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1. Introduction

Recently, Alabern, Mateu and Verdera [1] characterized the fractional Sobolev
space W*P(R™) for a € (0,2) and p € (1, 00) via a new square function

. PR
5.0 = { [ Vnwo — 1@ |z e B

where fp(;+ denotes the mean value of f on the ball B(x,t) with the center =
and radius . They showed that f € W*?(R") if and only if f € L} _(R") and
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1Sa(f)||Lr@ny < co. The key point for this result, as first observed by Whee-
den [29] in the study of Lipschitz-type (Besov) spaces, and later independently
by Alabern, Mateu and Verdera in [1], is that the square function S, provides
smoothness up to order 2 in the following sense: for all f € C*(R"), t € (0,1)
and x € R™, fpuy — f(x) = O(t?), which follows from the second order Taylor
expansion of f. Indeed, Wheeden in [29] obtained a general result which con-
tains the above characterization for We?(R") with o € (0,2) and p € (1,00)
as special cases. Via a similar observation, the corresponding characterization
of higher order Sobolev spaces WP(R") with o € [2,00) and p € (1, 00) was
also obtained in [1]. Later, Yang, Yuan and Zhou [32] characterized the Triebel-
Lizorkin space Fﬁq(R"), p,q € (1,00], via the square function

Sonq(f)(x) = {Z Qkaq |fB(x,2*k) - f(x>‘q} , T E Rn?

keZ

when the smoothness parameter o € (0,2). Similar results for Fﬁq(R”) with
a € (2,00) \ 2N and p,q € (1,00], and for Besov spaces ng(R”) with
a € (0,00) \ 2N, p € (1,00] and g € (0,00] were also obtained in [32] via
some appropriately modified square functions.

The main purpose of this paper is to extend the above characterizations of
Besov and Triebel-Lizorkin spaces from the isotropic setting into the weighted
anisotropic setting. These spaces are associated with general expansive dilations
on R™ and Muckenhoupt A..-weights. The theory of function spaces in the
weighted anisotropic setting, including Hardy spaces, Besov spaces and Triebel-
Lizorkin spaces, has been proved to be a very general theory which includes
the classical isotropic spaces, the parabolic spaces, and the weighted spaces as
special cases. For more details about this theory, we refer the reader to [2-14,
23-26] and their references. On the other hand, there has been a significant
interest in providing alternative characterizations of function spaces (see, for
example, [18,20-22,25,27,28, 30-33]). In particular, in this paper we extend
results from [32] to the weighted anisotropic setting.

In order to formulate our results we begin with some necessary definitions.

Definition 1.1. A real n x n matrix A is called an expansive dilation, shortly
a dilation, if minye,(a) [A| > 1, where o(A) denotes the set of all eigenvalues
of A. A quasi-norm associated with expansive matrix A is a Borel measurable
mapping p4 : R” — [0, 00), for simplicity, denoted as p, such that

(i) p(z) >0 for all z € R\ {0};

(ii) p(Az) = bp(x) for all z € R™, where b := | det Al

(ili) p(x +y) < Hlp(x)+ p(y)] for all z,y € R", where H € [1,00) is a

constant.
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It was pointed out in [2, Lemma 2.2] that, for any dilation A, there exist
some constant r € (1,00) and an ellipsoid A, i.e. A := {z € R": |Px| < 1} for
some nonnegative matrix P, such that

A CrAC AA. (1.1)

By a scaling we can additionally assume that the ellipsoid A in [2, Lemma 2.2]
satisfies |A| = 1. Let By := A*A for all k € Z. By (1.1), we know that, for all
k e Z, B, C Bk-Jrl and ‘Bkl ="

From [2, Lemma 2.4], we also deduce that any two homogeneous quasi-
norms associated with a dilation A are equivalent. For our purposes it is enough
to restrict to a quasi-norm p := py, as in [2, Definition 2.5], given by

b, x€B B
IO(I') = { O €r = O'k—‘rl\ *

For any z € R" and k € Z, we let B,(z,b") ;== {y e R": p(y — z) < b"}.
These balls are convex sets and satisfy that |B,(z,b")| = b* and B,(x,b*) C
B,(x,V’) with j > k.

We now recall the class of Muckenhoupt weights associated with A intro-
duced in [6].

Definition 1.2. Let p € [1,00), A be a dilation and w a non-negative mea-
surable function on R™. A function w is said to belong to the class A,(A) :=
A,(R"™; A) of Muckenhoupt weights, if there exists a positive constant C' such
that, when p € (1, 0),

p—1
sup sup {bk/ w(y) dy} {bk/ [w(y)]f”%l dy} <C
z€R" keZ Bp(x,b*) B (x,bk)

and, when p = 1,

sup sup {b‘k/ w(y) dy} { ess sup [w(y)]_l} <C.
2€ER" kEZ B, (z,b%) yE B, (2,bk)
Define Ao (A) := <)o Ap(A).
For any w € A (A), define
qw = inf{qg € [1,00) : w € A,(A)}. (1.2)

Obviously, ¢, € [1,00). If g, € (1,00), by the open-ended property of Muck-
enhoupt weights (see [7, p. 3072]), we know that w ¢ A, (A). Moreover, even
when A = 21,,,,, where I, denotes the unit matriz of order n X n, there exists
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aw € (N1 A(A) \ Ai(A) such that g, = 1; see Johnson and Neugebauer
(19, p. 254, Remark].

