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Abstract. In this paper, we investigate the asymptotic behavior of the solutions for
the Kuramoto-Sivashinsky equation with a time delay. We prove the global existence
of solutions and energy decay. By using the Liapunov function method, we shall show
that the solution is exponentially decay if the delay parameter 7 is sufficiently small.
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1. Introduction

In this paper, we will investigate the asymptotic behavior of the solutions of
the time-delayed Kuramoto-Sivashinsky equation

where z € R, t >0, —7 < 5 < 0.

The Kuramoto-Sivashinsky equation has been independently derived in the
context of several extended physical systems driven far from equilibrium by
intrinsic instabilities, including instabilities of dissipative trapped ion modes
in plasmas [4, 9], instabilities in laminar flame fronts [16], phase dynamics in
reaction-diffusion systems [8], and fluctuations in fluid films on inclines [17].
Indeed, equation (1) generically describes the dynamics near long-wave-length
primary instabilities in the presence of appropriate (translational, parity and
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Galilean) symmetries [13]. It is worth noting that there has been the existing
literature about delay reaction-diffusion equations [6,12,14], on which our work
is based.

There is an extensive literature on the study of equation (1) without delay
(see, e.g., [3,5,7,18,20] and the references therein). But few of the equations
involving delay. Recently, in [2] authors discuss novel methods of classification
and prediction of spatio-temporal dynamics in extended systems. They tested
these methods on simulated data for the delay Kuramoto-Sivashinsky equation
that describes unstable flame front propagation in uniform mixtures. To explain
our motivation of introducing a time delay into Kuramoto-Sivashinsky equation,
we consider the rate of change of u, which we denote by 2%, is

Dt
Du d
i %U[Cﬁ(t)yt]
B dz(t) 0
= atu(yc,t) + o axu(:v,t)
0 0
= au(w,t) + u(x,t)%u(x,t),

where z(t) is understood to change with time at u = 2. However, we might
have a delay 7 to u. In this case the rate of change of v with the delay 7 should
be

Du d
i %U[l’(t —7),1]
0 de(t—71) 0
0 0
= &U(Z‘, t) +u(x,t — T)%u(x, t).

This clearly shows how we obtain the time-delay term wu(z,t — 7)u,(x,t) in
Kuramoto-Sivashinsky equation (1). Here, by using the Lyapunov function
method, we shall show that the solution of problems (1)—(3) is exponentially
decay if the delay parameter 7 is sufficiently small.

We now introduce notation used throughout the paper. H®(0,1) denotes
the usual Sobolev space (see [1,10]) for any s € R. For s > 0, H3(0,1) denotes
the completion of C§°(0,1) in H*(0,1), where C§°(0,1) denotes the space of
all infinitely differentiable functions on (0,1) with compact support in (0, 1).
The norm on L?(0,1) is denoted by || - ||. Let X be a Banach space and a <
b. We denote by C"([a,b]; X') the space of n times continuously differentiable
functions defined on [a, b] with values in X with the supremum norm and we

write C([a,b]; X) for C%([a, b]; X), that is u(z,t) € C™([a,b]; X) if and only if
maiefa |55l x < +oo.

The main result of this paper is stated as follows.




Time-Delayed Kuramoto-Sivashinsky Equation 431

Theorem 1.1. For any initial condition uy = ug(x,s) € C([—7,0], H3(0,1)),
problem (1)—(3) has a unique global mild solution u on [—T,00) with

u € O([—7,+00), HF(0,1)).

Theorem 1.2. For any initial condition uy = ug(z,s) € C([—r,0], H3(0,1)),
there are 19, w, K > 0 such that, for T < 79, the solution of (1)—(3) satisfies

KZ
luae (I < = exp{—wt}, t=0. )

Remark 1.3. By Theorem 1.1-1.2, we find that ||u.,(t)||* is bounded when
te[—,0].

This paper is organized as follows. In next section, we prove the existence
of the solution. In Section 3, we show that the solution is exponentially decay
by using the Lyapunov function method.

2. Existence of the solutions

We now briefly show that problem (1)—(3) is well posed.

Proof of Theorem 1.1. By standard methods as [15, Chapter 6: Theorem 1.4], it
is easy to prove that for every initial value ug = ug(z,s) € C([—7,0], H2(0,1)),
there exists a T" = T'(up) > 0 such that problem (1)-(3) has a unique mild
solution uw on [—7,T| with

u(z,t) € O([—7,T), H3(0,1)).

