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Abstract. The initial-boundary value problem for some nonlinear higher-order vis-
coelastic equation with damping and source terms in a bounded domain is studied.
The existence of global solutions for this problem is established by constructing a
stable set in H{(Q) and the decay of energy based on a difference inequality due
to M. Nakao is obtained. Meanwhile, under suitable conditions on relaxation func-
tion g(-) and the positive initial energy, it is proved that the solution blows up in the
finite time and the lifespan estimates of solutions are also given.
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1. Introduction
In this paper, we are concerned with the following initial-boundary value prob-
lem of higher-order nonlinear viscoelastic equation

/

t
Uy + (—A)lu — / g(t — s)(—A)lu(s)ds + a|ut]m_2ut + (—A)kut
0
= blulP?u, (z,t) € QxR

u(:v,()) = up(z) € Hé(Q), uy(z,0) = uy (z) € L*(Q),

O g, =012 01, 20 >0,
. Ovt

(1.1)

where [, £ > 1 is a natural number, p > 2, m > 2 and a, b > 0 are real
numbers, 2 is a bounded domain in R"™ with smooth boundary 0f) so that
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divergence theorem can be applied, v is unit outward normal on 052, and %
denotes the i-order normal derivation of wu.

When [ = 1, g(-) # 0 and in the absence of the strong dissipation (—A)*u;,
the equation

t
utt—Au+/ g(t —s)Au(s)ds+alu, ™ 2wy = blulP?u, (z,t) € Ax RY, (1.2)
0

was investigated by S. A. Messaoudi in [9], where the author proved that any
weak solution with negative initial energy blows up in finite time if p > m and
f0+°° g(s)ds < pg;fl, meanwhile the solution continues to exist globally for any
initial data in the appropriate space if m > p. In [10], a blow-up result was
obtained for positive initial energy under suitable conditions on g¢(-),m and p.
Y. J. Wang [22] studied equation (1.2) and established a blow-up result with
positive initial energy.

As the nonlinear dissipative term a|u|™ 2u; in (1.2) is replaced by a(x)u,
M. M. Cavalcanti et al. [5] considered the equation

¢
uy — Au + / g(t — s)Au(s)ds + a(z)us + blufP?u =0, (2,t) € Qx R*,
0

for p > 2, ¢(+) is a positive function, and a(z) : @ — R is a function which may
be null on a part of Q. Under the condition that a(x) > ay > 0 onw C Q, with w
satisfying some geometry restrictions and —& g(t) < ¢'(t) < —&g(t), t > 0,
they obtained an exponential rate of decay.

In the case of g(-) = 0, but without the strong damping term (—A)*u;, the
problem (1.1) become the following initial-boundary problem

wy + (—A)u + aluy| " 2wy = blulPu, (z,t) € QA x RT,

u(z,0) = ug(x) € Ho(Q), w(,0) = () € L*(), (1.3)
o' B
ot

0, i=0,1,2,...,0—1, 2€9Q, t>0.

M. Nakao [12] has used Galerkin method to present the existence and uniqueness
of the bounded solutions, periodic and almost periodic solutions to the problem
(1.3) as the dissipative term is a linear function pu;. M. Nakao and H. Kuwa-
hara [14] studied the decay estimates of global solutions for the problem (1.3)
with the degenerate dissipative term a(z)u; by using a difference inequality.

In the absence of the nonlinear dissipative term (a¢ = 0), P. Brenner and
W. von Wahl [2] proved the existence and uniqueness of classical solutions to
(1.3) in Hilbert space. H. Pecher [16] investigated the existence and uniqueness
of Cauchy problem for the equation in (1.3) by use of the potential well method
due to L. Payne and D. H. Sattinger [15] and D. H. Sattinger [18]. B. X.
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Wang [21] showed that the scattering operators map a band in H® into H* if the
nonlinearities have critical or subcritical powers in H*. C. X. Miao [11] obtained
the scattering theory at low energy using time-space estimates and nonlinear
estimates. Meanwhile, he also gave the global existence and uniqueness of
solutions under the condition of low energy.

More recently, Y. J. Ye [26] dealt with the existence and asymptotic be-
havior of global solutions for (1.3). At the same time, A. B. Aliev and B. H.
Lichaei [1] consider the Cauchy problem for equation in (1.3), and they found
the existence and nonexistence criteria of global solutions using the LP-L? esti-
mate for the corresponding linear problem and also established the asymptotic
behavior of solutions and their derivatives as ¢ — +o0.

