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Abstract. We deal with a viscoelastic fluid model in a rectangle domain with non-
trivial velocity at the inflow and outflow area and slip boundary condition at the rest
of the boundary. For this model we investigate the existence of local in time solutions.
Then we present 2D simulations and we discuss the possibility of the derivation of
1D model by limit passage with the height of the rectangle to zero. Moreover, we
present few 1D models that we support by simulations.
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1. Introduction

Mathematical modeling of biological fluids is not trivial due to their complex
molecular structure. A good examples are gels or polymers which perform
many non-Newtonian behaviour [3,17]. Another example is blood, consisting
of particles like red and white cells suspended in the main component, namely
in blood plasma. One can describe each component of fluid separately. Plasma
exhibits Newtonian response which can be covered by Navier-Stokes equations.
The other components are described using transport equation. However, it
leads to huge amount of equations which may not be easy to investigate and
simplifications are required. That is why it is considered as a continuum that
performs non-Newtonian behaviour [1,2,16,20,21].

We are interested in modeling only viscoelastic behaviour of a fluid. The
aim of this paper is to prove the local in time existence of solution to Oldroyd-
type of model in a case of non-zero flux. Moreover, we are interested in finding
a 1D model of viscoelastic fluid.

We choose the 2D domain of small height which we consider to be the
rectangle {2} = (0,1) x (0,¢) in R? where the boundary of Q. is a sum of
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['=(0,1)x{0,¢e}, B= ByUBy = ({0} x(0,¢))U({1} x(0,€)) and corners. As the
viscoelastic fluid model we use Oldroyd-type system [10] in (¢, 2) € (0, 00) x 2,

O +v - Vo — pAv + Vp = div (FFT),
dive =0, (1)
OF +v-VF =YVuF,

with initial data: v(0,2) = vo(z), F(0,x) = Fy(z).

We denote the viscosity by p and the pressure by p. Moreover, v(t,x) is a
2-dimensional velocity field of fluid. The deformation gradient F(t,x) is such
a matrix that div F = 0 and det F' = 1. Then, in 2D case we can introduce
¢ = (¢1, ¢2) such that F' is given by

_8:52 ¢1 _azz¢27
F= .
azl ¢1 6x1 ¢2-
We obtain the following system

2
ov+v-Vu—pulAv+Vp=— ZA@V@»
i=1

dive =0,
atng—vng): 0,

with initial conditions

v(0,z) = vo(x), ¢(0,2) = ¢o().

We suppose that at the part B; of boundary there is a constant inflow of fluid
and at the part B, there is a constant outflow. Moreover, we assume that the
fluid is not flowing through part I'. The proper choice of boundary conditions
is discussed in Section 2. We need to set conditions not only for velocity but
also for deformation gradient. This is essential to obtain the energy inequality
(described in Section 3) and estimates for transport equation. Moreover, in
Section 2 we present the main result, Theorem 2.1, concerning the existence of
solutions.

As the proof is long and technical, we divide it into two parts. First, we
present Section 4, containing theorems about regularity of Stokes equation and
transport equation. Moreover, we find the estimates of the nonlinear terms
there. Then we use all these results to prove Theorem 2.1 in Section 5. In
Section 6 we illustrate this result by 2D example of the fluid flow in rectangles
of different height. Next, in Section 7, we discuss a limit passage with height of
the rectangle to zero. The obtained 1D model turns out to have a very simple
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structure. That is why in Section 8 we have to generalise it, assuming that
the flux depends on the energy. Checking few different relations between flux
and energy, we obtain different models. This result is supported by simulations
showing the evolution of energy.

2. Statement of the main result

In this section, we discuss the choice of boundary and initial conditions for
velocity and for deformation gradient in the terms of V¢. In [8,10] the whole
space, periodic box and smooth domain with zero Dirichlet boundary conditions
for velocity were considered. It caused that all boundary terms vanished, and
it was not needed to give any boundary conditions for ¢. However, we do not
assume velocity to be zero at the boundary. Instead of this, we have a constant
inflow and outflow of fluid at two ends of domain, and a kind of slip boundary
condition for the rest of boundary. In this case we have to describe boundary
conditions for the deformation gradient. It is reasonable to consider it only in
the inflow area, where we are able to control the data.

We start with precise description of boundary terms for velocity. Let us
suppose that By denotes the part of the boundary with constant inflow of fluid
and B, the part with constant outflow. Moreover, we assume that fluid is not
flowing through the part I". Then the boundary conditions are as follows

n-v=0, n-Dw)-1=0at'x(0,7), v=v"at Bx(0,7), (3)

where n = (ny,ns) is the outward normal vector and 7 is the tangent vector.
Moreover, D(v) = 2(Vv+VoT) is the symmetric velocity gradient. Function v?
denotes the basic flow, which in our case, is constant in time and space. How-
ever, it depends on the height of domain € and the flux, which we assume to be
equal to one. Then, v? is given by the formula v? = (vf,0) = (2,0).

