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1. Introduction, main results and discussion

We consider a linear system of singular ordinary differential equations (ODEs)
of the form

() = ADu(t) + f(t), 0<t<T, (1)

where A = (a,4)5 -1 € C7%,[0,T], m > 0, n € N, is a given matrix function,
and f = (f1,..., f,)T € C™[0,T] is a given vector function. We are interested
in conditions guaranteeing the existence of a unique solution v € C'[0,T]. Also
the computation of such solution will be commented.

A system of type (1) for n = 2 appears, e.g., when a solution v = u(|z|)
of the PDE Au + au = f with a = a(|z|), f = f(]z|) is determined where
x = (1, %2, 23) or x = (x1,x2), see [5,10]. Another example is connected with
the regular system of ODEs v'(x) = B(x)v(z) + g(z), 0 < x < oo, of arbitrary
dimension n assuming that finite limits lim, ., B(z) and lim, , g(x) exist,
and a solution is required to have a finite limit lim, ,,, u(z). With the change
of variables x = —logt, u(t) = v(—logt) the problem takes the form (1) with
T =1, A(t) = —B(—logt), f(t) = —g(—logt) having finite limits as t — 0.

Unique solvability of system (1) in C!™[0, 7] can be described completely in
terms of the spectrum o(A(0)), i.e. the set of eigenvalues of the matrix A(0).
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The main results of the paper, the following Theorems 1.1 and 1.3, provide the
precise statement; see also Theorem 1.11. Notations used are fairly standard,
see Section 2 if needed.

Theorem 1.1. Assume that A € Cy,»,[0,T] and

max Re), < 0. (2)
A€ (A(0))

Then system (1) has a unique solution u € C,[0,T] (with u' € C,(0,T]) for any
feC,l0,T]. If A€ Chunl0,T] is such that the limit

LA = A®)

lim 5 € Coxn exists fora [ >0, (3)
H

then condition (2) is also necessary for the unique solvability of (1) in C,[0,T]
for all f € C,[0,T].

Observe that u = t*v is a solution to (1) iff v is a solution to system

t'(t) = (A(t) — pl)o(t) +g(t), g(t) =t f(1). (4)
Applying to system (4), Theorem 1.1 we obtain the following
Corollary 1.2. Assume A € Cp,x,[0,T] and

Re(A\y — ) <0 f eC. 5
y ax  Re(Ae = p) ora p ()

Then system (1) has a unique solution of the form u = t'v, v € C,[0,T], for
any [ =1ttg, g € C,[0,T); v is a unique solution in C,[0,T] of system (4).

Assuming (3), condition (5) becomes necessary and sufficient for the unique
solvability of system (4) in C,[0, T for all g € C,[0, 7.

Theorem 1.3. Assume that A € C)..[0,T] for an m > 1. Then the following
assertions (i), (ii) and (iii) are equivalent:

(i) it holds that

m > max Re\, and o(A(0)) NNy = @; 6
_max Red, (A(0) NN, )

(i) system (1) has a unique solution u in C™[0,T] for any f € C™ 10, T] such
that f~ € C=10,T), where f~(t) := {97 O o <t < T, f~(0) = £(0);
(iii) system (1) has a unique solution u in C*[0,T] for any f € C*0,T].

Corollary 1.4. Let A € C". [0, T] for anm > 1. Then the following assertions

("), (if") and (iii") are equivalent:
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(') for a p € C, it holds that

m + Rep > max )Re)\k and (0(A(0)) —p) NNo=2;  (7)

)\kEO'(A(O)

(ii") for any f of the form f(t) = t'g(t), g € C™'0,T], g~ € C™ 10, T),
system (1) has a unique solution of the form u(t) = t"v(t), v € C™[0,T);
(iii") for any f of the form f(t) = t'g(t), g € C"0,T], system (1) has a unique
solution of the form u(t) = t'v(t), v € C;*0,T].
In (ii') and (iii’), v is a unique solution of system (4) in CI*0,T].

Remark 1.5. Let A € CI* [0, T], f(t) = thg(t), p € N, g € C[0,T], and
let (7) be fulfilled. Then a solution of system (1) of the form wu(t) = t*v(t) with
v € C'0,T1], although unique among the solutions of this form, need not be a

unique in CJ*[0, .

For a unique solution u, € C![0,T] of (1), existence of which is ensured
by condition (6), no boundary conditions are permitted. Imposing boundary
conditions may lead to a solution of lesser regularity. About the solvability of
boundary value problems for linear and nonlinear singular systems of ODEs
and about discretization methods for solving the boundary value problems see
[1,10,11,18]. In linear case, the problem setting in these works concerns (1)
with f(t) = tg(t), smooth g; in nonlinear case, a restriction of similar type is
set.

If the problem setting requires additional linear constraints, such as for ex-
ample initial value, final value, multi-point or integral constraints, a solution
u = Uy + Y cpuy, may be constructed due to linearity of the problem by com-
bining wu, with a suitable linear combination of solutions wu; of the associated
homogeneous system tu/(t) = A(t)u(t). Fortunately, under generic conditions,
the computation of u; can be reduced to the solving inhomogeneous problems
like (1) with smooth free terms. Below we formulate some results in this direc-
tion. The proof of the following Theorem 1.6 will be omitted since it consists
in an elementary check of the claims of the theorem.

Theorem 1.6. Let d*,d?,...,d", 1 < { <mn, be a Jordan chain of root vectors
of A(0) to an eigenvalue Ny € o(A(0)), i.e.

d" #0, (A0) = XD)d* =0,(A0) = N D)d* =d", k=2,...,¢,
and let vy, ..., vy satisfy the following recursive systems of ODEs:
tvi () = (A(t) = MoD)ui(t) + (A(t) — A(0))d',
tu (1) = (A(t) — MoD)v(t) + (A(t) — A(0))dF — vy, k=2,....L
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Then the vector functions
u (t) =t (d' + v (t)),
up(t) = t[(d? + va(t)) + logt (d* + vi(t))],

us(t) = %0 | (d® + vs(t)) + logt (d? + vs(t)) + <1°§!t)2 (d" + o (t))} ,

ug(t) = _(df +ue(t)) +logt (A" + v (8) + - + %(dl + w))]

are solutions to the homogeneous system tu'(t) = A(t)u(t).