In this paper, we prove the global existence for the problem (1.1) by con-
structing a stable set in H}(2) and the decay of energy by applying a difference
inequality due to M. Nakao. Meanwhile, under suitable conditions on relaxation
function g(-) and the positive initial energy, we obtain the blow-up result and
the lifespan estimates of solution are also given.

We adopt the usual notation and convention. Let H'(£2) denote the Sobolev
space with the usual scalar products and norm. H}(Q) denotes the closure in
HYQ) of C§°(£2). For simplicity of notation, hereafter we denote by || - ||s the

Lebesgue space L*(€) norm and || - || denotes L?(2) norm, we write equivalent
norm || D! - || instead of H}(€) norm || - | 1110y, where D denotes the gradient
operator, that is D- = V.- = (8%1’ 8%2, ce %). Moreover, D! = AJ. if [ = 25

and D' = DAJ- if | = 25 + 1. In addition, C; (i = 1,2,...) denotes various
positive constants which depend on the known constants and may be different
at each appearance.

This paper is organized as follows: In the next section, we give some pre-
liminaries. In Section 3, we study the existence of global solutions of problem
(1.1). The Section 4 is devote to the study of the energy decay estimate of
global solutions. Then in the last section, we are devoted to the proof of global
nonexistence of solution to the problem (1.1), but without strong dissipative
term (—A)*u; in the equation of (1.1).

2. Preliminaries

To prove our main results, we make the following assumptions.
(A1) g: Rt — RT is a bounded C! function which satisfies

“+oo
g(s) >0, ¢'(s)<0, pg=1 —/ g(s)ds >0,
0
and there exist positive constants n; and 7y such that

—mg(t) < g'(t) < —mag(t).
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(A2) 0 <k < larenatural number,and 2 < p < +ooifn <2land2 < p < %
if n > 21.

Now, we define the following functionals:
1

s =5(1 [ atxs ) IDol + a0 DO = St (2
K0 = (1= [ o5 )IDOI + (g0 DO - olutl (22)

for u € H}(S2), where

(9o D) = [ ot = s)IDuts) - D) s
Then we introduce the stable set W by
W ={uc H)(Q): K(t)>0}u{0}. (2.3)
We denote the total energy related to the problem (1.1) by
1 , 1 ! PN | ! b
B0)= 5 llu(®+5 (1= [o(6)ds) 1w+ g0 D' )= Ju(e

1 (2.4)
=5l + J(2)

for uw € H)(), t >0 and E(0) = 3||us||* + J(0) is the initial total energy.
For latter applications, we hst up some lemmas.

Lemma 2.1. Let s be a number with 2 < s < 400 if n < 2l and 2 < s < %
if n > 2l. Then there is a constant By depending on ) and s such that

lulls < Bi[|D'ull,  Vu € Hy(<).

Lemma 2.2. (Young inequality) Let X,Y and € are positive constants and
p, q>1, i + é = 1. Then one has the inequality

P XP Y4
_|_ RN

XY <
p et

Lemma 2.3. Supposed that (A1) holds and that u(t) is a solution of the problem
(1.1), then E(t) is a non-increasing function fort >0 and

E'(t) = %(9’ o D'u)(t) — %MC/(t)HDlu(t)H2 — [ D ()" = allue(®) [l <0, (2.5)

where

(¢ o D'u)(t) = /0 g (t — s)||D'u(s) — D'u(t)||*ds.
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Proof. Multiplying the equation in (1.1) by w, and integrating over 2 x [0, t].
Then we get from integrating by parts that

B0 = B0+ [ | 5oD0)(6) = 301 D'ul? = 10Ful? = alludz] ds (20)

for t > 0. Being the primitive of an integrable function, E(t) is absolutely
continuous and equality (2.5) is satisfied. O

We conclude this section by stating a local existence result of the problem
(1.1), which can be established by combination of the arguments in [4,5,7,8,17].
The readers are also referred to the references [3,6,24, 25].

Theorem 2.1. (Local existence) Assume that (A1) and (A2) hold, if (ug,u1) €
HY Q)X L*(Q). Then there exists T>0 such that the problem (1.1) has a unique
local solution u(t) which satisfies we C([0,T); H5(Q)) and u, € C([0,T); L*(2))
NL™(Qx [0,T)) N L*([0,T); HY(Q)). Moreover, at least one of the following
statements holds true:

{ (1) Nue®)I* + [ D"w®)|* = 00 ast — T,

2) T = +oo. (27)

3. Global solutions

The following theorem shows that the solution obtained in Theorem 2.1 is a
global solution if p < m.