As the velocity of fluid at the boundary is not equal to zero, we need to
describe behaviour of ¢ at the boundary. However, we are allowed to consider
it only in the inflow area B;. Moreover, instead of ¢, we are more interested in

modeling its gradient. Then, we consider system of equations

at(al'z¢]) T V<ax,¢j) + axivlam (bj + 8miv2ax2¢j = 07 (4)
for i,7 = 1,2. We assume that ¢ at the boundary B; is a given function
satisfying

ax1¢1 = %7 aa:1¢2 = 07 8x2¢1 = 07 ax2¢2 = C, (5)

where ¢ is constant.

The fact that v; # 0 at the part of boundary B; gives us local existence of
solution to problem (4) near inflow area via method of characteristics. Moreover,
this solution is a C? function, thus ¢ is a C® function near the boundary B;.
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The assumption that at the inflow area 0,,¢2 = 0,,¢1 = 0 together with
special choice of initial condition,

axld)Q(O;xla ZEQ) == ax2¢l(07 €, x2> == 07 (6)

causes that we are able to obtain energy inequality (14). The relaxation of these
conditions is discussed in Section 3.

Our choice of V¢ in the inflow area is compatible with the condition
det F' = 1, what in the language of ¢ means that following equation is sat-
isfied

a$1¢1ax2¢2 - ax2¢1ax1¢2 =L (7)
Moreover, using condition (7), boundary terms (12) and transport equation (4)
for V¢, we are able to calculate or at least estimate higher derivatives of ¢ at the
inflow area. We need it in Section 4 to prove L (0, T; W3(Q))NW3 (0, T; W3(Q))
estimates of ¢ in Lemma 4.5. All second order space derivatives of ¢ at the
boundary B; are equal to zero except

Dy, Oy, Gy = —Uﬁaxm. (8)

1

What is more, all third order derivatives of ¢ at the boundary B; are equal to
zero except

C
2
8;[;1 8&,’2 ¢2 - - U_axgaxl V2,
1

1
Onr == -0p, 9)

c c
8§1¢2 = —28taxlv2 — —8211)2.
Now, we change system (2) by introducing a new function w = v — vP to

obtain problem for velocity with zero Dirichlet boundary conditions at B.
The new system for w is given by

2
1
Opw +w - Vw — pAw + Vp + —0gw = — > MGV,

=1

divw =0, (10)
Op+w-Vo+ %&;ﬁ =0,
with boundary conditions
wy =0, Opw;=0atT x(0,7), w=0atBx(0,7T), (11)

—_

811¢1 = ax1¢2 = 07 axz(bl = 07 ax2¢2 =cat Bl X (OaT)a (12)

e
C
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and initial conditions
w=wy, ¢=q¢9 for t=0. (13)

We require that 0., ¢2(0, 1, 22) = 0, ¢1(0, 1, 22) = 0 at the boundary part I
For this problem we formulate the main theorem about the existence of
local in time solutions.

Theorem 2.1. Let us assume that wy € WZ(Q) and ¢g € W3 (Q). Then there
exists time T > 0 such that there exists a solution to the problem (10)—(13) on

3
2

(0,T) satisfying w € Wy'* (2 (0,7)) N L=(0,T; WE(Q)), ¢ € L=(0, T3 WH(Q))
AW, T; WE(9)).

In [10] the same regularity for the initial conditions was needed to obtain
existence result. This result was improved in [8] where the lower regularity
for ¢y € Wﬁ was considered. The main difference in Theorem 2.1 is that for
bounded domain we consider different boundary conditions than in [8,10], what
complicates the proof.

We divide the proof into two parts. The first part, described in Section 4,
contains regularity result for nonstationary Stokes problem and estimates for
nonlinear parts. The second, in Section 5, contains the proper proof which is
based on the Banach fixed point theorem.

3. Energy estimates

In this section, we show that for smooth solutions of problem (10) the energy
inequality holds if we choose proper boundary and initial conditions for ¢. The
problem appears because the boundary conditions for velocity are not zero.
This produces the additional part in the right-hand side of inequality, namely:
— f(o,t) Jr S22 (nV @) (w - Vy)dodr. However, we are able to remove it due to
our choice of boundary conditions (12) and initial conditions (6). In fact, there
is larger class of conditions that makes this part disappearing, as it is enough
to assume that 0., ¢2(0,21,22) = 0.,¢1(0,21,25) = 0 at the boundary part I,
and 0,,¢2(t, z) = 0p,¢1(t, ) = 0 in the points I' N B;. Equivalently, instead of
Oz, 02, Oz, 1 we could consider d,, ¢ and 0,,¢s.

Theorem 3.1. Let us assume that solution of problem (10) is sufficiently smooth
with initial conditions (6) and boundary conditions (12), then it fulfils the fol-
lowing inequality

1 1
/ —|w(t)|2+—\V¢(t)|2+/ Vwdrda
Q. 2 2 0,0)
1 1 1 (14)
§/ —|w(0)\2+—\V¢(0)]2dm+—/ / IVo(7,0, 29)|*daadr.
. 2 2 2¢ J(o,t) J (0,6



486 J. Skonieczna

Proof. First, we differentiate the last equation of problem (10) and obtain
1
Vo +V(w-Vo)+ -0, Vo = 0.
€

Now, we take the first equation of problem (10), multiply it by w and
integrate over space variables

2
1 1 1
/QE 5@|w\2—|—§w-V|w|2+,u|Vw|2+pr+%3m1|w|2dx = —/Q ZAqbinqﬁidx.

