Zeitschrift fiir Analysis und ihre Anwendungen (© European Mathematical Society
Journal of Analysis and its Applications

Volume 33 (2014), 447-462

DOTI: 10.4171/ZAA /1522

On p,(z)-Laplacian Parabolic Problems
with Non-Globally Lipschitz Forcing Term

Jacson Sitmsen, Mariza S. Simsen and Marcos R. Teizeira Primo

Abstract. In this work we prove continuity of solutions with respect to initial con-
ditions and exponent parameters and we prove upper semicontinuity of a family of
global attractors for problems of the form

Oug
ot

— div(|Vue[P* @ 2Vu,) + f(x,us) = g,

where f : 2 xR — R is a non-globally Lispchitz Carathéodory mapping, g € L?(), Q
is a bounded smooth domain in R, n > 1 and ps(-) — p in L*>(Q2) (p > 2 constant)
as s goes to infinity.
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1. Introduction

In the last seven years various researchers have spent efforts to obtain results on
existence, uniqueness, blow-up, vanishing, local boundedness and localization of
solutions for parabolic problems with variable exponents (see, for example, [3,6—
9,14-16,21,27,33]). However, until the moment few works have been appeared
in the literature about global attractors, see [25] and references therein. The
theory of problems with variable exponents has application in electrorheological
fluids (fluids characterized by the ability to drastically change the mechanical
properties under the influence of exterior electromagnetic field) (see [12,23,24]),
image processing (see [1,11,17]) and the models of porous medium equations
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with variable exponents of nonlinearity were considered in [6,7,31]. We also
refer the reader to [19] for an overview of differential equations with variable
exponents.

In [2], G. Akagi and K. Matsuura studied the limiting behavior of solutions
for nonlinear diffusion equations driven by the p(z)-Laplacian as p(-) diverges
to the infinity.

In [18] P. Harjulehto, P. Hasto and M. Koskenoja considered Dirichlet en-
ergy integral minimizers in variable exponent Sobolev spaces. In the paper [4],
B. Amaziane, L. Pankratov and V. Prytula studied homogenization of p.(x)-
Laplacian elliptic equations and in [5], B. Amaziane, L. Pankratov and A. Piat-
nitski studied nonlinear flow through double porosity media in variable exponent
Sobolev spaces, and the authors considered the following initial boundary value
problem

W) (t) — div(k(2) Vus | Vu @ =2) = g(t,2) in Q
u* =0 on ]0,¢[x 09,

u(0,2) = up(z) in

ot

where 2 C R" (n = 2, 3) is a bounded domain, () denotes the cylinder |0, T'[x (2,
T > 0 is given, g € C([0,T]; L*(Q2)) and uy € H*(Q2) are given functions. They
studied the minimization problem for functionals in the limit of small ¢ and
obtained the homogenized functional.

In [30] we considered the following one dimensional nonlinear PDE problem

ou 0 [, 0u ou
() — = )P 2=(t) | = B(us(t)), t>0
50~ 5 (152 0P80 ) = Bu). >
us(0) = uos,
under Dirichlet homogeneous boundary conditions, where ug, € H = L*(I),

I := (c,d), B: H — H is a globally Lipschitz map with Lipschitz constant
L >0, ps(x) € C*(I), p; = infuerps(x) > 2 for all s € N, and py(-) — p in
L>(I) (p > 2 constant) as s — oo and proved the continuity of the flows and
the upper semicontinuity of the family of global attractors {A,}sen as s goes to
infinity.

