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On a Class of Second-Order Differential
Inclusions on the Positive Half-Line

Gheorghe Morosanu

Abstract. Consider in a real Hilbert space H the differential equation (inclusion) (E):
p(t)u" (tHq(t)u'(t) € Au(t)+f(t) a.e. in (0, 00), with the condition (B): u(0) =z € D(A),
where A: D(A) C H — H is a (possibly set-valued) maximal monotone operator

whose range contains 0; p,q € L*°(0,00), such that essinf p > 0, % is differentiable

a.e., and essinf [( %)2 +2(3) | > 0. We prove existence of a unique (weak or strong)
solution u to (E), (B), satisfying atu € L>°(0,00; H) and t2a2u € L?(0,00; H),
where a(t) = exp ( fg’ % dT), showing in particular the behavior of u as ¢t — oo.
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1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and the induced
norm |z| = (z,z)z. Consider the following second-order, non-homogeneous,
differential equation (inclusion)

p(t)u"(t) + q()u'(t) € Au(t) + f(t) for a.a. t € Ry := [0, 00), (E)

with the condition

u(0) =x € D(A), (B)
where
(H1) A: D(A) C H — H is a (possibly set-valued) maximal monotone opera-
tor, such that [0,0] € Graph (A);
(H2) p,q € L=(Ry) := L*(Ry;R), such that essinfp > 0, 1 is differentiable
a.e., and essinf [(%)2 + 2(%)’] > 0;
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and f is a given H-valued function whose (required) properties will be specified
later. In fact, one can assume the more general condition that the range R(A)
of A contains 0. Indeed, this case reduces to [0,0] € Graph (A), where A is
obtained from A by shifting its domain.

For information on monotone operators we refer the reader to [5,7,12].

V. Barbu [3,4] (see also [5, Chapter V]) established the existence of a
unique bounded solution to (E), (B) in the particular case p = 1, ¢ = 0 and
f = 0. Subsequently the existence and uniqueness of bounded solutions in
the homogeneous case (f = 0) has been further investigated by H. Brezis [6],
N. Pavel [14], L. Véron [17,18], and by E. I. Poffald and S. Reich [15, 16]
when A is an m-accretive operator in a Banach space. The non-homogeneous
case has received less attention from this point of view. Bruck [8] proved that
if (E), (B), with p =1, ¢=0and f € L} _(0,00; H), has a bounded solu-

loc

tion u € C([0,00); H) N W22((0,00); H) for some # € D(A), then (E), (B)

loc

has a unique bounded solution u € C([0,00); H) N W:22((0,00); H) for every

loc

x € D(A). This result has been extended to the case when A is an m-accretive
operator in a Banach space by Poffald and Reich [15,16]. Note that in these
papers the existence for some z € D(A) was hypothesized to derive existence
for all z € D(A). Recall also that Bruck [9] established the existence of a
bounded solution on R of equation (E) (implying that all solutions of (E) are
bounded on [0,00)), in the case p = 1, ¢ = 0 and f € L*(R; H), under the
restrictive condition that A is coercive. We also mention the relatively recent
article by Apreutesei [2] addressing the case of smooth coefficients p, ¢, with
p(t) > po >0, q(t) > qo >0, and x € D(A).

In a recent paper [13] we established the existence of a unique bounded
solution of equation (E), subject to (B), for all z € D(A), under the same mild
conditions (H1) and (H2) above, with one exception: instead of the condition
on % specified above, we assumed there ¢* € L'(0, 00; H). Our present alterna-
tive condition on 4 ensures the existence of a unique (weak or strong) solution
to (E), (B) satisfying azu € L*(0,00; H) and tzazu’ € L*(0,00; H), where
a(t) = exp ( fot % dT). So, in addition to existence and uniqueness, we get in-
formation about the asymptotic behavior of v as t — oo. If in particular
q(t) > qo > 0, then ||u(t)|| decays exponentially to zero as t — oo.

The new framework requires separate analysis. However, some steps in our
proofs are similar to those developed in [13]. In such cases, the reader will be
referred to that paper.

It is worth pointing out that this paper covers in particular the case ¢(t) < 0
which allows using our existence theory to approximate the solutions of some
parabolic and hyperbolic problems by the method of artificial viscosity, intro-
duced by J. L. Lions [11]. See [13] for details. Note that the case ¢ = 0 was
covered in [10,13].
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2. Results

Let us first recall the concepts of strong and weak solution for equation (E)
(respectively, equation (E) plus condition (B)). These concepts have been in-
troduced in [10,13].

