being “exotic”. One has to check the validity of the desired inequality
in any given concrete case. The same concrete task remains in the case for an
abitrary other weight, where one has to establish the equivalence with 1

vol(B1(x))
.

A substantial general rule is for the authors not visible. We will apply our
results in a forthcoming paper to uniform structures of nonlinear objects in
geometry.
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