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Convolution in Rearrangement-Invariant
Spaces Defined in Terms of Oscillation
and the Maximal Function
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Abstract. We characterize boundedness of a convolution operator with a fixed ker-
nel between the classes SP(v), defined in terms of oscillation, and weighted Lorentz
spaces I'(w), defined in terms of the maximal function, for 0 < p,q < co. We prove
corresponding weighted Young-type inequalities of the form

1 * gllray < Clifllsewllglly

and characterize the optimal rearrangement-invariant space Y for which these in-
equalities hold.
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1. Introduction

The classical Young inequality

1+ glls < (£ llpllgll-
where 1 < p,q,r < 00, % + % =1+ % and f x g is the convolution given by
(f*g)( / flz)g(t —z)dz, teR,

is one of the fundamental results related to the convolution and function spaces.
It has been already modified and generalized for classes of function spaces that
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are wider than the Lebesgue spaces in the original Young inequality. O’Neil [14]
extended the result for the two-parametric Lorentz spaces L,,. Precisely, he
proved that, for 1 < p,q,r < oo and 1 < a,b,c < oo such that 1+é = % —1—%

and % = % + %, the inequality

1f % 9llega < Cllfllz,ollglleee € Lpp g€ Lie,

holds. This problem was further studied e.g. in [3,10,18] and the result was also
improved up to the range 1 < p,q,r < oo and 0 < a,b,c < oo. Nursultanov
and Tikhonov [13] recently studied the same question considering convolution
of periodic functions.

In the preceding paper [11] the author studied the boundedness of the op-
erator T, given by

Tyf(t) == (f *g)(t)

between weighted Lorentz spaces AP(v) and I'(w) with given weights v, w and
exponents p, q. It turned out that the result could be expressed by Young-type
inequalities of the form

1f * gllvaw) < Cllfllarwllglly,  f € AP(v), g €Y,

where the best r.i. space Y, such that this inequality holds, was characterized.

In this paper we deal with similar questions with SP(v) in place of AP(v).
The class SP(v) is defined in terms of f** — f* where f* is the nonincreasing
rearrangement of f and f** is the maximal function of f (for precise definitions
see Section 2 below). The quantity f** — f* naturally represents the oscillation
of f (see the fundamental paper of Bennett, DeVore and Sharpley [1]) and has
appeared in numerous applications, particularly within the theory of Sobolev
embeddings (see e.g. [4] and the references therein).

We are going to solve the following problems: At first, given exponents
p,q€ (0, 00] and weights v, w, we provide conditions on the kernel g€ L' under
which 7} is bounded between SP(v) and I'(w), written T, : SP(v) — I'Y(w).
Precisely, we will show that there exists an r.i. space Y such that T}, : SP(v) —
['(w) if (and in reasonable cases also only if) ¢ € Y and characterize the
norm of Y. Next, we write these results in the form of Young-type convolution
inequalities

1f # gllraw) < Cllflsvwllglly,  f € SP(v), g€ L' NY. (1)

The constant C here in general depends on p, ¢ but is independent of f, g, v, w.
We will also show that the space Y we obtained is the essentially largest (opti-
mal) r.i. space for which the inequality (1) is valid.

To get the desired results, we employ a similar technique as in [11]. We
represent the investigated convolution-related inequalities by certain Hardy-
type weighted inequalities and then treat the problem by working with the
latter ones. This is done in Section 3. The final result shaped as the Young-
type inequality (1) is presented in Section 4.
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2. Preliminaries

Let us present some definitions and technical results we are going to use. The set
of all measurable functions on R is denoted by .# (R). The symbols .#, (0, c0)
and . (R) stand for the sets of all nonnegative measurable functions on (0, co)
and R, respectively. If p € (1,00), we define p' := 1%' The notation A < B
means that A < C'B where C' is a positive constant independent of relevant
quantities. Unless specified else, C' actually depends only on the exponents p
and ¢, if they are involved. If A < B and B < A, we write A ~ B. The optimal
constant C' in an inequality A < C'B is the least C' such that the inequality

holds. By writing inequalities in the form

A(f) S B(f), feX,

we always mean that A(f) < B(f) is satisfied for all f € X.

A weight is any nonnegative function on (0, 00). such that 0 < W(t) < oo
for all ¢ > 0, where W (t) := fotw(s) ds.