For an interval J C R, open or not, denote by L? (.J; H) (vesp. WP(J; H))
the space of all H-valued functions defined on J, whose restrictions to compact
intervals [a,b] C J belong to LP(a,b; H) (respectively, to W*P(a, b; H)).

Definition 2.1. Let f € L2 ([0,00); H) and let x € D(A). A H-valued function
u = u(t) is said to be a strong solution of equation (E) (respectively, of equation
(E) plus condition (B)) if v € C([0,00); H) " W22((0,00); H) and u(t) satisfies

loc

equation (E) for a.a. ¢ > 0 (and, in addition, u(0) = z, respectively).

Denote Y = L'(0, 00; H; ty/a(t)dt), where a(t) = exp ( [ &
viously, Y is real Banach space with respect to the norm

1£lly = / VF@)t/al) dt.

) dr dT) Ob-

p(T

If f €Y we cannot expect in general existence of strong solutions for (E),
so we need the following definition of a weaker concept:

Definition 2.2. Let f € Y and let 2 € D(A). A H-valued function u = u(t)
is said to be a weak solution of equation (E) (respectively, of equation (E) plus
condition (B)) if there exist sequences u,, € C([0,00); H)NW22((0,00); H) and
fn€eYNL:([0,00); H), such that:

(i) fn converges to f in Y

(i) wu,(t) satisfies equation (E) with f = f,, for a.a. ¢ > 0 and all n € N;

(ili) w, converges uniformly to u on any compact interval [0, 7] (and, in addi-

tion, u(0) = x, respectively).

Note that the couple (E), (B) is an incomplete problem. We need an addi-
tional condition to obtain a complete problem. In this paper we consider the
following condition

sup a(t)u(t)]” < cc. (C)
>0
Obviously, if 1 € L'(Ry) (which is equivalent to ¢ € L'(R, ) if p € L*(R, ) and
essinf p > 0), then (C) becomes sup,- ||u(t)|| < ooc.

Before stating the first main result of the paper, let us recall two lemmas
from [13]:
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Lemma 2.3. Let A satisfy (H1), p,q € L*>(0,T), with essinfp > 0, and let
f € L*0,T; H), where T is a given positive number. Then, for all x,y € D(A),
there exists a unique u = u(t) € W»2(0,T; H) satisfying

p(t)u" (t) + q(t)u'(t) € Au(t) + f(t) for a.a. t € (0,T), (1)
u(0) ==z, u(T)=uy. (2)

Lemma 2.4. Assume that A satisfies (H1), p,q € L>°(0,T), with essinfp >0,
feL*0,T;H), and z,y € D(A). For X > 0 denote by Ay the Yosida approxi-
mation of A and by uy the unique solution of

POU(E) + a(Ou (1) = Ayun(t) + F(1) for a.a. t € (0,T),

ur(0) =z, uy(T)=y

(which exists by Lemma 2.3). Then, uy — w in C([0,T); H) as X\ — 0%, where u
is the solution of problem (1), (2). Moreover, u\ — v’ in C([0,T); H) and
uf — u” weakly in L*(0,T; H), as A — 0T.

Theorem 2.5. Assume (H1) and (H2) hold. If x € D(A) and f € Y N
L? ([0,00); H), then there exists a unique strong solution u of (E), (B), (C),

loc
such that tzazu’ € L*(Ry; H) and t2u” € L2 ([0,00); H). If in addition
z € D(A), then u € W2([0,00); H).

loc

Proof. Assume in a first stage that z € D(A) (and f € Y N L ([0,00); H), as

loc

hypothesized). For each A > 0 and n € N, denote by wu,, u, the solutions of
the following problems

pupy 4 quy, = Ayupy + f ace. in (o,n), (3)
un(0) =7, wna(m) =0, ()
and
pul + qu,, € Au, + f a.e. in (o,n), (5)
Un(O) =z, un(n) = 0. (6)

Lemma 2.3 ensures the existence and uniqueness of u,, u, € W2%(0,n; H). By
Lemma 2.4, upy— Uy, u,, —u, in C([0,n]; H), as A — 01, and u!/, — ], weakly
in L?(0,n; H), as A — 07. Note that equations (3), (5) can be equivalently
expressed as follows (see [1])