Note that the vector functions
ui(t) = t*od?,
us(t) = t[d* + logtd'],

(log )~
(1)

are solutions to the system tu'(t) = A(0)u(t), cf. [4,10].

Let us comment on the solvability of systems (8). The following Theorem 1.7
is a consequence of Corollary 1.2 (case m = 0) and of the implication (i')=-(iii")
in Corollary 1.4 (case m > 1) recursively applied to systems (8); a more detailed
argument is presented in Section 6.

Theorem 1.7. Let A€ C™, [0, T], m > 0. Let d*,d?,...,d" be a Jordan chain
of the root vectors of A(0) to an eigenvalue Ny € o(A(0)).

In case m = 0, assuming (3) and

w(t) =t |d° +logtd™ +---+ d"

Re(M — ) < 9
o e(A — Xo) < B8 9)

(with > 0 from (3)), systems (8) have unique solutions of the form v, =
k=1, ..

tPwy, € C,[0,T), k = L wy are unique solutions in Cy,[0, T of the recursive
systems
twy (t) = (A(t) — (Ao + B)Dwn (t) + 7 (A(t) — A(0))d",
twi,(t) = (A(t) = (Mo + B)Dwi(t) + 7 (A(t) — A(0))d* — wy_1, (10)
k=2,...,0

In case m > 1, assuming that

m > max Re(Ay—X) and M\,— X &N for VA, €0(A(0)), (11)
A€c(A(0))
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systems (8) have unique solutions of the form v, = tw, € CI0,T);
wy € C™7Y0,T), k= 1,...,4, are unique solutions in C™ 1[0, T] of recursive
systems (10) for p = 1.

Remark 1.8. In case m > 1, assuming A~ € CJ", [0, T,

m > max Re(Ay—X)—1 and M, —Xg ¢ N for VA, € 0(A4(0)), (12)
Ar€a(A(0))

it holds that wy, € C/'[0,T],
tems (10) with 5=1. Here A~

..., ¢, for the solutions of recursive sys-

k=1,
(t)=1(A(t)— A(0)) for 0<t<T, A=(0)=A"(0).

Remark 1.9. For Ay € 0(A(0)) of a biggest real part compared with the real
parts of other A\ € o(A(0)), assumptions (9) and \x — Ao & N in (11), (12) are
fulfilled.

Remark 1.10. Besides the solutions vy, = t?wy or v, = twy introduced in
Theorem 1.7, systems (8) have solutions v, = —d*, k = 1,...,/, to which there
corresponds the trivial solution of the system tu'(t) = A(t)u(t).

Consider the case of possibly nonempty o(A(0)) NNy, cf. Theorem 1.3. If
fecro,T7),AeCr.10,T], m > 1, and if (1) still has a solution v € C"*[0, T
then differentiating & times the equality tu/(t) = A(t)u(t) + f(t) and setting
t = 0 we see that u®)(0), k = 0,...,¢—1, is a solution of the recursive algebraic

system

k—
(kI — AO) uf” = fP©0) + 3 (A D0, k=o0,....0-1, (13)

0

—_

<

where 1 < ¢ < m; for k£ = 0 (13) means that A(0)uy = —f(0). Thus the
solvability of (1) implies the consistency of (13).

Theorem 1.11. Let f € C'0,T], A € C"

m 10,T] for an m > 1, m >
maxy, eo(4(0)) ReAg, and 1 < £ < m,

o (AO)N{ll+1,} =2. (14)

Then (1) is solvable in CI*[0,T] iff (13) is consistent. To any solution u(()j),
j=0,....0 =1, of (13) there corresponds a unique solution u € CJ*[0,T] of
the problem

t/(t) = AWu(t) + f(t), 0<t<T, uD0)=uY, j=0,...0-1 (15)

Remark 1.12. If (13) is consistent for an ¢ € N satisfying (14) then (13)
remains to be consistent for bigger /. So we always can use the smallest £ € N
satisfying (14). Sometimes ¢ = min{¢’ € N : ¢ > max,,c,(a0)) ReAx} is
preferable in numerics.
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Remark 1.13. Theorem 1.11 is in a good accordance with the results of [2]
about (not necessarily linear) Fuchsian systems of PDEs. If either o(A(0))NNy
=@ or 0(A(0)) NNy = {0}, then Theorem 1.11 can be applied for £ = 1, and
under conditions f € C*[0,T], A € C,[0,T], m > 1, m > maxy, co(a(0)) ReAx,
A(0)up = —f(0), we obtain that the problem tu' = Au+ f, u(0) = ug has a
unique solution v € C;*[0,T]; of course, for infinite smooth f and A also the
the solution is infinite smooth. The last formulation can be derived also by
interpreting the results of [2]; moreover, a further consequence of [2] is that the
solution is analytic if A and f are analytic. This analyticity result can be exten-
ded to the case of a more general structure of o(A(0)) NNy as in Theorem 1.11.

Example 1.14. For the scalar equation

tu'(t) = u(t) + f(t)

we have o(A(0)) = {1}, (14) is fulfilled for ¢ = 2, and the consistency con-
ditions (13) have the form ul” + f(0) = 0, f/(0) = 0. By Theorem 1.11 the
equation has a unique solution u € C™[0,T], m > 2, satisfying u(0) = u[()o),
u'(0) = uél) with an arbitrary uél), provided that f € C™][0, T satisfies the con-
sistency conditions; this can be easily seen also directly. On the other hand, for
f(t) = otl;%v 0<t<T,T < 1,which belongs to C'*[0, T]\C?[0, T'| and satisfies

the consistency conditions for u(()o) = 0, all solutions u(t) = fot log(—log s)ds+ct
of the equation live outside C'[0,T]. This demonstrates that the smoothness
conditions of Theorem 1.11 cannot be essentially relaxed.

