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Abstract. By using Girsanov transformation and martingale representation, trans-
portation cost inequalities with respect to both the uniform and the L?-distances on
the global free path space are established for the segment process associated to a class
of neutral functional stochastic differential equations. Neutral functional stochastic
partial differential equations are also investigated.
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1. Introduction

Let (E, B(E)) be a measurable space with p a symmetric non-negative measur-
able function on F x E. For any p > 1 and probability measures p and v on
(E,B(E)), the LP-transportation cost (or, the LP-Wasserstein distance if p is a
distance) induced by p between these two measures is defined by

Wyp(pt,v) = inf { pp(:v,y)w(dx,dy)}P,
ExXE

meC(p,v)

where C(u,v) denotes the space of all couplings of  and v. In many practical
situations, one wants to find reasonable and simple upper bounds for W, ,(y, v),
where a fully satisfactory one is given by the transportation cost inequality first
found by Talagrand [16] for the standard Gaussian measure p on R%:

Wa, (i, fr)? < 2u(flog f), f>0, u(f)=1
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with p(x,y) := |xr — y|. Since then, this type transportation cost inequality
has been intensively investigated and applied for various different distributions.
The importance of the study lies on intrinsic links of the transportation cost
inequality to several crucial subjects, such as functional inequalities, concen-
tration phenomena, optimal transport problem, and large deviations, see, e.g.,
[1,2,6,8,10,13,17,19, 22| and references within.

In the past decade, a plenty of results have been published concerning
Talagrand-type transportation cost inequalities on the path spaces of stochastic
processes, see, e.g., [5,25,26] for diffusion processes on R%, [14] for multidimen-
sional semi-martingales, [18] for diffusion processes with history-dependent drift,
21, 22] for diffusion processes on Riemannian manifolds, [24] for SDEs driven
by pure jump processes, and [11] for SDEs driven by both Gaussian and jump
noises. Recently, transportation cost inequalities for the reflecting diffusion pro-
cesses on manifolds with boundary have been used in [23] to characterize the
curvature of the generator and the convexity of the boundary.

Moreover, many different arguments have been developed to establish the
transportation cost inequality. Among others, the Girsanov transformation ar-
gument introduced in [5] has been efficiently applied, see, e.g., [26] for infinite-
dimensional dynamical systems, [14] for time-inhomogeneous diffusions, [18] for
multi-valued SDEs and singular SDEs, and [15] for SDEs driven by a fractional
Brownian motion. Following this line, in this paper we aim to establish trans-
portation cost inequalities for the segment processes associated to a class of
neutral functional SDEs, which is unknown so far. The point of our study is
not the construction of the coupling as it is now more or less standard in the
literature, but lies on the technical details to derive from the coupling reason-
able estimates for which difficulties caused by the neutral part and functional
coefficients have to be carefully managed.

Recall that a differential equation is called neutral if, besides the derivatives
of the present state of the system, those of the past history are also involved
(see [12]). Let C := C([—,0];R?) for some constant 7 > 0, which is a Banach
space with the uniform norm || - ||«. Let C be equipped with the Borel o-field
induced by || - ||eo. For any h € C([—7,00);R%) and t > 0, let h; € C such that
hi(0) = h(t +0),6 € [—7,0]. We consider the following neutral functional SDE
on R%:

A{X (1) — G(X,)} = b(X,)dt + o(X)dW (), te[0,T],
{ XO - 5 € C, (1)

where G,b : C — R? and 0 : C — R? ® R™ are Lipschitz continuous on
bounded sets, and W (-) is an R™-valued Brownian motion defined on a complete
probability space (€2, F,P) with the natural filtration {F; };>0. Throughout this
paper, we assume that for any initial data Xy, a C-valued random variable
independent of W (-), this equation has a unique global solution. This can be
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ensured by the strict contraction of G, i.e. |G(§) — G(n)| < k||§ — 1|l holds for
some constant k € [0,1) and all {,n € C, together with the usual monotonicity
and coercivity conditions of b and o, see, e.g., [20, Theorem 2.3]. We note that
the segment process (X;);>o of the solution is a Markov process.