Theorem 3.1. Let (Al) and (A2) hold and p < m. Then the local solution
furnished in Theorem 2.1 is a global solution and T may be taken arbitrarily
large.

Proof. Let u be a solution to the problem (1.1) defined on [0, 7] which is ob-
tained in Theorem 2.1. We define

1 1 b
Ev(t) = 5llu P + 58I D u(®)l* + ];HU(t)HZ, )
3.1
2b
Ey(t) = E(t) + ?HU(t)HS
Our aim is to prove that the following inequality holds:

1 1 b t
§HutH2 + 56!\D’uH2 + 5Hul!£ +/0 (1D ue||* + alluel[;m)ds < Cr, (3.2)

for t € [0, T], where Cr depends on || D'ugl|? and |lu:)?.
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It follows from (2.4) and (3.1) that

1 1 t 1 b
Ba(t) = 3llul+ 5 (1= [o(e)ds )ID"ulP + Sao D)0+ 2y, 33
0

which implies that
b
< Ex(). (3.4)

We obtain from (2.5) and (3.1) that

1 t 1 t t
Ealt) 5 [ o(s)ID'ulPds — 5 [ (oD u)(s)ds -+ [ (1D u+alul7)ds
0 0 0

t
< By(0) + 2b//|u|p1]ut\d:cds.
0JQ

We are going to estimate the last term in (3.5) in the following. Putting
Q: = Q x [0,t] and

Q1 ={(z,s) € Qr: |u(z,s)] <1}, Q2 ={(z,s) € Q¢ : |u(z,s)| =1}
Then

(3.5)

t
://]u\p_lmt\dxds :/ |u|P~ug|dads + [ [P~ uy|dods = I + Ip. (3.6)
0JQ Q1 Q2

Next we deal with I; and I5 in (3.6). It is easy to see from Lemma 2.2, (3.1)
and (3.3) that

t
I < / |uldzds < 6|Q¢| + C(;/ luPdxds < 6|Qf] + 205/ Es(s)ds, (3.7)
1 Q1 0

for some ¢ > 0 and in which |@Q;| denotes the Lebesgue measure of Q.
Let a = ™2 then by p < m, we have a > 0 and (p+a —1)-"; = p. Since
lu| > 1 on QQ, then we get from Lemma 2.2 and (3.4) that

I, < |ulPTuy | dwds
Q2

< |ug| ™ dxds + C. |ulPdxds (3.8)
Q2 Q2
¢
C-
SE/l ms + ¥
0 b Jo

for any € > 0. We obtain from (3.6), (3.7) and (3.8) that

t
Ez(S)dS,

I<5\Qtl+£/ |

ds. (3.9)
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By choosing € > 0 small enough, then it follows from (3.5) and (3.9) that

1 [t 1 [t
Ea(t) + 2 / o(s) || Dulds — - / (¢ o D'u)(s)ds
2 0 2 0
t t
el / lus(s)mds + / | DFug(s)|ds (3.10)
0 0
t
g@@+%@ﬁ£@/&@@
0

for some positive constants C. > 0 and C.s > 0. It follows from (3.10) and
Gronwall’s inequality that

Ey(t) < (E2(0) + Co|Qi])e, (3.11)

in which C' > 0 is some positive constant.
Finally, we infer from (3.10) and (3.11) that

B0+ 5 [ oD =5 [ 0 Doy

12
+c/um wm+/umﬁ JI[2ds (3.12)
< Cr(E5(0) + Co|Q7)),

for all 0 < t < T, where T is arbitrary. Then (3.2) follows from (3.3) and
(3.12). Therefore, the conclusion in Theorem 3.1 is valid according to (3.2) and
the standard continuation argument. Thus, the proof of Theorem 3.1 is now
complete. [l

To study and prove the second result on the global existence of solution to
the problem (1.1), we need the following Lemmas:

Lemma 3.1. Supposed that (A1) and (A2) hold, then
p—2 ' L, 112 !
B L— | g(s)ds |[[Dul|” + (go D'u)(t)| < J(t), (3.13)
0
forueW.
Proof. By the definition of K () and J(t), we have the following identity

pi=x0+ "2 | (1= tg<s>ds) Dl + (go D] (310

Since u € W, so we get K (t) > 0. Therefore, we obtain from (3.14) that (3.13)
is valid. O
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Lemma 3.2. Let (A1) and (A2) hold, if ug € W and uy € L*(Q) such that

p—2

2

szf{ 2P E(O)} <1, (3.15)

"= -2

then u(t) € W, for each t € [0,T).

