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On a Singular Class of Hamiltonian
Systems in Dimension Two
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Abstract. Let  be a bounded domain in R2. In this paper, we consider the following
systems of semilinear elliptic equations

—Ay = LV in Q
(S){ —Av= # in
u=v=0 on 01,
where a,b € [0,2) and the functions f and g are nonlinearities having an exponential
growth on €. This nonlinearity is motivated by suitable Trudinger-Moser inequality

with a singular weight. In fact, we prove the existence of a nontrivial solution to (S).
For the proof we use a variational argument (a linking theorem).
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1. Introduction

In this paper, we consider the following system of singular elliptic equations

(

—Av = f(u) in Q (1.1)

u=v=0 on 0,

where ) is a smooth bounded domain in R? containing the origin, a, b € [0, 2),
and the functions g and f have the maximal growth which allow us to treat

A. Benaissa: Department of Mathematics, Faculty of Exact Sciences, Djillali Liabes
University, B. P 89 Sidi Bel Abbes 22000, Algeria; benaissa_abbes@yahoo.com

B. Khaldi: Faculty of Sciences and Technology, University of Bechar, P. B 417 Bechar
8000, Algeria; khaldibra@yahoo.fr



200 A. Benaissa and B. Khaldi

problem (1.1) variationally in the Sobolev space H}(f2). We are interested in
finding nontrivial solution of (1.1) in the space E := H}(Q2) x H}(Q) endowed
with the norm

1
1w, o)l = (lull* + [lv]]*)2,
where ||ul| = (f,,|Vu|?dz)? is the norm of the Sobolev space H3(1).

Motivated by pioneer work of de Figueiredo et al. [6] we treat the so-called
subcritical case and also the critical case, which we define next. We say that a
function f(t) has subcritical growth at +oo if for all 8 > 0

lim 1)

t—+o0 Bt

=0 (1.2)
and f(t) has critical growth at +oo if there exists fy > 0, such that

f) {O for g > [y (1.3)

m —%t =
t—+oo eBt? +o0o for B < By.

This notion of criticality is motivated by Trudinger-Moser inequality (see
[12,18]) which says that if « € HL(Q) then ¢/’ € L'(). Moreover, there
exists a constant C' > 0 such that

sup/e’guzdeCm], if g <4m.
Q

flull <1

We would like to point out that in our present case, we have the presence of
a singular term |z|~® which prevents us to use the Trudinger-Moser inequality,
so we have to use a version of the Trudinger-Moser inequality with singular
weight due to Adimurthi-Sandeep [2](see Lemma 2.1 in the next section). Let
us introduce the precise assumptions under which our problem is studied:

(Hy) f and g are continuous functions with f(t) = o(t) and ¢(t) = o(t) near
the origin.
(Hy) There exist constants # > 2 and ¢, such that

0<OF(t) <tf(t) and 0<0G(t) <tgt) VY[t|>to,

where F(t) = fot f(s)ds and G(t) = zg(s) ds.

It is natural to find solution of our problem by looking for critical points
of the corresponding functional of system (1.1) which we define next. The
functional associated to (1.1) is given by

J(U,v):/ﬂvuvvdzp—/ﬂﬁﬁ) dx—/g(fx(r;) de,
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in the space E := H}(Q) x H}(Q). Under our assumptions this functional is
well defined and C'(E,R). Also, for all (p,9) € E, we have

I'(u,v) (¢, ¥) :/QV”uvwdx—i-/QVvVgodx—/Qf(;)b@ dx_/ﬂg(v)zb I

| jzle

Note that the system (1.1) with @ = b = 0 and for nonlinearity having
polynomial growth have been studied by several authors: de Figuerido and
Felmer [5], Dai and Gu [3] and Hulshof et al. [11]. The case a # 0 and b # 0
was studied in [4,8,10]. On the other hand, the problems of the above type
involving critical or subcritical exponential growth and without weights have
been investigated in (7,9, 14].

Our paper is closely related to the recent works of de Figueiredo et al. [7]
and Ruf [14]. Indeed, we extend the results in [7] from a = b= 0to a,b € [0, 2).
This limitation on a and b is due to Lemma 2.1.

Our main results are stated as follows.

Theorem 1.1. If g has subcritical growth, f has subcritical or critical growth
and (Hy), (Ha) are satisfied then problem (1.1) has a nontrivial weak solution
(u,v) € E.

