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Asymptotic Behaviour of Solutions
for p-Laplacian Wave Equation
with m-Laplacian Dissipation
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Abstract. In this paper we study decay properties of solutions to the p-Laplacian
wave equation with m-Laplacian weak dissipation and source term. Meanwhile, we
investigate the decay estimate of the energy of the global solutions to this problem
by using a different inequalities.
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1. Introduction

We consider the initial boundary value problem for the nonlinear wave equation
of p-Laplacian type with a weak nonlinear dissipation, that is

g —div(|Veu|P 2 Vou) —a div(|Veu ™ 2 Veue) = blu|"?u in Qx [0, +-00[
(P) u=0 on I'x [0, +o0[
u(z,0)=ug(z), w(z,0)=us(xz) on Q.

where 2 is a bounded domain in R™ with smooth boundary I' = 92, a,b > 0
and p, m,r > 2 are real numbers.

Problem (P) can be considered as a system governing the longitudinal mo-
tion of a viscoelastic configuration obeying a nonlinear voight model. In this
context we can cite the works of Andrews [1], Andrews and Ball [2], Kawashima
and Shibata [8], Ang and Dinh [3], and Messaoudi [14], among others.
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The global existence was discussed in Nakao and Nanbu [15]. Later Bi-
azutti [4] extended this result and gave the global existence and uniqueness of a
weak solution by using monotonicity and compactness arguments. The asymp-
totic behavior of solutions have been studied by Yang [18]. Moreover, energy
decay property (E(t) < (1+ t)_ﬁ for ¢t > 0) is also given.

More recently Messaoudi [13] improved the result of Yang by giving more
precise decay rates. His proof is based on perturbed energy methods. He showed
that the energy related to the problem (P) decays exponentially when p = 2.
On the other hand and when p > 2, E(t) < C(1+1t)"72 for ¢ > 0.

In the same context and with considering §[v/|™ %' (6 > 0,m > 2) instead
of —div(|V,u/|" 2V, '), Ye [19] proved that the energy decay rate of prob-
lem (P) is E(t) < (1 + t)_ﬁ for ¢ > 0, for which he used the general
method of energy decay introduced by Nakao [16].

Chen, Yao and Shao [5] investigated the global existence and uniqueness of a
solution to an initial boundary problem wu; — div(|V,u[P 2V, u) — Aug+g(z, u) =
f(z) under certain assumptions on g where 2 < p < n. In the same direction
and considering f = 0 it is important to mention the result of Ma and Soriano
in [12].

Our purpose in this paper is to extend the results obtained by Ye ([20]
and [21]) to the case of m-Laplacian weak dissipation equations. On the one
hand, by the argument in [21], as well as combining it with the potential well
theory introduced by sattinger [17], we proved that the global solution for the
problem (P) exists as long as (ug,u;) € Wy (Q) x L*(R) and uy belong the
stable set H. On the other hand we show the asymptotic behavior of global
solutions through the use the integral inequality given by Komornik [9].

Our paper is organized as follows. In Section 2, some assumptions and the
main result are stated. And the proof of the global existence of solution and
asymptotic behavior is given in Section 3.

Throughout this paper the functions considered are all real valued. For
simplicity of notation, hereafter we denote by || - ||, the Lebesgue space LP(£2)
norm, and || - ||z denotes L?(Q2) norm and we write equivalent norm ||V - ||,
instead of W, (€) norm || - ||W01,p(9). We also denote by (-, -) the inner product
of L?*(Q)). As usual, we write respectively u(t) and wu(t) instead u(x,t) and
u(t, ). All along this paper we denote C' various positive constants which may
be different at different occurrences.
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2. Preliminaries and main result

We begin by introducing some definition that will be used throught this work.
We first define the following functionals:

T 1 b T
K(u) = [[Vully = bllully,  J(u) = ];IIVmUIlﬁ = i,

for u € W,*(€2). Then, for the problem (P), we are able to define the stable
set

H = {ueWyP(Q), K(u) >0} U {0}.