The proof of Theorem 1.1 and 1.3 is based on the reduction of (1) to a
system of cordial Volterra integral equations and on the extension of some results
[12,13] from scalar cordial equations to systems of such equations. Namely,
rewriting (1) for an a > 0 in the form (D; + al)u = (A + al)u + f, where
(Dyu)(t) = tu/(t) and I is the identity operator, we obtain that system (1) is
equivalent to the system of integral equations

u=Vy (A+alu+V,, f, (16)

where V,,, = (Dy + al)™, Voo = Voo frs - .,V%fn)T for f = (f1,.. .,fn)T,

t t o
(Voow)(t) = t_a/ s lw(s)ds :/ %(;) 1w(s)ds for w e C[0,T].
0 0

The operator V,,, a € C, Rea > 0, often occurs in literature, see, e.g., [6-9,12],
it is an example of cordial Volterra integral operators [12,13]. In Section 3 we
recall and extend some results about the mapping and spectral properties of
(scalar) cordial Volterra integral operators. The inversion of D; + o between
appropriate spaces and the properties of V,,, = (D; +al)™t € £L(C™[0,T]) are
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discussed in Section 4; for our final needs we study the inversion of Dy + ol
not only for o > 0 but also for complex «, in particular, for Rea < 0 when
integral fg s* tw(s)ds may diverge. Nevertheless, for Rea > —m, a # —j,
j=0,...,m—1, the inverse V,,, = (Dy+al)~ € L(C™[0,T]) is still well defined
and corresponds to the understanding of the divergent integral fot s*lw(s)ds
in the sense of the Hadamard finite part; it holds V,,, = V,,, for Rea > 0. In
Section 5 we prove that the spectrum of V,, (A + ol) € L(C]*[0,T]) coincides
with that for of V,, (A(0)+al) € L(C;*[0,T]). This is a central technical result
that enables to complete the proof of Theorems 1.1 and 1.3 in Section 6.

The criteria of the existence of a unique solution u € C;*[0, T to system (1)
or to problem (15) formulated by Theorems 1.1, 1.3 and 1.11 are needed when
polynomial collocation, spline collocation and other discretization methods are
constructed and justified for system (1) either directly, or through equivalent
systems of cordial Volterra integral equations, cf. [13-15] in the scalar case.
These are possible topics for separate works. It is sufficient to solve (1) on a
small interval [0, Tp], To < T, and continue on [Ty, T'] using standard methods
treated, e.g., in [3].

2. Notations

We use the notations N = {1,2/...}, Ny = {0,1,2,...}, R = (—00,00),
C=R+iR, A = ReA+ilmA for A € C. Introduce the disk

Ky={ eC:[A-L|<L} b>o0. (17)

We denote by P, the set of polynomials of degree < m. We denote by D
and D, the differential operators (Du)(t) =u/(t) and (Dyu)(t) =tu'(t), respec-
tively. A right inverse D=7 of D7, j € N, is given by

. 1 t :
D7u)(t) == — / t —s)? lu(s)ds. 18
(D)= =57 [ €= (e (18)
In the sequel, we use the abbreviated notation C™ = C™[0,T|, m € Ny, for
the space of m times continuously differentiable (scalar) functions on [0, T7;

— ()
lullem = max - max |ut(¢)].

For m € Ny, r € R, the space C"" = C™"(0, T consists of the functions
u € C™(0,T] such that finite limits lim,_,o t* Tu®(¢), k = 0,...,m, exist;

m,r — fe—r (k) .
[ullem, Orgr}fg;noig%t [ut™ (t)]
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It holds C' = C° = C%0, ¢™ c C™0, C™'"" c C™" for m/ >m >0, ' > r,

={ueC™:u(0)=---=u"Y0)=0} cC™,

(19)
cmr=C""@® Py =1-1,)C" &1, C"™ for m>1,

where (I, u)(t) = > 7" " “(];( )47 is the Taylor projector in C™.
As usual, u = (uy,...,u,)" € C™ means that u, € C™, p=1,...,n, and
A = (apg)p =1 € CF,, means that a,, € C™, p,q = 1,...,n. Similar sense

nxn
have the inclusions u € C™" and A € C,. We use the norms

nxn-

Julley = ma luplicm,  Nulleg = max fulloms.

By LY(0,1), r € R, we denote the space of functions ¢ : (0,1) — C such
that

1
wmma/ﬂmmm<w
0

For Banach spaces X and Y, £(X,Y) means the space of linear bounded
operators from X into Y, and £(X) = L(X,X). By ozx)(V) we denote the
resolvent set of an operator V' € L(X), and by o-x)(V) = C\ ogx)(V) its
spectrum. We use the abbreviated notations of the type

(V) =ocep) (V) em(V) = ozepy(V) - for Ve L(CD),
cepny V), 0mr(V) = 0opny(V) for Ve L(CT).

3. Scalar cordial Volterra integral operators

Let us recall and slightly extend some results [12,13,16] concerning scalar cordial
Volterra integral operators. For a “core” ¢ € L*(0,1) and a coefficient function
a € C, the cordial Volterra integral operators V,, and V,, , are defined by

(Vou)(t) = /Otl(p (§> u(s)ds = /Olgp(x)u(tx)dx, 0<t<T, uwedC, (20)

t t

(Vipau)(t) = /Ot%p <§) a(s)u(s)ds, 0<t<T, weC.

Denote )
P(N) ::/x’\go(x)dx
0

for A € C for which the integral converges. (Function @ is a shifted Mellin trans-
form of function ¢ extended by the zero value from interval (0,1) to (0,00).)
From (20), the second representation form, it immediately follows that

Vowy = @(AN)wy, where wy(t)=t", 0<t<T. (21)
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Differentiating (20), the second representation form, we observe that for ue C™,
m >0,

1
(Vou)™(t) = / o(z)z™u™ (tr)dz. (22)
0
From this we conclude that
(Vou)™(0) = g(m)u™(0) for uweC™ m>0, peclL'(0,1). (23)

Theorem 3.1. (See [12,13]). For ¢ € L'(0,1), a € C™, m > 0, it holds that
Vios Voo € L(C™) and

V) ={3(\): Re>0}U {0}, (24)
:{g5 (N): Re)\zm}U{O}U{@(j) :j=0,1,... ,m—l} for m>1, (25)
Om(V%a): Tm(Vi,a0)) = a(0)om (Vi) for m>0. (26)

If a(0) =0, then V,, € L(C™) is compact.