Theorem 1.2. If g and [ have critical growth, a = b and furthermore suppose
that

(Hz) There exist M >0 and R > 0 such that for all |t| > R
0<F(t)<Mf(t) and 0<G(t) < Mg(t).
(Hy) There ezists By > 0 such that

O @=L tlt) | @2—ap?
t—+oo ePot? Bod?—a an t—+o00 ePot? Bod?—a )

where d is the radius of the largest open ball centered at origin and con-
tained in ).

Then problem (1.1) has a nontrivial weak solution (u,v) € E.

2. Preliminaries

In this paper, we shall use the following version of Trudinger-Moser inequality
with a singular weight due to Adimurthi-Sandeep [2].

Lemma 2.1. Let Q be a bounded domain in R? containing 0 and u € H}(Q).
Then for every a > 0 and a € [0, 2)

OLUQ
/ ¢ dz < 00.
o |zl
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Moreover,

au2
sup/6 dxr < o0 (2.1)
Q

lull<1 ||
if and only if -+ 5 < 1.

To show that the Palais-Smale sequence is bounded in F, we will use the
following inequality whose proof was given in [7].

Lemma 2.2. The following inequality holds

(et2 - 1> + s (log"s)?, fort>0ands> et
st < (2.2)

= 1
<6t2—1> +532, fort>0 cmdsge%.

Lemma 2.3. Let u € Hy(Q) and a € [0,2). Then there exist C > 0 such that

Juf?

a |zl

dz < Cllu|*. (2.3)

Proof. Using Holder’s inequality, we have

2 N\ ;
[u dx < (/ |z| 72 dx) (/ |u|” da:) :
o |z]* Q 0

we can choose r such that r > 52— therefore [, [ g2 < C|u||?. Finally, by the

||

continuous embedding Hj () < L"(Q2), we conclude that

Juf”

dz < Cllul*. O

|zl

We also will use the following convergence result due to M. de Souza and

J. Marcos do O [17]

Lemma 2.4. Let Q C R? be a bounded domain and f : Q@ x R — R be a
continuous function. Then for any sequence (u,) in L'(Q)) such that

U, — u in L'(S2), MGU(Q) and /degc
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Lemma 2.5. Let (u,,v,) be a Palais-Smale sequence for the fonctional I such
that (up, v,) — (u,v) weakly in E. Then (u,,v,) has a subsequence, still denoted
by (un,v,) such that

in L'(Q) and

Proof. From (Hs), we can conclude that
[F(un)] < My + M|f(un)] and |G(on)] < My + Mlg(va)| — (24)

where M = sup_g g [ F(u,)] and My = sup|_p g [G(v5)].
On the other hand, from Lemma 2.4, we have

f(uy) f(u) in L}(Q) and 9(vn) — M in L'(Q),

_>
o [l e fal

which implies that there exist hy, hy € L*(2) such that

|f (un)|

| z]?

|g(vn)]
]

< h; and

< hy almost everywhere in (. (2.5)

Then, by (2.4), (2.5) and Lebesgue dominated convergence theorem, we get

Glu) | G)

|| ||

in L'(Q) and in L'(Q). O

Remark 2.6. (' is a generic positive constant.

3. Linking structure and Palais-Smale sequences

3.1. The geometry of the linking theorem. In this subsection, we verify
that the functional I has a linking structure in (0,0). We use the following
notations

E* ={(u,u) |ue H)(Q)} and E~ = {(u,—u)|ue Hy()}.
Lemma 3.1. There exist p > 0 and o > 0 such that
I(z2) >0 Vz2€0B,NE".
Proof. From (H;), for given € > 0 there exists to such that

f(t) <2t and g(t) <2t Vi <t,. (3.1)
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On the other hand, it follows from (1.2) and (1.3) that, for a given ¢ > 2, there
exists a constant C' > 0 and S such that

F(t) < Ct9e®”  and  G(t) < Cte’ Vi >t (3.2)
From (3.1) and (3.2), we get
F(t) <et? + Ct9e®”  and  G(t) <et? +Ct%e’” Vi>0.  (3.3)

Notice that using (3.3), Holder inequality and Lemma 2.3, we have

/Q}\?:Sz) dx < Celjul|* + C (/ u?®’ dx) (/ |87:S )

) . slul28( )
< Cellul]” + Cllullgy Q—dx :

|x|bs

where L + % = 1 with s sufficiently close to 1 such that bs < 2 and ¢s’ > 1.