If f e #(R), we define the nonincreasing rearrangement of f by

) :=inf{s > 0; [{z €R; |f(x)] > s} <t}, t>0,

and the Hardy-Littlewood maximal function of f by

f7(t) = %/0 f*(s)ds, t>0.

If u is a weight, then a generalized version of the maximal function is defined by

fox(t) == %/ﬂ f*(s)u(s)ds, t>0.

By L' we denote the Lebesgue-integrable functions on R. The symbol L{

stands for locally integrable functions on R. If ¢ € (0,00] and w is a weight,
then L9(w) denotes the Lebesgue L9-space over the interval (0,00) with the
measure w(t) dt.
Let o : #(R) — [0, 00] be a functional with the following properties:

(i) ECR, |E| <00 = o(xg) < oo,

(i) fe#(R), c>0 = olcf)=co(f) (positive homogeneity),

(iii) f,ge #(R), 0< f<gae. = o(f) <o(g) (lattice property),

(iv) fige #R), f*=g" = olf) = olg) (ri property).
The set X = X (o) := {f € #(R), o(f) < oo} is called a rearrangement-
invariant (r.i.) lattice. For such X we define ||f||x := o(|f]) for all f € X.

For the definition of a rearrangement-invariant space see [2, p. 59].
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Let p € (0,00] and u, v be weights. The weighted Lorentz spaces are defined
by what follows:

~—

fV@%Z{feﬂfﬁh!UWW@?Z(A?fW@VWﬂdQP<u}, p€(0,00),

N=i={ Fe M@ 1fllmimesssuw fu <o}, p=

~—

P (1) = {fe///(R ez = ( / RO dt)p <oo}, pe(0,00),

[°(v):= {fe,///(]R); | flIree (v) ::es§.>s(1)1p fre(t)o(t) < oo}, p=00.

If u=1, we write just I'’(v), I'*°(v). Next, we denote
A= {f € MR f(0) = 0}

Clearly, any function f € A satisfies f**(c0) = 0.
The class SP(v) is given by

57(v):= {feA; 1 llsv = ( / ) - )P dt)” <oo}, pe(0,c0),

S°°<v>:={feA; Il =esssup (£(6) - f*<t>>v<t><oo}, —

The T'-spaces with u = 1 are linear and the functional || - ||rr() is at least
a quasi-norm. In fact, for p € [1,00] it is a norm. The key property is the
sublinearity of the maximal function (see e.g. [2, p. 54]), i.e.

(f+9)™ @) < f*(t) + g™ (), t>0.

On the other hand, the rearrangement itself is not sublinear and the A-“spaces”
need not to be linear [7]. However, they are always at least r.i. lattices.

In contrast with that, SP(v) in general does not even have the lattice prop-
erty. A detailed study of this and other functional properties of SP(v) was
published in [4].

Obviously, I'?(v) C SP(v) for any p € (0,00] and any weight v. In case of
p € (0,00), we will work with weights v satisfying the conditions

ot ot
/ olt) dt < oo for every € > 0 and / % dt = oo. (2)
€ 0

tp

It can be checked easily that if the first part of (2) is not satisfied, then I'’(v) =
SP(v) = {0}, while failing the other part implies that L' C T?(v) C SP(v). By
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the symbol 7, we denote the set of all weights v satisfying (2) with p € (0, 00).
Similarly, 7, stands for the set of all weights satisfying

v(t) v(t)

esssup — < oo for every € > 0 and esssup —= =
t>e t >0

A useful tool for investigation of convolution inequalities is the O’Neil in-
equality [14, Lemma 2.5]:

Lemma 2.1. Let f,g € LL_.. Then, for everyt € (0,00) it holds

loc*

ey O <er e @+ [ 16
We are going to use this inequality with an alternative expression of its
right-hand side from [11, Proposition 4.1]:
Lemma 2.2. Let f,g € L. .. Then for every t € (0,00) it holds

L ()™ () + / £ (3)g"(s) ds

= limsup sf**(s)g™(s) + /oo(f**(s) — f*(s))(g™"(s) — g"(s)) ds.

5§—00 t

In particular, if f € A and g € L', then lim, ., sf**(s)g**(s) = 0. Thus,
Lemmas 2.1 and 2.2 together yield

(f % )" (1) < /tm<f**<s>—f*<s>><g**<s>—g*<s>>ds, (>0 (3)

As observed already in [14], O’Neil inequality has also a converse form (for
the proof of the following statement see e.g. [11, Lemma 2.3]).