Let us consider the following nonlinear PDE problem

Ou,
ot

(t) — div (|Vu(t) P27y, () + f(z,us(t) =g, >0

us(0) = ugs,

(1)

under Dirichlet homogeneous boundary conditions, where ug, € H = _L2(Q), Q
is a bounded smooth domain in R", n > 1, g € L*(Q), ps(x) € C1(Q) for all
se€N, 2<p<ps(r) <a, foral z € Q and for all s € N. and ps(-) — p in
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L>(€) (p constant) as s — 0o. We assume that f : 2 xR — R is a non-globally
Lipschitz Carathéodory mapping satisfying the following conditions: there exist
positive constants ¢, k, ¢; and ¢y > 1 such that

(f(z,81) — f(x,89))(51 — 82) > —l|s1 — 89>, Vre€Qandsi,ss €R,  (2)
o8| — k < f(x,5)s < ¢q|s]"® + &k, VzeQand seR, (3)

where ¢ € C(Q) with 2 < ¢~ 1= inf,eq q(z) < ¢ = sup,q q(r). For example,
if a; > 1 and r > 2, we observe that the function f : Q x R — R given by
f(x,u) = ai|ul""?u — u is not globally Lipschitz and satisfies the condition (2)
with ¢ = 1 and the condition (3) with co = 1, ¢ = oy and ¢(x) = r for all x € I.

In this work we investigate in what way the parameter py(z) affects the
dynamic of problem (1), analyzing the continuity properties of the flows and
the global attractors with respect to the parameter ps(x), when f is a locally
Lipschitz function.

The paper is organized as follows. In Section 2 we give some preliminary re-
sults. In Section 3 we obtain uniform estimates for solutions of (1). In Section 4
we prove that the solutions {us} of (1) go to the solution u of the limit problem
and, after that, we obtain the upper semicontinuity of the global attractors for
the problem (1).

2. Preliminaries

We denote

Xy i={u:ue L (0,T; Wy (Q)) N L= (0, T; L2(Q)) N L1@(Q x (0,T))
with Vu € L»@(Q x (0,7))}.

Definition 2.1 ([22, Definition 2.1]). A solution of problem (1) is a function
us € X, such that

t dQD
—us— +|Vug

. d . .
holds for any ¢ < 7' and all ¢ € X, with d—f € X, where X is the dual space
of X,.

t
P22y N o+ f (i, us)so> daxdr = / / gpdrdr — / uspdz|y
0JQ Q

Theorem 2.2 ([22, Theorem 2.1]). If ¢© < oo then the problem (1) admits a
unique solution us, € C([0,T]; L*(QY)). Moreover, the mapping ups + us(t) is
continuous in L*(Q).
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Theorem 2.3 (|22, Theorem 2.2]). The semigroup {Ss(t)}+>0 associated with
problem (1) admits an absorbing set in Wol’ps(m)(Q) N L1®)(Q), i.e., there exists
a bounded set Bys C Wol’ps(x)(Q) N LY@ (Q) such that for any bounded set B in
L3(Q) there exists Tys > 0 such that Sy(t)B C By, for any t > Ty, where Ty,
depends on B.

Corollary 2.4 (|22, Corollary 2.1]). The semigroup associated with problem (1)
possesses a global attractor Ay in L*(Q).

Observe that by Theorem 2.3 we have

||u8(t)HW017Ps(I)(Q) S Cs, Vit 2 TOS‘

In this work we will prove a uniform estimate on the parameter s (see Theo-
rem 3.4).

We denote —A () == —div (|Vu[®~2Vu). We observe (see [29]) that
the operator —A,,) is the subdifferential 0y, ,) of the convex, proper and lower
semicontinuous map @, : L*(2) — R U {+o0} given by

T . 1p(x
Jo 55 IVulP@d i u € Wy ()
400 otherwise.

Pp(a) (1) = {

Moreover, we have (see [28, Lemma 1])

Lemma 2.5. Let p(x) € C(2) with p(z) > 2 in Q. We have:
. +
() 1 ol gt 0y < 1 then Dy (@), ) 2 ol
(ii) If ||v||W01,p(x)(Q) > 1, then (—Apw(

v),v) > ||U||I;[;01,p(x)(9)-

In [13,20], the authors obtained results on the density of continuous func-
tions in variable exponent Sobolev spaces. Here, in order to prove the continuity
of the flows (in Section 4) for problem (1) we need the following

Theorem 2.6. If p € C*(Q), then C5°(Q) C D(—=Apw)).