Proof. Since ug € W, so K(0) > 0. Then it follows from the continuity of u(t)
that
K(t) >0, (3.16)

for some interval near t=0. Let ¢, >0 be a maximal time (possibly ty.x=T),
when (3.16) holds on [0, tyax)-
We have from (2.4) and (3.13) that

2(i- /Otg/(s)ds)uDluuu<goD’u><t> < B, (317

and it follows from Lemma 2.3 that
t
2
(1= [ stas) Il + o Dt < S2op0). @y
0

We get from (A1) and (3.18) that

t 2
8| D < (1 -/ g<s>ds)||D’u||2 <2 k), (3.19)

for all t € [0, tmaz)-
By exploiting (Al), Lemma 2.1, (3.15) and (3.19), we easily arrive at

bllu(t)l < BEID WP < u(t)|P- 2B Dhu(t)|” < 22 [ 2 BO)] * D u()|?

< 08| Du(t)|? < 9(1—]0 ds>||Dlu||2 (1—f0 ds)HDluH? for all

t € [0, fmax). Therefore, K (t (1 g ds) 1D"u2 + (go D) (t) —bljul2 > 0
on t € [0, tymax). By repeating this procedure, and using the fact that

p—2
bBPT 2 &l
_— <
Jm [( - 2)5E<t)} =0<1,
tmax 1s extended to 7. Thus, we conclude that u(t) € W on [0,7). O

The following result is concerned with the existence of global solution with-
out the restricted condition p < m. The result reads as follows:

Theorem 3.2. Assumed that (Al) and (A2) hold. wu(t) is a local solution
obtained in Theorem 2.1. If ug € W and uy € L*(Q) satisfy (3.15), then the
solution u(t) is a global and bounded solution of the problem (1.1).
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Proof. Tt suffices to show that || D'u(t)||? + |lu¢(t)]|? is bounded uniformly with
respect to .

Under the hypotheses in Theorem 3.2, we get from Lemma 3.2 that u(t) € W
on [0,7). So the formula (3.13) in Lemma 3.1 holds on [0, 7).

Therefore, we have from Lemma 3.1 that

1 p—2
slhul? + 222 a0l + (g D)o

2p
= %Hutu“pz;ﬂ(l - / g<s>dS)HDluHQ+<goDlu><t> (3.20)
< Sl + ) = B
< E(0).

Hence, we get ||u(¢)]|> + || D'u(t)]|* < max (2, I%)E(O) < 400.
The above inequality and the continuation principle [7,19] lead to the global
existence of the solution, that is, 7" = +o00. Thus, the solution u(z,t) is a global

solution of the problem (1.1). O

4. Energy decay of global solution

The following lemmas play an important role in studying the energy decay
estimate of global solutions for the problem (1.1).

Lemma 4.1. [13] Suppose that ©(t) is a non-increasing and nonnegative func-
tion on [0, T], T > 1, such that

p()7 < wole(t) — @t + 1)), on [0,T],
where wy is a positive constant and r is a nonnegative constant. Then ¢(t) has

the following decay properties
(i) If r > 0, then

1
P

oll) < (so(or’“ - 1J+) on [0, 7).

where [t — 1T = max{t — 1, 0}.
(ii) If r =0, then
p(t) < @(0)e 1" on [0,71,

where ¥ = In 22wy > 1.
wo—1

Lemma 4.2. Let u satisfy the assumptions of Lemma 3.2. Then there exists
0 < 6y <1 such that

<1 - /0 g(s)ds) D)2 < Q%K(t), te 0,7, (4.1)
where 0, =1 — 0.
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Proof. From (3.20), we get that bfju(t Hp<e( — [yl d§ulﬂ (B2, te o, 7).
Let # =1 — 6, then

bM@MSO—MOfAg@%)WMmPHwDM@,teMﬂ-@%
From (2.2) and (4.2) we have that (4.1) is valid. O

Theorem 4.1. Let the assumptions of Theorem 3.2 hold, and 2 < m < 400 if
n<2land2<m< 2 ifn>2 Ifug € W and uy € L*(Q) satisfy (3.16),
then the global solutwn u € W for the problem (1.1) have the following decay
properties:
(i) If m = 2, then
E(t) < E(0)e"l-1",
(i) If m > 2, then

2

m—2

E(t) < <E(0)—’”52 At — 1]+>
where ¥ and h are positive constants which will be determined later.