Recall that (R", p,dz) is a space of homogeneous type; see [6, Proposi-
tion 2.3]. For some basic properties of the above weights, we refer the reader,
for example, to [16, Chapter IV] and [6].

For all p € (0,00) and w € A (A), the weighted Lebesque space L (R™) is
defined to be the space of all w(x)dz-measurable functions on R"™ such that

Ilfll e, ey := {/Rn | f(x)]Pw(z) da:}p < 00.

Denote by S(R™) the set of all Schwartz functions on R™ and S’'(R™) its
topological dual space. Let Z, := {0} UN. Denote by S.(R") the subspace
of S(R™) given by

Soo(R") := {gb e SR"): - ¢(x)x? de =0 for all y € (Z+)”} ,

and S’ (R™) its topological dual space. 1t is not hard to show that any p € S(R")
satisfying supp @ away from origin belongs to So(R™).
Denote by Lj,. (R") (or resp. L}, ,,(R™)) the space of all locally integrable

(or resp. w(x)dx-integrable) functions. In what follows, for any ¢ € L. (R
(or resp. g € L. ,(R™)), k € Z and z € R", let

loc w(

1
g(y)dy == —/ g(y) dy
][Bp(x,bk) ( ) |BP($7bk)| Bp(z,bk) ( )

(or resp.

1
pr(%bk)g(y)w(y) dy = W /Bp(x,bk) g(y) w(y)dy,

where w(B,(z, b*)) fB ) W dy). We say fe€ L} (R")NS’ (R™) means that
fe LIOC(R”) and the natural pairing (f, ¢) given by the integral [p, f(z)¢(x) dz
makes sense for all ¢ € So(R") and induces an element of S_(R").

We denote by F‘fj’q(A; w) the weighted anisotropic Triebel-Lizorkin space;
see Section 2 for its definition. Moreover, we introduce the following function
spaces of Triebel-Lizorkin type via a variant of the square function S, 4.

loc

Definition 1.3. Let a € R, ¢ € (0,00] and w € A (A).

(i) Let p € (0,00). The space SFg‘jq(A; w) is defined as the collection of all
functions f € L} . (R™) N S’(R™) such that

Hf”SFg)q(A;w) = ||Sa,q(f)||L{’u(R") < 00,
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q}}]
with the usual modification made when ¢ = cc.
(ii) The space SFg, (A;w) is defined as the collection of all functions
feLi.(R")NS'(R") such that

loc

where, for all x € R™,

Saq(f)(2) = {Z e

keZ

1w =@l

||f||SFgo’q(A;w)

‘= sup sup ][ Z pred
z€R™ (EZ By (z,b7%) k>t

< 00

Q=

q

I, = sl wuwm}

with the usual modification made when ¢ = cc.

Let A_ and A, be two positive numbers such that
I <A <min{|A|: A€ c(A)} <max{|\: A€ a(A)} < ;.
In the case when A is diagonalizable over C, we can even take
A_:=min{|A|: A€ c(A)} and A; :=max{|\|: A€ c(A)}.

Otherwise, we need to choose them sufficiently close to these equalities according
to what we need in our arguments. Let (1 := log, A.

We first show that, in the sense of distributions, the elements in the weighted
anisotropic Triebel-Lizorkin spaces ng(A; w) are locally integrable.

Theorem 1.4. Let a € (0,00), w € A(A), p € (qu, ] with g, as in (1.2),
and q € (0,00]. Then F (A;w) C L, (R") in the sense of SL (R").

loc
Using Theorem 1.4, we obtain the following characterization of ng(A; w).

Theorem 1.5. Let a € (0,2¢_),w € A (R"), p € (qu, 00] with g, as in (1.2),
and q € (1,00]. Then Fy (A;w) = SF; (A;w) with equivalent norms.

The corresponding conclusions for Besov spaces are also true. Indeed, let
a € R and p,q € (0,00]. The space SBy (A;w) of Besov type is defined as the
collection of all functions f € L} . (R") N S'(R") such that

loc
1
q q

||f“SBg,q(A;w) = Z bkaq

keZ

1, = Ol

LY, (R™)

Then we have analogous results to Theorems 1.4 and 1.5 for Besov spaces.
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Theorem 1.6. Let a € (0,00), w € A(A), p € (qu, <] with g, as in (1.2),
and q € (0,00]. Then BS (A;w) C Li,, (R") in the sense of Si (R™).
Theorem 1.7. Let o € (0,2(_), p € (qu, 00] with g, as in (1.2), and q € (0, co].
Then By (A;w) = SBy (A;w) with equivalent norms.

Remark 1.8. (i) Theorems 1.5 and 1.7 generalize the S, ,-function charac-
terization of isotropic Triebel-Lizorkin and Besov spaces in [32, Theorems 1.2
and 4.1] and, in particular, the Sobolev space W*?(R™) in [1, Theorem 3], both
in the case @ € (0,2), to the anisotropic weighted cases. Indeed, as in [1,32],
let Fﬁq(]R") and ng(R”) denote, respectively, the classical Triebel-Lizorkin
space and the classical Besov space (see [25]). Observe that the parameter «
in ng(R”) and ng(R”) plays a different role from the parameter a used in
F;“,q(A; w) and B;Q(A; w) of the present paper, which is caused by the differ-
ence existing in the definitions of these function spaces in [1,32] and the present
article. To be precise, if A = 21[,,«,, then (_ = % and b = 2" and hence,
when A = 2[,, and w(z) := 1 for all z € R", then F;q(A;w) = Fg?(R")
and ng(A;w) = B;Z‘(R"). Thus, in this case, o € (0,2¢_) if and only if
na € (0,2) and, therefore, Theorems 1.5 and 1.7 of the present paper coincide
with [32, Theorems 1.2 and 4.1] in the case a € (0,2).