Proof. Let u € C§°(£2). We consider the sets Wi (u) := {z € supp(u); |Vu| > 0}
and Ws(u) := {x € supp(u); |Vu| = 0}. Thus supp(u) = Wi(u) U Wy(u) and
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Wi(u) N Wa(u) = 0. We want to show that —A,)(u) € L*(2). We have,
1= (wPs
Q

:/ |div (|Vu|p($)_2Vu)|2da:
Q

— / |div (|VuP™?va) | de
supp(u)

- / |div (|VuP™?Va) | de
Wl(u)

o [ Op Ou
_ p(z)—2 it 1
/Wl(u) |Vul Z (6’x,- % n\Vu|)

i=1 '
(p(z) —2) p(z)—4 0 5 Ou p()—2 X Ou
+ =Vl > axiW“' o, + |V > -

i=1 i=1 i
<),
Wi (u)

n

o) Jp Ou
|V P2 E <8x-8x ln|Vu|>|
1 1

1=

a2~ [ Op Ou
|VulP@ 22 <8x- . ln|Vu|>|
i=1 L

<),
Wi (u)
vu’p(l‘)—2 Z
=1

+ (p(w) — 2)| VD2
Now, consider the continuous functions g; : R” — R for 1 < i < n given by

gilx) = { ziln(|z]) ifz#0

0 0“u
ox; Vul + ox?

2
) dz.

0 ifx=0"

As p(+) > 2 in Q, we can return from W;(u) to supp(u) and we have
/ | — Ap(x) (u)|2dm
Q
(z)—2 — Jp
< VP72 " == g,(Vu)
supp(u) i=1

. &Eigi
+ (p(x) = 2) [ Va2 Y

n
1=

0 o
—Vu 2 &E?

VP2
B [Vl

+

2
>d:v

< 00
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since the function

€T

h(z) = <'|vu|p<x>—2 Z gﬁ g:(Vu)

n

+ (pla) = 2) [Vl 2 Y

=1

n
0*u
2
i=1 O;

aVu

Vo |P@)—2
o7 |Vl

; ]

is continuous in 2. OJ

We denote X; := Wol’ps(x)(Q), X, == Wy“Q) and X := W, P(Q). Itis a
known result that X, C H with continuous and dense embeddings (see [27]).
Moreover,

Lemma 2.7. There ezists a constant K = K(|Q|,n,p) > 0, independent of s,
such that if us € X5, s € N, then ||us||g < Klus||x,, for all s € N.

Proof. We know that if p(z) > g(z) then LF@(Q) C L1®(Q) with [Jull,w) <
2(12] + 1)||ullp) for all uw € LP@(Q) (see [12]). Thus if us € X; € X C H we
have

HUSHH < 2(|Q| + 1)””5”19
< 2(1Q + 1)Co (12, n, p) [ Vsl
< 4(1Q] + 1)*Co(12], n, p)[| Vs

ps(x) = K||u5| X

where Cy(|€2],n,p) is the positive constant in the Poincaré inequality and

K = K(|Q,n, p) = 4(1Q] + 1)*Co(|2l, n, p). O

3. Uniform estimates

We have the following uniform estimates on the solutions of (1):

Lemma 3.1. Let us be a solution of (1) with us(0) = ugs € H.
a) Given Ty > 0, there exists a positive number ro such that ||us(t)||g < ro,
for each t > Ty and s € N.

b) Given a bounded set B C H, there exists D1 > 0 such that ||us(t)||g < Dy
for allt > 0 and s € N such that ugs € B.