As in [23], we allow the initial data of the equation to be random, i.e. we
consider the transportation cost inequality for the law of the solution starting
from a probability measure p on C. In Section 2 we study the transportation
cost inequality with respect to the uniform distance on path space, while in
Section 3 we consider the L?-distance. Finally, in Section 4, we extend our
results to a class of neutral functional SPDEs.

2. The uniform distance

Let T'>0 be fixed. For any £ €C, let Hg be the distribution of X 71:= (X¢)efo,r]
for the solution to (1) with Xy = &. Then, for any p € P(C), the set of all
probability measures on C, the distribution of Xy with initial distribution g
is given by IIT = [, IT{ pu(d§).

For any probability density function F' of Hg, i.e. ' is a non-negative
measurable function on the free path space C([0,T];C) such that II'(F) :=
Jo FAIIT =1, let pip be the marginal distribution of FII' at time 0. We have

pr(dg) = IT¢ (F)u(d€) € P(C).

Let || - || and || - ||zs denote the operator norm and the Hilbert-Schmidt norm
respectively.

To establish the transportation cost inequality for Hz with respect to the
uniform distance

pzol)(g? 77) = sup ||§t - 77]t||oo7 gaﬁ S C([O,T],C), (2)

te[0,7)

we shall need the following conditions.
(A1) There exists a constant x € [0,1) such that

GE) = G| < KllE =l EmeC.
(A2) There exist constants \; € R and A, > 0 such that
2(£(0) = 1(0) — G() + G(n). b(&) — b(n))
Hlo(€) —om)lzs < Mle—nlz b e pec.
lo(€) — o(m%s < Aellé = nll%.

(A3) There exists a constant A3 > 0 such that ||o(§)]| < A3 for all € € C.
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Let Af = 0V A and A\] = 0V (=);). We will need the following two
quantities:

2)3(1+5)? mm{ (4 Ro+/T6Ag +AT)? AT exp [1+%4 +3M2T}} 3

o) == PNt AN (1n)?

o AR 2V A VAN A 2AT 416X,
B(T) = 1—1—(1_%)2 mln{ 7 ,2exp [—(1—&;)2 T}} (4)

The main result of this section is the following.

Theorem 2.1. Assume (A1)—(A3) and let

P(fﬂ]) = H§—77||oo, fﬂ]ec‘

Then for any T > 0,u € P(C) and non-negative measurable function F on
C([0,T);C) such that HZ(F) 1,

W (FIU ILT) < /B(T)Wap (i, pp) + /a(T)/TIE(Flog F).  (5)
If moreover p satisfies the transportation cost inequality

Woo(p, fr)? < cupl(flog f), f>0, u(f)=1 (6)

for some constant ¢, > 0, then

W,z (FTIZ, TIT)2 <\/—+,/CM5 >HZ(FlogF). (7)

Proof. The proof is based on the following Lemma 2.2 and Lemma 2.3. By the
triangle inequality it follows that

Wa o (FIULILT) < Wy r (FII, H;f;) + Wo o (ITF, Hfg).

Then (5) follows from Lemma 2.2 and Lemma 2.3, and (7) is a direct conse-
quence of (5) and (6). O

Let o = 0¢ for £ € C. Then (6) holds for ¢, = 0, so that (7) becomes
Wa o (FIIETIE)? < o I (Flog F).

This inequality also follows from the following lemma since in this case we have
1= pp = 0.
Lemma 2.2. Assume (A1)—(A3). For any p € P(C) and T > 0,

W27pgo(FHZ,HZ£)2 <a(T)(FlogF), F>0, I (F)=1L.
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Proof. The main idea of the proof is taken from [23, Proof of Theorem 1.1],

which indeed goes back to [5]. According to (b) in the proof of [23, Theorem 1.1],

we may and do assume that p = d¢, € C. In this case ITT = HZT = II{. For
F

a positive bounded measurable function F' on C([0,T];C) such that IT{ (F) = 1
and inf F' > 0, define