€ 4=1

Thanks to integration by parts, boundary conditions, and divergence free con-
dition for w, we obtain that the second, forth and fifth terms are equal to zero.
In the end, we integrate by parts the right-hand side, what produces additional
boundary term which in general may not vanish:

_ /Q S VOV (w- Vo) d /a >V (- V) o

e =1 € =1

2

1

Here, we use the transport equation to the gradient of ¢. Then, the part

2
/Q > V6V (w- V) de

€ =1

= 1
_ /Q S v (&ngi + ;%Wi) dz

€ 4=1

= —/Q > (%@IV@P + %&m ((Bay0)” + (axqui)z))

€ i=1

1
:_/ S Z0|Ve |t
Qe j=1 2
2

- </(0 > (00, i(t, 1, 22))* + (00 i(t, 1, 22))°) o

1€) =1

- /(O | D (00, 6i(t, 0, 22))* + (Dnyi(t, 0, 72))%) dgg2> ,

=1
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At the end, we obtain

1 1

€

1
+ — </ ‘V(rb(t, 1, (L’Q>|2d$2 —/ ]qu(t, 0, $2)|2d$2)
2¢ Voo 0

= —/m > (nVéi) (w- V) do

€ i=1
2
- —/Z(anbi) (w- V) do,
izt
what after integrating over time gives energy inequality
1 2 1 2 2
—|lw(®)|” + =|Vo(t)|” + |Vw|*drdx
Q. 2 2 (0,t)

1 1 1
< / L)) + L veo)Pde + / / IV o(t,0, 2) Pdusdr
2 2 26 (O,t) (076)

€

2
- /(o,t) /F ; (nVéi) (w- V) dodr.

Now, we prove that our choice of boundary and initial conditions for ¢ makes
the boundary term to vanish. We obtain this by method of characteristics.
First, we simplify that term using boundary conditions for velocity

/FZ (nV¢;) (w-Ve;)do = /FZ No (Opy®) (w104, 0;) do.

Then, we consider the transport equations at the boundary part I' for ¢
o+ w-Vo+uP- Vo =0,
and for the derivative of ¢
01020 + Op;w - Vo +w - VO, ¢ + 0" - V0,0 =0,

for j = 1,2
As z € T, then wy = 0, J,,wy = 0 and 0,,w; = 0 thus the transport
equations simplifies to

1
ﬁtgb + (w1 + Z) axlgb = 0,

at (ax] Qb) + (wl + %) am (8xj¢) = _8xjwj (axJQS) )
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for y =1,2.

By the method of characteristics, every characteristic line x(s) that has a
point in the set R x I' X R, lies in that set. Moreover, solution ¢ is constant on
the characteristic line and the gradient of ¢ along x satisfies following equations

0uy6 (X(5)) = By, 6 (x(0)) & Jo oo o
for 5 = 1,2. We use it to calculate the part at the line x

2

> 12 (0, 0) (w100, 1) (x(5))

=1

2
= Zn2 <8z2¢z<x(0))€_ Io 8m2w2(x(7—))dq—> (wl (X(S))aml ¢1(X(0))€_ Io 8w1w1(x(7'))d7—>
=1

Then, due to our choice of boundary conditions (12) and initial conditions (6) we
have 0,,¢1(x(0)) = 0, ¢2(x(0)) = 0. In consequence this part disappears. [

4. Regularity results for linear problems

In this section, we present regularity results and estimates that are needed to
prove existence of local in time solutions to problem (10) in a box.
We start with the Stokes problem

ow — pAw + Vp = F,

divw = 0, (15)
in a rectangle €2 with boundary conditions
wy =0, Opw =0atT x(0,7), w=0atBx(0,T). (16)

The slip boundary conditions at the part I' allow us to use the method of sym-
metry with respect to I'. This way we transform the problem in €2 to the system
in the larger rectangle. We localise it and obtain the same regularity results as
in the case of Stokes problem in infinite strip with zero Dirichlet boundary con-
ditions. Then, we present well-known regularity result for nonstationary Stokes
equation in a halfspace, that also holds in the case where domain is a strip. We
consider

ow — pAw +Vp=F

divw = 0, (17)

in a halfspace with zero Dirichlet boundary conditions and w vanishing at the
infinity.
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Theorem 4.1. If the pair (w,p) is the solution of problem (17) in R with
initial condition wo(z) = w(0,z) € W3(R2), and F € L*(0,T; L*(R%)), then
Viw € L*(0,T;L*(R%)), Vw € L*>(0,T;L*(R2)), dw € L*(0,T; L*(R2)),
Vp € L*(0,T; L*(R2)). Moreover, the following inequality holds true
|’V2w”L2(0,T;L2(Ri)) + HathL2(0,T;L2(Ri)) + HVPHLQ(O,T;LQ(Ri))
< ¢ (IPlleoraezy + lollwyzz)) -
Theorem 4.2. If the pair (w,p) is the solution of problem (17) with initial
condition wo(z) = w(0,2) € Wi([R3), and F € W;%(]Ri x (0,T)), then
NS W;%(Ri x (0,7)), V?p € WQO’%(]Ri x (0,T)). Moreover, the following
inequality holds true

2 < )
Hw”wj’%mgx(om)ﬁ“v p‘|W§’%(RiX(O,T)) = (||F||W;’%(Rix(0,T)) * ”wOHWQQ(R?*)>

The following lemma shows estimates for convective term that are needed
in Section 5 to prove the existence of solution to nonlinear problem.