Furthermore, for any 7 > 0, the solution of (1)-(3) does not blow up in finite
time. Indeed, integrating by parts, we obtain for 0 <t < 7,

d 1
%Huzx(t)HZ = 2/ Uggae (D)us(t)dz
0

_ 9 /O 1 umm(t)< U () — U (1) — u(t — T)ua(t) — u(t))dx
_ /0 e (Otnd — 2t (D)

1 1
— 2/ Ugzar (D)t — T)uy(t)dr — 2/ Ugzae (P)u(t)d.
0 0
By Young inequality and

(2, )] < fuge (2,8, 0 <z <1,



432 C. S. Zhu.

we get

d

N T t 2
o ]

1
<2 / e () [tz — 2t (8)
0

1 1
+ 2ol rogony [ TasaalOluaOlds +2 [l )] Ju(®)d
0 0
1
< §’|umm(t)”2 + QHum(t)HQ - 2|‘umxx(t)‘|2

1
+ ||u0||?;([_7,01,H§(o,1))||Uz(t)||2 + ([t (£) I + 5”“%:6:%@)”2 +2[|u(®)]®
= 2fttaa(O* + ol —r 01, 20,1 1= O + 2u(®)]*

< (4 + ol oy o ) Mtas (DI,

which implies that

ltaa (O < M (Itollerom20.7) -

where M(-) is a positive constant depending on |[uo||¢((—r.0),52(0,1))- Repeating
the above procedure, we can prove that for nt <t < (n+ 1)1, (n=1,2,...)
Hum(t)HZ < M(n, HUOHO([—ﬂO],Hg(O,l)))

In summary, we have proved the Theorem 1.1. O]

3. Exponential decay estimates

To prove that our main result about the exponential stability, we introduce the
following notations. For a given initial condition
ug = up(z, s) € C([-7,0], H3(0,1)), denote

K = sup ||ug(s)] + V8%,

—7<s<0

where

0 wT

2e
zz(znuo(x,o>||2+||uOm<x,o>||2)exp{ewt o ()] Pds-+ = ||uO<x7o>H2}.

Set
I(Q
a—sup{5>0: Z§T7O§T§5}’

and let 7y small enough, such that for any 7, 0 <7 < 79 < 0,

w=1-—2y/7(K?+8K27 4+ 2K*7) > 0. (5)
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Lemma 3.1 ([11]). Let g, h and y be three positive and integrable functions on
(to, T') such that y' is integrable on (to,T). Assume that

d
L <gy+h forty<t<T,
T T T
/ g(s)ds < Ch, / e**h(s)ds < Cy, / ey (s)ds < Cs,
to to to

where §, Cy, Cy and C3 are positive constants. Then
y(t) < (Cy + 0Cs + y(ty))eC =8 forty <t <T.
Proof of Theorem 1.2. Let
To=sup{0: [Jum(t)|* < K? 0<t<6}.

Since
20 (0)]|* < K2,

and ||ug,(t)|| is continuous, we have Ty > 0. We shall prove that Ty = +oo. For
this, we argue by contradiction. If Ty < +o00, then we have

lusa(®)|* < K2, V=7 <t <Ty

and
tze (To) > = K. (6)

Multiplying (1) by u, then integrating on (0, 1) with respect to x, we obtain

d 1 1

%||U(75)||2+2||Umc(?f)||2+2||U(15)||2 = —2/ Um(l‘)u(t)dx—Q/ u(t)u(t—7)uq(t)dz.
0 0

By Young inequality and fol u?(t)u,(t)dr = 0, we have

d 2 2 2

—[w®I” + [Juze O + lu(®)]” < @, (7)

dt

where
b= —2 /O w®ult — 7) — u()]us (t)da.

We now majorize ¢ in the right hand side of (7). Firstly, since

u(z, )] < fJua(z, )], 0<w <1,



434 C. S. Zhu.

we have
2.2 [ ult =)~ ) a0
gzluua—Tw—wwm%ammAwux
gmmaww/ﬁwv~ﬂ—uum%@wm

< 2ucto) ([ ute =) - ut |m) (/'wx wm)
=2l ([ late—m) - 2)&?