" dm(s)

m(s)

m(t) = E(F(Xon)|F) and L(t) = /0 CteT],

where E is the expectation taken for the probability measure P. Then m(t)
and L(t) are square-integrable Fi-martingales under P due to inf /' > 0 and the
boundedness of F'. Note by the Ito formula that

m(t) = eHO-HLO, (8)

where (L)(t) denotes the quadratic variation process of L(t), and, by the mar-
tingale representation theorem, e.g., [9, Theorem 6.6], there exists a unique
R™-valued Fi-predictable process h(t) such that

L(t) = / (h(s), AW (s)). (9)

Since F(Xp)) is Fr-measurable and (L)(t) = [ |h(s)|*ds, it then follows
from (8) and (9) that

FXu) = m(D) =exp | [ nawo) - [ nis)pas)
Let
dQ = F(Xjo,1))dP.

Then Q is a probability measure on €2 due to HgT(F ) = 1. To prove the desired
inequality, we need to characterize II{ (F'log F') and W, ,r (FII{,IT{) respec-
tively.

(i) Recall that F(Xpm) = m(T), m(t) is a square-integrable F;-martingale
under P, and observing that h(s) is Fs-measurable. We have

Eo|h(s)[* = E(m(T)|h(s)*) = E(|h(s)"E(m(T)|F)) = E(|(s)|*m(s)).

Moreover, by the 1to formula

d(m(s)logm(s)) = (1 + logm(s))dm(s) +

= (1 +logm(s))dm(s) + ——
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where we have used the fact that d(m)(s) = m?(s)d(L)(s) = m?(s)|h(s)|*ds.
Since m(t) is a square-integrable F;-martingale under PP, integrating from 0 to
T and taking expectations with respect to P on both sides of (10), we get

ng(FlogF):E(m(T)logm(T)):% /0 ]E(m(t)|h(t)|2)dt:% /0 Eqg|h(t)2dt. (11)

(ii) Recalling that m(t) is a square-integrable Fi-martingale under P, we
deduce from the Girsanov theorem that

W(t) :=W(t) —/O h(s)ds (12)

is an m-dimensional F;-Brownian motion on the probability space (€2, F,Q).
Reformulate (1) as

{ X —G(X)} = {b(X,) + o(X)h(t)}dt + o(X)AW(t), te€[0,T),
Xy = €.

Noting that the law of X7 under P is Hg and dQ = F(Xjo11)dP, for any
bounded measurable function G on C([0,7];C), we have

Eqo(G(X.11)) = E(FG)(Xj0,1) = I (FG).

Hence the law of Xo7) under Q is FH5T. Next, consider the following equation

{ Y (H)-G(Y))} = b(Y)dt + o (Y,)dW (1), te[0,T],
Yo=¢

Since W (t) is the Brownian motion under @, we conclude that the law of Yo7
under Q is HgT. This, together with X, = Y; and the law of X|g7) under Q
is FII{, leads to

Wy, (FIIL, TIF)? < Egp™ (X9, Yiory)? = E@< sup | X (t) — Y(t)]2>. (13)

0<t<T

Now, combining (13) with (11), we need only to prove the inequality

Bo( s 1X(0)-v(0) < 2 [ mapuiopar (1)

0<t<T 0

Let M(t) = (X(t) = Y(t)) + (G(Yz) — G(X:)). By (Al) and the inequality

(a+b)2§(1+e)<az+b—z>,e>0, (15)
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we obtain that

[M(s)* < (145) (yX(S)_y(S>|2+IG(Y;)—G(XS)P

R

)g<1+n>2uxs—n||§o, (16)
and

X(3) =Y ()P = M)+ (CX) - C)P < KXVl M) (17)
It thus follows from Xy = Y, that

(1=r)? sup [X(s)=Y ()2 < sup [M(s) < (14+#)? sup [X(5)—Y (). (1)

0<s<t 0<s<t 0<s<t
By (A2), (A3) and Ito’s formula, one has
dwﬂm2<%Mﬁ)W@ﬂ—Uﬁﬂﬂwﬁﬁ
+ (230 M) [h(0)] = M1 X, - Y2 )t
which, together with the inequality 2ab < Ja? + %, d > 0, and (16), gives that
d[M(8)[* < 2(M(t), (o(X:) — o (Y,)dW (1))
A3 o1 ) (19)
+ (2 RPROP + (6 = A)IX, - YillZ)dt, 5> 0.
Due to the Burkhold-Davis-Gundy inequality and (A2), this implies that

Eq( sup [M(s))

0<s<t

t 1
< 1V/AEo( [ MY, - Yilfds)
0
! 2 A3 2 ! 2
(6= M) [ X, = VilEds + 201+ 07 [ Eelh(o)ds

4\
< (-2 + 22)Eg / 1, — VillZds + <Bo sup [M(s)]?)