If ||u|| < 0, with § > 0 such that 5in + % < 1. So, by Trudinger-Moser
inequality (2.1) and Sobolev imbedding theorem we obtain

F
/ (ﬂf) dz < Cellul® + C|[u.

In a similar way one also can see that if ||u|| <J, with § >0 such that 557‘52 +%5 <1,
it holds

/ G(? dz < Ce||v||? + O]

Thus, for z € 9B, N E*, we have I(z) > (1 —2C¢)||ul* — 2C|ul|?. Then,
for € small enough we can find p,o > 0 such that I(z) > o > 0 for ||ul]| = p
sufficiently small. O

Let e; € H} () be a fixed nonnegative function with |le;|| = 1 and
Q= {r(61,€1) tw|lwe b, ||w|<Ryand 0 <r < R1}.

Lemma 3.2. There exist Ry, Ry > 0 such that 1(z) < 0 for all z € 0Q,
where 0Q) denotes the boundary of Q in R(ey,e1) & E~.

Proof. For z € 0Q), we have three cases.
Case 1: z € 0Q N E~, then we have z = (u, —u) and hence

/|Vu|2dx—/ |(|)d _/QG|(:L~_|:) dr < —|[lu]* < 0.
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Case 2: z = Ry(e1,e1) + (u, —u) € 0Q with ||(u, —u)|| < Ry. Then

I(2) :Rf—/ |Vl dw—/—F (Frer +u) dx—/—G (Faer — u) dx.
Q Q Q

| z]?
By the assumption (Hs), there exist C' > 0 such that
Ft)y>C(t"—1) and G@t)>C(t"—1).

Then we obtain from (3.4) that

0 0
S R% . C/ (R161 + u) +{(F:;61 — U) du
(z€Q)| |z|>1} |z [maxta,

— C’/ ((Rlel + u)g + (Rie1 — u)9> dx + C.
{z€Q| |z|<1}

Now, using the convexity of the function ¢(t) = %, it follows that

0

205

(3.4)

I(Z)SR%—QCR?(/ ﬁdl‘"‘/ e?dm)—i—@
{zeQ| |z|>1} |z {z€Q)| |z|<1}

Then, for R; sufficiently large, we get I(z) < 0.

Case 3: z =r(e1,e1) + (u, —u) € 9Q with [|(u, —u)|| = Ry and 0 < r < R;.

Then

Q

]

Thus 1(z) < 0 if Ry > \/§R1.

1
SR

]

3.2. On Palais-Smale sequences. To prove that a Palais-Smale sequence
converges to a weak solution of problem (1.1) we need to establish the following

lemma

Lemma 3.3. Let (un,v,) € E such that I(u,,v,) — ¢ and I'(u,,v,) — 0.

Then

||un|| <C, ”UnH <C

/f(ul de < C, /g<””)””d:cgc
a |7 a |x@
/ Flun) <“;j) de < C, / G (vn) dz < C.
o |zl o |z[

(3.5)

(3.6)

(3.7)
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Proof. Let (un,v,) € E be a sequence such that I(uy,v,) — ¢ and I'(up,v,) — 0,
that is, for any (p,¢) € E,

/Vuanndx—/ F(ul,:) dx—/de:c+5n (3.8)

and

/vun¢dx+ VoV, da —/f % s —/g(“”)¢dx’ggn||(<p,¢)\|. (3.9)
Q

| z]? ]

Choosing (¢, %) = (uy, v,) in (3.9) and using (Hs), we have
Q

|x|b ]

<2

/ Vu, Vv, dx
Q

+ enl| (tn, vn)||

Fu,) G(vn)
g%+2/"P(z+2/ i 4 20l )]

S%+-/f71”m g/ IV 4t 95, + el )]
A 0

| z[? ]

Thus

/f Wt +/ 90U b (1426, 4 el o)) (3.10)

| z[? ]

Now, taking (¢,v) = (v,,0) and (¢, 1) = (0,u,) in (3.9) we have

[on|? = enllvn]l < Jlum)vn 1 an [t = enlual < glonun
b

]

Setting V,, = Hv 0 and U, Hu 7 we obtain

[|lvn]| S/f(u:) n and  ||u, || S/g<vn)Undx+sn. (3.11)
o |zl o lz]®

We apply the inequality (2.2) with t =V, and s = f(u,) in the first estimate
in (3.11), we obtain

F) o e Fnd
/Q E SC/“WC[ +/{fc69|f<un>2ei} o LU ()] d
L [f(wn)]”

+
2 /{weﬂ et} 2l
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Using Trudinger-Moser inequality and the fact b < 2, we get

L%Vndwg(?(wrﬁ;/gﬂﬁ;lu" dx).