Lemma 2.3. Let f,g € L be nonnegative even functions which are nonin-
creasing on (0,00). Then for every t € (0,00) it holds

L () g™ ( / (g™ (y) dy < 12(f * g)™(t).

From now on we denote the “positive symmetrically decreasing” functions

by
PSD :={f; f e #.(R), fiseven, f is nonincreasing on (0,00)}.

Applying Lemmas 2.2, 2.3 and the observation (3), we reach the following
conclusion: Let f € A, g € L' and assume that both f,g € PSD. Then

[0 - PENE ) - s @) s <12 g @, 120 (@)

The last preliminary result is the proposition below (cf. e.g. [16, Lemma 1.2],
[5, Proposition 7.2]).
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Proposition 2.4. Let h be a nonnegative and nonincreasing real-valued func-
tion on (0,00). Then there exists a sequence { f,}nen of functions f, € #(R)
such that for a.e. t > 0 it holds

fo () = fa

; )Th(t), n — 0o.

Proof. There exists a nonnegative Radon measure v on (0,00) such that for

a.e. t > 01t is au(a)
h(t) = Vx. 5
(t) /[t’) (5)

T

For any n € N we can find a function f,, € .#(R) such that
0= [ | X(m@ldr(@
(03) " =)

for all t > 0. Now choose any ¢t > 0 such that (5) holds. By Fubini theorem,

f;*(%)_f;(%)_ : x)dv(x s—1 x)dv(x
Tl Jay 8 [ xekie)

n’

min{2.1} 1
- /(O,oo)/o ds X(%’O"> (z)dv(z) - g/(o,t)x(rlwoo) (2)dv()
[t,00) T

3. Inequalities with f** — f* and boundedness of the con-
volution operator

As mentioned in the introduction, we are going to describe when T}, : SP(v) —
['(w) is bounded and, above all, what is the optimal r.i. space Y such that the
inequality ||f * gllre@w) S |1 f]lse@llglly holds for all f € SP(v) and g € L' NY.
The problem is connected to inequalities involving the expression f**— f* which
are shown in the following lemma. It is a direct consequence of the O’Neil
inequality (3).

Lemma 3.1. Let p,q € (0,00]. Let v,w be weights, v € ¥,. Let g € L*.
(i) Ifp,q € (0,00) and

(/000 (/:O(f**(t) = fr))(g™ () — g (1)) dt)qw(x) dx);

(©
<co ([ @ - roriwa). reso,
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then T, : SP(v) — I'(w) and, moreover, the optimal constant C(s) satisfies
175l sv@)-raw) < Cre)-
(ii)) If0<p <oo=gq and

s Sup /Oo(f** () = (@) (g™ (@) — g" () dt w(x)

< ( /Ooo(f**(x)—f*(fv))pv(w)dw);, fes) "

then T, : SP(v) — I'*(w) and, moreover, the optimal constant C(s) satis-
fies | Tyl sp)—roe(w) < Crs).-
(iii) If0 < g < oo =p and

1

([([ o= roo-go dt)qwm )’ o
< Cyesssup (f*(z) — f*(x)v(z), [feS®W),

>0
then Ty : S (v) = I'(w) and, moreover, the optimal constant C(7) satis-

fies | Tyl s>@)-raw) < Cn-
(iv) If p=q = o0 and

esssup [ (7°(0) = F(0)(67 (1) — 9°(0) d w(a)

>0

< Clgyesssup (f(x) — [*())o(x), | € S(v),

x>0

(9)

then T, : S*(v) — I'**(w) and, moreover, the optimal constant C) sat-
iSﬁ@S ”Tg”soo(v)_)r‘oo(w) < C(g).

The next result is inverse to the previous lemma, showing that the validity
of the inequalities with f** — f* from that lemma is also necessary for the
boundedness of Ty, given that g € PSD.