Proof. a) It is enough to consider ups € D(—=A,,(2)). Let 7 > 0, multiplying the
equation on (1) by us(7) we have

3+ =B () ) + [ FlaurDurde = [ gur)d,
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By (3) we have

/Qf(ZE,US(T))US(T)d$ > ¢y /Q |us(7')|‘I(w)dx — k|Q]. (4)

Given Ty > 0, if ||us(7)||x, > 1 then by Lemma 2.5 and (4) we obtain

1d
Sl < —us(7)

fggs—cz/ |us(7)|q(w)dx+/<:|Q|+/gus(7)dx
Q Q

< —lus(7)]

1 1
S, RIQN+ Sllgllz + 5 lus(7)15

Using Lemma 2.7 we obtain

1 1
5 s < = us(r) I + 5 lus () + G,
where C) = C1(|9], |l¢]|m) and K is the constant independent of s of Lemma 2.7.

Now, we consider ¢ > 0 arbitrary and 0 := £, % + % = 1. Then using
Young’s inequality we obtain

2 » 1
- 2 ez — p
o)l < (268 = ) Il + Ca

where Cy = C(|€, ||g]|m, p,€). Choosing €, > 0 sufficiently small such that

2et < o we obtain f4||uy(7)||3 < —skllus(7)|y + Cs, where C5 =

p
O3(|Q” HQHH,p, 60)' SO,

d 1
sl + 55 s (DI < 2Cs.

Let I, := {7 € (0,00); ||us(7)]
satisfies the differential inequality

x. > 1} and y, - I, = R, y(7) = |lus(7)[|H

[N4S)

Yo (1) + K Ply,(7)]2 < 2C5.

Therefore, from [32, Lemma 5.1, p. 163], we obtain

)l < (26K7)" + [emlp= 2T, Vo= T

2KP
If Jlus(7)]

x, <1, then ||us(7)||g < K||us(7)]|x, < K. So, taking

1
2 2

Ko = { (26557)7 + [2[1@ (b~ 2)Ty) <22’}
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and ro := max{K, Ko} we obtain ||us(7)||g < ro, for all 7 > Ty, s € N, and a)
of the lemma is proved.

b) Now, take Ty > 0 and consider us a solution of (1) with us(0) = ugs €
B C H. Then, multiplying the equation on (1) by us(t) we have

(Gt (0 + (=B ) + ), ) = (g0

Since (—A,, ) (us(t)), us(t)) > 0 and (f(x,us(t)), us(t)) > —k[Q| (see (4)) it

follows that 14 . )
2 2 2 Ql + =gl
Sl < 5 s )13 + O+ gl (5)

Integrating (5) from 0 to ¢t < Ty and using the Gronwall-Bellman Lemma we
obtain

lus (@)1 < [lluosllZ + (2k[26 + lgll7;) To] ™, ¥ t € [0, T),
and the second part of the lemma is proved. O]

Remark 3.2. The constants rqg and D; in Lemma 3.1 depend neither on the
initial data nor on s.

Corollary 3.3. There exists a bounded set By in H such that Ay, C By for all
s € N.

Theorem 3.4. Let us be a solution of (1). Given Ty > 1, there ezists a positive
constant ry > 0, independent of s, such that

[[us ()] x, <71,
for everyt > T} and s € N.
Proof. Multiplying problem (1) by us and using (3) we obtain

th/ lus|*dz + min{1, c;} [/ (Vg ps(z dx—i—/\us\q dm}
< ps ‘I(z
_zdt/|us| dx+/|Vu| dx+02/|u|
s/gi% +kj

—/|g| da:+—e/|us| do + k|9,

d
Sl + 2min{1, e} [ (Va,
it o -
1
< —/ |g|2dx+e/ lus|*dx + 2k|9].
€Ja Q

| N

Then

Pe@) 4 | 1)) da
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Now, if 0(z) := q(x) we have

L/me“a/(R7W$ 5%5)“

[ 2, @) gy C](x)—QI
/Qq(fr)’ |77 +/Q q(x) ! )

g/mm@w+@m.