0<s<t
As(1+
3( p ’i)

By an approximation argument using stopping times, we may assume that

/ Eglh(s)|*ds, & >0, ¢ € (0,1).
0

EQ<sup0§5St |M(s)]2> < 00, so that this is equivalent to

§— )" AN t
E M) < (L= E / X, —Yi|%d
o g IM)P) < (=i + o2 g Be | 1Y = Yillids

>\3(1+"<)2/t 2
——— [ Eglh d ) 1).
s | Balnpds, a>0.cc0.1)
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Thus, (18) yields that

Eq( sup |X(s)-Y(s)?)

0<s<t
e(6—A1) T +4),
= e(l-2)(1—k)2

/\3(1+l€)2 <20>

t t
E X,—Y,[Ad Eg|h(s)*d
o [ I ~Vilas + 5 s Pas,

Then, by the Gronwall inequality,

_ +
) A3(1 + k)2 exp [—Ee(fl_il))(lf:)’\fT

e ,
5(1—r)2(1—¢) /OE@|h(t)| dt

holds for all § > 0 and € € (0,1). Taking ¢ = § and § = A{ + (1;;)2, we obtain

Eq( sup [X(1) = Y()?

0<t<T

Eo( suwp |X(t) - Y (1))

0<t<T

(21)

AN3(1+ K)*Texp [1 + 2/\({ji§32/\2

} r 2
S T USRI (- R /0 Eglh(t)"dt.

On the other hand, if A; > 0, taking = 2L in (19) we obtain

t 4Xa(1 2 t
B [ 1%, - Vilads « U2 [iglugeypas
0 1 0

Combining this with (20) where § = A\; we derive

EQ( sup | X (t) —y<t>|2) < ii’gfgz(dfﬁfm + 116) /OTIE@|h(8)|2ds.

0<t<T

Taking the optimal choice

Y,
4/ Ay +V16ha + A

we conclude that

) < MR IR (7,

Combining this with (21) we prove (14), and hence, finish the proof. O

Eq( sup |X(t) - V(1)

0<t<T

Lemma 2.3. Let (Al) and (A2) hold. Then

W o (I TI0)? < B(T)Wa (v, )2, v € P(C).
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Proof. Let {X(t)}i>0, {Y (t)}+>0 be the solutions to (1) with Xo=¢ and Yy=n,
where £ and 7 are C-valued random variables with distributions p and v respec-
tively and are independent of W (-) such that

E([l€ = nll2,) = Wa,,(v, 1)*.
Then it suffices to show that

E( sup X~ Il ) < BDE(IE - nll2). (22)
t€[0,T]
Let h = 0. We have W = W so that (19) still holds for W in place of W.
Combining it with (16), we obtain that when A\; > 0,

1+/€)

t
1
B[ X - vilkds < EMOP < S mpe gk @)
0

Similarly, since in the present case h = 0 and according to (16), |M(0)|* <
(1+ k)2||€ — n|/2,, we may take § = 0 in the argument leading to (20) to derive
that

E( sup [X(s) — V(s))

0<s<t (24)
EA] + 4A2 / 5 (1+ k)2 )
< X — Y|l ds E|¢ —
o I, = Vids + ool =l
for e € (0,1). When A\; > 0, combining this with (23) we arrive at
E( sup X -Vl ) <E( sup [X(s) = Y(s)P) +Ell§ — ]l
te[0,T] s€[0,7]
(1+ k)2 ( 1 4\ > 9
<«<1 E|¢ — .
- { * (1—-k)2\1—¢ * e(l—e)\ &=l
Taking
R
2v/ 20 + VA + N

we deduce that

1+ £)2(2vV A2 + VA + M)?
B sup (%, -vif) < (14 LRt VB A ez
te[0,7) Al — k)

for Ay > 0. In general, by the Gronwall inequality, (24) yields that

E( sup [ Xi—Yil2) < B( sup |X(5)=Y(5)?) +El¢ - nll%

t€[0,T] s€[0,T7]