Lemma 3.2. For p € L'(0,1), p € C, the set (ul —V,)C™ C C™, m >0, is
dense in C™ iff p# @(j) for j=0,1,....m

Proof. Assume that u # @(j), 7 = 0,1,...,m. For given v € C™ and ¢ > 0,
take a polynomial vy = Z;.V:O ¢;t! such that [[uy — v|]jem < 5, and define
Ung = Z;.V:O cjw; 5, where w;s(t) = 0 if §(j) # p, and w;45(t) = 70 with a
parameter 0 > 0 if @(j) = p (this may happen for j > m + 1); since @(A) is
analytic for ReA > 0, it holds @(j + ) # u for sufficiently small 0 > 0. Further,
define the function uys = Zj-v:o ¢;y;s, where y;5(t) = W if §(j) # p, and
vio(t) = o i @) = m By (21) (ul = Vy)yjs = wjs, § = 0,..., N,
hence (ul — V,)uns = vn s, thus vy € (u — V,)C™. We can choose 6 > 0 so
small that |[vys — vn|lem < 5, then [[uys — v][em < €, and we conclude that
(ul —V,)C™ is dense in C™.

Conversely, let 1 = @(j) for some j € {0,...,m}. Then due to (23)

(= Vu)D(0) = i (0) = §()u?(0) = 0, Vu e C™,

thus (ul — V,)C™ C {v € C™ : v(0) = 0}, and the closed subspace in the
right hand side of the inclusion is not dense in C". O

Theorem 3.3. (See [16]). For p € L' (0,1), a € C™, m >0, r € R, it holds

V, € LIC™),  oma(Ve) = {B(N) : Rer > r} U {0}, (27)
Vo € LIC™), 0mr(Via) = Omr (Vi) = a(0)omr (V). (28)

If a(0) =0, then V,, € L(C™") is compact.
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4. The resolvent of D; as an integral operator

Clearly, Dy +al € £L(C™b C™7). Tts inversion is described in Lemma 4.1; in
Lemma 4.2 the inversion in the spaces of type C"" will be treated. The operator
(Dy + o)™ occurs to be cordial and formulae (24)-(28) can be applied for it.

Lemma 4.1. Form >0, r € R, a € C, r + Rea > 0, the operator D, + al €
L(CmFLr ™) s invertible, (D1 +al)™! =V, € L(C™",C™TLT) C L(C™T),
where @, € LY (0,1) is defined by @o(x) = 2*71, 0 < z < 1, and V,, is the
cordial operator

(V%f)(t):/Otl(f)a_lf(s)ds:ta/otsa1f(s)ds, 0<t<T. (29)

t \t

It holds (see notation (17))

o (Vo) =K1 . (30)

r+Re

Proof. First, for f € C™" it is easy to check that V,_ f € C™"" and that
u = V,, [ satisfies (D7 + al)u = f. Second, the nontrivial solutions of the
first order linear homogeneous ODE (D; 4+ al)u = 0 are given by u(t) = c¢t™,
¢ = const # 0, and they live outside C™" due to the condition r + Rea > 0.
This proves the first claim of the Lemma. For ¢, (z) = 7!, formula (30) is a
consequence of (27), see [12]. O

Form>1,ue C™=C™"&P_1, Il ,u= Z;n 01 “(JJ), t) € Pp,_1, it holds
u— Iu € C™™; by Lemma 4.1 V,,, (u — IT,,,u) € C™5™ < C™ provided that
m + Rea > 0. Setting onto a € C the conditions

Rea > -m, a+#—j, j=0,...,m—1, (31)

we can define the Hadamard finite part integral operator ‘7% =ftp.V,, € L(C™)
by (cf. [5,17])

Voo = Vi (u — Tpu) + Vi, Mpu = Vi, (u — Tyu) + 3@(0) t, uelm.

o Pa

Formally ‘7% I1,,u differs from

a—1 uU)(O) —a u(0) 1. italt
Vol =2 17 3 20 = 03 2.

by omitting the divergent terms that correspond to negative j+Rea. Note that
V.., =V, for Rea > 0. For 0 < m < m/, operator V,,, € L(C™) is a restriction
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of V,, € L(C™) from C™ to C™ . Note also that (V,, )t/ = L= = (Dy+al) '/,

jra
J € Ny, independently of m > —Rea used in the construction of V.

As easily seen, C" ™ NP, = {0}, thus we can generate the direct sum
cmttm P 1 we equip it with a norm

’|u+vaCm+1’m@’Pm,1 = ”U'|Cm+1,m + ||’Um||73m71 fOl" u G Cm+1’m, Um E Pm_l

(in our considerations, it is not essential which norm is used in P,,_1). The
operator Dy +al€ L(C™TLm C™™) is invertible by Lemma 3.2, and Dy +al €
L(Pp—1,Pm_1) is invertible due to (31). We obtain that the inverse to

Dy +al € LIOC™™ P, 1,C™) = LIC™T @ Py, C™™ D Ppyt)

exists and is given by V., = (Dy + al)~' € L(C™, C™m @ P, 1) C L(C™).
Let us summarize.

Lemma 4.2. For Rea > 0, the operator Dy + ol € L(CY°,C) is invertible,
(D1 +al)™t =V, € LIC,C™) C L(C) (see (29)), and

00<v<pa) =K 1.

Rea

(32)

Form>1, m+Rea>0,a# —j,j=0,...,m—1, the operator D1+l €
L(C™HLm g P, C™) is invertible, and
(D) +al)™t =V, € LC™ C™m e P, 1) C LC™),
(Vo) =K U{#j:jzo,...,m—l}, (33)

m+Rea

oY

K_1 H{L:j:(),...,m—l}:@.

m+Rea O‘+j

Proof. The first claim is a reformulation of Lemma 4.1 for m = 0, » = 0. The
second claim follows from Lemma 4.1 and the considerations after it. O

Lemma 4.3. Form > 1, a > 0, it holds that
(Dy +al)C™ =tC™ ' aC, V, (tC™"'eC)=Cm, (34)
where tC™ Y = {f: f(t) =tg(t), g € C™1}.