Proof. Multiplying equation in (1.1) by u; and integrating over Q X [t,t + 1],
we get

t+1
/t (allue(s)ll + 1D ue(s)]13)ds

[ woneas g [T aenuepas Y
=E(t)— E(t+1).
Thus, there exists t; € [t, t+ }J, ty € [t + %, t+ 1} such that
Alallue(ti)ll + 1D ue(t:)[13] — 2(g" 0 D'u)(t:) + 29(t:) | D'ults)|1* (4.4)

—E{t)-E(t+1), i=1,2

On the other hand, we multiply the equation in (1.1) by u and integrate
over € x [t1,t2]. We obtain

t2
K(s)ds

t1

:/ 2HutHQdS + (ue(t1), u(ty)) — (ue(te), u(tz))

//\ut|m 2uudrds —/ /Dku DFu,dxds

/:// t—s)D'u(t)[D'u(s) — D'u(t)]dsdxdt +/tlt2(gODlU)(s)ds.

(4.5)



Existence and Nonexistence of Global Solutions 31

From Hélder inequality, (A2), (4.3) and (3.20) we have that

)
‘/ /Dku-Dkutd:Uds
t1 Q

to
< [ 1Dkl 1D s
t1

to
gBQ/ D] - | Dy ds (4.6)

t1
1 1
502 [E(t) — E(t+1)]2 sup;c ;41 £(s)2,

N

<

where Cy = (;gfz;)% and By is a Sobolev constant from H}(Q) to HE ().

From (4.3) and Hoélder inequality, we have

/m luel[*ds < 03</: Hut!lzd8> < Cy(B(t) — B(t+1))m, (4.7)

t1

m—2

where C3 = (2|Q]) =
domain €.
We get from (3.20), (4.4), Lemma 2.1 and Holder inequality that

|Cua(t2), w(E))] < e (Eo) ||| u()

m—2

and || denotes the Lebesgue measure of the bounded

< BQL )l Du(t)| ws)
< C5(E(t)—E({t+1)= sup E(s)z, i=1,2,
t<s<t+1

m—=2 1
_ B 2m 2p__\3
where C5 = i (B(pf2)) 2.

From Hoélder inequality and Lemma 2.1, (3.20) and (4.3), we get

to
/ / || 2w udads
t1 Q

to
< [l ullods

t1

to

< B [l 0 alds (49)

t1 L

< Co(E(t) Bt + 1) sup E(s)3,

t<s<t+1
in which Cy = (;é?i))%a_%_l.
By using Lemma 2.2, we have
to t
/ / / g(t — 8)D'u(t)[D'u(s) — D'u(t)]dsdxdt

t1 QJO (410)

to t 1 to
<o [ [ att=out)Pasit+ o [ go Duis)as
t1 JO do J,

1

where o is some positive constant to be chosen later.
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Therefore, from (4.5)—(4.10) we get that
to

/ K(t)ds

t1

§C7{(E(t)—E(H—l))?ngE)HE() +(E(t)—E(t+1))=
)=B(t+1)"" sup B(s):+(E()=E(t+1)» sup B(s):

t\‘)\»—t

(4.11)

+0// (t—s)|| D'u(t)| dsdt+< )/(goDlu)(s)ds,

in which C; = max{iCQ, Cs, C5, Cg}.

On the other hand, we obtain from (A1) and (4.3) that

to 1 to 2
/ (go D'u)(s)ds < —— [ ('

(g o D'u)(s)ds <
t1 772
By (Al) and Lemma 4.2, we have

—(B(t) — Bt +1)). (412)

/ / (t — 5) || Dlu(t )||2dsdt<——/ / (¢t — 8)| D'u(t) [2dsdt
> [ 900 - sompato Par

, (4.13)
S?/M | Dlu(t) [2dt

g(0) [
= B01m2 /tl K<t>dt.