Using (7) in (6) we obtain 4 [|us||?, +2min{1, e} [, (|Vus[P*® + |uy]1®)) da <
Lg% + € [, [us| " dx + (2k + €C4)[€|. Since ¢2 > 1 we have

d 9 /
—usl|7 + 2 Vu,
gl +2 [ |

and taking ¢y > 0 such that 2 — ¢y > 1 we obtain

d 9 /
— ug||5 + Vug
Glhuli+ [

1
pmum+@_@/yuwuxs4@@+@k+%@mm
Q €

1
P Jug] 1) de < = |lgllTy + (2 + €C) |
0
< Csllgll + C5192,

where Cj is a positive constant independent of s € N. Integrating (8) over
[t,t + 1], t > Tp, using Lemma 3.1 we obtain

jﬁij%v>

for all t > Ty, where Cs = Cs(||g]|x, |€2])- )
As for each s € N the function [0,7] 3¢t — fi(t)(-) == g(-) — f(-, us(t,-)) is
in L*(0,T; H) it follows from [10, Theorem 3.6] that for all 7 > Tj
dug

JAE0

dt Jo p ()
:/Qdus

o) |ug(7)]99)) dadr < Csllg||} + Cs|Q] + [|us ()11 o)

< Gsllgll + Cs[€ + 75 = Cs

d

2
dr + — |Vug(T)

Ps x)dx—l—/ CZF(:U us(T))dx

2 dS dus
PO ot O (). GO + [ (o) G ()

dug
= / g (T)de
dug
o ()

2

< 3lolls+ 3]

)
H

where F(z, s) fo 7)dr. Thus,

3!
2Ja

d

du 1
- da:—l——/— Vu,
dt st(x)| ol

)

d 1
dx+% F(x,us(T))dx < 5”9”1251 (10)
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From assumption (3), there exist positive constants ¢y, éo, C7 such that
Go|s|1®) — Cr < F(x,5) < &s|?® + C. (11)
Integrating (10) over [n,t+ 1], To <t <n <t + 1, yields

/Q o )|Vus(t+)

LY
< Slolly + / IV )P+ | Pz

Integrating the above inequality with respect to n between ¢ and t+ 1, we obtain

/Qp( >]Vus(t+1)ps d:c—i—/F(a: us(t +1))dx
—||

glli + / / |Vus )P dmdn—i—/ / (x,us(n))dzdn.
ps

Using the above inequality, the assumptions on ps(x), (11) and (9), we get

E/Q|Vus(t—|—1)

Ps(@) g 4- / F(z,us(t+1))dx
Q

dx dT+/ e )]Vus(t—i-l) pa( dx—l—/QF(a:,us(t—l—l))d:z:

Ps(@) dy; 4 52/ |us(t + 1)1 de — C7|Q
Q
1 ) t+1 1 t+1
<ol [ [ s VuPPdedy+ [ [ o un)dady
2 t o Ds() t Q

1 ) 1 t+1 ~ t+1
< Slall + - / / Vs ()|l + ¢4 / / [us ()] ddn + C7|Q|
D Js Q t Q

1 ) 1 t+1
< glalf+max{ et [ [ (9wt
p t Q

1 1 _
< §HgH12q + max {]—9701} Cs + C7|9|.

ps(@) 4 |u5(17)\‘1(°"’)) dzdn + C7|Q|

Then we conclude that

/Q (IVus ()P + Juy(£)|*)) da

1 1 1 (12)
< (Bl +max {1 b e acnial]| =
m1n{5702} 2 P
for all £ > To + 1, where CS = Cg(a, HgHHap? |QD
Now, if t > Ty+1 and || Vuy(t)||p, @) > 1, we obtain [lus(t) %, < |lus(t) 1)“;; <

o IV ()@ dz < Cg and so

lus(t) || x, < max{Csp,l} =r Vt>Ty,+1, seN
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The proof is completed. O

Remark 3.5. Using (12) we also can conclude that

1
Jts(®)llg) < max{CI 1} V> Ty+1, s€N.
As a consequence of Theorem 3.4 we have

Corollary 3.6. a) There exists a bounded set Bj in X such that A; C Bj.
b) Let us be a solution of problem (1). Given Ty > 1 there exists a positive
constant ro, independent of s, such that

[us(@)lx <

for allt > T and s € N.
¢) A:=,enAs is a compact subset of H.

