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1. Introduction

Throughout the article we use the notations N = {1,2,...}, Ny ={0,1,2,...},
R = (—00,0), C = R+ iR, A = Re\ + ilm\ for A € C, D¥ = (%)k, k € N,
DY = I, where [ is the identity operator and i = v/—1 is the imaginary unit.

For the space of m times continuously differentiable functions u on [0, 7]
we use the abbreviated notation C™ = C™[0,T], m € Ny, C° = C;

m — (k)
lullen = max max [u™(¢)].

For Banach spaces X and Y, the notation £(X,Y") stands for the space of
linear bounded operators from X to Y, and £(X) = L(X, X). By pzx)(V) we
denote the resolvent set of operator V' € L(X), and by o,x)(V) = C\ pgx)(V)
its spectrum. In the case X = C™ we use the following abbreviated notations:

o (V) =0y (V),  pn(V) = peiem (V) for Ve L(C™), m € Ny.
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The multiplication operator M, for a € R is defined by
(Mpu)(t) =t%u(t), 0<t<T, weCd.
In article [24], the singular system of ordinary differential equations
tu'(t) = A(t)u(t) + f(t), 0<t<T < oo, (1)

with given matrix function A = (a,4)p .- € Cp%,, m > 0, n € N and vector
function f = (f1,..., fu)T € C™ was considered. It was shown how the unique
solvability of this problem in C]" depends on the set of eigenvalues of the matrix
A(0). The central idea of [24] was the reduction of (1) to a system of cordial
Volterra integral equations. Note that singular systems (1) can also be presented

in the equivalent form
(tu(t)) = B(t)u(t) + f(t), B{t)=A@t)+I, 0<t<T.
On the other hand, singular fractional differential equations of the form

l

(Mo Dgu)(t) = ap(t)(Ma, DgFu)(t) + f(1), 0<t<T, (2)
and
(D§Mau)(t) = > bp(t)(D§* Ma,u)(t) + f(1), 0<t<T, (3)

are not equivalent and thus need independent treatments. In the present article
we concentrate on (3) which in some aspects is simpler than (2).

In (3) the fractional differentiation operators D§ (a > 0) and Dg* (o > 0)
are defined as the inverses of the Riemann-Liouville integral operator J” on JVC,
ie.

Dy = (J))', v>0.

The Riemann-Liouville fractional integral operator J” is given by

t
(Ju)(t) = ! / (t—s)tu(s)ds, ueC, t>0,v>0; J'=1I.
L) Jo

Here I' is the Euler Gamma function. For v = m € N, the operator D{’ is the
restriction of D™ to the subspace

Cr={uecc™|u®0)=0, k=0,...,m—1}. (4)
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It is known (see e.g. [5]): if & > 0, 8 > 0, then

o 18 _ (ja+b __ 1 /t _ gya+Al

(JTu) (t) = (J*Pu) (t) = Tasd /s (t —s) u(s)ds
with 0 <t < T, u € C. Consequently, also DyDj = D™ for a > 0, § > 0.
This property is important in theoretical considerations and it does not hold
for Riemann-Liouville and Caputo fractional differentiation operators which are
more popular in applications. Fortunately, as we soon explain, under natural
conditions (see (5) below), u € C™ remains to be a solution of (3) if we replace
Dg§, Dg* with either Riemann-Liouville or Caputo fractional differentiation op-
erators.

The main goal of the present article is to extend the results of [24] to
fractional differential equations (3). We study the unique solvability of (3) for
a,ap € R,

m<a<m+1l, a>aq>0, b, feC™ k=12...,1, meNy (5
Note that for a unique solution u € C™ of (3), no initial or boundary conditions
are permitted: imposing them one determines, as a rule, a solution of lesser
regularity. Linear fractional differential equations without singularities, but
with initial conditions, have been intensively discussed e.g. in [6,14], monographs
[5,12,18], see also references therein.