Lemma 3.2. Let p,q € (0,00]. Let v,w be weights, v € ¥,. Let g € L'NPSD.
(i) If p,q € (0,00) and T, : SP(v) — I'(w), then (6) holds and the optimal
constant Cg) satisfies Cig) S || Tyl sr(0)—raqw) -
(i) If0 < p < oo =gq and T, : SP(v) — I'>(w), then (7) holds and the
optimal constant Ciyy satisfies C(y S || Tyl sp(w)—ro0 (w) -
(ili) If 0 < ¢ < 00 = p and T, : S*®(v) — I'(w), then (8) holds and the
optimal constant Cgy satisfies C(g) S || Ty || 50 (v)—ra(w)-
(iv) If p=q =00 and T, : S®(v) = I'*(w), then (9) holds and the optimal
constant C(gy satisfies Croy S || Tyl 500 (v)—T (w)-
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Proof. Let us show (i), the other cases are analogous. By (4), for the optimal
constant Cgy we get

O e <Aw(1%“”@%<F@Xfww—f@»ﬁ)aw@¢ﬁé

1/l sp (<1

- HinLl(Ij)Sl </0C>o (/:o(f**(t) — [ )™ (@) — g (1)) dt)qw(ai) dw)é

feEPSD

o
<2 s ([T @)
I1fllsp (v) <t 0
fePSD
<N Tyllsn)-rau). -
Now we characterize under which conditions on weights and exponents the
inequalities of Lemma 3.1 are satisfied.

Theorem 3.3. Let p,q € (0,00). Let v, w be weights, v € ¥,. Let g € L*.
(i) If 1 < p <q < oo, then (6) holds if and only if

Amwzig(lm@”@wwwdﬁé(Aw%?dﬁ_;<m> (10)
and

Ay = sup Wi (z) (/:?g**(t))ﬂ (/:O% ds) pl? dt) ;,< 0. (11)

The optimal constant C(g) satisfies Cy ~ Aoy + Aqr)-
(i) fo<p<1, 0<p<qg<oo, then (6) holds if and only if Apgy < oo and

Aqzy = sup g™ ()W (z) ( / o) dt) - < 00. (12)

>0
The optimal constant C(g) satisfies Cey ~ Ago) + Agi2).-
(ili) If 1 <p< oo, 0<q<p, then (6) holds if and only if

Ang) = (/f(/:?g**(t))qw(t) dt);(/:o%f) dt)_g%f) dx>i< oo (13)

and

T

Ay = ( 000 W (z)w(z)

T 1

< 00.
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The optimal constant Cg) satisfies C) ~ A3y + Aqa).
(iv) If 0 < g < p < 1, then (6) holds if and only if Anzy < oo and

00 t *% . %

Ans) = (/ sup (g™ (t))" (/ @ds> We(z)w(z) dx) < oco. (15)
0 z<t<oo o SP

The optimal constant Cg) satisfies C) ~ A3y + Aqs).

Proof. Let us show (i). After the change of variable z — %, inequality (6) is
written as

( [ ( [L@r® 0 dt)q v () dx)‘?
cco ([T (CELDY (D) ra) L sem

Let us denote by //i((), o0) the cone of nonnegative and nonincreasing functions
on (0,00). We claim that (16) is true if and only if

e D)) G,
([ [y =t

(16)

(17)

=)

Indeed, every function ¢ ; is nonnegative and nonincreasing on
(0, 00), hence (17) implies (16). On the other hand, if ¢ € .} (0,00) is given,
by Proposition 2.4 we find f, € .4 (R) such that wﬂp(ﬂ for a.e. t€
(0, 00). Since (16) holds for every f,, in place of f, by the monotone convergence
theorem we get (17) for the given ¢. Hence, (16) implies (17).

Inequality (17) defines the embedding

AP(v) = T (w) (18)
with
H(z) = v (i) P2 () = w e) 22 u) = L () — 9 ()

By [8, Theorem 3.1(iii)] or a modified version of [6, Theorem 4.1(i)], (18) (as
well as (17)) holds if and only if A0y + A1) < 0o and the optimal Cg) satisfies
C(6) ~ A(IO) -+ A(H), which is the result.
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In cases (ii)—(iv) we proceed in the same way, the only difference being
the conditions characterizing (18) for different settings of p and ¢q. These char-
acterizations of (18) may be found in [8, Theorem 3.1] or, alternatively, in
[6, Theorem 4.1] for (ii) and (iii) and [5, Theorem 3.1] for (iv). Note that in
[5,6] the results are given just for u = 1. O

Remark 3.4. For 1 < p < oo, Theorem 3.3 can be alternatively obtained using
the reduction theorem [9, Theorem 2.2] and Hardy inequalities for nonnegative
functions (see e.g. [12,15]).