(au’n/\)/ = b(A\uny + f) a.e. in (0,n), (7)
and, respectively,

(au;), € b(Au, + f) a.e. in (0,n), (8)
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where b(t) = %. Recall that a(t) = exp (f(f L dr). We have for a.a. t € (0,n)

2

d
e

= Gla 4 20 )
_ a[(%)z + (}—9) Tl + 202 (uf ) + 20l |+ 2 (),

Y

o([(2)" (2) il + 2L ) + 20 ) = 28l - 17 9

The last inequality follows from (8) and the monotonicity of A. Taking into
account the condition on I (see (H2)) we derive from (9)

d2
@[allunlﬂ > =2b[| f[| - lunll. (10)

Integration of (10) over [1,n] leads to d%(a(T)Hun(T)HQ) <2 [P0 fI| - [Jun| ds.
A new integration, this time over [0, ¢], yields

t n
a1 < el +2 [ ar [ ol ) s

< lef? + 2 / dr / bl - lunl ds

— ol +2 [ A Jwlldr, 0<e<n ()
0
Denoting M,, = supy<,<, v/a(t)|un(t)||, from (11) we derive

M, < ||l +2M/ X2\l dr < o) +2—||ny,

where py = essinf p. Therefore,

1 1
M, < —|/flly + \/7”]‘“3 +|z)|* = E = E(x, f).
Po Py

Thus,

sup a0 1) < (12)
Similarly,

sup a(t)Jun @ < B,

0<t<n
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Now, let 0 < R < m < n, with m,n € N. Denote
9(t) = a()lun(t) = um(®|*, 0 <t <m.
We have

g (t) = a%“un — um||2 + 2(a(u;I —ul,), Uy — um),
¢
" /
g (t) = a—=||up — Up —|—a() Up, — U || + 2a — Uy Uy, — Uy
(t) ﬁH I” ) I I” p( )
+2((a(u, =) st — ) + 2, —

Therefore,

2 /
9'(1) > o |75+ () Jln = w2 0l = =)+ 2, = ). (13)

Denoting a := essinf [({ )? + 2(1)'l > 0, and observing that

() + () =3() 5

from (13) we derive

2
> Ballu, —u,

mll*

1" a q2 2 q,, / / ’ 2
(14)

for a.a. t € (0,m), where (8 is a small positive number. We multiply (14) by
(m — t) and then integrate the resulting inequality over [0, m]:

5/ m— D, — l |dt < (m— g (] + /Omg'@)dt
= g(m)
— a(m)||un(m)

E?.
We have used (12). It follows that S(m — R) fORaHu;l — ! ||?dt < E?, which
shows that (u})) is a Cauchy (hence Convergent) sequence in L?(0, R; H). There-
fore, since w,(t) — fo tn, = Um) (8) ds, u, converges in C([0, R]; H) to
some u € C([0, R]; H) and so u,, — ' in L?(0, R; H). In particular, u(0) = z.
Obviously, since R > 0 was arbltrarlly chosen, u can be extended to [0, 00),
such that u € C(]0,00); H) N W,22([0,00); H), and u satisfies (cf. (12))

loc

ggdﬂ%@m < E* < oo (15)
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By arguments similar to those used in [13], we deduce that ! is bounded in
L*(0, 1;, H), hence weakly convergent to u” in this space, and finally that u is
a strong solution of equation (E).

Now, assume that z € D(A) and f € Y N L2 ([0,00); H). Let 7, € D(A),
|z — x|| — 0. Denote by uy the strong solution of equation (E) satisfying
uk(0) = xy, and /allug|| € L>°(R, ). Existence of uy is ensured by the first part
of the proof. In fact, according to (15),

sup \/ Ollur@)] < E(zk, f) < Eo < o0 (16)

Denote by gy, Uk, the corresponding approximations of uy and ug, (as defined
above, see problems (5), (6) and (3), (4)). We see that for a.a. t € (0,n)

1 d d 2 2
3o (gl = wnlP ) = all, — 6

so the function ¢ — a(t)<4 |lug,(t) — ;i (t)]|* is nondecreasing on [0, n]. Since it
is equal to zero at t = n, it follows that it is non-positive in [0,n]. Then the
function ¢t — ||ugn(t) — u;,(t)|| is nonincreasing on [0, n]. In particular,