This estimate together with the first inequality in (3.11) implies that

o]l < C (1 +/ﬂ f<“"2}“" d + gn) . (3.12)

|z]

Similarly, we get from the second estimate in (3.11)

lua]| < C (1 + /Q 9(0n)tn oy an) . (3.13)

]

Adding the estimates (3.12) and (3.13) and using (3.10), we obtain
[[(wns va)[| < C (1 + 65 + enll (wn, va) || + €0)

Then ||(un,v,)]] < C. From this estimate, inequality (3.10) and (Hsy), we obtain
the estimates (3.6) and (3.7). Thus, the proof of Lemma 3.3 is complete. [

4. Finite-dimensional approximation

Note that the functional I is strongly indefinite in an infinite dimensional
space, and hence the standard linking theorems cannot be applied. We there-
fore approximate problem (1.1) with a sequence of finite dimensional problems
(Galerkin approximation).

Denote by (¢;),.y an orthonormal set of eigenfunctions corresponding to
the eigenvalues ();),7 € N, of (—A, H}(€)) and set

E; = Span{(¢i7¢i) | L= 17...,71}
E; = Span{(¢i> _gbz) | 1= ]-7 s ,TL}
E.,=E'oE,.
Set now ), = @ N E, where () as in previous section and define the class of

mappings

n — {/7 € O(QnaR(elyel) EBEn) | ’7(2) =z on aQn}

and set
¢, = inf max/ (v (2)) (4.1)

YET n2EQR

Using an intersection theorem [13], we have

YQn) N (0B,NET) #£0 Vv eT,,
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which in combination with Lemma 3.1 implies that ¢, > ¢ > 0. On the other
hand, since the identity mapping Id : @, — R(ey, e1) @ E, belongs to I',,, it is
easy to prove that ¢, < R?. Then we have

0<o<ec, <R}

Now, by Lemma 3.1 and 3.2, we see that the geometry of a linking theorem
holds for the functional I,, = I|g,. Therefore, applying the linking theorem
for I,, (see [13, Theorem 5.3]), we get the following result:

For each n € N the functional I,, has a critical point z, = (un,v,) € E, at
level ¢,, such that

L(z) = cp € [0,R}] and I(z,) =0.

Furthermore, ||z,|| < C' where C' does not depend of n.

5. Subcritical case
In this section we assume that g has subcritical growth.

5.1. Proof of Theorem 1.1. In previous section, we find a sequence
Zn = (Uup,v,) € E, bounded in E and such that

L(zn) = cn € |0, RY], (5.1)
I'(z,) =0, (5.2)
(Up, V) — (u,v) in FE,

u, > u and v, —ov in LI(Q) Vg¢g=>1,
Uy () > u(x) and wv,(r) > v a.e. in(

By Lemma 3.3, we have

/ / (“”1“" dz < C, / 9)tn ) (5.3)
o || o |zl
F n G n
/ <“b) dz < O, / ) 40 < (5.4)
Taking as test functions (0,%) and (¢, 0) in (5.2), where ¢ and ¢ are arbitrary
functions in F, :=span{¢; | i =1,...,n} we get
/ Vu, Vi dr = / 9l¥ 1 vy e B, (5.5)
Q o |zl

|
/anVgada::/f(unb)w dx Yy € F,. (5.6)
Q o |zl



On a Singular Class of Hamiltonian Systems 209
Consequently, by Lemmas 3.3 and 2.4, f|( ‘b) -7 ﬁ,) and 9‘(”"; — ‘9(?2 in L(Q).
Passing to the limit in (5.5) and (5.6) and using the fact that U,enF;, is dense
in Hy (), we see that

/ VuVe de = / 9|(“|)a¢ dr Vi € HY(Q) (5.7)
Q Q |

- fu)p 1
/QVvVgodx—/Q 2 der Yo € Hy(Q). (5.8)

Thus, we conclude that (u,v) is a weak solution of (1.1). Finally, we prove that
(u,v) € E is nontrivial. Assume by contradiction that u = 0, which implies
that also v = 0.