The Riemann-Liouville fractional differentiation operator D%_; of order
a>0m<a<m+1, mée Ny, is determined by the formula

D% ,u = D™ =%y, provided that J™ %y € C™ .
The following claim is elementary (see [25]).

Proposition 1.1. Form < a <m+1, m € Ny, a function v € C™ is D%_; -
differentiable if and only if u s D§-differentiable. Besides D%_;u = Dgu.

For u € C*, k < m, the situation is more complicated [25].

Introduce the Taylor projection

m ) (0
uk'()tk, 0<t<T, uelC™ meN,.

(ILnu)(t) =
The Caputo fractional differentiation operator Dg,,, for m < a < m + 1,
m € Ny, is usually defined by

Dggpu = D™= (4 — T )

where v € C™ is such that J"™~%(y — II,,u) € C™'. For u € C™"!, this is
equivalent to D@, u = J"1=*D™ 1y (cf. [14]). The following claim is elemen-

tary (see [25]).
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Proposition 1.2. A function w € C™ has the Caputo fractional derivative
Capt € C, m <a<m+1, me Ny, if and only if u —1L,,,u has the fractional
derivative D (u — IL,u) € C. Besides D¢, u = Dg(u — yu).

For u € C™, a > m, m € Ny, it holds M,u € C™, II,,M,u = 0, and by
Propositions 1.1 and 1.2

Dy (Myu) = Dg(Mau) = DaCap(Mau)-

Similar relations hold for D" ;, Dg* and D¢t ), k=1,...,1. Thus for u € C™
equation (3) with (5) is equivalent to the equation which we obtain from (3)
replacing Dg, Dg* either by D% _;, D3* ; or by D¢, D¢t,, k= 1,....1,
consequently our results remain to be true also in the case with Riemann-
Liouville or Caputo fractional derivatives.

Recently, the area of fractional derivatives and their applications, has seen a
remarkable growth in popularity (for the main results in this field see, for exam-
ple, [3,5,12,18,19] and the references cited in these monographs). Additionally,
various existence and uniqueness results for fractional differential equations are
given in [1,2,4,21] and some recent results regarding the numerical solution of
such equations can be found in [8-10,15-17]. However, as far as we know, no
contributions exists concerning the singular fractional differential equations of
the form (3) with (5).

The main purpose of the present paper is to derive criteria for the existence
of a smooth solution to (3). We exploit the concept of cordial Volterra integral
operators [22,23] recalled in Section 2.1. The results of the present article will
play a fundamental role when constructing high order numerical methods for
solving equations of the form {(3),(5)}. Having said that, the question regarding
numerical methods, is beyond the scope of the present paper.

The article is broken up into four sections. In Section 2 we present some
definitions and results required for our work. Section 3 is devoted to the main
result of this article, Theorem 3.3. To prove Theorem 3.3 we also formulate an
auxiliary result, Lemma 3.2. Section 4 contains the proof of Lemma 3.2.

2. Preliminaries
2.1. Cordial Volterra integral operators. The cordial Volterra integral op-

erator V,, with a core p € L*(0,1) is defined by

(un)(t):/Ot%go<§>u(s)ds:/Olgp(a:)u(ta:)da:, 0<t<T, uecC. (6)

Denote

B0\ = / P p(e)da (7)
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for such A\ € C where the integral converges. From the second form of (6), we
get that

Vowy = (AN wy, where wy(t) =t*, 0<t<T. (8)
By differentiating the second form of (6) we have
1
(Vou)™(t) = / o(x)z™u™ (tx)dz  for u € C™, m > 0. (9)
0
We also get
(m) iy [ (et
(aVu)™(t) = ; FTA— T (t) /0 o(x)'uD (tz)dx (10)

for a,u € C", m > 0. The following theorem is a summary of results proved in
[22] and [23].