3
Lemma 4.3. Let us assume that u € W;’Q (2% (0, T))NL>(0,T; W2(Q)), then
1
u-Vu € W;Q(Q x (0,T)). Moreover, following inequality is obtained

- Vu||W21 < cT”HUHW;,g M=oz

'3 (Qx(0,1)) (©x(0,T)
for some v > 0.

Proof. First, we estimate the L?(0,T; L?(2)) norm of expression u - Vu.

1
||u : VU’HL2(O7T;L2) S T2 ||U||LOO(O7T;L4) ||vu||L°°(O7T;L4)-
Then, we calculate the L?(0,T; L*(2)) norm of V(u - Vu).
IV (u- Vu)llrzom2) < llu-V (VU) [[r20702) + [[VuVul| p20712)
< IVulZagor.pay + llull oo .ricoy V0l 2 0.1:22)
1

< T2 (|| Vull oo,y + el o750 [ V2Ul 2o 0,1:22))-

At last, we estimate the half derivative of u with respect to time
T T / |2
t) - Vu(t) —u(t') - Vul(t
[ [ [T ) TR,
aJo Jo t—t[?

_ / /T /T u(t) - V(u(t) —u(t) — (u(t) —u(t)) - V“(tlwdtdt’dm
aJo Jo

[t — 1]2
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which is less or equal to

T /
|U||L°°(0TL<>° // / [Vult) = Z‘g(tﬂ dtdt'dx
t, 2
+\|vu||LOOOTL4 ( // / [Vl t_;g( W dvarda
T _ (2
6] [ul) = w®)F pygyrge )
[t — |2

To get the final result we use Ladyzhenskaya’s inequality. Thus, we indeed
obtain the inequality

-Vl s < T ull

-

HU“LOO(O,T;WQZ(Q))

3
2(Qx(0,T)) 2

WS'2 (Qx(0,T))
for some v > 0. O]

Now, we present regularity results for the transport equation
hop+v-Vo=0 (18)

in the rectangle 2, with initial conditions (6) and boundary conditions (12)
3
at Bi. Moreover, we assume that v € W; 2(Q x (0,7)) is a divergence free

function and at the boundary it satisfies
vy =0, Opnvy=0atl, v=1"atB.

Theorem 4.4. We consider equation (18) with initial condition ¢o € W3(Q),
1
then VoA¢ € W;Q(Q x (0,T)). Moreover, for some v > 0 the following

inequality is satisfied

HV¢A¢H

\»—l

3 axom) < T 9l oo 0,0z ) 10e0 | L2 0,73w2 02))-

Before proving Theorem 4.4, we present regularity result for transport equa-
tion.

Lemma 4.5. Let ¢ be a solution of equation (18) with initial condition
do € W3(Q). Then the solution ¢ € L°°(0,T; W3(2)) N WL(0,T; Wi()).

Proof. We present a priori estimates for transport equation (18).
First, we test equation (18) by ¢. Then, for 0 < T < oo, we have

18]l (0,7:22) < € (II#(0) |22 IV V]l 2072)) - (19)
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Next, we take a gradient of equation (18), test it by V¢

1 1 T T
E / V6(T)Pdz = - / V6(0)2da— / / Vo-VoVodadt— / / V-V (V) Vedadt,
2 /o 2 /o 0Ja 0Ja
and estimate it in the following way

1

FACORE

2 Ja

<5 [ IV8(O0)Pdz + Vol + SIVOILs0se) + IV

=3, L2(0,T;L>°) LA 0T3L2) T L2((0,T)xB1)"
The last term appears as a result of integration by parts of the term

fOT Jov-V (Vo) Védrdt, and, due to condition (12), the norm HV(bH%Q((QT)X&)
is equal to c1€T'. Thus, we obtain

Vol oo o2y < ¢ (IVO(0)] L2y, [Vl 220,152, T) - (20)

Next, we take a Laplacian of equation (18), and test it by A¢.
1 2 1 2
5 [ 1A¢(T) [ dx — 5 [ [Ap(0)["d
2/ 2/
T T T
:—/ /Av-V¢A¢dxdt — 2//VU-V(V¢)A¢dxdt—//v-V(A¢)A¢dmdt.
0Ja 0Jo 0Jo

We estimate this as follows:
1
5 180

@ T
< cll Aol ooy + 0 / (eI Vol + ol AGI G oy ) dt

1 1
+ C||VU||2L2(0,T;L°°) + 6||A¢||i4(07T;L2) + g||v2¢||2L?((O,T)><B1) + 5/{2|A(/5(0)|2d$-