We define the total energy associated to the solution of the problem (P) by the

formula
1 5 1 » b - 1 9
E(t) = §||ut||2 + BIIVUIIp - ;IIUIIT = §|lutllz + J(u),

for u € W, ?(Q) and t > 0. We first state some well-known lemmas.

Lemma 2.1 (Energy identity). Let u(t,x) be a solution to the problem (P) on
[0,00). Then we have

E(t) + /Q /Ota]Vut(s)V” dsdx = E(0),

for allt € [0,00).

Remark 2.2. It is clear that E(t) is a non-increasing function for ¢ > 0 and
we have

d
Lemma 2.3 (Sobolev-Poincaré inequality). Letr be a number with2 < r < 400
(n=1,2...,p) or2 <r < P (n > p+1). Then there is a constant

¢ = c(Q, 1) such that
Jull, < c.||Vull, for u e WyP(Q).

Lemma 2.4 ([9]). Let £ : Ry — R, be a non-increasing function such that
there are nonnegative constants B and A > 0 with

+oo
E@)P™dt < AE(S), 0<S < +oo,
S

then we have

E(t) < (A <1+—)>Btﬁl VE>0, if >0,
and

E(t) < E(0) exp (1 - %) V¢ >0, if3=0.
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This lemma is due to Haraux and its proof can be found in [6,7] or [9-11].
Now we recall the following local existence theorem, which can be estab-
lished by using the argument in [18].

Theorem 2.5. Let2<p<7’<n"—f;,n>pand2<p<r<oo,n§pand
assume that 2 < m < p, (ug,u1) € WyP(Q) x L*(Q) and ug belong the stable
set H. Then there exists T > 0 such that the problem (P) has a unique local
solution u(t) in the class

ue L ([0,7); Wy (),
w € L ([0,7); L*(Q)) N L™ ([0,T); L™ (%)) .
We list up some useful lemmas before stating the global existence theorem
and decay property. From now on, we denote the life span of the solution u(t)

of the problem (P) by T}z

Lemma 2.6. Assume that the hypotheses in Theorem 2.5 hold, then

r—p

[Vaully < E(1), (1)

forue H.

Proof. The definition of K(u) and J(u) assume that

r —

p

K(u) + L Vul? = rJ(u). 2)

Since u € H, so we have K(u) > 0. Hence we deduce from (2) that

r—p

[Veulls < J(u) < E(t) a

Lemma 2.7 ([21]). Let u(t) be a solution to problem (P) on [0, Trax). Suppose
that2§p<r§n”—i},anand2<p<r<+oo,n§p.IquEHand
up € L*(Q) satisfy

0 =0bC" (T_pE(O)) Co<, (3)
then u(t) € H, for each t € [0, Tyaz)-

Now we are in position to state our main result.
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Theorem 2.8. Let u(t,z) be a local solution of problem (P) on [0, Tinax) with
initial data uy € H, uy € L*(Q) and sufficiently small initial energy F(0) so
that

bC (T_pE(O)) Tl
rp
If the hypotheses in Theorem 2.5 are valid and 2 < m < n”—_";), n > p and
2 <m < oo, n < p, then Ty = 00. Furthermore, the global solution of the
problem (P) satisfies the following energy decay estimates

(i) If p=m = 2, then there ezists a positive constant w independent of E(0)
such that
E(t) < E0)exp(l —wt) Vt>0.

(i) If m = 2,p > 2, then there exists a positive constant T depending contin-
uously on E(0) such that

_p
E(t) < (%) s 0.
(iii) If p > m > 3, then there exists a positive constant T depending continu-
ously on E(0) such that

2

E(t) < (%)""‘2 Yt > 0.