Proposition 3.7. Let us be a solution of (1) with initial value ugs. If there
is C > 0 such that ||ugs||x, < C for all s € N, then there exists a positive
constant Ry such that ||us(t)||x, < Ry, for allt >0 and s € N.

Proof. As ||ugs||x, < C for all s € N, we obtain
lluosl|l o < Kl|uosl|x, < KC, VseN.

By Lemma 3.1, it follows that ||us(7)||z < D; for all 7 > 0. Thus the result
follows using the same arguments as in Theorem 3.4. O]

As we have that |lus(7)||x < 2(|Q] 4+ 1)|lus(7)]
from Proposition 3.7 the following

x, for all s € N it follows

Corollary 3.8. Let us be a solution of (1) with initial value ugs. If there is C' > 0

such that ||uos|
such that

x. < C for all s € N, then there exists a positive constant El

lus(8)]x < Ry,
for allt >0 and s € N.

4. Continuity with respect to the initial values and upper
semicontinuity of attractors

In this section we will prove that, given T' > 0, the solutions us of (1) go to the
solution u of

du

T (t) — div (|VuP?Vu) + f(z,u) =g, t>0

U(O) =wuy € H,

(13)
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in C([0,7T]; H) when py(-) = p in L>(£2) as s — oco. After that, we will obtain
the upper semicontinuity on s in H of the family of global attractors

{As C H;s € N}
of (1) at p. In this section we additionally suppose that f satisfies
1 Coul) = fFC o) la < L(B)|lu—vla. (14)
for all u,v € B, where B is a bounded set of H.

Lemma 4.1. Given T > 0, M = {us : s € N,uy is a solution of (1) with
us(0) = ugs, |Juos||x, < C Vs €N and ups — ug in H as s — 400} is relatively
compact in C([0,T]; H).

Proof. We observe that for each s € N the function [0,7] 3 t — f,(t)(-) =
g(-) — f(-,us(t,)) € H is in L'(0,T; H). Moreover, {f,(t)}sen is uniformly
bounded in L'(0,T; H) and consequently uniformly integrable in L'(0,T’; H).
Indeed, using (14) and Lemma 3.1 we obtain

/0||f(-,us(ﬂ'))||HdT§/O ||f('7us(7-7'))_f("0>||Hd7_+/0 LG Ol dr

< / L(B)|lus(r, )| udr + CT
< (C+ L(B)D)T,

for all s € N. So, {fs(t)}sen is uniformly bounded in L'(0,T; H). Also we have
NsD(¢p,(z)) = H since X, C X, C X, for all s € N.

With some analogous computations to the proof of Lemma 7 in [30] we can
show that:

e For each v € ND(pp,(x)) there exists a constant k(u) > 0 such that
Op(x)(w) < k(u), for all s € N;

o Let M(t) := {us(t);us € M} and let {S*(¢)} be the semigroup generated
by —A,, () in H. For each t € (0,7] and h > 0 such that t—h € (0,77, the
operator T}, : M (t) — H defined by Thus(t) = S*(h)us(t — h) is compact.

Thus, by Theorem 3.2 in [26], we obtain that M is relatively compact in
C([0,T); H). O