Again, we look closer at the boundary term using this time conditior;s (8). Then
: 3,3
HVQ(Z)H%Q((O,T)XBI) = ”CGafflU?H%?((O,T)xBl)’ what is bounded as v € W, 2 (2x(0,7)).
Thus, we Obtain ||A¢HL°°(O,T;L2) S C(||A¢(O) ||L2(Q)7 HUHLQ(O,T;W23)7 HV¢HL2(O,T,L2)) .
This time, we calculate the third derivative of equation (18), and we test it

by V3¢.
1 1
5 [ IVt =5 [ [90(0)Pas
T T
=— / / Viv - VoV3odadt — 3 / / Vv -V (Ag) VP pdxdt
0 Q 0 Q

-3 /OT /Q Av -V (Vo) VPpdrdt — /OT /Q v-V (V?’gb) V3gdudt,
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what we estimate by

rhs. < 55/||v¢”%4(0,T;L°°) + CHV?’UH%Q(O,T;LQ) + C/5|’v3¢||%4(0,T;L2)
T
+ellAelgrian +0 | A0l + 017Gl
1
+ CHVUH%?(O,T;LOO) + 6||V3¢||Ai4(0,T;L2) + EHV%”%%(O,T)X&)-

Here, from condition (9), the fourth order weak derivatives of ¢ near the bound-
ary B; are bounded by the WS%(Q % (0,7T)) norm of v. Thus, the third order
space derivatives of ¢ at the boundary B; are well defined and we estimate
them by

1
E||v3¢||%2((O,T)><B1)
< CHaxlaxz'U?”%2((0,T)x31) + Haﬂ«“laJEIUQH%Q((O,T)xBl) + EHaxlatU2H%Q((O,T)xBl)’

3
what again is estimated by the W;’Q (2 x (0,7)) norm of v.
Summing this up, we have

V23| oo 0,7:22)
3 1 (21)
<cl|V ¢(0)HL2(Q)7HU”LQ(QT;WS)aHQSHL?(O,T,W;)?EHUHW&%(QX(OT» :
2 )

Now, we estimate the time derivative. We test equation (18) by 0;¢ and we

obtain
T
—/ /U'ngatqbdxdt
0o Jo

T
/ /|8t¢|2dx
0o Ja
C”UH%Q(O,T;LW)||V¢H%°°(O,T;L2) + 5”at¢H%2(0,T;L2)'

Hat¢HL2(O,T;L2) <c (”'UHL2(0,T;L°°)7 HV¢HL°<>(0,T;L2)) .

IN

Then, again we take the gradient of equation (18), and testing it by 0,V¢ we
obtain

T T T
/ / 0,V ¢|*dxdt = —/ / Vv - VoV o,pdrdt — / /v -V (Vo) VOo,pdxdt
o Ja o Ja o Ja
< CHVUH%Q(O,T;LOO)||v¢||%°°(0,T;L2) + 5||Vat¢||%2(O,T;L2)
+CH“H%Q(O,T;LO@)||v2¢||%oo(o,T;L2)a

to have

VOl L2(0.7;22)

<c <||U||L2(0,T;L°°)a IVl 220,75 000)5 | V2B oo (0,77 12) ||v¢||%°°(O,T;L2)> :
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Finally, we take the Laplacian of equation (18) and test it by Ad;¢.

T
/ / 0, A0 2dudt
0 Q

_ /0 ! /Q Av - VOAD,pdzdt — /0 ' /Q vV (Ap) Adyddudt

T
— 2/ / Vv -V (Vo) Adypdxdt
0o Ja
< CHAU”%Q(O,T;L2)||v¢||%°°(O,T;L°°) + 5||Aat¢||%2(0,T;L2)
+ CHV3¢H%OO(0,T;L2) ||UH%2(O,T;L°°) + CHA¢H%°°(O,T;L2) HVUH%Q(O,T;LDO)‘

Thus, we have

|09 2(0,7;02) < ¢ (”UHL%O,T;Wg), ”¢“L°°(07T,W23)> : (22)
This finishes the proof. n

Now, we are ready to prove Theorem 4.4.

1
Proof of Theorem 4.4. We want to prove that expression VopA¢p € W;Q(Q X
(0,7)). In fact, we obtain better estimate, namely VoAp € W, (Q x (0,7)).
First, we estimate the L?(0,T; L*(Q)) norm of VpAe.
IV6AG 20722y < T2 Vll Lo |8 1o (0722,

Then, we calculate the L?(0,T; L*(2)) norm of V (VpAe).

IV (VOAD) [|r2(0,7:12)

< |IVOVA| r20,1522) + [VVOAP| L20,7:12)

< V28l 7a0:20) + IVl 07:2) V20l 2(0,7:12)

<T: (CHV2¢H%°°(O,T;W21) + HV¢HL°°(0,T;L°°)HV3¢HL°°(0,T;L2)> :
Finally, we estimate the time derivative of VopAgp.

