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Kuratowski’s Measure of Noncompactness
with Respect to Thompson’s Metric
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Abstract. It is known that the interior of a normal cone K in a Banach space
is a complete metric space with respect to Thompson’s metric d. We prove that
Kuratowski’s measure of noncompactness 7 in (K°, d) has the Mazur-Darbo property
and that, as a consequence, an analog of Darbo-Sadovskii’s fixed point theorem is valid
in (K°,d). We show that the properties of T partly differ to the classical case. Among
others 7 is nicely compatible with the multiplication in ordered Banach algebras.
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1. Introduction

Let (E,|| - ||) be a real Banach space ordered by a normal cone K, that is K
is a closed convex subset of FE such that A\K C K (A > 0), K N (—K) = {0},
inducing an ordering by x <y : <= y —x € K, and

de>1: 0<ax<y = |z| <yl

Moreover we assume that K is solid, that is K has nonempty interior K°, and
we set © K y: <= y—x € K° In this situation K° endowed with the
Thompson metric [12]

d(z,y) :=log(min{a > 1:z < ay, y < azr})

is a complete metric space. Let B denote the set of all bounded sets in (K°,d).
In this paper we investigate the corresponding Kuratowski measure of noncom-
pactness 7 : B — [0, 00) defined by

T(A):inf{/\ZO:ElneN,Al,...,AnEB:diam(Ak) <\ AC UAk}.
k=1
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Of course, 7 shares the general properties of Kuratowski’s measure of noncom-
pactness on a complete metric space, see Proposition 2.1. But in addition we
will see that 7 has the Mazur-Darbo property, that is

7(A) = 7(conv(A)) (A € B).

This fact allows a version of Darbo-Sadovskii’s fixed point theorem with respect
to Thompson’s metric. Moreover 7 is nicely compatible with the multiplication
in ordered Banach algebras. We will see that then

7(A-B)<7(A)+7(B) (A BEeDB).

In Section 5 we prove a fixed point theorem in Banach algebras, which can be
applied to certain functional-integral equations, for example.

2. Properties of d and 7

For A € B and r > 0 we set
A, = U{:E € K°:d(z,a) <r}.

acA
For the following basic properties of Kuratowski’s measure of noncompactness
(which hold in general complete metric spaces) see [2].
Proposition 2.1. For all A,B € B :

1. 7(A) < diam(A);,

ACB = 7(A) <7(B);
T(AU B) = max{7(A),7(B)},
T(A) = 7(A);
A is compact <= A=A, 7(A)=0;
7(A,;) < 7(A)+2r (r > 0).
Next, let p € K° be fixed and let || - ||, denote the Minkowski functional

S

|z]|, =min{a >0: —ap <z < ap} (z€E).

Then || - ||, is an equivalent norm on £ [5, Prop.19.9].
Example 2.2. Consider £ = ([0, 1] with maximum norm || - ||, and
K={xeFE:xz(t)>0(te|0,1])}.
Then || - |loo = || - ||, for p(-) =1 € K° and, for z,y € K° one has
d(x,y) = max |log —=| = ||log [ —
() t€0,1] 8 y(t) & v )l

It would be interesting to study also Hausdorft’s measure of noncompactness in
this setting and to obtain representations in the spirit of, e.g. the results in [2].
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We write
disty(z,0K) := inf{||lx — y||, : y € 0K}

for the distance to the boundary of K with respect to this norm. We have the
following

Lemma 2.3. For any x € K :
x — dist,(xz, 0OK)p > 0.

Proof. The assertion is clear for x € 0K. So assume that z € K°. Since K is
convex and closed, the set {s > 0: 2z —sp € K} is then a compact interval [0, t]
where ¢t > 0. Let zp :=x —tp € OK. For s € [0,t) we have

T —sp=x9+(t—s)p=>(t—s)p,

soxr—spe K°.
Clearly, dist,(z, 0K) <||z — ||, =t. If, on the other hand, dist,(z,0K) <t
we would find « € (dist,(z,0K),t) and y € 0K with

Hﬂf—prSOz — —ap<z—y<ap
But then z — ap <y, which would imply y € K°, a contradiction. O

The following proposition lists some properties of d and its connection to
| - |lp, and inequalities concerning convex combinations. For not exactly these,
but quite related inequalities, see [11, Section 2.2.].

Proposition 2.4. For all x,y,x1,..., %0, Y1,...,Ym € K°:
L flz = yllp < (exp(d(z,y)) — 1) exp(max{d(z,p), d(y. p)});

|z — pr
2. d < .