—2nwx>n2</" dx)
< 207t W(/’/ w&ﬂ

([ f o)

® < 2v/7|us (t)[* 0. (8)

t

u,(s)ds

Let

we have

We now want to estimate W. To this end, multiplying (1) by wu;, then integrat-
ing on (0 1) with respect to x, we obtain 2f01 u?(t)dx + 2[01 Uge () ug (t)dr +

jt o Uy (t)dz + 2 fo ur(t)u(t — 7)uy(t)dr + 2 fol u(t)us(t)de = 0. Integrating on

0<t¢ § Ty, we obtain

1
/ / s)dxds + 2/ /um Yus(s)dxds +/ u? (t)dx
t—7 t—7
/ u? (t — 7)dx + 2 /us u(s — T)uy(s )da:ds+2/ / s)us(s)dxds
t—7 t—7

=0,
which implies that

20 < E+F+G+H, (9)
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where

—2/;7/1 Uge(S)us(s)dads, F:/1 Lt —7)dr < K2,
:_2/ / ua(8)u(s — 7)uup(s)dads, :—2/ / )duds.

We now majorize E, G and H:

%
il ] o) ([ f i)
1
< Z / / s)dxds
1 2
<0244 [ K2s
4 t—1
1
< VAR (10)

ng/t /|us(5)||u(s—T)||ux(s)|d1:ds
<9 / / letas — 1) (fta(3)] [t (5) ) s

<2K/ /|u5 (s ()| dds
([ ) (][ w0

Ly
<= —|—2K2/ / s)dxds
2 t—1
1 2 2 2
< V42K K2ds
t
1
< ¥+ 2K'T, (11)
1
H < \112+4/ / s)dxds < 4\D2+4K2 : (12)

Thus by (9)—-(12), we have

U < VK2 +8K2r +2K4r, Y0 <t<T,. (13)
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Then (8) and (13) implies that

B < 2|y (1) |2/ T(K2+8 K27 +2K47) <2||upe (1) |2/ T(K24+8K274+2K47). (14)

Thus, by (7) and (14), we obtain

d
Sl + s @)1 (1 = 20/7(K2 + 8K +2K77) ) <0,

that is 2 ||lu(t)||* + wl|uze(t)||* < 0, where w is defined by (5). Furthermore,

d
@I +wllwO]” <0,
d
@I +wllu@]* < 0.
Solving the above inequality gives
lu()* < lluo(z, 0)[Pe™, 0 <t < T
On the other hand, multiplying (15) by e**, we have

d

(e u@)]) + we ua (I < we u@)]* < we™ uo(, 0)]*

Integrating the above inequality from 0 to Ty gives

To
e lu(To) || + uf/ e ug (8)[2dt < (2 — e™70)[Jug(z, 0) ||
0

which implies that

T 2 2 2
| e untode < 2 fuote. o)
0 w

Consequently, we get

To To—T1
l/ ww%@—fmwr—/' |y (s)| s (by s =t —7)
0

(/ - /OTO / - ) ) [y )P
(L) e
(/

0 To
< / ) ew(s+7)||ux(s)||2ds.
—T 0

+

(15)

(16)
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Here, by (16) [ e*CH7||ug(s)[%ds = e [ e uq(s)[ds < 227 |Juo(, 0)]?,

and [7_ (4 |luy (s)[[2ds < [° €0 fugy (s)|[2ds < 7 [ [|ugy (s)[[2ds, hence

To ) 0 ) 2ewT )
/ eluy (¢ — 7)|2dt < &7 / laoe ()15 + 25 Jluo(x, 0)]2
0

. w

Furthermore we have

To ) 0 ) 2ewT )
/0 gt — 7) 2t < 7 / luo()IPds + 2 Juo(, )2 (17)

. w
On the other hand, integrating by parts, we obtain

d 1
E”uma)”z = _2/ Ugga (1) Use () dr — 2Humm<t)”2
0

o / s (B)(t — 7)1t () — 2t (2)]
<9 / g (8)] [t (£) 0 — 2|t ()]

2t — 7)) / g ()] [t (£) 2 — 2tz ()2

< tzwaw (01 + ([t (O = 2 tzza (1)
+ [tz (0)* + [ (t = TP [lua (O — 2 tae ()1
< JJua(t = 7)1 lus (1)
< Jua(t = 7)1 [taa (1. (18)

By (16)—(18), using Lemma 3.1, we obtain

[tz (1) |2
2 2 wt 0 2 2e7 o2l —wt
< (2lJuo(z, 0) ||+ [ toze (, 0)[|*) expq e [ [Juos(s)||*ds+ - |uo(z,0)[|*pe
2
Sfeion. (19)
Hence

e (To) || < K7™,

which is in contradiction with (6). Therefore, we have proved that Ty = +oo
and then (4) follows from (19). Thus the proof of Theorem 1.2 is completed. [
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