(i) In [32, Theorems 1.2 and 4.1], the corresponding characterizations of
isotropic Triebel-Lizorkin and Besov spaces when o € (2N,2N +2), N € N,
were also obtained. However, it is still unknown whether the corresponding
results of Theorems 1.5 and 1.7 are also true or not when o > 2(_, due to the
anisotropic structure of our spaces.

Remark 1.9. We point out that the inhomogeneous counterparts of Theo-
rems 1.5 and 1.7 are also true. Indeed, by referring to the definitions of weighted
inhomogeneous anisotropic Besov and Triebel-Lizorkin spaces (see [3, Defini-
tion 3.3] and [6, Definition 3.3]), we can also give the definitions of weighted
inhomogeneous spaces SBy (A4;w) and SF; (A;w). Then, using some argu-
ments similar to those for the homogeneous case, we can obtain the desired
inhomogeneous results. We omit the details.

In comparison with [32] this paper considers a very general setting of Muck-
enhoupt weights and anisotropic dilations. This necessitates a more complicated
approach which uses some additional techniques adopted for the anisotropic
setting in [2,4-6]. A key role in our arguments is played by a special variant
of the Calderén reproducing formula associated with anisotropic dilations; see
Lemma 3.8 below.

The paper is organized as follows. In Section 2, we recall some basic notions
and notation. The proofs of Theorems 1.4, 1.5 and 1.7 are given in Section 3.
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2. Preliminaries

We begin with some basic notions and notation.

Denote by S(R™) the space of all Schwartz functions, whose topology is
determined by a family of seminorms, {||-||s, ,.(&") }xmez, , Where, forall k € Z,
m € (0,00) and ¢ € S(R™),

1@l m@ny == sup  sup (1 + |2])™[0%p(x)]
a€gZl |a|<k zeR™

The above norm can be also equivalently modified with (1 + |z|)™ replaced by
[1 + p(x)]™. Here, for any o := (ay,...,an) € Z%, o] :== a1 + -+ + @, and
0% = (a%l)al e (%)a". It is known that S(R") forms a locally convex topo-
logical vector space. Denote by S’(R™) the topological dual space of S(R")
endowed with the weak x-topology. Denote by P(R™) the collection of all poly-
nomials on R™. In what follows, for every ¢ € S(R"), k € Z and = € R, let
or(x) == bFp(Akz).

Now we recall the notion of weighted anisotropic Triebel-Lizorkin and Besov
spaces; see [3,4,6]. In what follows, for any ¢ € L'(R"), ¢ denotes the Fourier
transform of o, namely, for all £ € R",

pe) = [ e .

Definition 2.1. Let w € A, (A), a € R, p,q € (0,00] and ¢ € S(R™) satisfy

11

supp < -3 5] \(O} and swplp(ayel 0 e RN\ (), (21

where A* denotes the adjoint (transpose) of A. .
The weighted anisotropic homogeneous Triebel-Lizorkin space ng(A; w) is
defined as the collection of all f € §'(R") such that

||f||Fg7q(A;w) = (Z bkathk * flq) <00, peE (07 OO)?

keZ L2, (R™)

1
q
[f1l#a,  (Asw) 7= SUp sup { fB - > g« f(y)] w(y) dy} < 00,
p\T,

zER™ (€7 Y,

with the usual modification made when ¢ = oo. _
The wewghted anisotropic homogeneous Besov space ij,q(A; w) is defined as
the collection of all f € §’(R™) such that Hf”B;;q(A;w) < 00, where

1
q
. ka
1l = {2 el *fnzg(m}

kEZ

with the usual modifications made when p = oo or ¢ = oo.
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Remark 2.2. The space F;q(A; w) was originally defined via dilated cubes in
[4, Definition 3.2]. However, the estimate (3.14) in [4] indicates that the space
Fg‘jq(A; w) can also be equivalently defined via dilated balls, as in the above
definition.

Remark 2.3. (i) Notice that, if ||f||Fg,q(A;w) = 0, then f is a polynomial. So
the quotient space Fy (A;w)/P(R") is a quasi-Banach space. By abuse of
the notation, the space Fy (A;w)/P(R") is also denoted by Fs (A;w) and its
element [f] := f + P(R™) for simplicity by f. Similar observation applies to

homogeneous Besov spaces.

(ii) From [25, Section 5.1] or [6, p. 1479], we deduce that S’(R™)/P(R™) can
be identified with the space of all continuous functionals on the closed subspace
Soo(R™) of S(R™).

Throughout the whole paper, we denote by C' a positive constant which is
independent of the main parameters, but it may vary from line to line. The
symbol A < B means that A < CB. If A < B and B < A, we then write
A ~ B. If E is a subset of R", we denote by xg its characteristic function. For
any a € R, |a| denotes the largest integer not more than a.