Proof. Since (Dy + aI)~! =V, for a > 0, it is sufficient to prove the first one
of formulae (34). For g € C™, it holds t~*(g(t) — 9(0))) c C™ 1 and

(D1 +al)g=t(g +at ' (g(t) — g(0))) + ag(0) € tC™ ' & C,
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thus (D; + oI)C™ C tC™ ! @ C. To prove the inverse inclusion, we take an
f=tg+ f(0) € tC™ ! @ C with g € C™ !, and we show that that there is a
u € C™ such that (D + of)u = tg + f(0). Clearly u = V,,_ (tg + f(0)), so we
have to check that u € C™. Since (see (20))

Vo, (F(0)) = £(0) / oar =10 ¢

«

it remains to prove that V,,_(tg) € C™ for g € C™~!. Consider the case m = 1.
To check that V,,, (tg) € C* for g € C, observe that, of course, V,, (tg) € C,
and also DV,, (tg) € C. Indeed,

DV..li9) = 5 ( [ L) so(s)ds)

=9 Vo9 — (@a—=1)V,. g€ C.

For m > 2, we have (see (22))
1 1
Voo (t9) :/ 2 atg(wt)de :/ x%tg(xt)dr € C,
0 0

DMV (tg) = /O o (%)k (tg(at))du

1
:/ 2 (ta*g®) (xt) + ko™ gV (2t) ) da
0

Vo g+ kV, g*VeC, k=1,...,m—1,

Poa+k+1

D"V (tg) = DVWa+m+1(tg(m_1)) +(m — 1)Vwa+mg(m_1)§

treating the term DV, . (tg™ V) with '~ € C similarly as above the term
DV, (tg) for g€ C we obtain that also D™V, (tg) € C, hence V,, (tg)eC™. O
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5. Operator V, 4=V, A, a>0,neN

For a given matrix function A € C,,«, and a parameter value o > 0, consider
the operator V,, 4 = Vi, A defined by

(Voo at)(£) = /Ot% (;)‘H A(s)u(s)ds, 0<t<T: ueC,.

Lemma 5.1. Fora >0, AeC™, , m >0, it holds

nxn’
Om(Vipu,a(0)) = U NeOm (Vi) (35)
Aw€a(A(0))
or according to (32), (33)
00(Vpu,A(0)) = U A1, (36)
A€ (A(0))
A€ (A(0))

Proof. We have to prove only (35) which is equivalent to

Qm(vapa,A(O» = ﬂ )‘ka(Vﬂﬁa) (38)
Ax €0 (A(0))

It is 1 € 0m (Vi a0)) iff the system
pu = V,A(0)u+ f (39)

has a unique solution u € C* for every f € C". Represent A(0) in the Jordan
form A(0) = EAE™! where E € C,x, is a (constant) invertible matrix and A
is a block diagonal matrix with the Jordan blocks

Mo 1 0 ... 0
0 M 1 ... 0
Ap=1{ ¢ o b E€Cuum, M Eo(A(0), D m=n
0 0 0 "~ 1 F
0O 0 0 ... M\

It holds 0, (Vi 4(0)) = 0m(Vise,a)- With respect to v = Eu system (39) has the
form

MU:V@Q,AU+97 g:Efa (40)
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which splits into the subsystems of the type

i = M Voatnp & G G=me—1, mp—2,...,1  (41)
Ly = NV, v; + Vo, v + g5,

(we solve the equations recursively in the presented inverse order; actually the
bounds for j depend on the position of Ay in A; for simplicity we wrote (41) as
if Ay, were on the first position). Solving the scalar equations (41) recursively
we conclude with the help of Theorem 3.1 that such a subsystem has for any
g € O a unique solution v € C7" iff u € 0, (MVi,) = Akom(Vy,). Thus the
full system (40) is uniquely solvable in CI"* for any g € CI", and system (39)
is uniquely solvable in C)" for any f € C}" iff 1 € Ny, co(a(0) Me0m (V. ). This
proves (38). O

Lemma 5.2. Fora >0, Ac C% .. m >0, the range set (ul — Vi, a0))Ch" is

dense in C™ iff p # 2= fori=0,1,...,m and all eigenvalues N, € o(A(0)).

ita
Proof. Since pl — Vi, a0y = E(pl — V,,a)E™", the claim of the Lemma is
equivalent to the following one: for any Ay € 0(A(0)), g € € and € > 0, there
isav € Oy such that [[(u] = Ve, a)v—glley <eif p# A i =0,1,...,m. In

ita’
this form the claim is a consequence of Lemma 3.2 which we apply recursively
to equations (41). O
Theorem 5.3. Fora >0, Ac C,, m >0, it holds V,, 4 € L(C)') and
Om(Voa,a) = 0m(Vipa,4(0))- (42)

If A(0) =0, then V,,, 4 € L(C}?) is compact.

Proof. The claim that V,, 4 € L£(C)") and the claim about the compactness of
operator V,, 4 € L(C}') in case A(0) = 0 follow from corresponding claims of
Theorem 3.1, so we have to prove only (42).