[ (8) — ()| < [l — z5]] Ve € [0,n].
Therefore, according to the first part of the proof, we have
Jun(t) = u; ()| < [lew — z5]] VE=0.
This shows that there exists a function u € C(]0, 00); H) such that u converges
to w in C([0, R]; H) for all R € (0,00), so in particular w(0) = z. According
o (16), we also have v/allu|| € L>°(R,). Now, set
h(t) = a()|luearn([°, 0 <t <n.
We have
/ o q 2 /
Pit)=a |t +2(atUjyny; Ukn)

" _ q 2 q ! 2 q,, / / / 2
h'(t)=a )0 luknall +2a1—?(um,ukm)+2 (@tfnr) s trnn) 20w

Therefore,

a\?, (ay q
(1) za([(];) +(5)] ||um||2+2]—9<u;m,um>+2||uzm||2) =201
E
> Bl " =22 Vall ]l (17)
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Multiply (17) by t and integrate the resulting inequality over [0,n] to obtain
" / 2 EO " " "
8 ([ talunlat <222 [Cevaypnae+ [ e ar
0 Do Jo 0
Ey / n " /
<2—|flly +tR'(®)lg — [ H(t)dt
Po 0

Ey
<2—=|flly + llzll?
Po

According to Lemma 2.4, it follows by (18) that

6/ tallul |2t < Ko, (19)
0
By the first part of the proof, we also have

5/ tallul |2t < Ko, (20)
0

In fact, vtau' € L*(R,; H) and v/tau, — v/tau' in L*(Ry; H). Indeed, denoting
r(t) = a(®)|luga(t) = wnO°, 0<t <,
we derive by a computation similar to that we have used above for ¢(t)

r(t) = Balt)|uf, () =, (1)]|* for aa. t € (0,n),

n

o T'(t)dt = ||z — x;]|>. Hence,

which implies 8 [ ta||uf,, — u;nHth <tr'(t)|n—

[e.9]
8 tall, ~ Pt < o -
0

which confirms our assertion above.
Next, using the sequence (ug,) (and in particular (18)), we can show by
a procedure similar to that used in [13] that t2u” € L2 ([0, 00); H) and that u

loc
is a strong solution of equation (E). Uniqueness of u follows as in [13], so the

proof of the theorem is complete. m

Theorem 2.6. Assume (H1) and (H2) hold. Then, for each x € D(A) and
f €Y, there exists a unique weak solution u of (E), (B), (C), and Vtau' €
L2(R,; H).

Proof. Let x € D(A) and let f1, fo € Y N L2 ([0,00); H). Denote by u(t,z, f;),

loc
1 = 1,2, the corresponding strong solutions given by Theorem 2.5, and by

un(t, z, f;) their approximations (i = 1,2,...,n € N), as defined above (see
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(5), (6)). Recall that (by the uniqueness property) every strong solution is
obtained by the limiting procedure developed in the proof of Theorem 2.5. By
a computation involving (H2), similar to that performed above for g(t), we

derive the inequality
2

o) (1,7, ) — walt, . I
> BOIAWD — L0 ualt 2, ) —walte )] (2D)

Successive integrations of (21), over [7,n| and then over [0, ], lead to
llun(t, z, 1) = un(t,z, f2)|I”
<2 / r [ WA = 2O s, £) = (5,2 )| ds

—2/0 b fi(7) = Fa(D - lun (7, 2, f1) = un(7, 2, f2) || dr- (22)

Obviously, (22) implies /a(t)|[un(t, 2, fi) — ua(t, 2, )| < Z|lfr = folly, for
0 <t <n, and hence

Va)|lut,z, fr) — ult,z, f2)]| < p%Hfl —faly VEZ=0. (23)

From inequality (23) we can derive the existence of a unique weak solution
u(t; x, f) for each (x, f) € D(A) x Y. Indeed, f can be approximated (with
respect to the norm of Y) by a sequence (fy) of smooth functions with compact
support C (0, 00), so it is enough to take in (23) f; := fi and f5 := f;. So, there
exists uniquely u(+;z, f) € C([0,00); H) the uniform limit on compact intervals
of u(;x, fir) as k — oo.

Note that (19) holds true for u/ (¢;x, fr) with another constant K (since
E(z, fy) is also bounded), so (20) also holds true for «'(¢;x, fr). Therefore,
Vitau' € L*(R,; H) (as the weak limit in L?(R; H) of the sequence (v/tau})).
This completes the proof of the theorem. O]
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