3. Proofs of main results

In this section, we give the proofs of Theorems 1.4 and 1.5. The proofs of
Theorems 1.6 and 1.7 are also sketched. To prove Theorem 1.4, we need the
following three lemmas. The first lemma comes from [6, Lemmas 2.6 and 2.8].

Lemma 3.1. Let ¢, € S(R") satisfy (2.1) and

D B(AYOP((AYE) =1 for all £ € R™\ {0}. (3.1)

JEL

Then, for any f € S'(R™)/P(R"),

FO =D ity f() =Y 07 Y o fATR);(- — A7E)

JEZ JEZ kezZm
in S'(R")/P(R").

The next result follows from [4, (3.23)] and the fact that w(z)dz is a
pa-doubling measure; see [4, Definition 2.5].
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Lemma 3.2. Leta € R,w € A (A),p,q € (0,00] and ¢ € S(R™) satisfy (2.1).
Then there exist some positive constants C' and N € Z, such that, for all
f e F5 (A;w) and integers j <0,

|05 * f(x) —
sup T < 05 fllie aa
:1:6]15" [1+p($>]N = ||f||Fp’q(A7 )

To emphasize the dependence on ¢ of the norm in Ffj,q(A; w), we let
HfHF;},q(A;w,go) denote HfHF%,q(A;w). The following lemma shows that the space
F5 ,(A;w) is independent of the choice of ¢ € S(R") satisfying (2.1); see
[4, Corollary 3.6].

Lemma 3.3. Let a € R,w € Ax(A),p,q € (0,00] and oM, o® € SR
satisfy (2.1). Then, for any f € Fp (A;w), || fllie (amwem) ~ 1f g (a0
with the implicit positive constants independent of f.

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let f € F;"q(A;w) with @ € (0,00), w € A (A), p €
(G, o0] with g, as in (1.2) and ¢ € (0,00]. We only need to prove that there
exists a function g such that f = ¢ in S/ (R") and fB,,(o,bf) lg(x)| dz < oo for
any { € Z,.

Let € B,(0,b"), p,¢ € S(R™) satisfy (2.1) and (3.1), and L € Z, be
sufficiently large. Let

OVp(—k)(Alx)
!

I(z) == i b ik FATRY | (e —k)— >

j=—0c0  keZn ly|<L—1

and

[(z) := Z%‘ * 1y * f(z).

Then, by Lemma 3.1 and Remark 2.3(ii), we know that, for all ¢ € S(R"),
(f,0) = (L) + (II,¢). We claim that g, which is defined pointwise by
g(z) :==I(z) + II(x), is the desired function.

By the Taylor remainder theorem, Lemma 3.2 and the fact that, for any
j <0and z € B,(0,b), |A7z| < Vx| (see [6, (2.8)]), we conclude that there
exists some positive integer N such that

-1 L —j N
— L+ p(A77k)]
I < . (LC— a) |x‘ [ N
M@ S e a2 V0D swp o e e

j:—oo keZn "Y‘ZLveE(Oal)

1
[(R)]* [

—1
SCE,LHfHngq(A;w)bELC_Zbj(LC——a_N) Z (QHbK)N_'_

Jj=—00 p(k)<2Hb! p(k)>2Hbt
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where H € [1, 00) is as in Definition 1.1(iii) and L is chosen such that L{_ > N+«.
Let Qp := k + [0,1)". Notice that, for any k € Z" with p(k) > 2Hb*, from the
estimate ﬁ S Qx| infyeq, ﬁ and R" = UpeznQy, it follows that

Y)
Yo WIS Y / lo(y)] 7 dy < / [p(y)] 2 dy < 1.
p(k)>2Hbt p(k)>2Hbt Y @k p(y) b

This, together with the previous arguments, implies that pr(o,bf) I(z)| dz < 0.

On the other hand, notice that, for any w € A, (A) and p € (qy, 0], we
have w € A,(A) and W € Ay (A) with p’ satisfying }D + z% = 1. By Holder’s
inequality, a € (0,00), ¢ € (0,00] and Lemma 3.3 with ¢, 1 € S(R") satisfying
(2.1) and (3.1), we conclude that

/ 1(z)| da < Z/ |0 * P + f(z)| da
BP(Ovbl) j:() BP(Ovbe)

5 ||f||Fg’q(A;w,go*w) Z b_ja/B [w(x)]_? dx
j=0

P(Ovbg)

5 Cw,KHfHFg"q(A;w) :

Combining the above estimates on I(x) and II(x), we see that g is locally
integrable, which completes the proof of Theorem 1.4. O

Theorem 1.5 follows immediately as a consequence of the following Theo-
rems 3.4 and 3.7. Thus, to finish the proof of Theorem 1.5, it suffices to prove
the following Theorems 3.4 and 3.7.

Theorem 3.4. Let a € (0,2¢_), w € Ax(A), p € (qu,00] and q € (1,00]. If
f € Fy (A;w), then there exists a polynomial Py such that f+P; € SFy (A;w).
Moreover, ||f + Pf”SFg’q(A;w) < CHfHFg,q(A;wy where C' is a positive constant
independent of f.

To prove Theorem 3.4, we need the following lemma; see [6, Lemma 3.6]
and [4, Proposition 3.15] for the details.