We shall prove the inclusion 0,,(Vy, 4) C 0m(Vi,, a0)) by a contradiction
argument. So suppose that for some jig € 07, (Vi 4) it holds 1o € 0 (Vi 4(0))-
Since 0 € Kﬁ C 0m(Vipa,a0)) (see (37)), it holds o # 0. The operator
pol — V., a4 € L(C)) is Fredholm of index 0, since pol — Vo, a0y € L(C)}) is
invertible and V,,, 4 — Vi, 40) = Viu,a—a0) € L(C}') is compact. Hence pg is
an eigenvalue of V., 4; let up be an eigenfunction:

HolUp = VWQAUO, 0 7é Ug € C;n (43)
Consider first the case m = 0. Rewrite (43) in the form

/L0U0—V<PQA(0)U0 = VWQ(AUO—A(O))U(), (e (,LL()I—VLPQA(O))71‘/90&(1411/0—14(0))11/0.
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Clearly |(V, f)(t)] < L maxocs<i |f(s)], 0 <t < T. With the help of the Jordan
representation A(0) = EAE™!, reducing system (39) to the form (40), it is easy
to see that

(ol = Vi, A0) " f)(B)] < emax [f(s)], 0<t<T,

0<s<t
where the constant ¢ is independent of ¢t and f € C),. Thus
|uo(t)] < E max [A(s) — A(0)] max fuo(s)|, 0<t<T.

Since |A(s) — A(0)] — 0 as s — 0, a consequence is that ug(t) = 0 on some
interval 0 <t <o, tg € (0,T]. For tyg <t < T (43) is a regular Volterra system,
and we obtain that ug(t) = 0 on the whole interval 0 < ¢ < T'. This contradicts
the choice of 1y and proves the inclusion 0,,(V,, 4) C 01 (Vi, 4(0)) for m = 0.

Let now m > 1. Differentiating equality (43) we show below that ugi) (0)=0,
1=0,...,m—1,and uém) = 0, implying uy = 0 and obtaining so again a desired
contradiction. For v € C]"* we have

Vew)(t) = | L) Alsyuts)as - / o At )u(ta)dr,

t

% . 1
(Viowaw) (1) = Z (Z) / oA (b)) (tx)de, i=0,1,...,m,
J/ Jo

%

(Voaw)D(0) = — 3 (;)AU)(())u(i-ﬂ(O), i=0,1,...,m.

1+ o
+j:0

According to (36), (3
and any A\, € o(A(0)

totp(0) = 1A( Yup(0), hence u(0)
,uouo(O) 1JraA(O) 0(0), hence ug(0)

7), 1o € 0m(Vip (0)) implies that ,uoyé fori=0,1,...,m—1
). Therefore we obtain recursively that

)

0
0,

uu(()m 1)(O): L A(O)u(()m_l)(O), hence uém_l)(O):O.

m—1+4«
(m)

For vy = uy ’~ we obtain the equality

povo = Vi, A0)vg + Vi, (A ))vo + Z ( > Voo a AV D0y,

ee (18) for the definition of D~7. From (36), (37) we observe that 0, (V. a0)) C
00(Vipruya,A(0))s thus g € 00(Vis,,.0,4(0)), and

AO) e [(4= AODm+ 3 (") 4D a9

Vo ( 0[ Vgo j

m+4a
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Similarly as above we obtain from this that vg(¢) = 0 as claimed, and the proof
of the inclusion 0., (Vi 4) C 0 (Vi a(0)) is completed.
According (36) and (37), to establish the inverse inclusion o, (V. a)) C
m(Vis,,4), we have to prove that
MK 1+ Cop(Vi,a) forany N, € o(A(0)), (45)

m+ta

in case m > 1 also

2 j=0,1,...,m—1} C0u(Vioa) forany g € o(A(0)). (46)

a+j

Note that m+ra eX S Since the spectrum is closed, to prove (45), it suffices
to establish that

MK 1 \ {2} Copn(Vp,a) forany N, € o(A(0)).

m+ta m-+o

We shall prove this inclusion by a contradiction argument. So, suppose that
for some pg € MK_1 C 0u(Vio 40)), M € 0(A(0)), po # 25, it holds that

m+a’

to € 0m(Vis,,a), ie. LOI — V4,4 has a bounded inverse in £(C}"). Due to the
compactness of Vi, 4 — Vi, a0 € L(C)'), operator pigl — Vi, a0y € L(C))
is Fredholm of index 0, hence (pol — Vi, a0))Cy is a closed subspace of C)".
Further, ZJ%O[ ¢ IC#M, thus pg # :%a for i = 0,1,...,m, and by Lemma 5.2
the range (ol — Vi, ,4(0))Cy is dense in C}', hence (pol — Vi, a0))Crt = C)F,
and piol — Vo, a0y € L(C}') as a Fredholm operator of index 0 has the inverse
(ol — Vi a@0) "t € L(CI), Le. pig € 0m (Vi a(0))- This contradicts the choice
of 1 and proves (45).

The inclusion (46) can be proved examining spectral projectors of Vi, ()
and V,, 4 corresponding to the isolated point a’\T’“j, 0<j<m—1, of 6,,,(Vi,,,, a(0))-
Technically the argument is same as in case n = 1, see [13], therefore we omit
the details. The proof of Theorem 5.3 is finished. O]

6. Proof of Theorems 1.1, 1.3, 1.7 and 1.11

Lemma 6.1. For Ae C",, m >0, a > 0, condition (6) is equivalent to the

condition 1 € pp,(Vy, (A0) + al)).
Proof. Formulae (36), (37) for A(0) + a/ (in the role of A(0)) yield
o0(Vel AO)+al))= [ (Mta)Ks

A€ (A(0))

Om (Voo (A(0)+al))= U (()\k—i-oz)/Cm%r&U )‘O’jija:j O,...,m—l}), m>1.
A€ (A(0))
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The inclusion 1 € (A + a)K 1 means that

m—4a

AL+«
2(m+ «)

AL+«
~|2(m+ )

-

,or 2m4a— M| < |\ +al,

that after elementary simplifications takes the form m < Re\;. The equality
1= ’\Z—j;;") takes place iff Ay = j. The claim of the Lemma follows from these
observations. O

Proof of Theorem 1.1 (sufficiency part). Assume that A € C,x,[0,T] satisfies
(2). Observe that condition (2) is equivalent to (6) for m = 0 and implies by
Lemma 6.1 and Theorem 5.3 that 1 € po(V,,, (A(0) + al)) = po(V,, (A + ol)).
Hence equation u = V,, (A+al)u+ f is uniquely solvable in C,, for any f € C,.
In particular, equation (16) is uniquely solvable in C,, since V,,, maps C,, into C,.
Equations (1) and (16) are equivalent, so (1) has for any f € C,, a unique
solution u € C. The sufficiency part of Theorem 1.1 and together with it also
Corollary 1.2 are proved. m