() = ity (v, 0F), disty (y, OK)}
3. —log(dist,(z,0K)) < d(x,p);
4

. x€conv{xy,..., T}, y € conv{yy,...,Yn}t =

d(z,y) < max{d(z;,yx) :j=1,....,n, k=1,...,m};

5. ifx =3 gy, Y=Y r_ BxTr are convex combinations, then

d(z,y) < exp(max{d(z;,xx) : j,k=1,...,n}) Z la, — Bkl
k=1

Proof. 1.) We have
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Analogously y — z < (exp(d(z, y)) — 1) exp(max{d(z,p), d(y, p)})p, thus

[ = yllp < (exp(d(z,y)) — 1) exp(max{d(z,p), d(y,p)})-
2.) From y — dist,(y, 0K)p > 0 (see Lemma 2.3) we obtain
lz = yllp
r=z—y+y<|zr—ylp+y< ( T S, 06) ) ¥

consequently

(0. o=, )
- min{dist,(z, 0K), dist,(y, 0K)} ) 7’

and analogously

Ve (i I — ol )
- min{dist,(z, 0K),dist,(y, 0K)} ) =

Hence

||l’ - pr
<1 1
d(z,y) < log ( T min{dist,(z, 0K), dist,(y, 0K)}

= =yl
~ min{dist,(z, 0K), dist,(y, 0K)}
3.) For each z € 0K we have

r—z < |z —2lpp < |z = zllpexpld(z, p))z = (1= |z — =], exp(d(z, p)))z < 2.

Since x € K° we conclude 1 < ||z — z||, exp(d(z, p)), and by taking the infimum
over all z € 0K we obtain 1 < dist,(z, 0K) exp(d(z, p)).

4.) Let
Z'IZ%'CCJ', Z/:Zﬁkyk
j=1 k=1

be convex combinations, and set

vi=max{d(z;,y):j=1,....,n, k=1,...,m}.

T = Z Z Brojz;

=1 k=1

<D > Bragexp(d(zy, yi))ys

j=1 k=1

< exp(7) Z Z ;i BeYr

k=1 j=1

= exp(7) Y Brun
k=1

= exp(7)y.

Now



Kuratowski’s Measure of Noncompactness 339

Analogously y < exp(y)z and therefore d(z,y) < 7.

5.) Set ¢ := max{d(xj,z;) : j,k =1,...,n}. For each j € {1,...,n} we
have

T — y<2|ak—ﬁk|$k<2|ak—ﬁk|eXP( (zk, 7))z (6Xp Z|ak—ﬁk)$g

Thus z—y = Y7, Bi(r—y) < (exp(0) D_j_; law — Bel) 27— Bjx; which implies

< (1 + exp(6) Z o, — 5kz|) Yy

k=1

Analogously
y < <1 + exp(d) Z | — ﬁkz‘) z
k=1

and therefore
d(z,y) < log (1 +exp(6) Y [y — Bkl) < exp(6) > o — By O
k=1 k=1

The next proposition delineates some compatibility of 7 and the algebraic
operations on F. Let us arrange that we call £ an ordered Banach algebra if it
is Banach algebra with unit 1 and if K satisfies in addition

1e K, K-KCK.

Proposition 2.5. Let A, B € B and a > 0. Then
1. 7(A+ B) <max{7(A),7(B)};
2. 7(ad) = 7(A);

3. if in addition E is an ordered Banach algebra, then
7(A-B) <71(A) + 7(B).

Proof. Let e >0andlet Ay,..., A, and By, ..., By, be finite covers of A and B,
respectively, with

diam(A4;) <7(A)+e (j=1,...,n), diam(By) <7(B)+e¢ (k=1,...,m).

1.) We have

n,m

A+BC |J 4+ By,

j=1,k=1
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NOW, let a1, € Aj, b1,by € By,. Then

a; + by < exp(d(ay,az))as + exp(d(by, bz))bs
< exp(max{d(ay, az),d(b1, b2)})(az + bs)
< exp(max{7(A),7(B)} + ¢)(as + b2),

and analogously
as + by < exp(max{7(A),7(B)} +¢)(a1 + by).
Thus d(a; + by, az + by) < max{7(A),7(B)} + ¢, and therefore
diam(A; + By) < max{7(A),7(B)} + €.
Since € > 0 was arbitrary we get 7(A + B) < max{7(A),7(B)}.
2.) First note that d(x,y) = d(ax, ay) (x,y € K°). We have

aAC U ad;, diam(aAd;) =diam(4;) (j=1,...,n).
j=1

Thus 7(aA) = 7(A).
3.) We first prove that A- B C K°: If a € A, b € B then a € K° implies

IA>0: 1<) = b< Aab = %bgab,

and since % € K° we have ab € K°. Next,

Let ay,a2 € A, by,by € By. Then
a161 S exp(d(al, CLQ) + d(bl, bg))@zbg S exp(T(A) + T(B) —+ 28)@2[)2,

and analogously
ashy < exp(T(A) + 7(B) + 2¢)ab;.