Lemma 3.5. For any ¢V € S(R") satisfying (2.1), there exists ") € S(R")
satisfying (2.1) such that oY and M) satisfy (3.1). Moreover, for any o € R,
w € Axo(A), p,q € (0,00] and f € Fyy (A;w), there exist polynomials {Pj(l)}jez

and P;l) with degrees not more than LC—J such that

o= am {3 rt) o2
j=i
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in S'(R™). Let (0 ,9@) be another pair of Schwartz functions also satisfying
(2.1) and (3.1). Then the corresponding polynomial PJEQ) satisfies

deg(P — P?) < L_EJ .

By [5, Corollary 3.7], we have the following embedding result.

Lemma 3.6. Let w € A (A),a € R, p € (0,00] and q1,q2 € (0, 00] with
@1 < qo. Then F&,_ (A;w) — F2_ (A;w).

p,q1 p,q2
We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. By Theorem 1.4, we know that Fg‘vq(A;w) c L. (R")

loc
in the sense of distributions. So, for any f € Fy (A;w), we only need to prove
that there exists a polynomial Py such that || f + Pf”Sng(A;w) < C||f||ng(A;w).

Let ¢ and 1) be, respectively, as in ¢ and () of Lemma 3.5. In this case,
we denote the corresponding Pfl) and {Pi(l)}iez in (3.2), respectively, by Py and
{P;}iez. Then (3.2) holds for f and the degrees of the polynomials {P,;};cz in
(3.2) are not more than LC%J Since a € (0,2(_), each P, has degree at most 1,
and thus P;(z) := Z?Zl a;;xj + by, x = (x1,...,2,), for some constants a; ;
and b;. Furthermore, notice that, for any k € Z, B,(0,b7%) = A7"A is symmet-
ric at origin due to (1.1) and pr( yzidz=0foralli€{l,...,n}. Then, for

any k € Z and x € R", we have

0,b—k

P(x) —f Pi(2)d= = Py(x) —][ Ple+2)dz=0. (33)
By (z,b=F) Bp(0,b7F)
Moreover, if ¢ and ¢@, i € {1,2}, satisfy (2.1) and

3 PO((A) P ((AT) K =1 for all € € R\ {0},

keZ

then, by Lemma 3.5, P}l) —P}Q) is a polynomial of degree not more than \.C%J <1,
where P}i) is as in (3.2) corresponding to ¢® and @ for i € {1,2}. Then, by

(3.3), for all z € R™ and k € Z, we see that

PO () — PO () - f s PG = PG 2 =0 (3.4)

Let f:: f+ Ps. By (3.2), we have

F=Focom = ()= Xexp)) x i+ f (3.5)

jez



136 B. Li et al.

in §'(R"), where fB(-,b By = fB sy f (W) dy, x = |XBB?E)()11))| and yy, := bFx(AF-).
From (3.4), it follows that f— fB (-b-k) 18 mdependent of the choices of ¢ and
satisfying (2.1) and (3.1). Thus, to prove Theorem 3.4, it suffices to show that,
when p € (g, 00) and ¢ € (1, o],

1
P

w@dey < 1 fllg amy (3:6)

P
q

/nlzb’mq (Zl xus] e f >|>q

kEZ JEZ

and, when p = 0o and ¢ € (1, 00], for all x € R™ and ¢ € Z,

b * 5 d q
{fBP(M_Z)’; (;I —Xi* ;)% U f(y)l) w(y) y} (37)
S 1l )

Indeed, if (3.6) holds, then, for each k € Z, we have

/Rn [Z [(05 = Xk * @5) * 0 * f(:v)l] w(x) dr < oo,

which implies that (3.5) holds in L2 (R") and hence almost everywhere. There-
fore, for every k € 7Z,

\f = fBepr)| < Z (05 — Xk * @) * 5 *
JEL
almost everywhere, and hence ||]?||SFQ (A 18 dominated by the left hand side
p,q ’

of (3.6), which implies that ||f||SF;;"q(A;w) S ||f||ngq(A;w). Similarly, if (3.7) holds,
then (3.5) holds in L}

Toc w(R”) and hence almost everywhere and, therefore, an

argument similar to the above leads to ||f||ngqu(A;w) < ||f||F&7q(A;w)'

To prove (3.6), we consider ngk and Zj>k separately. Notice that, for
any smooth function ® on R,

B(1) = ®(0) + /1 P'(s)ds = ®(0) + ¢'(0) + /1(1 —5)®"(s)ds. (3.8)
Let ®(s) := p(A/x+sz2) for s € [0,1] and x, z € R™. Then (3.8) can be written as
O(Alx + 2) = p(Alx) + (Vo) (Alx)2! +/0 (1 —8)2(V?p)(Alz + s2)2" ds,

where 2! denotes the transpose of z.
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Notice that, for any z € R",z € B,(0,0 %) with j < k and s € [0, 1],

p(fzj ) _ p(s2) > p(Aix),

and hence 1+ p(A’x — sz) 2 1+ p(A’x). Therefore, when j < k, by the fact
that |z| < Clp(z)]*= for all p(x) < 1 (see [2, Section 2]), we see that, for all
r e R",

1+ p(Ax+s2) > 1+

k05 (2) — 5 ()] = ][B | Pl At o] i

| bWt -] d:
Bp(0.677) (3.9)

1
= ][ bj/(l—s)z(vzw)(ij—i-sz) Z'dsdz
B, (0,b5—*

< p2li—k)C- v ‘
~ [14p(Aiz)]E

where L € (1,00). Hence,

. b
|[(Xkx05— ) ¥ f ()] S 52”%”/]1@ [14p(ATy )]L|¢j*f<w_y)|dy (3.10)

S VORI M (4 f) ().