%, then we get from (4.11), (4.12) and (4.13) that

/ “K(t)ds < C [(E(t) _E(t+1))

. og(0
Choosing o such that Bg_l(ﬁl =

[ I

sup E(s)2 + (B(t) — E(t + 1))
t<s<t+1
+(E(t)—E(t—|-1))mm1 sup E(S)% (4.14)
t<s<t+1
+(B(t) = E(t+1)7 sup E(s) + (B(t) - E(t +1)|,
t<s<t+1
where Cg = max{2C, %(ﬁ +1)}. It follows from (2.1), (2.2) and Lemma 4.2
that
p—2 t p—2 1
50 =222 (1= [ gtoras ) 1Dl + 22 g0 Do)+ LK
” ’ 2 P (415)
< p—2(goD,u>(t)+p—2+201

—— —K(t).
2p 2p0, (®)
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We have from (2.4) and (4.15) that

p—2+ 20,

s K- (416)

1 1 p—2
B(t) = gl + 7() < 5l + (g0 Dhu) 1) +

By integrating (4.16) over [t1,t5], we obtain from (4.7), (4.12) and (4.14) that

3

sup E(s)? +2(E(t) — E(t+1))

t<s<t+1

[

f%@“S%VM”_ﬂHU)
+(B(t) - BE(t+1))" sup E(s)? (4.17)

t<s<t+1

[NIES

+ (E(t) — E(t+1))= sup E(s)

t<s<t+1

+2(E(t)— E(t+1))],

_ 1 p—2+2601 p—2
where Cg = max{ng, 21;—91087 W}

Integrating both sides of (2.5) over [t,t], we obtain

E(t) = E(ty) + / | Dru(s)|Pds + a / uels)||mds

) : (4.18)
1 [~ 1 [
- —/ (¢ o D'u)(s)ds + —/ g(s)|| D'u(s)||*ds.
2 ), 2/,
Since ¢y — t; > %, we get
to
E(ty) < 2/ E(s)ds. (4.19)
t1
We conclude from (4.3), (4.18) and (4.19) that
to
MQSQ/ E(s)ds + (B(t) — B(t +1)). (4.20)
t1

We have from (4.17) and (4.20) that

E(t) < 2C,[(E(t) — E(t +1))2
+(B(t) — E(t+1))" + (E(t) — E(t + 1))=]E(1)? (4.21)
+ Cuol(B(t) = E(t+ 1)) = + (E(t) — E(t +1))],
where C}p = max{4Cy, 1}.

Therefore, we obtain from Lemma 2.2 in which we let ¢ = 1,p = ¢ = 2 that

2(m—1)

E(t) < Cu[(E@#t)—E@t+1))*(E(t)—E(t+1))" = +(E(t)—FE(t+1))

3w

], (4.22)

where CH = max{2C’9, Clg} > 1.
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When m = 2, we have

E(t) <3Ch[(E(t) — E(t+1))]. (4.23)

Applying Lemma 4.1 to (4.23), we get E(t) < E(0)e =" where 9 = In 32101{1.
When m > 2, we obtain from (4.22) that

Ele

E(t) < ClE(t) — BE(t + 1)]=, (4.24)

m

where C = C1; [IHE(0) 2+E(0)™ . Obviously, we find that limg(g)—,0 C12=C1.
We have from (4.24) that

m

E(t)2 < Ci3[E(t) — E(t+1)], (4.25)

where C13 = 01%2. Consequently, we obtain from (4.25) and Lemma 4.1 that

2

E(t) < (E(O)‘mT_Q Rt — 1]+>_”“ where i = ™2,

2013
Thus, we complete the proof of Theorem 4.1. O]

5. Blow-up of solution

In this section, we shall discuss the blow-up property for the problem (1.1) in
which the equation don’t contain the strong dissipative term (—A)*u;. That is
the following initial-boundary value problem:

3 t
U + (—A)lu — / g(t — s)(—A)lu(s)ds + a|ut|m_2ut
0
=blul’?u, (z,t) € QxR
u(z,0) = ug(x) € Hé(Q), u(z,0) = up(x) € L2(Q),
d'u
\ ot

=0, i=0,1,2...,1—1, 2€90¢>0.

In order to state and prove our results, we make an extra assumption on g(-):
+oo 2(p—2 2p(h — E(O
/ g(s)ds < min ( (p ), o ( 2))>, (5.2)
0 2p—3 (2p — 3)A1

where h and \; are some positive constants given latter.
We observe from (2.4) that

[BID"u(t)]|* + (g 0 D'u)(t)] — —Hu( ) (5:3)

[\Dlr—\

E(t) >

for u € H{(Q),t > 0.
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By (A2) and Lemma 2.1, we get that
lull, < By D'ul, (5:4)

where Bj is the optimal Sobolev’s constant from H}(Q) to LP(L).
We have from (5.3) and (5.4) that

B0 2 1D + (g0 D)) - 2oL FID O]}
> SO + (g0 Do) = “SLBID WO + (gD O (55

_ @(M\Dlu(tw Tlgo Dlu><t>),

where | "
Q) = A2 — 2Ly,
2 pB2
Therefore, we get that Q'(\) = X — %)\p_l, Q"(\)=1- %)\p_?