Theorem 2.1. For ¢ € L'(0,1), a € C™, m > 0, it holds that V,,aV, € L(C™)
and

00(Vie) ={@(A)| ReA=0} U {0}, (11)

(Vo) ={B(N) | ReA>m} U{0} U {B(G) | j=0,1,...m—1} for m>1, (12

om(aV,)=a(0)o,,(V,) for m>0.
Moreover, [Vleo) = el and laVllecey < llalollgll with
1
lell = [ le@lds, lalle = g )]
If a(0) = 0, then operator aV, € L(C™) is compact and o,,(aV,,) = {0}.
Proposition 2.2 ([22, Remark 4.9]). For ¢ € L*(0,1), pn & 00(V,) it holds
(ul = Vo) h=p T+ Vy

where v € L'(0,1) is uniquely determined by p and .

Proposition 2.3 ([22, Remark 4.8]). For ¢ € L'(0,1), u € 00(V,,), u # $(0),
the set (ul —V,,)C is dense in C. For up= p(0), the functions f € (ul —V,)C
satisfy f(0) =0, hence the set (p(0)] —V,,)C is not dense in C.
Proposition 2.4 ([22, Theorem 4.10]). For ¢ € L'(0,1), u # 0, the operator
pl =V, : C'— C has the right hand inverse if and only if p— (i) # 0 for any
§ € R; further, pl —V, : C — C has the (two side) inverse if and only if, in
addition, arglp — p(i€)]g2_,, = 0.
For a > 0 and u € C' it holds that
(Jou)(t) = — /t1 (1 - f>a1u(s)ds 0<t<T
L(a) Jo t t ’ -

hence M_,J* is for any a > 0 a cordial Volterra integral operator with the core

o(z) = ﬁ(l —xz)*tin LY0,1).
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2.2. Fredholm type operators. Let us recall the definition and some results
from the theory of Fredholm operators of index 0 in a Banach space X.

Definition 2.5. For a Banach space X, an operator A € £(X) is called Fred-
holm (or, Noether) if its null-space N(A4) := {u € X | Au = 0} is finite
dimensional, and its range R(A) = AX is closed and of a finite codimension
in X; the integer dim N (A) — codimR(A) is called index of A. By ®,(X) we
denote the class of Fredholm operators of index x € Z.

Here, codim R(A) = dim(X/R(A)) and X/R(A) is the factor space of X
over R(A).

Proposition 2.6 (See e.g. [20, Theorem 1.3.2]). For A € L(X) the following
conditions are equivalent:

1. Ae q)()(X),
2. A admits a representation A = B + K where B € L(X) possesses the
inverse B~' € L(X) and K € L(X) is compact.

Corollary 2.7. Let pl — A € (X)) for a p € C. If N(ul — A) = {0} then
p € px(A).

Corollary 2.8. Suppose that ul — A & ®q(X) for a p € C. Then p € ox(A).
Corollary 2.9. The set ®o(X) is open in L(X).

The following proposition is a simple consequence of Definition 2.5.

Proposition 2.10. Let X be representable in a direct sum X = Xo® X1, where
Xo and X, are subspaces of X and Xy is finite dimensional. Let A € L(X) be
such that AXo C Xo, AX; C Xy. Then A € ®.(X) if and only if Ay € P.(X1)
where Ay = Alx, € L(X1) is the restriction of A onto X;.

3. Formulation of the main result

As stated before, the main goal of this article is to study the unique solvability
of singular fractional differential equations (3) with conditions (5).