Here M, denotes the Hardy-Littlewood maximal operator defined, for all locally
integrable functions f on R", by

M,f(z) == sup ][ |f(2)|dz, xe€R"
yegj(oz,r) Bp(yr)

Then, by choosing any § € (0,2(_ — «), together with Holder’s inequality, we
conclude that

D
q

L := /n [Zbkaq <Z| — Xk * pj) x 1 * fz )’) ] w(z) dx

keZ i<k

p EY
q

& /n{zbkaqzb e (@/’j*f)(rc)]q} w(z) dr (3.11)

kEZ i<k
S /
Rn

3 =

P

q

> VM, (W% f)(x )]] w(z)dz

jJET
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This, together with the Fefferman-Stein vector-valued maximal inequality (see
(6, Theorem 2.5]), implies that

el
Rn

On the other hand, notice that, when 5 > k, for all z € R", it holds that

1
P

S 0], + f(x)\q] wie)de p S 1y -
JEZ

SIS

[k * 05 — @5) %y % ()] < [xe 0 % by + f(2)| 4 |j % 5 % f(2)]
< Xk [Mp(5 % )(2) + My(; * f)(x)
S My o My(v * f)(),

where M,oM, denotes the composition of M, and M,. Then, by taking § € (0, «)
and Holder’s inequality, we see that

B =

Iy = /Rn [Z praa (Z [(pj — Xk * ;) * 1 * f(;z;)\) ] w(z) dx

keZ >k

S / [Z ploet Z V[ M, 0 M, (1, * f)(x)]q] q w(z) dx (3.12)

keZ >k

D
q

i (Z b My o My f!)(w)]"> w(e) da

This, together with the Fefferman-Stein vector-valued maximal inequality, im-
plies that Iy < HfHng(A;w). This proves (3.6).

To prove (3.7), we split the sum over j € Z into three parts: j < ¢ < k,
(<j<kyandj>k>¢( If j <<k, then, from (3.9) and Holder’s inequality,
we deduce that, for all y € R",

: b
20—k
((xk * ©j — p5) * by * fy)] S 2UHC /RnWWj*f(y—Z)’dz
Spohe Sy L )
i=0 By (y,b=7)

Moreover, for any y € R", i > 0 and ry > max{q,, ¢} with ¢ € (1, 0] and ¢, as
in (1.2), by Holder’s inequality with rq, the definition of A,,(A) and Lemma 3.6
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with ¢; = ¢ and ¢, = r(, we have

1

][ __|¢j*f(2>|dZS{][ __wj*f(zmw(z)dz}
By (y,b'=7) By (y,b'=7)

S b_ja Hf”FgOTO (Aw)

S b_jaHf”Fgqu(A;w)'
From this and L € (1, 00), it follows that
Ok * 05— 03) % s+ F)] S OV Fllpa (4
This, together with « € (0,2(_), implies that

{][B( bz)zbkaq [Z‘@J’_X’f*@j)*%*f(y)‘] w(y)dy}q

k> <t

‘ .
< { f > bk [Z bZ(j"“)Cb‘j‘*] w(y) dy} 1F i, )
Bp(m,b_[) k>t 0,q

<t

,S, ||f||Fgqu(A;w)'

If ¢ < j <k, then, for any €R" and y€ B,(z,b™"), using (3.10), we know that

dz

/ bj|¢j * f(Z)|XB,,(z,2Hb4)(Z>
" [1+bp(y — 2)]*

+/ V| f(2)|[Xwm\B, (e, 206 (2) d'z].

[(xk % @5 — @) * ¥y = f(y)] S 670 7HE

[L+bip(y — 2)]*

Since L € (1,00), we have
/ bjwjj * f(z)|XBp(z,2Hb*2)(Z)
no [y —2))"

On the other hand, notice that, if y € B,(z,b7%) and z € R™\ B,(z,2Hb™"),
then z € R™ \ B,(y,b~*). Therefore,

/ V| * f(2)|XRn\Bp(a:,2Izb—f)(2) " 5/ bjo * f(Z)L| d»
n [1+bp(y — 2)] R\B, (y.-0) [7P(Y — 2)]
sy 6y % F(2)] da
ij_e By(ybi-itl)

SOOI Fllia (4

dz S M, (Wj * f|XBp(m,2Hb*e)) (y) (3.13)
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Thus, for all y € B,(z,b™"), we see that

(xk % 05— 05) % s f(y)] S VUMM, (0 % X, @amb-) (Y)

+b2(j—k)(:7b(j—€)(1—L)b—ja||f||Fa oy (314)

Using (3.13), (3.14), Holder’s inequality and the Fefferman-Stein vector-valued
maximal inequality, by an estimate similar to (3.11), we conclude that

{J[ - Zb’”‘q[Z\ Xk*wj)*wj*f(y)\] w(y)dy}q

) k>¢ t<j<k

S { ][Bp(xb ); [ Z b SR b]a (1/}] * fXBp(vaHbZ))(y)] w(y) dy}

<5<k

{][ Zb’mq [Z 2R =00 =L)p- J“] w(y)dy} e, cas)
Bpa:b !