_1
Let @' (\) = 0, which implies that A\; = (ff;—lp) “7As A = Ay, an elementary

calculation shows that @Q”(\) =2 — p < 0. Thus, Q(\) has the maximum at A,
and the maximum value is

2 p—=2
)2*1’ = W)\% (56)

p—2(be
2p /PP

Applying the idea of E. Vitillaro [20] and S. T. Wu [23], we have the fol-
lowing lemma.

Lemma 5.1. Assume that (A1) holds and that ug € HL(Q), uy € L*(Q). Let u
be a solution of (1.1) with the initial data energy satisfying 0 < E(0) < h and
Bl Dlug|| > M1, then there exists Ay > Ay such that

h = Q()‘l) =

BID"u(t)||* + (g o D'u)(t) > A3, (5.7)

fort > 0.
The blow-up result of solution for the problem (5.1) reads as follows:

Theorem 5.1. Assume that (A1), (A2) and (5.2) hold and that ug € HL(Q) and
up € L2(Q). Under the condition p > m, if 0 < E(0) < h and B||D'ug|| > 1,
then the local solution of the problem (5.1), which is obtained in Theorem 2.1,
blows up at a finite time in thewsense of (2.7). We remark that the lifespan T*

is estimated by 0 < T* < Gg%—i?, where G(t) and Cy4 are given in (5.26) and

(5.38) respectively, and ~y is some positive constant given in the following proof.
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Proof. Let
H(t)=d—-E(t), t>0, (5.8)

where d = E(OZ)HL. We see from (2.5) in Lemma 2.3 that H'(t) > 0. Thus we
obtain

H(t)> H(0)=d—E(0) >0, t>0. (5.9)
Let
F(t) = / uudz. (5.10)
Q

By differentiating both sides of (5.10) on ¢, we get from equation in (5.1) that
F'(t) = [uel* = 1 D"ul® + blfull}

t
—a/]ut|m_2utuda§+// g(t — s)D'u(s) D u(t)ds.
Q aJo

We observe from Lemma 2.2 with p = ¢ = 2,¢ = /2 that
¢
//g(t—s)Dlu(s)Dlu(t)dsdx
aJo
¢ t
://g(t—s)Dlu(t)[Dlu(s)—Dlu(t)]dsdm —I—/g(t—s)dsHDlu(t)||2 (5.12)
aJo 0

(5.11)

t

> ~(goD'u)(0) + 5 [ a(e)as| D)

We have from (2.4), (5.11) and (5.12) that

p+2 p—2
F'(t) > THUtW +—5—(go D'u)(t) + a1 ]| D'u(t)||?

(5.13)
- a/ || ugudzr + pH (t) — pd,
0

where a; = %(’%2 — 23 0+°° g(s)ds). We have a; > 0 by (5.2). Thus, by

’%2 > aq, we deduce that

p+

2

- a/ |u|™*ugude + pH(t) — pd.
Q

We obtain from Lemma 5.1 that
alBID'u(t)? + (9o D'u)(t)) - pd
A2 — A
2B D" u(t)||? + (g o D'u)(t)]

A3
D'u(t)]|? D) (t
by SR + (g D))
2

)\2 _ )\2
2 BID I + (g0 D'u)(t)] + AT — pd.
2

F(t) 2 P22 s+ a8 D)2 + (9 0 D) (1)

(5.14)

:a/l

(5.15)

> a
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By Lemma 5.1, we have that
22— 22

ay —)\%

> 0, (5.16)

and by (5.2), (5.6) and (5.9), we see that

p—2 2p—3 [T

( S / g(s)ds ) A2 — pd
0

p

2
2 9p—3 [t ,

2 p4 /0 g(s)dS)Al_pd (5.17)
:p(h—E(O)) (2]9_3))\% /Jroog(s)ds

2 4

Combining (5.14)—(5.17), we see that

P+ 2 A2 — N2
F(t) > == lul® + a=z= Bl Dw®) + (g o D'u)(®)]

2 (5.18)

- a/ lue | 2upudz + pH (t).