Theorem 4.2. For each s € N let us be a solution of (1) with us(0) = ugs.
Suppose that there exists C' > 0, independent of s, such that ||ugs||x, < C for

every s € N and ugs — ug in H as s — oo. Then, for each T > 0, us — u in
C([0,T]; H) as s — 0o, where u is a solution of (13) with u(0) = uy € H.
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Proof. By Lemma 4.1 M is relatively compact in C([0,7]; H). So, {us} con-
verges in C([0,T]; H) to a function w : [0,7] — H. There exists a bounded set
B C H such that ug s, ug € B. So, by Lemma 3.1, us(t') € By = By(0, D) for
all s € N and ¢ > 0. Thus, by (14) we obtain

lg() = G usDNa < llglle + 117G us(@) ] m
< gl + 1S Cus()) = 0 + 1170l
< llglla + L(B)lus@) 1z + 11, 0l
<L,
for all s € N and ¢’ > 0, where L := ||g||lz + L(B1)Dy + || f(-,0)||z. Considering
B:Q x H — H given by B(x,u) = g(x) — f(x,u) we have
1B o us 20y < LVT, ¥V s€N.

As L?*(0,T; H) is a reflexive Banach space there is w € L*(0,T; H) such that
Bowus — w in L*(0,T; H). Since B(us(t)) — B(u(t)) in H it follows that
w = Bowu. Thus, Bou, — Bowin L*(0,T; H).

Now observe that since B ou, — Bow in L*(0,T; H) implies that

Bou,— Bou in L*1,t;H), YV0<7<t<T;
and us — u in C([0,T); H) implies that us — u in C([7,t]; H) and consequently
us —u in L*(r,t; H), VO0<71<t<T;
then
<B o Ug — h, Ug — 9>L2(T,t;H) — <B ou— h, u — 9>L2(T,t;H)

for all ,h € H.

[10, Proposition 3.6] implies that

1 1 t
) =61 < Slu(r) =0l + [ (Bl + 2y, 0(0).ualt) — dha’ (15)
for every ¢ € D(—=Ap, ) and 0 <7 <t < T

Now, the idea is take the limit as s — oo (ps — p) on the last inequal-
ity. Consider § € C5°(2) C D(=A,,)) C H (see Theorem 2.6) and let be
h:=—A,(0) € H. We already knows from (15) that holds

—_

_ 1 _
S lus() =87 < 5 lhus(r) =6 7

\V)

n / (Blus(#)) + Dy oy (B), us(#) — Bt

=5 e =+ [ Blue) = ()~ )ar



460 J. Simsen et al.

Using Dominated Convergence Theorem, Mean Value Theorem and Propo-
sition 3.7 we can show with some computations that

t
/ (h+ Dpy)(0),us(t') — O)dt' — 0 as s — +oc.
So, taking the limit in (16) as s — oo, we obtain
1 02 1 N2 ! / n ! n /
Sllu®) = 0ll < Sllulr) = Ol + | (Bu(t) + Ap(0), ult’) — )t

for every 6 € Cr(Q)and 0 <7<t <T.
— _Wwlr
As D(—A,) C WyP(Q) = CgO(Q)W Y e can use a density argument to

conclude that
1 nll2 1 02 ! / n / 70 /
llu(®) =0l < Sllu(r) = Ol + | (B(ul(t)) + A,(0), ult’) — O)dt

for every 6 € D(—A,) and 0 < 7 < ¢t < T. Thus, Proposition 3.6 in [10] implies
that u is a solution of (13). O

Using the uniform estimates and the continuity of the flows we get

Theorem 4.3. The family of global attractors {As; s € N} associated with
problem (1) is upper semicontinuous on s at infinity, in the topology of H.

Remark 4.4. For the one-dimensional case (2 = I = (¢, d)), if we suppose
that f satisfies

|f(z,r1) — flx,ro)| < L(B)|ry — 2|, Vr,re €B,

where B is a bounded set of R we obtain that f satisfies (14). Indeed, by
Corollary 3.8, || 4 (t)Hp = [Jus(t)||x < Ry for all t > 0 and then for d € I fixed
and z €

Us

“du d ~ 1
*(t,y)d g/ t, 'dng ES
S| < [ |5 | ar < Rl

Remark 4.5. Using Theorem 2.6 and Lemma 2.7, the results in [30, Sec-
tion 3, 4] can be extended to higher dimension.

Jus(t, ) —us(t, d)| =
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