Since g is subcritical, we obtain for all g > 0

lg(t)]| < Ce”® VieR. (5.9)

Now, we choose 1) = u,, in (5.5), using Holder inequality and (5.9) we get
/ \Vu,|” dx —/ (|Un|)aun dx
1
1B’ a
S Cllunllpe | | Toag 4o
Q |z[™

1
eq\IuIIQﬂ(”“T‘“)2 a
= Cllunll / SR
Q

||

where ¢ = q%l with ¢ > 1 sufficiently close to 1 such that %:”2 + 4 <1
Then [, |Vu,|*dz < Clluy,||ls and so we conclude that [ju,|| — 0 because
|tun|| o — 0. This implies

/ Vu,Vu, dx — 0. (5.10)
Q

Then, from (5.5) and (5.6), we obtain

/f(“")“”dx%o and /g(”) dz — 0.
Q Q

| ]? |z

By assumption (Hy) we now conclude that

/F( n) g 50 and /G(Ug)dx%(). (5.11)
Q Q

| z[° ]
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Finally, by (5.10) and (5.11) we obtain that

F
I(un,vn):/VunVUnda:—/ (u:) dm—/de—H),

but this contradicts (5.1). Consequently, we have a nontrivial critical point of I.
This completes the proof of the Theorem 1.1. O]

6. Critical case

In this section we assume that f and g have critical growth with exposent
critical Sy and a = b.

6.1. On the minimax level. In order to get a more precise information about
the minimax level, it was crucial in our argument to consider the following
sequence:

/

1 1
(logk)z for 0<|z| < %

~ 1 log +
For k e N,  y(x) := — & I f l <lzl <1
Vor (logk)% T E= 2l <

0 for |x| > 1.

\

Now, we define the sets

Qni = {T(ek,ek) tw|lweE,, ||w|<Ryand 0 <r < Rl},

where ey (x) = zzk(g)

Lemma 6.1. There exists k € N such that

2m(2 —
Ry (ex,ex)DE~ /BO

Proof. Suppose by contradiction that for all £ € N, we have

2m(2 —
Ry (ex,ex)DE~ Bo

This means that there exists z,x = T(ex, €x) + (Un gy, —Unk) € Qni such that
I(zpg) > % —¢,, where €, = 0 as n — 0.

Let h(t) := I(tz,x). We see that h(0) = 0 and lim;, ;o h(t) = —oco. Then,
there exists a maximum point toz,, with I(toz,x) > W — &,. We may
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assume that 2, is this point, and then we get

F n n G n - Un
T2, —/ |Vt i |* d —/ (T + Unp) dz —/ (Tnkk = o) dx
Q Q 0 ||

" ol
6.1
27(2 — a) (6.1)
Z——— — &y
Bo
and
— / |V, do
¥ (6.2)
_ / [ (Toger + Unk) (Toger + Unk) — 9 (Tokek — Un) (Tn i€k — Uni) du
||

27 (2—a) 27w (2—a) > 27w (2—a)

Now, put 77, = s, + 5 So, f_rom (6.1) we get s, + =5 > T — ey,
By assumption (Hy), there exists ¢ > 0 and
(2 —a)?
> —— 6.3
7o Bod?—0 (6.3)
such that
2 2
tf(t) > (o —e)e®” and  tg(t) > (ny — ) ™", (6.4)
for all t > ¢ and ¢ is arbitrarily small.
Next, choosing £ sufficiently large such that 7, logk > t, we get
max {7, 1€k + Un g, Tnkk — Uni} > YV € B% (0).
Now, using (6.2) and (6.4), we obtain
27(2 — BT 1 5
Bo B4 (0) ||
271-(2 a) logk
> (10 — ¢€) aefo (st Ea / goede
> (o — ¢) 2meos T 2o losk <%)
2md2—aePosn 5
> —
> (1m0 —¢) 9 _a
2(2—a)?