(iv) If 2 < m < 3, then there exists a positive constant T depending continu-
ously on E(0) such that

T m272 2
E(t <(—> V>0 if m<p< ,
0= (] fmsps

T

E(t) < (;)“’”‘” VE>0 if p>

3—m’

3. Proof of main result

3.1. The global existence. Since E(t) in a nonincreasing function on ¢, we
have from (1) that

r—p
rp

1 1
glluell® + ——=[IVull} < Sllwl® + J(u) = E() < E(0). (4)

Hence, we get
r
o+ 19l < mx (2,2 ) B(0) <+

Then the above inequality and the continuation principle complete the proof of
the global existence of solution, that is T1,., = 0.
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3.2. Decay estimate. Now, we shall derive the decay estimate for the solutions
in Theorem 2.8. For this we use the method of multipliers. From now on, C'
denotes various positive constants depending on the known constants and may
be different at each appearance.

Multiplying the first equation in (P) by FE(f)%u and integrating over
Q x [T,S], where 0 < S <T < 0o. We obtain that

T
0://E(t)qu[utt— div(|VuP2Vu) — a div(| Veu ™ *Veu,) — bulu|"?|dzdt.

sJo
Since

T
// E(t)%uuy dz dt
SJQ

T T T
= /E(t)quutda: —// E(t)q|ut\2dxdt—q// E@#)" E' (t)uu, dx dt,
0 s JsJa sJa

we deduce that

g 2 2
0 :// E(t)? (|ut|2 + —|Vul? — —b|u|r) dx dt
p r
T T
-2 /E |ut|2da:dt+/ E(t)"uu; dx
sJo s
/ o )
—q//E VLB () uuy da dt + (1——> /E N VulPdz dt
Q pJJsJa
T
+ (— - b)/ E(t) / |ul" d:cdt—i—a// E)YVu ™" *Vu, Vu dz dt.
r S sJa

From Lemma 2.3, (1) and (3) we get

(-

(&) |[ull- a2

T
/ E
S
2 T
<5 (1 - -) / E(t1Cm |Vl di
r)Js
2 T
:b(1_;)/E(t)qc’“||vu||;—p||vu\|gdt (6)
S
r e
gb(l—g)/E( )qcr< i E(O)) P Bt)dt
T S r—p r—p
_ T
G 2)p/E(t)q“alt,
r—p Js
and 5 g
222 [Cppivulgar < =2 [Cpear @
p T r—p Jr
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Consequently, from (5)—(7), it follows that

4r — [(7“—2)6’—1-7“—1-2] S ot
— /TE(t) dt

<2// )|, da dt — /E(t)quutdx
Q S

T
—l—CI// q 1E/ uutdasdt—a// E(t)q|vut|m_2VutVud:cdt,
S JQ

4r—p[(r—2)0+r+2]

T

(8)

Here, we have - >0 aslong as 0 < 0 < 1.
Using the Holder inequality, we get the estimate

T
—g// V"2V Vad| <o [ B@ VL, Val,,
S

p=m _
!IVut!|p<m oy < |2 [Vl g

an

Set €1 > 0; thanks to Young’s 1nequality, Lemma 2.3 and the energy identity
from Lemma 2.1, we get

‘—a / / )|V *Vu, Vu d
/S E(t)" (/pr(t))’l’ (%/(t))mmldt (9)

> T _
sic( P ) agnl/m pepmgs 4 oM Lpg),
) -

1
am r—p m

grt M

Therefore, we have

T
2// B2 dx dt
SJQ

T
sc/E@wwmaﬁ
S

T / %
gc/ E(1)? <—£> dt
S a

S 522 S
_m_ —92 T 1 2
< e 2 | p)dt + C— —(B(S) — E(T))
m S {_:22 m

mom—2 (T m 1 2
< cepz E()% dt + C— = E(S),
S 622 m
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where we have also used Lemma 2.1 and the Young inequality for e5 > 0. Also,
using Hoélder’s inequality, Lemma 2.1 and (4) we have