Proof of Theorem 1.7 (case m = 0). Assume that A€ C,,y,, satisfies (3) and (9).
Due to (3),

(A(t)— A0))d* = tPgi(t), gi(t) := Mdk €C,, k=1,...,0 (47)
Applying Corollary 1.2 with g = /3 to the first system in (8), condition (5) reads
as Maxy,cq(4(0)) Re(Ax — Ao — ) < 0 that is fulfilled due to assumption (9), and
we obtain that the system has a unique solution of the form v; = t%w; with w,
determined as the unique solution in C), of the first system in (10). Now we see
in the same way that the second one of systems (8) has a unique solution of
the form vy = tPwy with we € C, [0, T'] determined as the unique solution of the

second system in (10). Continuing in this way we obtain that all systems (8)

have unique solutions of the form v, = tPwy, ..., v, = tPw, where wy, ..., w,
are unique solutions in C,[0,T] of the recursive systems (10). This proves
Theorem 1.7 for m = 0. [l

Proof of Theorem 1.1 (necessity part). Assume (3) and that system (1) has for
any f € C, a unique solution v € C,,. Then the inverse (D; — A(t))™* € L(C,)
exists; the boundedness is a consequence of the closedness, the closedness is a
consequence of the closedness of D; — A(t) in C,,, the closedness of Dy — A(t)
in C), follows from the closedness of D; — al in C,, and the closedness of the
latter operator is a consequence of the boundedness of (D; —al)~! € £(C,,) for
a > 0, see Lemma 4.2.

We shall prove (2) by a contradiction argument. So, suppose that
7y = maXy,ex(a0)) ReAr > 0 and choose a Ay € 0(A(0)) with ReAg = ~. With
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this choice condition (9) is satisfied. By Theorems 1.6 and 1.7 (just shown for
m = 0), homogeneous system tu'(t) = A(t)u(t) has a solution

up(t) =t (d° + tw(t)), (48)

where w € C,,, A(0)d° = M\gd’, 0 # d° € C,,. Note that ug € C,, if vy = ReAg > 0
or if Ag = 0. In these cases (1) is solvable in C),, non-uniquely (if solvable)
contradicting our assumption about unique solvability. In the case \g = fi,

0# 8 eR,
uo(t) = t7(d° + tw(t)) = [cos(log(Bt)) + isin(log(Bt))](d° + tw(t)).

Observe that ug & C,, but u. : =ty € C,, for any >0, and that (D; —A(t))u. =
gu,., hence (Dy — A(t)) " tu. = e tu,, implying that the operator (D; — A(t))™! is
unbounded in C,. But we saw that actually (D; — A(t))~' € £(C,,). Thus the
hypothesis that v := maxy,es(a(0)) ReAr = 0 contradicts the unique solvability
in C,, of system (1) for all f € C,,. The proof of Theorem 1.1 is completed. [

Proof of Theorem 1.3. Implications (i)=(ii)=(iii). Let A e C,, m > 1.

(i)=-(ii). Assume (i) and take an arbitrary f € C™~! such that f~— f~(0) €
=t where f=(t) = {9O Then f = tf~ + £(0) € tC~' & C,, and by
Lemma 4.3, f = (Dy + al)ga, where g, = V,f € C". System (16) takes the
form

u=Vo, (A+al)u+ga, go=VafeC,

and has a unique solution in C" since by Lemma 6.1 and Theorem 5.3 (i) implies
that 1 € p,,, (Vo (A(0) + o)) = pm(Vio, (A4 ). Hence also system (1) has a
unique solution in C7, and the implication (i)=-(ii) holds true.

(ii)=>(iii). This implication is clear since f~ € C™! for f € C'™. O

Together with implications (i)=-(ii)=-(iii) we have established also the im-
plications (i")=-(ii")=-(iii’) for the assertions of Corollary 1.4.

Proof of Theorem 1.7 (case m > 1). Assume that A € C", ., m > 1, and that
condition (11) is fulfilled. For systems (8) condition (11) can be interpreted as
the assertion (i') of Corollary 1.4 with p = 1 and m is replaced by m — 1. Also

the free terms
A(t) — A(0)

- dFecCr Tt k=1,....¢,

(A(t) — A(0))d" = tgi(t), gi(t) =
are of suitable form to apply the implication (i')=-(iii") which says, on the first
step of recursion, that the first one of systems (8) has a unique solution of the
form v; = tw;, where w; € C™ ! is the unique solution of the first system
in (10). Rewriting corresponding equality (8) in the form

v) = (A(t) — Nol)v, +t 1 (A(t) — A(0))d"
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we observe that v] € C™~ 1 hence v; € C™. After that we recursively ob-

tain similar relations v, = twy, k = 2,...,¢, for the solutions v, € C)" and
wy, € C™ ! of the next systems in (8) and (10). The proof of Theorem 1.7 is
completed. O

Proof of Theorem 1.3. Implication (iii)=-(i). Assume (iii). We first prove by
a contradiction argument that then m > max), cs(a(0)) ReAx. So, suppose that
m < 7y = maxy, eo(4(0)) ReAr. Here with small changes, we repeat the argument
from the proof of the necessity part of Theorem 1.1. Tt follows from (iii) that
a bounded inverse (D; — A(t))™t € L(C™) exists. Take a \g € o(A(0)) with
ReXyg = 7. By Theorems 1.6 and 1.7, homogeneous system tu'(t) = A(t)u(t)
has a solution ug of the form (48) with tw € C. If v = Relg > m or
Ao = m, then uy € C7", and (1) is solvable in C!™ non-uniquely (if solvable) that
contradicts (iii). If \g = m + i, 0 # B € R, then

uo(t) = t"[cos(log(Bt)) + isin(log(Bt))](d® + tw(t)).