< (1 e [ 2 ez,

1—¢)(1—k)? e(l—e)(1—k
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1

Taking € = 5 we obtain

2(1 + K)? 2AT + 16X,
E( Sup X_Yio)ﬁ(l—i-—exp 1—T} Eg— zo
it | X: Al (1— k)2 (1— k)2 | nll

Combining this with (25) we prove (22), and hence, finish the proof. O

Remark 2.4. Obviously, when A; > 0 both «(7T") and 3(T") are bounded in T,
so that Theorem 2.1 works also for T" = o0, i.e. on the global free path space
C([0,00);C). Precisely, let II,, and Il denote the distribution of Xy ) with
initial distributions p and d¢ respectively, let pp(d€) = I (F)p(dE), and let

Poo(€,1) = sup poo (&, 1), &7 € C([0,00);C).

t>0

If Ay > 0, then Theorem 2.1 implies
V2X5(1 4 £)(4v/ X2 + V16X + )
(1 — /ﬁ?))\l
N <1 s k) 2V + VAN + )
(1—r)VA

In general, for any A\; € R, we can find A > 0 and constants C;(\), C2(A) > 0
such that

Wa oo (FIL, 11,) < C(A) /T (Flog F) + Co(MWo,p (4, pr), — (20)

Wi, (FIL,, T1,) < IL,(F log F)

)17 ).

where ) B )
Poor(&,1]) i= sup {e Mpo(&, )}, &7 € C(0,00);C).

Indeed, for any A > %,

Ze’”"{a(n) + B(n)} < . (27)
n=1
Noting that pe z(€,7)* < Y202y e XDl (€., Tjo.n))*, we have
W3, < 3o P,
n=1

Combining this with Theorem 2.1 and (27), we may find finite constants
C1(A) > 0 and Cy(\) > 0 such that (26) holds.
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3. The weighted L3-distance on C(]0,0);C)

Since for a fixed T > 0 the L*-distance on C([0,7T];C) is dominated by the
uniform norm, the corresponding transportation cost inequality is weaker than
that derived in Section 2. So, in this section we only consider the global path
space C([0,00);C). Let

/ £0) — n(®)Pds, Emec, (28)

and for A > 0 let
pQ,)\(ga 77>2 = / ei)\tp2 (gta ﬁt)2dt7 57 7_7 € C([07 OO)? C) (29)
0

As mentioned in Remark 2.4, let II, and II¢ denote the distribution of X )
with initial distributions p and J¢ respectively. Let pp(d€) = He(F)p(dE).

To derive the transportation cost inequality w.r.t. ps x, we need the following
assumptions to replace (A1) and (A2) in the last section.

(B1) There exists k € [0,1) such that

|G(&) — G(n)| < kp2(E,m), &meC.

(B2) There exist constants k; € R, ks > 0 and a probability measure A on
[—7, 0] such that

2((£(0) = n(0)) — G(&) + G )(@—b(D+Hd®—UWWES
< —ki[€(0) P+@/!£ ) 2A(d6).

A simple example such that (B1) and (B2) hold is that
k 0
== [ et
0
b(§) = c:€(0) + B §(0)A1(d0),
0
7€) = est(0) + [ €(6)As(06)

for some constants k € (0,1),¢; € R and some finite measures Ay, Ay on [—7,0].



468 J. Bao et al.

Theorem 3.1. Assume (B1), (B2) and (A3). Let po(&,n)* = 1£(0) — n(0)|* +
p2(&,m)?2 & m €C. Let uw € P(C) and F be non-negative measurable function F
on C(]0,00);C) such that I1,,(F) = 1.