We start off by considering the simplified version of equation (3) with con-
stant coefficients:

(D§Mau)(t) = bp(0)(DG* Mo, u)(t) + f(£), 0<t<T. (13)

k=1

Here o, ap € R and

m<a<m+l, a>aq>0 k=12,...,1, fe€C™ meNy, (14)
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By the change of variables v = Dy M,u in (13), we get due to u = (D§M,,)~!
M_,J%v that equation (13) is equivalent to

v=> b(0)[D* My, |[M_o v + f. (15)

Note that for any v € C' and k = 1,2,...,1, function M_,J% belongs to
the domain of operator Dg*M,,, or to the range of (Dy*M,, )™t = M_,, J*,
i.e. there exists a w € C such that

M_,J% = M_,, J%w. (16)
Namely, we claim that the last equality holds for w =V,

Pa,ap
a cordial Volterra integral operator with the core

Paa, (T) = m

v, where Vi, s

(1 —2)* g™ gy, € LY(0,1). (17)

In other words, we claim that there holds the equality of cordial Volterra integral
operators:

M_Oéja = [M_Oék: Jak]v¢a,ak' (18)

The three cordial Volterra integral operators M_qJ% M_,, J* and V,,, . in (18)
are well-defined and bounded in C', hence (18) holds if

M_oJ%w, = [M_, J*|Vy, . wn, 1 € Ny, (19)

where w, (t) = t". For n € Ny, it holds

r 1 r 1
M_,J%w, = T+l Wy, M_q, J%w, = P+l Wh,
Ia+n+1) [(ag+n+1)
P(Oék +n+ )

V. n =
oo U = IM'a+n+ 1)

and we see that (16), (18) and (19) hold.
Equation (15) can be rewritten as

v = Zbk(O)Vwa,akU + /.

k=1

By (7), we get Pn.a,(A) = FF((Q’“JF;;:T Re > 0, & = 1,2,...,1. According

to (1 ) and (12), remembering (8), we obtain that the spectrum of operator
Zk 1 b(0 W, Pasay has the form

l
(Zbk ) {Z %ﬂmwzo}uw} (20)

k
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l l
Om (Zbk(O)V%aJ - {Zbk(())% lg=0,1,...,m— 1}

U Zbkm)% | Re > m} U {0},

(21)

The following result is a consequence of (20) and (21).

Lemma 3.1. Let a,ar € R, and conditions (14) hold. Equation (15) has a
unique solution v € C for any f € C, i.e. 1 & oy (Zﬁle bk(O)V%,ak>, if and
only if

I
F(Ozk—f-)\—i-l) .
b —= #1 A € C with ReX > 0.
,;1 x(0) Tatrtl) #1, VA e C with ReA >0

Equation (15) has a unique solution v € C™ for any f € C™, m > 1, i.e.
1€ 0, (22:1 bk(())cha,ak); if and only if

F(ak+(]+1)
be(0) =t T2 T 2y g=0,1,...,m—1,

and

P(Ozk-i—)\-f—l) )
bp(0) = # 1 A € C with Re\ > m.
; k(0) Tatrtl) #1, VA€ C with ReA>m

Having found the solution v € C' (v € C"™) of equation (15), the solution of
equation (13) has the form v = M_,J%v.

To study the unique solvability of singular fractional differential equa-
tions (3) with (5), we prove (see Section 4) the following result.

Lemma 3.2. Under conditions b, € C™, m >0, k=1,2,...,1, it holds that

l l
Om (Z bk(o)vﬂoa,ak) = Om <Z bk'VSDa,ak> )
k=1 k=1

with Qa.q, from (17).
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Similarly as for equation (13), equation (3) can be rewritten as

v=>Y bV, v+ f (22)

where v = DgMqu is the unknown and Vi, . is a cordial integral operator
with core ¢4 q, from (17). We can now formulate the main result of the present
article.