Thus d(a1by, azby) < 7(A) 4+ 7(B) + 2¢, and so
diam(A; - By) < 7(A) + 7(B) + 2¢.

Since € > 0 was arbitrary we get 7(A - B) < 7(A) + 7(B).
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3. Convex hulls

We now prove that 7 has the Mazur-Darbo property:

Theorem 3.1. Forall Aec B
1. diam(A) = diam(conv(A));
2. 7(A) = 7(conv(A)).

Proof. 1.) Let A € B and let

T = Zozjxj, Y= Zﬁkyk
j=1 k=1

be convex combinations of elements of A. According to Proposition 2.4 we have
d(z,y) <max{d(z;,yx) :j=1,...,n, k=1,...,m} < diam(A).
Thus conv(A) € B and
diam(conv(A)) < diam(A).

Since clearly diam(A) < diam(conv(A)) the assertion follows.

2.) Again let A € B. According to Proposition 2.1, we have 7(A4) <
T(conv(A)). Let € > 0 and let Ay,..., A, € B be such that

AC| A diam(A) <7(Ad)+e (k=1,...,n).
k=1

Without loss of generality we may assume A N A, # () and that A, is convex
(k=1,...,n). For

AEA = {)\:(Al,...,)\n)e[(),oo)”: i)‘k: }

we set

k=1 AEA
Since all A, are convex, a short calculation shows that M is convex too. Since
A C M we obtain conv(A) C M. Since A is compact we can find a finite subset S
of A such that A C (J,.g B=()\), with B.(\) the open ball with center A\ and
radius € in R", endowed with the I!-norm || -||;. Now let x € M, thus x € M ()
for some A € A, that is

Iar,...,a,) € Ay X -+- X Ay : x:ZAkak.
k=1
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Let p € S with [|A — pl|1 < e. Set
6 = max{d(a;,ax) : j,k=1,...,n}.

First note that AN A, # 0 (k=1,...,n) implies 6 < diam(A) + 2(7(A) + ¢).
By means of Proposition 2.4, we get

d (33, Z Mkzakz) =d <Z Ak, Z Mk%)
=1 =1 k=1

< exp(9) [ = Al
< eexp(diam(A) + 2(7(A) +¢)) =: r(e).

This means x € (M(u))y(e), therefore conv(A) € M C U,co(M(1))re). By
means of Propositions 2.1, 2.4, and 2.5, we conclude

T(conv(A)) <7 (U (M<:u))7"(6)>

= maxT ((M(N))r(a))

nes

< 2r(e) + max7(M(u))

= 2r(e) + max7 (Z ukAk>

k=1

Since r(e) — 0 (¢ = 0+) we have 7(conv(A)) < 7(A). O

4. Fixed points of condensing mappings

Let C C K° and let f: C'— K° be a function. As usual we call f condensing
(with respect to 7), if

A€B, ACC, 7(A) >0 = f(A) e B, 7(f(4)) < T(A).

Since Darbo’s result on the measure of noncompactness of convex sets is the key
to Darbo-Sadovskii’s fixed point theorem [5, Theorem 9.1], [13, Chapter 11.5],
one expects by means of Theorem 3.1 an analog result with respect to 7. Note
that all topological properties in the following theorem are meant with respect
to the topology in (K°,d).
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Theorem 4.1. Let ) # C C K° be closed, convex and bounded, and let [ :
C — C be continuous and condensing with respect to 7. Then f has a fized
point.

Remark 4.2. According to Proposition 2.4, a set M C K° is closed and
bounded in (K°,d) if and only if M is norm-closed, norm-bounded and

xlg]\g dist,(z, 0K) > 0.

Moreover, if (x,) is a sequence in K° and zy € K°, then
d(zp,z9) >0 (n —00) <= |z, — x| = 0 (n — ).

This can also be seen from Proposition 2.4, or compare [9, Chapter 2.3]. In
particular, for any set M C K° a function f : M — K° is d-continuous if and
only if f is norm-continuous.

The proof of Theorem 4.1 follows the classical proof of the Darbo-Sadovskii
theorem and is repeated here for convenience of the reader.

Proof. We fix 2y € C and set

C={M:zmy€MCC, M=rconw(M), f(M)C M}.

Clearly C C B, C € C and

Ci:= () Mec.