‘ // YITLE (1) uutda:dt‘

CPrp r —
< HE(t ( Vullb + = )
<a [ B0 LVl + 5wl "
» T
< —gmax (C P ) / E(t)1E'(t
s
< CE(S)™,
and
T Crrp T
— / E(t)%uu; dr| | < max ( ,1) E@) < CE(S)". (12)
Q S r—p S

We have five cases related to the parameters p and m.
Case 1: p > m > 3. We choose ¢ such that

m
1: _—
q+ a5

m

Giving ¢ = T_Q and hence ¢ + 1+ a = (¢ + 1/p) m with

(m—2)(m—1)

o = + M _qs.
P

Set g1 = aE(O)’%. Choosing ¢, £; small enough, then substituting the estimates
(9)—(12) into (8) we get

T —
/ E(t)dt < CE(S)™ + C'E(S) + C"E(0) "7 7 tin B(S)
S
< (c’ + CE(0) + C"E(0) ™ 7ty ’&Zi’n) E(S),

where C, C" and C” are different positive constants independent of F(0). Hence,
we deduce from Lemma 2.4 that

Dy mep NG 1\ 1
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Case 2: 2<m<3 and m<p < = WehavemT_szg;:”l). Thus we

m

take g = 7_2 and

a:(m_Q)(m_DqL@—lZO.
2 p

Set e; = eE(0)"m. Choosing ¢, £; small enough, then substituting the estimates
(9)—(12) into (8) we get

T —
/ E@)dt < CE(S)™ + C'E(S) + C"E(0 ) e mm=1 E( )
S

(m—2) m—

< (¢ + CEBO)™ + C"E0) T TR ) E(S),

where C, C" and C" are different positive constants independent of F(0). Hence,
we deduce from Lemma 2.4 that

1

(m=2) m—p q 1 % 1
B(t) < (C'+ CBO) + C"B(0) 7 ) (1+5> -y

Case 3: 2<m < 3 and p>— Wehavem—2< g’m

p(m—1)"
that
1
g+1= <q+—)m
p

Giving ¢ = g’ and hence ¢ + 1 + a; = ¢ -5 with

We choose ¢ such

m(3p — pm — 2)
p(m —1)(m —2)

> 0.

ap =

(m— 2)0¢1

Set €9 = ¢F(0)™ . Choosing ¢, small enough, then substituting the
estimates (9)—(12) into (8) we get

m(3p—p m

T —2
/ E(t)'*dt < CE(S)™ + C'E(S) + C"E(0)" %ot E(S)
S

m(3p—p m—2)

< (0’ + CE(0) + (J"E(O)W) E(S),

where C, C" and C" are different positive constants independent of F(0). Hence,
we deduce from Lemma 2.4 that

m(3p—pm—2 % 1 % 1
B(t) < (€' + CE@)! + C"E(0) 55" (1 +_) -
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Case 4: m = 2 and p > 2. We obtain instead of (10) that

T T El C
2/ Eq/ W2 dadt < c/ B(t)° (——) it < - gy (1)
S Q s a 1

q-+
1
q+1:2(q+—>,
p

so that ¢ = ]‘%2. Choosing ¢; small enough, then substituting the estimates (9),
(11)—(13) into (8) we get

So, we choose ¢ such that

/ TE(t)”th < CE(S) + C'E(S)™" < (C + C'E(0)%) E(S),
S

where C'; C" and C" are different positive constants independent of F(0). Hence,
we deduce from Lemma 2.4 that

E(t) < (C + C'E(0)%)’ (1 + 3) T

Case 5: m = p = 2. We choose ¢ = 0. Choosinjg £1 small enough, then sub-
stituting the estimates (9)-(12) into (8) we get [ E(t)dt < CE(S), where C' is
a positive constant independent of F(0). Hence, we deduce from Lemma 2.4,
that

E(t) < E(0) exp (1 _ é) |

This ends the proof of Theorem 2.8.
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