Q
On the other hand, we have from Holder inequality that
of [ ™ ueuda| < Cualully”# Jullf (5.19)
Q

where C4 = a\Q\% in which || denotes the Lebesgue measure of €.
By d = w, we see that d < h. Therefore, we get from (5.3), (5.8) and
Lemma 5.1 that

1 b 1 b
H(t) < d = 5[B]D'u(®)]* + (g o D'w)(®)] + ];IIUIIZ <h—gA+ 5HUI|Z~ (5.20)

By (5.6), we have
1., 2
- == 21
h 2)\1 p—2h<0’ (5.21)

so, we have from (5.9), (5.20) and (5.21) that
b
0< H)<H(t) < ];Hqu, t>0. (5.22)
We obtain from (5.19) and (5.22) that

/|“t‘m_2utud:v < CsH(t)7 lullp el (5.23)
Q

a
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where 015 = (%)mwzp 014‘
We get from (5.8), Lemma 2.2, Lemma 2.3 and (5.23) that

/ || 2wy uda
Q

- %, e > 0. Let 0 < v < a, then we have from (5.9) and (5.24)

a < Cisle™||ulp + e~ m=1 H'(t)| H(t) ™, (5.24)

where o =
that

/ || 2w uda
Q

Now, we define G(t) as follows.

1
m

a < Cis[e™H(0) " |fullp+e™ =T H(0) " H(t) " H'(¢)]. (5.25)

Gt)=H@)"™ +0F(t), t>0, (5.26)

where o is a positive constant to be determined later. By differentiating (5.26),
we see from (5.18) and (5.25) that

G'(t)=(1—~)H@t)"H'(t)+ ocF'(t)
> (1= = oCe T TH(O) | H(t) " H (1)

A5 — A N I
Fao= (Bl D u(t)||* + (g o D'u)(t)]

(5.27)

_'_2 m —Q
+o {p > [|22¢]|® _|_pH(t)} — C150e™H(0) ||u||£

A%;%A%} and decomposing opH (t) in (5.27) by

Letting x = min {g, a3
opH(t) = 2kcH(t) + o(p — 2k)H (). (5.28)
Combining (5.8), (5.27) and (5.28), we obtain that

G'(t)>[1—y—0Cise” m1H(0) | H(t) " H'(t)

12 2kb m 77 ()2
+a(—2 - )nutu%a(p—%)ﬂ(tw7—0156 H(0) }’”““5 (5.29)
2 2 2 12
+[a1ﬁ—)\2>\2>\1 —Fu}UHDZUHQ +[a1 >\2)\2)\1 - K}U(QODZUW)‘
2 2

Choosing ¢ > 0 small enough such that ZT’fb — Ci5e™H(0)™ > £ and

2p
0<o< 10_135%}[(0)&_7, then we have from (5.29) that

G'(t) = Creo {Ilutll2 + 1Dl + llullp + H(#) + (g 0 DZU)(t)] : (5.30)
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where Cig = min{fi2 — K, p— 2K, ’;—Z, alﬁ)‘v)‘ — m}. Therefore, G(t) is a

nondecreasing function for ¢ > 0. Letting o in (5. 26) be small enough such that
G(0) > 0. Thus, we obtain that G(t) > G(0) > 0 for t> O

Since 0 < v < a < 1, it is evident that 1 < — < ——. We deduce from
(5.10) and (5.26) that

Gty < 2! [H(t) + (a /Q uutdx> } (5.31)

On the other hand, for p > 2, we have from Holder inequality and Lemma 2.2
that

1
T—~ 1 B v
(0 [ wude) ™" < ol ™ < Con (Jull T + el ), 632
Q

where Cy7 = aﬁ\m <1p:vl)P,
Let 0 < v < min{a, §
from (5.22) that

=1, and Cig = 018(017,u, ) > 0.

1_
v =2(1 —7), then ;£ = m < p. It follows

2

1
I
1
p

b
(srg7) o = 1 (5.33)
Thus, we get from (5.33) that

e R =
ol = Wl = 1y < () el (53
p
We obtain from (5.32) and (5.34) that
(0/ uutdm> < Cho(]|we|® + [ullh), (5.35)
Q

o) 77}
5), we find that

where Cig = (g max {1, (
Combining (5.31) and (

G(H)T7 < Cy {Ilutll2 + [lully + H(t)} : (5.36)

where Cpy = 277! max{1, Cig}.
We obtain from (5.30) and (5.36) that

G'(t) > CuG(H)T7, t>0, (5.37)
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%2600' Integrating both sides of (5.37) over [0, ¢] yields that

where Cy; =

1—y

a(t) > (G(O)ﬂ—l - 102_”715)_”.

Noting that G(0) > 0, then there exists 7% = Ty = % such that
G(t) — 400 as t — +oo. Namely, the solution of the problem (5.1) blows up

in finite time. [
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