10 (VoAD) 172001 2)

<10V eAd| L2 0,:02) + IVE AN L2 112
< 10: Vol L0 2:0) | A0 Loe 0.1y + IV N Loe 0 72100 10 ABI L0 1,12

Moreover, we obtain following inequality

HV¢A¢HW;%(QX(O’T» < Tl oo 0,0z ) 100 20, 75w202))

for some v > 0. O
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The following remark is the immediate consequence of Theorem 4.4 and
Lemma 4.5.
3
2

Remark 4.6. For v € W23 (2 x (0,7)) we obtain

19086114 g 0y < L0

(@ (01 19(0)[lwz )

3
x(0,T)) 2

for some v > 0.

5. Local in time existence for fixed ¢

This section shows existence of local in time solution to model (2) in the rect-
angle of height e. The proof is based on a Banach fixed point theorem and
regularity results for linear problems, namely Stokes and transport equations,
that were presented in Section 4.

Instead of model (2), we consider equivalent problem (10), which we ob-
tain by transformation of equations (2) in such a way that the zero Dirichlet
boundary conditions for velocity at the inflow and outflow area B are obtained.

1 2

i=1

divw = 0, (23)
¢ +w-Vo+ éamgb =0,
with boundary conditions for velocity satisfying
wy =0, Opw=0atl x(0,7), w=0atBx(0,T), (24)

and for ¢, we consider boundary conditions (12). Moreover, we require that the
initial conditions satisfy (6).

Theorem 5.1. Let us assume that wy € WZ(Q) and ¢o € W3(Q). Then there

3
exists local in time solution to problem (23) such that w € Wj’Q (Qx (0, 7))N
L=(0,T; W3()), ¢ € L=(0,T; W3 (Q2)) N Wy (0, T; W3(€)).
Proof. First, following [8], we present a version of the Banach fixed point theo-
rem.

Theorem 5.2. Let X be a reflexive Banach space or let X have a separable
pre-dual. Let H be a convex, closed and bounded subset of X and let X — Y,

where Y 1s a Banach space.
Let A: X — X maps H into H and let

|Au — Av|ly < d||u —vlly,

where u,v € H and § < 1. Then there exists unique fized point of A in H.
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We use Theorem 5.2 with the space X = W;’% (Qx(0,T7))NL=(0,T; Wi(Q))
and the space Y = L2(0,T; W2(2)) N L>°(0,T; W5 (£2)). For given u € X we
consider the operator A : X — X such that A[u] = w, where w is the solution
of problem

2
0w — pw + Vp = —~0,u— u-Vu— 3" AT[VT[u],

i=1

(25)

divw = 0,
with boundary conditions
we =0, Opw;=0atT x(0,7), w=0at Bx(0,T).

Here, the operator T'[u] = ¢ is the solution operator to the transport equa-
tion

Op+u-Vo+ %amqs =0.
Using Theorem 4.4 and Lemma 4.3 we obtain that

2
—%amu —u-Vu— Y AT[ulVTu] € Wi (Q x (0,7T)).
i=1
Then the assumptions of Theorem 4.2 are fulfilled and, indeed, w € X. More-
over, due to Remark 4.6 and Lemma 4.3, we are able to choose time T" and the
radius R of the ball in X, such that solution w stays in that ball.

It remains to prove that operator A is a contraction. Let us define w, w, ¢, ¢
as follows: Afu] = w, Alu] = w, T[u] = ¢, Alu] = ¢. Moreover, we define
ﬂ:u—ﬂ,ggqu—gz_ﬁandw:w—u_).

As nonstationary Stokes problem is a system of linear equations, then w
fulfils the following Stokes problem

O — pAw + V= F,
with the right-hand side
1 2 o 2 )
F=—"0yiitu Vit ST MGG —u-Vu—Y A¢iVe; € Wy (Qx (0,T)).
i=1 i=1

Using Theorem 4.1 we obtain the estimate

IV20l| 20 sz + 10l 20,522 + IVl 2 0.riz2@) + I VDl oo riz2(@)
< || Fllz20,1522(02))-
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To finish the proof we need to show that

[Nl 22,20y < (@l 20wz N8l e 0w y)

for sufficiently small ¢.
We start with estimates of convective terms

Hﬂ -Vu—u- vu||L2(O,T;L2) =||lu-Vu—u- vu||L2(O,T;L2)

u - VI&HLQ(O,T;LQ) + Hfb . Vu”LQ(O,T;L2)-
Then, we deal with the particular parts in the following way
N 1.
2 - VUHLQ(O,T;L2) < Tz || oo 0,7;20) | VUt oo 0,1;20)

and
~ 1. ~
1@ - Vi 2 0,22) < T[] oo o,r:po0) [Vl oo o, 2)

where p,q > 2 and % + % = 1. Using Sobolev imbedding theorem we arrive at
the inequality

_ _ L~ _
HU~VU—U-VUHL2(O’T;L2) S T2 HuHLoo(QT;WZl) (|"L[/HL<>0(07T;LOO) + cHVuHLoo(O,T;Lq)) .