Now ug ¢ CI" but u. := t°ug € C)* for any € > 0, and (D;—A(t))u. = cu., hence
(Dy — A(t)) 'u. = e 'u,, and operator (D; — A(t))~! is unbounded in C'™ that
contradicts the previous observations. Thus the relation m < v contradicts (iii),
and (iii) really implies that m > maxy,c,(a(0)) ReAs.

If £ € 0(A(0))NNp then &£ < m—1; denote kg = min{k : k € o(A(0)) N Np}.
The subsystem of (13) with k& = k¢ is unsolvable for certain f € CJ", hence (1)
is unsolvable in C!™ for this f. So (iii) implies that ¢(A(0)) "Ny = @. The
proof of Theorem 1.3 is completed. O]

Proof of Theorem 1.11. Assume the conditions of Theorem 1.11. For f € C",
m > {, a vector function u € CJ"* is a solution of system (1) iff

D(tu/ — Au— f) =0, [D*(tv/ —Au— f)limo=0, k=0,...,0—1. (49)

Since D*(tu') = ku® +tu+V) | D* Ay = Z] 0 (k)A(k_j)u(j), k=0,...,0—1, the
latter conditions in (49) mean that u*)(0), k = 0,...,¢ — 1, satisfy (13). From
this we immediately obtain that the consistency of system (13) is necessary for
the solvability of (1) in C)". Further, every u € C]" has a unique representation

= D+ Yt Bug, th with v = Du € O™ *. We obtain the following

reformulation of the equivalence: a vector function u = D~‘v + Zi t uk, th €

C™ with v € C™~* and u(()k), k =0,...,0—1, satisfying (13) is a solution of
problem (15) iff v = ¥ is a solution of the equation

=1 )
tv' = (A(0)—LI) v+ D' AD™* — A(0)]v+g, g= f€)+DZAZ 0 t’“e cm=t (50)
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To prove Theorem 1.11, it is sufficient to show that (50) is uniquely solvable
in C™=*¢ for any g € C™~*.

Assumption m > maxy,cs(a(0)) ReAr of the Theorem can be reformulated
as m — £ > maxy co(a(0)—e1) ReAw; due to (14), we have o(A(0) — 1) NNy = @.
Thus conditions (6) are fulfilled for the operator A(0) — ¢I, with m — ¢ in
the role of m, and we conclude with the help of Theorem 1.3 (with the help of
Theorem 1.1 in case £ = m) that the inverse V = (D; — A(0)+/£I)~t € L(C™)
exists. Hence (50) is equivalent to the equation

v=DBv+Vg, B=V[D'AD"—A(0)] € L(C)"), VgeCr " (51)

Operator B € L(C™ %) is compact. Indeed,
¢
D*AD™u— A(0)u = (A= A(0)u+»_ (A D,
j=1

operator D77 € L(C*) is compact for j > 1, k > 0, whereas the compactness of
V(A — A(0)) € L(C™*%) is a consequence of the cordial structure of V; a more
detailed argument follows soon. Hence (51) and (50) have a unique solution
v € C™ ¢ for any g € C™~¢ if the homogenous equation v = Bv has in C™~*
only the trivial solution v = 0. This is really the case. Indeed, to a solution
v € Cm=% of v = Bu, or of (50) with g = 0, there corresponds a solution
u = D% € C™ of problem tu' = Au, u®¥(0) =0, k = 0,...,¢ — 1 (note that
FO0) =u =0, k=0,...,0—1, satisfy (13)). Due to zero initial values, u
can be represented u = t‘w, w € C™ ¢, Further, (7) is fulfilled for y = ¢ and m
replaced by m — £. By Corollary 1.4 system tu’ = Au has a unique solution of
the form u = t‘w, w € C™* and it is uw = 0. Thus D% = 0, v = 0.

It remains to show that V(A — A(0)) € L(C™~%) is compact. To examine
the structure of the operator V = (D; — A(0) + £I)~!, consider the system

tu' = (A(0) —tDu+ f, feom ™

Represent A(0) = EAE~!, where the block diagonal matrix A = (Ay) is the
Jordan form of A(0), see Section 5 for details. Note that ED;E~' = Dy, so
with respect to v = Eu the system takes the form tv' = (A —4l)v+g, g = Ef.
This system splits into independent subsystems: to a ny x n, block A, — /1 with
A, — € € 0(A(0) — ¢I) on the main diagonal, there corresponds the subsystem

Divy, = (A= vn,+9n,, D1vj = (Ne—L)vi+vj00+9g;, J=np—1, ng—2,..., 1.

The inverse (Dy — A\ I + 1)~ = \7%% =: W}, € L(C™) exists by Lemma, 4.2

since (m—/0)+Re({ — ) >0, =X\, #—jfor j=0,...,m—{—1, due to (14).
We find recursively that
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A summary is that
V= (D + I — A(0)"' = E(D; + (I — A)'E,

where (D + I — A)~! € L(C™*) is a block diagonal operator with the blocks
(Dy+ 01 — N I)™t € L(C) corresponding to the blocks Ay, of A = (Ay), and
(Dy + 01 — N\ D)™t € L(CY) is given by

We W2 ... W

0 Wy ... Wyt -
(Di+el—nD™t=| . T , Wi=V,,, €Lem.

0 0o ... W,

So the elements of the matrix operator V(A — A(0)) consist of linear com-
binations of some scalar operators of the form By; = W/ (bg; — bx;(0)) with
certain by; € C™ determined by matrices A(t) and E; due to Theorem 3.3,
By; € L(C™5m=%) are compact that due to decomposition (19) implies that
By € L(C™™%) and V(A — A(0)) € L(C™ ) are compact.

The proof of Theorem 1.11 is completed. O

The compactness of B € L(C!™) is a helpful property of system (51) when
discretization methods are constructed and justified. For a comparison, note
that the operator V,, (A + al) € L(C!") of system (16) is noncompact, and a
special applicability condition is needed when spline collocation type methods
are applied to (16), see [8,15] for details in the scalar case.

In case 0(A(0)) NNy = @ system (1) is equivalent to (51) for £ =0, i.e. to
system u = (D — A(0)) "' (A— A(0))u+ (D; — A(0)) "' f with respect to u itself.
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