This and (6.1) imply that lim,, . s, = 0. So, we see that 7y — e < o
which contradicts (6.3). O
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6.2. Proof of Theorem 1.2. Lemma 6.1 implies that there is 6 > 0 such that

for all n we have
27(2 — a)

Bo

where ¢, is defined by (4.1). Next, using (6.1) and Lemma 3.3, we have
Zn = (upn,v,) € E, bounded in E such that

-0

Cne -= Cp <

Li(20) = Cne € {a, W - 5} , (6.5)

I (z,) =0, (6.6)
(U, vy) = (u,v) in E,
u, —»u and v, —v in LY(Q) Vg¢g=>1,
up(r) = u(zr) and wv,(r) > v ae. in Q.

By Lemma 3.3, we have

Jlum)tn 0 o /g( w4 < (6.7)
B o |zl

F(u, n
/ (n) dr < C, / G (vn) dr < C. (6.8)

o |zl o lz[*
Taking as test functions (0,) and (¢, 0) in (5.2), where ¢ and 1 are arbi-

trary functions in F,, ;== span{¢; | i = 1,...,n}, we get
/ Vu,Vip do = / g(ﬁw dx Vv €F, (6.9)
Q

dz Vo€ F,. (6.10)

/anVgadx—/

Consequently, by Lemmas 3.3 and 2.4, % — ‘(T;) and g‘ "|’; — ?(I‘I) in L(Q).
Passing to the limit in (6.9) and (6.10) and using the fact that U,enF), is dense
in H}(Q), we see that

/vuwdx:/gf”)f dr Vi € HA(Q) (6.11)
Q o |zl
/VUVQOdJ}:/fl(u—)fdl‘ Ve Hy(9Q). (6.12)
Q o |zl

Thus, we conclude that (u,v) is a weak solution of (1.1).
Finally, it only remains to prove that (u,v) € E is nontrivial. Assume by
contradiction that u = 0, which implies that also v = 0. Now, if [|u,| — 0,
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then we get directly (6.18) below, and then a contradiction. Thus, assume that
|un|| > 6> 0 for all n and consider

||m||2:/g(”")“" dz. (6.13)
Q |zl

Setting wu,, = (2”(50 9)

t =/ Botu,, we have

eﬁou" —1 (9(vn) )2

S/ ——dx +/ dz
O |SL’|¢1 {J,‘EQ g(%)) <€4} /80|I|a (614)

9(vn) < (g(vd))é
+/{w69:9(”"\/6%”))26i} \/%Lr’a IOg \/E dzx.

Since [Ju,||* = — 4, it is clear that the function m(u,) := e%% —1 satisfies
the conditions of Lemma 2.4 | so the first term tends to zero. By Lebesgues
dominated convergence, we can see also that the second term tends to zero.

From Lemma 2.4 and the fact that ¢ has critical growth with exposent
critical Sy, we can estimate the third term by

i (o () o< [ i <10g (%)) “
= \)qﬁL\x)! (10g (%) + o+ 9

> [ g(va)on
<o(l)+ (1+ / ,
() 5
and hence, by (6.14), we get

Similarly, with [|v, > < [, {2 dz, we get

B

g(vn)

o and

1
— 5) Hu ik and using inequality (2.2) with s =

2m(2—a)
0

D=

>dx
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On the other hand, by Lemma 2.5 and (6.5), we can conclude that

/ Flw) 4o, / Gn) 4 s (6.17)
o || Q |zl
and o9
/ Vu,Vu,dx| <o(l)+ u — 0,
0 Bo

which, together with (6.6), imply that

[)de+[)g(rg’lvndx§0(l)+2(W—(S)

So, from (6.15) and (6.16) we obtain

€ 2 21(2—a) B 2 27(2—a) B 2

for e sufficiently small and n sufficiently large. It follows that there is a subse-

quence of (u,) or (v,) (without loss of generality assume it is (v,)) such that
1

v|| < (ZE 5 * . Thus, using Lemma 2.1 and Hélder inequality with
Bo
2m(2—a)

g > 1 such that ¢ ((ﬂﬁe)(@fo > + %) <1 we get

2
g(fUTL>/U’n eQ(60+€)U7L
/Q ) dx' < Collonll ey / " 0 < Cllonllien,

|z] |z[a

Since [|vn | Lo () — 0, we get [, glon)on g2 — 0. Hence,

||

/ Vu, Vv, dxr — 0 (6.18)
Q

which, together with (6.17), imply that ¢, . — 0, yielding a contradiction.
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