Theorem 3.3. Let a, o, € R, and (5) hold. For any f € C, equation (22) has a

unique solution v € C' and equation (3) has a unique solution uw = M_,J*v € C

if and only if 1 & og <Z§€:1 bk(O)V%yaJ, i.e.

l
F(ozk+/\+1) .
bp(0)——= #1, Ve C with ReAx > 0.
; a >P(a+)\+1) 7L €L with ReA =

For any f € C™, m > 1, equation (22) has a unique solution v € C™
and equation (3) has a unique solution uw = M_,J € C™ if and only if

1 ¢ o (22:1 bk(O)V%,%), ie.

l
F(Oék—f—(]‘i‘l)
be(0)—=—r "2 " 41 g=0,1,...,m—1,

and

I
[low +A+1) .
— 4] > m.
321 bx(0) Tatrtl) #1, VA e C with ReA>m

Proof. The claims of Theorem 3.3 regarding the solution v of (22) are direct
consequences of Lemma 3.2 and (20), (21). Furthermore, M_,J® is a cordial
Volterra integral operator and thus according to Theorem 2.1, v € C"™, m € Ny,
implies u = M_,J% € C™; recall that M_,J% belongs to the domain of
Dg* M, and u = M_,J% really satisfies (3). Theorem 3.3 is proved. O

Example 3.4. Consider the equation
DiMyuu=bu+f, m<a<m+1l b feC™ meN,. (23)

By Theorem 3.3, equation (23) has a unique solution v € C' for any f € C if
and only if 1 & a9 (b(0)V,,,,), i-e.

F'A+a+1)

b(0) # o)

VA € C with ReX > 0;
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for real b(0) and « € (0,1] (m = 0), this condition, or the condition 1 ¢
o0 (b(0)V,,, ), takes the form b(0) < I'(a+1), since g (V,, o) "R = [O, ﬁ} :
For b(0) = I'(a + 1), according to Proposition 2.4, operator I — bV,

Pa,0
Fredholm; for 6(0) > I'(aw+1) it holds I —bV,,, , € ®1(C') (is Fredholm operator
of index 1).

Equation (23) has a unique solution u € C™ for any f € C™, m > 1, if and
only if 1 & 7,, (b(0)V,, ), i.e.

1S non-

r 1
b(())# (q—i_?—i_ )7 q:0717"'7m_17
q!
and
r 1
b(0) # %, VA € C with Re\ > m.

Example 3.5. As stated before, equations tu/(t) = a(t)u(t) + f(t), 0 <t <T
and (tu(t))" = b(t)u(t)+f(t), where b(t) = a(t)+1 and 0 < ¢t < T, are equivalent.
Thus, according to [24], if Reb(0) < 1, then equation (tu(t)) = b(t)u(t) + f(t)
has for any f € C' a unique solution in C' (if b € C' is such that a finite limit
lim;_,o w exists for a § > 0, then condition Reb(0) < 1 is also necessary
for the unique solution of (tu(t)) = b(t)u(t)+ f(t) in C for all f € C'). Equation
D§(t*u(t)) = b(t)u(t)+ f(t),0 <t <T,0 < o < 1 (equation (23) for 0 < o < 1)
has for any f € C' a unique solution in C' if and only if b(0) # F(F’\(J;ﬂr)l) for any

A € C with ReA > 0. As a — 1, the last condition takes the form Reb(0) < 1.

4. Proof of Lemma 3.2

To prove Lemma 3.2, we show that for b, € C"™, k =1,2,...,l and m > 0 the
following relations hold:

Pm <Z bk’(o)v@a,ak> C Pm (Z bk:vsoa,ak.> ) (24)

k=1
l l
Om <Z bk(O)Vgpa,%) C O (Z bkvmk) . (25)
k=1 k=1

The proof of (24) and (25) is presented in six parts. In part a) we show that (24)
holds for m = 0 under stricter conditions ¢,., € C'[0,1], and b, € C' for
k = 1,2,... 1. Part b) is dedicated to extending the results from part a)
tom = 0, Yaa, € L'(0,1) and by € C, k = 1,2,...,l. With part c) the
inclusion (24) is proved for m > 1. Part d) shows that (25) holds for m = 0 and
prepares the proof for m > 1, the last two parts e) and f) complete the proof
of (25) for m > 1.
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4.1. Part a). Let m = 0, a0, € C'0,1], and b, € C* for k = 1,2,...,1.
We show that pu € pg (22:1 bk(O)V%,ak» i E og <Zi€:1 bkv@m%) leads to a
contradiction, i.e. relation (24) holds for m = 0.