In the case ¢ = oo, i.e. for (7), we get

Theorem 3.5. Let p € (0,00). Let v,w be weights, v € ¥,. Let g € L*. Then
(i) If 0 < p <1, then (7) holds if and only if

lﬁwwzewﬂmuwﬂﬁmgwﬁ)([mQELh>_p<00 (19)

>0 t>x

Moreover, the optimal constant C (7 satisfies C(7y ~ A(yg).
(ii) If 1 < p < oo, then (7) holds if and only if

A =0 zip wiz) ( [y ([T ) Uy dt) ’

< oQ.

Moreover, the optimal constant C7y satisfies Cry =~ Aqao).

Proof. Following the same reasoning as in the proof of Theorem 3.3, the in-
equality (7) is equivalent to

s [ 0 )4 (1)

>0 t X

[e.9]

OP(z)v (1> P dx) ’ . @ € M0, 00).

X

Scm(

Denote v,(z) := v (£) 2P=2. The optimal C(7) satisfies

Cizy= sup esssupw(é)/ f*(t)g (£)—9" (%) dt
0

£llap(wpy <1 >0

= esssup w (1) sup / f*(t)g (1) —9 (2) dt.
£ llap (wp) <1 J0

>0 x t

0

~
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In the following calculations, we are going to use the condition (2) without
further comment.

(i) If 0 < p <1, [6, Theorem 3.1(i)] gives

sup /Omf*(t)Mdt ~ sup)/oths (/Otvp(s) ds>_p.

1£lap (up) <1 t te(0,2

Hence, we get

1 t ok (1Y % (1 t
C7y ~ esssup w (—) sup / J (S) J (S) ds (/ Up(8) ds)
x>0 T/ te0,2)Jo s 0

1
1 o° T
= esssup w <—> sup g™ (t) (/ @ ds>
x>0 x te(L,00) ¢ SP

= Agg).

(i) If 1 < p < 00, by [6, Theorem 3.1(ii)] we have

s /O o W)= @)y,

£ 1P (up) <1 t

L))
= (/;O(g**(t))p/ </too vij) ds) ’ % dt) ’ +g" (i) (/OO % ds) _

Hence, (21) implies Crry ~ Aoy for the optimal Cr). ]

S =

[

For the last case, p = 0o, which covers the inequalities (8) and (9), we have
the following theorem.
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Theorem 3.6. Let v, w be weights, v € V. Let g € L*. Then
(i) For 0 < q < oo, the inequality (8) holds and only if

1

Aoy = / / g9"(t) —g"(t) -dt | w(r)dr | < oo
0 o £ ESSSUD c(y o0y V(S)S™

Moreover, the optimal constant Cg) satisfies Cgy =~ A(ag).
(ii) The inequality (9) holds if and only if

Afog) 1= esssup / g7 (1) = g"(1) - dt w(z) < oo.

>0 £ eSS SUD ye (4 00) V(8)5™

Moreover, the optimal constant Cgy satisfies Cgy =~ A(a3).

(22)

(23)

Proof. Here we use the same technique as in Theorems 3.3 and 3.5. During the

process we apply e.g. the result of [17, Proposition 2.7]. We omit the details.

]

Remark 3.7. In each of the particular settings of the exponents p,q in The-
orem 3.3(i)-(iv), the functionals Ay, ..., A@s) are r.i. norms of g, with the
following exceptions: In (iii) and (iv), if 0 < ¢ < 1, then A3y is in general
just an r.i. quasi-norm, the same applies to A(5) in (iv) if r < 1. Similarly, the
functionals A9y and Aoy in Theorem 3.5 are r.i. norms of g. For a detailed

proof of this, see e.g. [11, Proposition 5.6].

In Theorem 3.6, the functional A3y acting on g € L' is an r.i. norm of g.
The functional Ay is, in general, an r.i. quasi-norm, for ¢ > 1 an r.i. norm.

Let us prove the claim about A(sz). At first, since ¢ — (esssup s€(t,00) v(s)s™)

is nondecreasing, its derivative, which we denote by

5(t) = & !

dt essSup ey 00y V(5)57 1

exists and is nonnegative for a.e. t € (0,00). Let x € (0,00). Suppose that

[y

t eSS SUD 4e(400) V(5)8

Then, by monotonicity of (essSup ¢ ) v(s)s‘l)_l, we have
eSS SUD ye(1,00) V(8)ST1 €SSSUD (4 00y V(8)S7L y

g/ 9" (y) — 9" (y) Ly X0
; yesssupse(yvoo)v(s)s—

-1
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Hence, by partial integration and the previous, we get
/ G (0)8(8) dt = g™ () _ +/ g~ (t) —g"(t) Py
T €SS Sup SE(t,00) U(S)S e x t esssup s€(t,00) (S)S

By G R

t eSS SUD ge (4 00) V(8)5™1 ess sup yu(s)s™t

s€(z,00

< 0Q.