) k>¢ 0<j<k

Q=

1
q

N { ][ Z [bjaMp(@Z)j * fXBp(w,QHb’Z))(y)}qw(y) dy} + ||f||Fa o (Asw)
Bp(z,b7") 0<j
5 ||f||Fg‘o7q(A;w)'
Similarly, if j > k > £, then we see that, for all y € B,(z,b™"),

|(xk * 05 — ;) * ¥ * f(y)]
S M, (X, om0 M, (V) % FXB@amz-1)) () + b jopl=00-1) HfH Asw)-

This, together with an estimate similar to (3.12), implies that

{][ b (Z!(wj—xk*soj)*zﬂj*f(y)!) dy} <l

£
k>¢ >k

Combining the estimates in the above three cases, we then obtain (3.7) and
hence complete the proof of Theorem 3.4. O]

The following theorem shows another part of Theorem 1.5.

Theorem 3.7. Let a € (0,2¢_), w € Ax(A), p € (qu,00] and q € (1,00]. If
f e SF JAw), then f € Fa J(Aw) and there exists a positive constant C,
independent of £, such that | Flss 1wy < Cllfllsis.

The proof of Theorem 3.7 relies on the following variant of the Calderon
reproducing formula.
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Lemma 3.8. Let x := ﬁgi%oil))p LeZ,U{-1} and N € N. Then there exist

Jo :=Jjo(A;n) € Zy and ¢, v € S(R™) satisfying that supp ¢ C B,(0,1),

(x)x"dr =0
R?’L

> (€05 ()R(6) — Xjmin(©)] = 1. (3.15)

jez

Moreover, for every f € Li . (R™) N S'(R™), there exist polynomials {P;};cz
and Py such that

f+Pr= Jlim {Z Gj * Yy * (fB,(pi) = fB,(pi-d0)) + R} (3.16)
=i

in S'(R™).

Proof. 1t suffices to show (3.15). The proof of (3.16) follows from (3.15) and an
argument similar to that used in the proof of [6, Lemma 2.6].

We shall construct ¢ € S(R") such that supp ) C {€eR™: C) <[E] < Cq}
for two positive constants C < C5 to be chosen later. First we will show that
there exist jo € Z, and a positive constant Cj such that

IX(§) = X—5s ()] = Co >0 forall Cy < [¢] < Co. (3.17)

Notice that B,(0,1) = A = {z € R* : |Pz| < 1} for some nonnegative
o -3

matrix P. Moreover, by [17, p. 429], we know that Xp(1)(§) = J= (27[¢])
for all £ € R™, where the Bessel function is given by

o (%)U ! its 2\v—1
Jy(t) == e”(l—s%)""2ds, telR.

P(v+3)0(3) /-
Since x(x) = xB(o,1)(Px) for all x € R", it follows that, for all £ € R™,

o _— | det(P~1)|Jn (27 |(P~1)*¢])
R(E) = | det(P ) [Tmon ((P)€) = A ,
(Pyer:
where (P—l)* denotes the transpose of P~1. By a(é) _ 2((14*)]'05), we then
see that, for all £ € R™,

| det(P™)|Ja (27| (P~1)"(A")¢€])

2

|(P=1)(A)og |5

—

X—jo (f) -
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Therefore, for all £ € R™, we know that

IX() = X—5(§)]
n 1
___m [ 2ril(P~1) ¢]s zmw(P*l)*(A*)J‘oas]( 2y2-1 }
= S e e —e 1—s%)2724ds
L(5+3)T(3) H/l

2

| Teosterl(Py €l —cos(anl(P) (A7 glo)] (=) EH .

2

Since the spectrum o(A*) = o(A), by [2, (2.1)], we conclude that there exists a
positive constant C3 := C3(A;n) such that, for any £ € R" and j € Z,,

1

o 18] < 1(A)E] < C(AL) €.

Thus, we can pick an integer jo := jo(A;n) € N large enough such that, for any
¢ e R"\ {0},

2(P7H)El < (P (A7), (3.19)

Choose a positive constant Cy sufficiently close to zero and a positive constant

Cy = ‘CQ‘ such that, for any £ € R™ with Cy < |£] < Cy,

Py (Aying] < 2, (3.20)

where [|A[| := {327, |a2-7j|2}% for A := (a;;)1<ij<n- By (3.19) and (3.20), we
see that there exists a positive constant Cy such that

0 < Cy S al[(P) (AYPe| £ |(P)ell < T for Cr < [¢] < o

Consequently, using the fact that sint > £ for ¢ € [0, ), we conclude that, for
€ (0,1),
cos(2ms|(P™1)"¢]) — cos(2ms|(P~1)"(A")¢])
= 2sin(ms(|(P7)"(A7)¢] = [(P71)¢])) sin(ms(| (P~ (A")7¢] + |(P71)¢])
1
|

o TSP (AT)°E] — [(P71)E]) ms(|(P71)"(A7)7¢] + [(P71)¢])
- 2 2
> g2

Combining this inequality with (3.18), we obtain (3.17), namely, for all
Ol S ’5‘ S 027