(1) If ky > ko then

V{1 + (14 k%)
kl k?g

kot +1+k
+ \/ T+ L W, (1, o).
ki — kb

WQ,p2,0<HwFHu) (F log F)

( ) If k1 < ko then for any A > k2 k)1

\/ﬁ{l + (1 +k)*}
by — ko 4+ A1 — k)2

\/ Me(1 = k)T + ko7 + 1+ k
+ 4T

W27p2,)\ (H FH )

I1,,(F'log F')

Wy 5 .
)\(1 _ k)2 +ky — ko 27/)2(“’“}7)

As explained in the proof of Theorem 2.1 that the result follows immediately
from Lemmas 3.3 and 3.4 below. To prove these lemmas, we first collect some
simple facts.

Lemma 3.2. Assume (B1). Lett > 0,\ > 0,£,7 € C([0,];C), and A be a
probability measure on [—7,0]. Let

M(s) = &(s) = (s) — G(&) + G(ns)-

Then

a> Jy e ds [°, 16(s+0) ~n(s+O)PA(A0) < Tpa(Eo, 7o)+ o o [E(s)-(s) .
fot e | M (s)Pds < (1+k)? [, ’ASIS (5)=n(s)[*ds + (1+k)kTpa(o, 7o) *
©) Jo e IE() = () Pds < i fy oM (5)Pds + 1 pa(€o, o)

Proof. (a) By the Fubini theorem, we have

[eas [etsor-atsrarpan = [ a@n [0 -apas

ot
< [ MIE - ds + mpaléo )
0
(b) By (B1) and applying (15) to € = k, we obtain

(M (s)]* < (L + k) {IE(s) = ()" + kpa(&sr 7)) (30)
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Then

/\M( eNds < (1+ k) / {1€(s) = i1(s) > + kpa(&s, 71s)? e Nods.
0

On the other hand, taking A(df) = 1d6 on [—T,0], we have

/0 p2 (&, 7s) e Mods < /0 £(s) — () Pe™**ds + Tpa(o, 70) . (31)

Therefore, the second assertion follows
(c) By (B1) and (15) with ¢ =

T k, we have

(5) — As)P < kol )+ V()

Combining this with (31) we arrive at

[ 166 = tspeas
< k‘/ £(s) — n(s)[Pe™**ds + kTpa(&o, 0)* +—/ |M (s)[?e **ds.

This implies the third assertion. 0

Lemma 3.3. Assume (B1), (B2) and (A3).
(I) If k1 > ko then for any measurable F' > 0 with I1,(F) =1,

223{1 + (1 + k)*}?
(k1 — k2)?

(IT) If ky < ko then for any A > k2 ’“2 and measurable F' > 0 with I1,(F) = 1,

W o (FTL,, 1,0 ) < IL,(Flog F).

{1+ (1 + k)22
=Tk — kA1 — k)22 "

Proof. By an approximation argument, it suffices to prove the result for Hg
and pg, y in place of II,, and ps ) respectively with arbitrary 7' > 0, where

Wap, , (FIL,, 1T )% < I,(Flog F).

T
() = /0 e Mpo(En)dt, e C(0,T);C).

As indicated in the proof of Lemma 2.2 that we may and do assume p = J.
Let h, W(t),Q, X(t),Y(t) and M(t) be constructed in the proof of Lemma 2.2.
It suffices to prove that

T

T
Eq / M py(X,, Yi)2dE < C(NEq / IR (1)[2dt (32)
0 0
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for
As{l+ (1+k)*}?
(ky —kp)>
A{l+ (1+ k)22
Tk — o+ ML= R)2)2

By (B2), (A3) and Itd’s formula, we obtain

if ky > ko, A=0,
C\) =

if ki < ko, A >

dIM (@) =2(M (), {o(X,) —o (Vi) }dW (2))

g{/@ O|X(t+9)—Y(t+9)|2A(d9)+2\/A_3|M(t)|-|h(t)|—k:1|X(t)—Y(t)|2}dt

—T

< {kQ/O\X(t+9)—Y(t+6)|2A(d9)+%\h(t)]2+(5|M(t)]2—k1]X(t)—Y(t)|2}dt

for 6 > 0. Thus, for any A\ > 0,
d{e MM (1)} = 2e7(M (1), {o(Xy) — o (Yy) }dW (1))

< e—“{l@ /_ ] | X(t+0) = Y(t+0)°A(d9) (33)

+ %h(m2 + (6= N|M@))? — k| X (t) - Y(t)|2}dt, 5> 0.