Let
CQ = COW({[L’()} U f(Cl))

Then zy € Cy and Cf is closed and convex. Since xy € C; and f(Cy) C C} we
get {zo} U f(C}) C C}, thus also Cy C €. Therefore
f(C2) C f(C1) SH{ao} U f(C1) C Oy,

hence Cy € C. We conclude C; = Cy. Assume by contradiction that 7(C7) > 0.
Then, according to Theorem 3.1,

7(C1) = 7(eonv({zo} U f(C1))) = T({zo} U f(C1)) = 7(f(C1)) < 7(Ch).

Thus 7(C;) = 0. Summing up C; # ) is convex, compact in (K°,d), and
f(C1) € ). Proposition 2.4 shows that C} is also norm-compact, and since f
is continuous, Schauder’s fixed point theorem proves the existence of a fixed
point of f in Cf. [
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5. Example

A recurrent type of condensing mappings are certain perturbations of contrac-
tions [1], [5, Chapter 9], [13, Chapter 11.6]. There are several results on contrac-
tions with respect to the Thompson metric, in particular for mixed monotone
mappings, see [6-8,11], [9, Chapter 2.3] and the references given there. Using
a condition given by Guo [6] we have

Lemma 5.1. Let [ >0 and let g : K° x K° — K° satisfy

1. x — g(x,y) is monotone increasing (y € K°);
2.y g(x,y) is monotone decreasing (v € K°);
3. glaz,¥) < dlg(z,y) (a > 1, z,y € K°).
Then x — g(z,x) is d-Lipschitz continuous with Lipschitz constant .

Proof. Let x,y € K°. Then

g(z,z) < g(exp(d(z, y))y, exp(—d(z,y))y) < exp(ld(z,y))g(y,y),

and

9(y,y) < glexp(d(z,y))z, exp(—d(z,y))r) < exp(ld(z,y))g(z, ).
Thus d(g(z, ), 9(y,y)) < ld(z,y). O

In the following theorem let E be an ordered Banach algebra, and for x < y
let [z, y] denote the order interval {z € F : x < z < y}. For applications of the
classical measures of noncompactness in Banach algebras see [3,4].

Theorem 5.2. Let g : K° x K° — K° satisfy the assumptions in Lemma 5.1
with 1 < 1, let 0 < q1 < q2 and let h : K° — [q1, q2] be continuous and norm-
compact (i.e. h(K°) is relativly compact in (E,| -||)). Then f : K° — K°,
f(x) =g(x,z) - h(zx) has a fized point.

Proof. First note that each order interval in K° is bounded and closed in norm
and with respect to d, so h(K°) is relatively compact in (K°,d). Next, we fix
w € K°. Then, for a > 1

aw, e —
u <o g(w,w)ge = 0 (a0 — 00).
o

Moreover, for v > 1 we have g(w,w) = g(a®,22) < a'g(%, aw). Thus

w
ag <—,aw> g1 > al_lg(w,w)ql (> 1).
Q

Hence, there exists ag > 1 such that

w w w
gl aw, — | @ < aw, g|—,aw|q =>—.
Qg (&%) (%]
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For C':= [, apw] we get f(C) C C: Let 22 <z < apw. Then

0o —

w w w
— <y o oW @ < flx)<yg o, — g2 < apuw.

%) 0 0

By Lemma 5.1,  + g(x,z) is continuous, hence fic : C — C is continuous,
and C' is a convex closed and bounded subset of (K° ,d). Finally we show
that fic is a 7-set contraction, hence condensing: By setting g(z) = g(z,z) we
get from Lemma 5.1 and Proposition 2.5 that for each A C C

7(f(A)) < 7(9(A) - h(A)) < 7(9(A)) + 7(h(A)) < I7(A) + 0 = I7(A).

Now, application of Theorem 4.1 proves the existence of a fixed point of f

in C. L]

The authors are grateful to the referee for the observation that Theorem 5.2
can also be proved by a suitable modification of the proof of a fixed point
theorem by Krasnoselskii [10] (cf., e.g. [5, p. 71, paragraph after Theorem 1]).

Example 5.3. Take for example E' = C([0, 1], R), endowed with the maximum
norm and ordered by the natural cone

K :={z e C(0,1],R) : z(t) > 0 (t € [0,1])},

with
K°={reC([0,1],R) : z(t) > 0 (t € [0,1])}.
By setting
g(x,y)(t) = V(1 —1t) + yl(tZ), h(z) :/O exp(Atssinz(s)) ds,

q1(t) = exp(=|Al),  2(t) = exp(]A]) (¢ € [0,1]),

Theorem 5.2 proves the existence of a positive solution of the functional-integral
equation

x(t) = ( z(l—1t)+ ﬁ) /0 exp(Atssinz(s)) ds

for each A € R.
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