1 n 1
|ﬂ®-i%@ﬂ24s%kﬂ%22@>o
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For any fixed L € Z; U {—1}, select a positive smooth function ¢ on R"
such that supp¢ C B,(0,1), [p. ¢(x)z7dx = 0 for all || < L, particularly
when L = —1, the above vanishing condition is void, and |¢({)| > C > 0 for
all ¢y < €| < Oy, where C'is a positive constant. For a construction of such ¢,
see [15, Theorem 2.6]. Then ¢ * (x — x—j;,) € C°(R™) has vanishing moments
till order L and satisfies that

ORE) - ()| 21 (3.21)

for all Cy < |€] < Cy. Choose g € S(R™) such that g is nonnegative, supp g C
{EeR": O <[¢] <Gy} and g(¢) > C > 0if 2C; < |¢] £ £, where C

2
is a positive constant. We claim that, for any £ € R™ \ {0}, there exists some

j € Z such that [(A*)¢| € [201, 2]. Since 201 || Al = 2, the smallest j € Z
such that [(A*)’¢] > 2C) does this job. Let F := Y., g((A*)77-). Then, F is
a bounded smooth function and F((A*)/-) = F for all j € Z and F(¢) 2 1 for
all £ € R™\ {0}.

Define h := £. Then, h € S(R"), supph C {{€R": C1 <|{| < Cq} and, for
all £ # 0, Y.y h((A*)7€) = 1. By (3.21), we can define a Schwartz function
by setting ¢ := h{qg[y — X—jo]} " Then supp ¥ C {£eR™: O, <[€] <Cq} and,
for all £ € R™\ {0},

> i(©d (O (€) = Ri-io(©)] = D_h(A) Ve = 1.
€z jez
This finishes the proof of Lemma 3.8. m

Proof of Theorem 3.7. Let a € (0,2(_), f € SF;‘;’q(A;w) and jy be as in Lem-
ma 3.8. By Lemma 3.8 and f € L} _(R™) N S’(R™), we conclude that

loc
F=Y6xtx (s — Xjmjo) ¥ F = D b5 %0 % (F5,00m1) — F5,(.00-);
jez jez

which, modulo polynomials, holds in §'(R™). Here, ¢ and ¢ are as in Lemma 3.8.
Let ¢ be as in (2.1). For any k € Z, we have

oex [ = @rxdyxibix (fo,05m0) — Fr,p0-1)-
jez
Notice that, for all k,7 € Z, and z € R",
pminsk}
EErET

[r * b5 5 ()] = [ion * (6 % ) ()| S b~ (HDI=HIC 3.22)

where s, L can be chosen sufficiently large; see [8, Lemma 5.4]. Thus,

lon % @ % Vi % gl = |or * (D x¥); % g] SO 2HHED1,(g).
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Therefore, when p € (g, o0), from Definition 2.1, Hélder’s inequality and the
Fefferman-Stein vector-valued maximal inequality, we infer that

1
7Y ¢
1Flleg a0y S {Z 0Eot 1N " b2 M, (f,-9) = Fay o) }
< < L%, (R™)
%
S DV [M, (fa,0.0-) — Fr,0pi0-1)]"
JEZ @&
1
. q
S|S0 1= - }
JEZ
1
. q
SJ {Z b]Oéq |pr('7b_j) — f|q}
< L2 (&)

S Seaa ()l 22, -

When p = oo, we need to show that

{]{5( - > bk (lek x % Py % [fp,(0-3) = fB,(pi0-)] (y)\>w(y)dy}

k>e JEZ
is controlled by || f HSFgO L(Aw) uniformly in z € R™ and ¢ € Z. The proof of this
is similar to that of (3.7), where we need to split »_ ., into three parts. Using
(3.22) one can show that |‘f|’F&7q(A;w) < Hf”ngqu(A;w)' We leave the details to
the reader. This finishes the proof of Theorem 3.7. ]

Finally, we sketch the details needed to deal with Besov spaces.

Proof of Theorem 1.7. The proof of this theorem is similar to that of Theo-
rem 1.5. Thus, we only prove an analogue of the estimate of I; in the proof of
Theorem 3.4 for Besov spaces. The other estimates are left to the reader. For
any p > q, and ¢ € (0,00), by (3.10), Minkowski’s inequality with p € (g, 00)
and the L2 (R™)-boundedness of M,, we have

=12 bkqa (Z (5 = Xk * ©5) * j * f(l")!) w(z) dm]

keZ i<k

q 1
; q

1
q

kez LYR" \j<k

{ Zb“"““2<‘“”j“Mp(wj*fw) w(x) dmr
{ [ij D=0 g |y ] } -
keZ

i<k
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When ¢= o0, it is easy to obtain I; < Hf”ng(A;w)- When ¢ € (0, 1], we use the
g-triangle inequality to deduce the same conclusion. Finally, when ¢ € (1, 00),
we choose § € (0,2¢_ — «). Then, by Holder’s inequality, we see that

aq
I < {Z [Z pU—k) & —a—d)+ia |y, fHLgJ(Rn)b(j—k)(S] }

kez Lj<k

1
q
: {Z SR s g, @W}

keZ j<k

5 ||f||Bg’q(A;w)'

Combining the estimates above, we conclude that I < ||fga (Asw) for
P,q )

q € (0,00 and p € (qu,00). The same estimate also holds for p = oo with
usual modifications, which completes the proof of Theorem 1.7. n
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