Now, we look closer at the part VoA¢ — VoA = ApVd + VoAg. We

realise that we are able to estimate

~ 1 ~
‘|V¢A¢||L2(O,T;L2) S T2 ||v¢||L°°(O,T;Lp) ||A¢HL°°(O,T;L‘?)7

and
. L N
IVOAD|| r2(0,m,22) < T2 |V Q| Loo0,m510) || A@| Loo (0,7 22),

where p,q > 2 and 2 + 2 = 1. Again, using Sobolev imbedding theorem we
arrive at the following inequality

IVoAG — VOAD|| L2(0.71.2)

17 107 -
<T> H¢HL°°(0,T;W§)H¢HL°°(0,T;W23) + 71> ”¢“L°°(0,T;W22)”¢HL°°(0,T;W§)-

We need estimates for the transport equation of q?)
R . _ -
8t¢+28$1¢+ﬂ~v¢+u-v¢:(), (26)
with initial condition ¢y = 0. We differentiate equation (26) and obtain

ath+%vamé+va-v¢+w-véﬂz.v(w)+u-v(v&> = 0.
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We multiply it by V(;NS and integrate over €

1 ~

7OVl

< —/va-wwﬂw-v&w}m-v(w) Vo +u-V(Vé) Vo
Q

< IVoll3 @lIVulloe +2¢) + 6 (V@ - VOl + [|a - VVII3) .

Using Gronwall’s inequality we obtain

T
IVIZ(T) < dec o IVullw(t)et / IVa - V|3 + |la- VVe|idt
0

. } _
< cseT o Hvu”m(t)dtHUH%%O,T;Wg)HV(ZSHiOO(O,T;WE)'

Then, we consider Laplacian of equation (26):

atAq%%Aamgz%Aa-vau-vé
+2Vi-V (V) +2Vu-V (Vo) + -V (Ad) +u-V (A0)
= 0.

We multiply it by A¢ and integrate over §:

O |AgI3 < —/Aa~V<;3A<;~§+Au-V&A$+2VQ~V(V@ Ad
Q
YOoVy .V (v&) Aj+i-V (AG) Ad+u -V <A<Z> Ad
< | A¢|3 (dlull%; + 56) +4 (IIM Vo5 + ellullfys VOIS
+[12Va-V (Vo) I3+ |-V (Ad) [13) -

Using Gronwall’s inequality we obtain

1AG]15(T)

e5cT+afOT ||u|\§vgdt

T
<5 / 1@ VoI5 + ellulliyg VAl + 129 - V (Vo) |1
1@ -V (A6) 3t < cde™ T Il o g gy IV Ol e o v

Hence, for sufficiently small time 7', the operator A is a contraction. n
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6. 2D example of flow

Here we present 2D numerical illustrations of problem (1). Our point of interest
is the change of the velocity and energy, given by the formula S = F' : F, in
domains of different height.

First, we set the parameters and boundary conditions. We choose p being
equal to 0.01. For the velocity we use boundary conditions (3), choosing v, = 1.
Moreover, we assign function F' at the inflow area to be equal to Fj; = 2,
Fy = 0.5 and Fj5 = F5; = 0. As domains, we use rectangles of width equal to
5 and height equal to 1, 0.6 and 0.3 respectively. We used program FEniCS to
perform calculations on a mesh containing 32 x 160 triangles. Here we present
energy S and velocity v for time ¢t = 0.5 and t = 2.5.

3 4 5 6 3 4

5 6
\I|II\IHI\I‘H Ijl.||I\IHHI‘H

2.4 6.2 2.4 6.2

Figure 1: Energy S in time t = 0.5 and t = 2.5

Figure 1 shows energy S in time t = 0.5 and ¢ = 2.5. We observe an
increasing main wave transported in time, followed by smaller waves. That
phenomena occurs in all rectangles. Figure 2 shows visualization of first com-

0.99 1 1.01 0.99 1

1.01
HIH|HIHII\I| HIH|HII\II\I|

1.02 ; 1.02

Figure 2: The first component of velocity v in time ¢ = 0.5 and ¢t = 2.5

ponent of velocity vector v. In time ¢ = 0.5 we observe small perturbations that
are propagated with time. Moreover, the size of the perturbations increases.
Here the first component of velocity changes from 0.98 to 1.02. The second
component of velocity is presented in Figure 3. Here we observe fluctuations
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-0.01] -0.0] 0

0.01
| —

-0.02 0.02 -0.02 0.02

Figure 3: The second component of velocity v in time ¢ = 0.5 and ¢t = 2.5

that have similar sizes as the perturbations of first component of velocity. They
occur in all rectangles but we observe that they are smaller in the thinnest one.

Those examples suggest that the fluid behaves in a similar way in the rect-
angles of different height. Thus there is a hope that after limit passage with the
height of domain to zero, we would obtain a 1D model that is able to describe
that fluid.

7. Limit model

In this section, we present a discussion about limit passage with the height of
domain to zero. We start with 2D model (10)

2
Orwe + we - Vwe — pAwe + Vpe + 0y Oy 0e = — > Ay Vi,
= (27)

divw, = 0,

at¢e + we - v¢e + Up,ea'rl ¢6 = 07

with boundary conditions satisfying (16) and (12). The index ¢ means here the
dependence on the height of domain. We recall that v, . denotes a constant flow
in direction z; and is given by the formula v, = %%, In contradiction to the
situation in Section 2, we do not assume that the ﬂux is equal to one, but that
it depends on e. Moreover, we assume that v, — v, as ¢ = 0.