Now assume, on the other hand, that [~ g**(¢)d(¢) dt < oo. Then,

/oo W =gt @ / T 06 dt < .

t eSS SUD 4e(400) V(8)571 €SS SUD ¢ (4 00) V(5)8

Thus, we see that A9 is equal to

oo g**(:c) 0o . q !
</o <GSSSUps€(x7m)U(S)Sl+/I 9 (t)5(t)dt> w(x)dx> ,

This expression is an r.i. quasi-norm of g, for ¢ > 1 it is an r.i. norm. To check
this, we refer again to [11].
In the same way as above, we may show that A3 is an r.i. norm.

4. Young-type convolution inequalities with the class S
on the right-hand side

In the previous part we obtained the conditions for boundedness of Tj. Let
us now summarize these results and apply them to get the desired convolution
inequalities. Note that, in what follows, if we define || - ||y first, then the space
Y is naturally defined as Y := {f € Z(R); | f|ly < oo}.

Theorem 4.1. Let p,q € (0,00]. Let v,w be weights, v € ¥,. For g € L' define
\lglly by what follows:

( A(lO) + A(ll) Zf 1< P S q < oQ;
Aoy +Auzy of 0<p<1, 0<p<g<oo;
Aug)y +Apey if 1<p<oo, 0<q<p;
Aqo) if 0<p<1, q=o0;
A(20) if 1<p<oo, ¢q=o0;
A22) if p=o0, 0<q< oo

[ Aes) if p=gq=o0.

Then
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(i) Ifg €Y, then T, : SP(v) — I'(w) and
1Tl sp ()=o) S llglly-
ii) If g e PSD and T, : SP(v) — I'Y(w), then g € Y and
9
lglly < ITllsr)—raqw)-
(iii) The inequality
1f * gllvawy S IS lsowllglly,  f€SP(v), g€ L NY,  (24)

1s satisfied. Moreover, if}j/ is any r.i. lattice such that (24) holds with Y
in place of Y, then L' NY — L'NY.

Proof. Let us prove the assertions for the case 1 <p<g<oo. In the other cases,
the only difference is that we work with another appropriate functional A ).

(i) Let ¢ € Y, thus Aqg) + A1) < oo. Then, by Theorem 3.3(i), the
inequality (6) holds. Thus, from Lemma 3.1(i) it follows that T, : S*(v) —
I(w) and || Ty[|sv()-row) < Cro) = [l9lly-

(ii) Assume that ¢ € PSD and T, : S?(v) — ['"(w). By Lemma 3.2(i),
inequality (6) holds and the optimal C satisfies Cgy S || 7} sp(v)—raqw). The-
orem 3.1(i) now yields that Ang) + A1) < 00, i.e. g € Y. Moreover, we also
get [|glly ~ Cle) S HTgHSP(v)—W‘?(w)'

(iii) The inequality (24) follows from (i) and the relation ||T,f|row) <
| Ty |l sp () =) || f|sp0)- Let us prove the optimality of Y. Assume that Y is an

r.i. lattice such that

1f * gllra) S Ifllsellglly:  f € SP(v), g€ LTNY. (25)

Let h € L'NY. We can find a function g € L'NYNPSD such that g* = h*. The
inequality (25) yields that ||Ty||se()—raw) S llgllg. Thus, Ty @ SP(v) — T9(w)
and by (ii) it holds ||g|ly < || Tyl s»(v)—rae(w)- Together we get
l9lly S N Tyllsp)—raw) S lglly-
The functionals || - ||y and || - || are r.i., thus we obtain
12]ly < NIAlly-
Since h was chosen arbitrarily, we got the desired embedding L'NY— L'NY. O

Remark 4.2. For given weights v, w and exponents p, ¢, the optimal space Y
may equal {0}. (Let us formally consider {0} to be an r.i. space.) In that
case, the operator 7, with a nonnegative kernel g is bounded between SP(v)
and I'"(w) if and only if g = 0 a.e. (cf. [11, Corollary 3.3]).
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