(a) Let ky > ko and A = 0. Combining (33) with Lemma 3.2 and noting
that Xy = Yj, we obtain

T 0
0< EQ/ e_At{]@ |X(t—|—9) —Y(t+€)|2/\(d6’)
0

As[h(t)]”

R

+SIM @) — k| X () — Y(t)|2}dt
<A{ky — k1 +6(1 + k)*} /T e MEg| X (t) — Y (t)*dt + %/T Eg|h(t)|*dt.

Taking
ky — ko

T I+ (1t k)

we arrive at

T x 2y, M{l+ (1K) [T )
/0 e MEg|X (1) — Y (£)|2dt < T /0 Eql|h(t)[*dt.

Since by Lemma 3.2 and Xy=Y, we have fOTpg(XS, Y,)?ds < fOT]X(t)—Y(t)Pdt.
This implies (32) for A = 0 and the desired constant C(0).
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b) Let ki < ko and X > 222K Similarly to (a), by taking
(1)

ki =k A1 — k)

N I Ry A2

in (33), we obtain

T T T
Eq / M po(X,, Yi)2dt < By / MX(8) — Y(#)[2dt < C(N) / Eg|h(t)Pdt.
0 0 0
Therefore, (32) holds. O
Lemma 3.4. Assume (B1) and (B2). Let
pa(&m)? = 1£(0) — n(0)]* + pa(&,m)*.

Then for any A € [0,00) N ((kf__kk)lzjoo);

Me(1— k)T 4+ kor + 14k
A1 — k)2 + by — ko

W23P2,>\(Hua Hu)2 < <T+ ) WQ,ﬁz (Na V)27 JRZAS P(C)

Proof. Let &, n be C-valued random variables with distributions p and v respec-
tively, which are independent of W ([0, c0)) such that

EﬁQ(éa 77)2 = WQ,ﬁz (M? V>2' (34)

By (B2) and It6’s formula,
d{e™MM O} = 2e7(M (1), {o(X;) — o (Y) }W (1))
< e*t{/@/ X (t+0) =Y (t+0)PAdO) — k| X (t) — Y (1)]* — )\\M(t)\z}dt.
Then, it follows from Lemma 3.2 that

IE{]M(O)\2 + /0 e Mky — k1 — M1 — k)?}X(t) — Y (t)]2dt

QL= B+ bl

> 0.
Since due to (30)

[M(O)* < (14 k)IE0) = n(0)[* + k(1 + k)pa(&,m)* < (1+k)pa(€,m)*,
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this implies that
MNe(1—E)T + kot + 1+ kK
A1 —Fk)?2+ky — ko

Combining this with Lemma 3.2(a) for A(df) = 1d§ on [—7,0], we conclude
that

Eﬁ2(£ﬂ7)27 T >0.

E/T eMIX (1) — Y () 2dt <

WQ,Pz,A (H/u Hl/)2 S E/ e_)\th(Xh Y;f)th
0

MNe(L— k)T + kot + 1+ kY, 5
< E .
Therefore, the proof is finished according to (34). O

4. An extension of Theorem 3.1 to neutral functional
SPDEs

In this section we shall discuss the transportation cost inequalities for the laws of
segment processes of a class of neutral functional SPDESs in infinite-dimensional
setting. Let (H, (-,-),||) be a real separable Hilbert space, let C = C([—7,0]; H)
be equipped with the uniform norm p(¢,7n) := || —7||w, and let pL,, ps and pa y
be defined by (2), (28) and (29) respectively. Let L(H) (resp. Lys(H)) be the
set of all bounded (resp. Hilbert-Schmidt) operators on H equipped with the
operator norm || - || (resp. Hilbert-Schmidt norm || - | zs)-