For fixed €, due to Theorem 2.1, system (27) possesses local in time solution.
Unfortunately, the time T of existence of solution depends on e and it may
happen that when € — 0, the 7" — 0. However, we assume that it is not the
case, and there exists T > 0, such that 7" < T for all e.

From energy inequality (14), we obtain that L? norm of Vw, is bounded by
initial conditions and time. Now, we assume that the norm of initial conditions
is bounded independently from e. It gives us

||V’w6||L2(07T*;L2(Q€)) < K+ 5T*,
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for all e. Then, we use the Poincaré inequality, to obtain
HweHLQ(O,T*;L?(Qe)) < e||VwEHL2(07T*;Lz(Q€)) < E(K + ET*).

Passing with € to zero we obtain that ||we|/2(0,r+12(0.) — 0, and the limit
velocity w is equal to zero.

Again, from the energy inequality (14) and estimates for transport equation,
we obtain that the L? norm of V¢, and ,¢, is bounded independently on € and,
in consequence, there exists subsequence that V¢, and 0,¢. converge weakly
to V¢ and 0,¢ respectively. Then, we consider the transport equation

at¢e + we - V¢e + Up,6aa€1 ¢E =0.

The [|we - Vel L20,1+:12(0.)) is going to zero with e proceeding to zero, due to the
fact that [|we||L20.7+:22(0.)) — 0. The behaviour of the last part of this equation,
however, depends on the v, = fluz _, vp. It follows, that the limit model for

€
transport equation is

01 + vp0z, 0 = 0. (28)
Equivalently, we consider the transport of energy S, defined by

SE = (6I1¢e,1)2 + <a$1 ¢6,2>2 + (ax2¢e,1)2 + (az2¢e,2)27

satisfying equation

2
0uSe + We - VS + 0y 0, e = =2 Y O 0V i D, b

ij=1
The limit model for S is given by transport equation
0SS + v,0;,.5 = 0. (29)

Models (28) and (29) have very simple structure and it is easy to find the
solution by the method of characteristics.

8. Generalized 1D model and simulations

We would like to generalize 1D models obtained in Section 7. The main idea
is to code information about the shape of 2D domain into v,. We assume
that the 2D domain has the constant length, but its height I depends on the
energy S. Moreover, we assume that fluid flows only in the vertical direction,
and the 1D velocity v,(t,z1) ~ L}“ depends only on the height of 2D domain
in the point (¢,z1). In fact, we obtain that v, is the function of energy S. The
most challenging task is to find the dependence between energy and the height
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of domain I. We postulate that when the height I goes to zero or to infinity,
then the energy tends to infinity. Then, assuming the height I to be small,
we generalize model (29) obtained in Section 7 by assumption that v, is not
constant, but depends on the energy S. We present simulations for different
choice of function v,(5), namely, linear, quadratic or exponential function.

We consider the model
OS + 1,(5)0,, S = 0, (30)

where v,(S) is a given function. Due to the method of characteristics, the
solution S is constant along characteristic lines, which are straight and directed
according to the initial value of S. That is why our point of interest is not
to investigate the change of S, but to compare the evolution of domain under
different choice of function v,. Thus, we fix the initial shape to be given by the
function Iy(z) = 0.1 4+ 0.05z sin(37z) for x € (0,1). For different choice of v,
namely v,(S) = S, v,(S) = 52 and v,(S) = €°, we calculate the initial condition
for S under assumption that v,(S) = 7. Then we solve the equation (30) in
Octave and calculate the evolution of the shape I for the particular time steps.
Following figures illustrate the change of domain in time for different v,. All
the figures are drawn in a rectangle (0,2) x (0,0.2). We observe that for each
model, the shape of domain is not only transported in direction z, but it is also
changing with time. The area, where function [ is decreasing, is expanding in
time. On the other hand, the area, where function I is increasing, decreases
with time. This, together with the fact that maximal and minimal value of I is
constant in time, leads to a steep hump.

B VARNEIESVARNNIEENE

Figure 4: The shape of domain for v, = S in time ¢ = 2, 14, 30

Figure 4 shows the shape of domain under assumption that v, = S for
time step equal to 2, 14 and 30. We observe that for time 14 the graph of [
begins to be vertical and in time 30 it even turns back for a while, what may
be interpreted as the place where the boundary of domain ruptures.
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~J ~ ~X

Figure 5: The shape of domain for v, = S? in time ¢ = 2, 14, 20

Figure 5 shows the shape of domain in case where v, = S? for time step
equal to 2, 14 and 20. Here we observe that the change of domain is much faster
and in the time 14, graph is no longer a function.

B VARNEIESVARNNIEENE

Figure 6: The shape of domain for v, = €% in time ¢ = 2, 14, 30

Figure 6 shows the shape of domain under assumption that v, = e° for time
step equal to 2, 14 and 30. Here the evolution of the domain is similar to the
one that is presented in the Figure 4.

Our future point of interest is to investigate the free boundary problem for
viscoelastic fluid. We would like to check the existence of solutions and to do
the limit passage with height of domain to zero. The interesting thing would
be to compare the new model with the models presented in this section.
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