Let (A,D(A)) be a self-adjoint operator on H with spectrum o(A) C
(—o0, —=Ag] for some constant Ay > 0, and let G,b:C — H and 0 : C — L(H)
be Lipschitz continuous. Consider the neutral functional SPDE

d{Z(t) — G(Z)} = {AZ(t) + b(Z)}dt + o(Z,)dW (1), t € [0,T),
{ ZO - 5 S C, <35>

where (W (t)):>0 is the cylindrical Wiener process on H with respect to a com-
plete probability space (2, F,P) with natural filtration {F;}:>o. Throughout
the section, we assume that equation (35) has a unique mild solution, which,
by definition, is a continuous adapted H-valued process {Z(t)}+>_, such that
Zg = f and

Z(t) = ¢H&(0) = G(O)} + G(Z2) + /t Ael=4G(Z,)ds

0
t t

+/ e(t—s)Ab(Zs)dS+/ e(t—s)Ag(Zs)dW(s), t>0
0 0

holds. For concrete conditions implying the existence and uniqueness of mild
solution, we refer to, e.g., [4, Theorem 3.2] and [3, Theorem 6].

Let II,, be the distribution of {Z, };>( with initial distribution p. To establish
the transportation cost inequality, we further need the following conditions.
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(C1) There exist constants \; € R and Ay > 0 such that

2(£(0)—n(0)+G(n)—G(), AE(0)— An(0)+b(£) —b(n))
Hlo (€)= ()35 < M€=,

lo(€) = (m)llrs < Aall€ =7

for £,m € C with £(0),n(0) € D(A).
(C2) There exist constants ; € R, &y > 0 and a probability measure A on
[—7,0] such that

2(£(0)=n(0)+G (1) = G(§), AE(0) = An(0)+b(&) —b(n) ) +[lo(§) = ()l
< —F1[§(0) —n(0)[* +Fe 3 [€(0) —n(0)|*A(d0)

for £, m € C with £(0),n(0) € D(A).

Obviously, (C1) (resp. (C2)) holds provided b, o and AG (i.e. G takes value
in D(A)) are Lipschitz continuous w.r.t. p (resp. pa).

Let £ € C and T" > 0 be fixed, and as before let HgT denote the law of
Ziox) = (Zi)iepor)- For any F > 0 such that IIf(F) = 1, let Q,m(t) be
defined in the proof of Lemma 2.2 with Xo 7] replaced by Zj 7. For the
H-valued F-Brownian motion W defined by (12) and on the probability space
(Q,F,Q), (35) can be rewritten as

{ A Z(t) + G(Z)} = {AZ(t) + b(Z) + o(Z)h(t) Yt + o(Z,)dW (¢), (36)
Zy = E.
Consider the following equation
{ WY (1) + G} = (LAY () + bW}t + oV (D),
Yo =¢.

Then M(t) := Z(t) — Y (t) + G(Y;) — G(Z,) solves the following equation
{dM(t) ={A(Z(t) =Y (t) +b(Z) = b(Y,) +0(Z)h()}dt+(0(Z,) —o (V) AW (2),
Yo= 2.

Then repeating the proofs of Theorem 2.1 and Theorem 3.1 respectively, we
obtain the following results.

Theorem 4.1. Assume (Al),(A3) and (Cl). Let p € P(C) and F be non-
negative measurable function F on C([0,00);C) such that I1,,(F) = 1. Then

Wo o (FILLIIT) < /B(T)Wa (i, pig) + v/ o(T) /T (Flog F),

where o(T) and B(T) are defined by (3) and (4) with Ay and Ay replaced by A
and Ay respectively.
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Theorem 4.2. Assume (B1), (C2) and (A3). Let p € P(C) and F be non-
negative measurable function F on C(]0,00);C) such that 1I,,(F) = 1.

(1) ]f K1 > Ko, then

VI{1+ (L+ k)% o

W27P2,0 (H/u FHu) < — — #(F log F)
R1 — Ra2
RoT + 14k
* \/T * 2_—_ W,z (1, pop)-
K1 — Ro
(2) If Ry < Ra, then for any X > (_”12__512,
V22341 + (1 + k)?
W27P2,A (HN7FH/L> < 3{ ( ) } HM(F log F)

TRy — R+ A1 —k)?

A1 —R)T+Ror+ 1+ K
+4/T+ - -
M1 —K)?2+ Ry — R

WQ,pz (:U’a NF) .
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