Note that, 0 € oy <Z§€:1 be(0)V, ) (see (20)), thus p # 0. Accord-

Po,ap,
ing to Theorem 2.1, Zi;:ﬂbk — bi(0)]Vi,.., © C — C is compact, thus (see
Proposition 2.6) ul — Sb_, bkViaa, € Po(C). Now, based upon Corollary 2.7,

W E o (ka:l ka¢Q7ak> is the eigenvalue of operator Zﬁc:l bk Vi, - Let ug € C,
|uo]|lo =1, be the corresponding eigenfunction: <u[—22:1 kacpa,ak) uo=0 or

Uy = (pj = bk(O)v%,%) (Z[bk - bk(onv%,%) Uo.

k=1

Since (ul — >k, bp(0)V,

Wu,ak)il = p '+ Vy with ay € L*(0,1) (see Proposi-
tion 2.2), it holds

!
Uy = (/1,71[ + V¢) (Z[bk — bk(O)]V%,ak> Ug- (26)

k=1
We assumed that b, € C* for k = 1,2, ...,1, consequently

with some constants ¢, > 0, & = 1,2,...,l. Using (26) and (27), we now
evaluate |ug(t)| step-by-step. The first step is

‘ ((Z [0 — 1 (0)] Vsoa,ak> UO) (t)

< SO [ £ ¢713) ()]s

<t ckllvanlh

k=1
!
<ct ) l@aml
k=1
l !
(Vw <Z[bk—bk(0)]‘/¢a,%> uo) ()| < ctlll Y lleaalh
k=1 k=1

l
[uo ()< ct(l |+ 191h) Y lPaalhrs
k=1
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with a constant ¢ > 0 independent of ¢ € [0,7]. Let us assume that after the
n-th step we have the estimate |ug(t)| < ¢,t"™ with 0 <t < T and constant ¢,.
Then

((3om-mom. )

l
SZ bk bk |/t_1|90aozk >| CpS dS

<cé, t”HZ loih I

(g e

[uo ()] < cCut™(In + [19[l1) Z o, I,
k=1

l
< e t"™Hylh Z o, 1,

0 <t<T, where

Pt (£) = Paa (2)2". (28)

Therefore, ]uo( )] < Cpprt™™ for 0 < ¢ < T with constant ¢,.1 = c&,(Ju™t| +

[6]11) by b i As easily verified [[phh |l < L[l@hn, [, thus

-1 (1]
oy < U IO S bl

02<|w|+||¢||1> (Shes letaelle)

< _

(i 4+ 90" (Shar lebaelloe)

Ct.

n!

Hence, for n € Ny, 0 <t < T we get

(| + 1" (Sho leblle) 7741

Cy,

|uo(t)] <

n!

from which it follows that ug(t) = 0. This contradicts the fact that uy € C' is
an eigenfunction with ||ug||e = 1.
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4.2. Part b). Let m = 0, a0, € L'(0,1) and by € C, k = 1,2,...,1. We
begin the discussion as in part a) and then interpret relation (26) as follows:
the eigenvalue problem

I
= (4 V) (Z[bk - b,ﬂ(())]v%,%) u
k=1
with compact operator (u='1 + V) (ka:l[bk — bk(O)]wak
tion (Ao, up), Ao =1, up € C, ||uglleo = 1.

We approximate functions ¢a,q, and by by ¢ ,, € C'[0,1] and b}, € C" so
that [|@a,a, = Paalll < € 05(0) = 0x(0) and b, — b [lec < e for k=1,2,...,1,
where € > 0 is a given small number. The operator pl — 22:1 b(0)Ves, , from

> has an eigensolu-

C into C is still invertible and can be expressed as

I -1
<M[ a Z bk(o)v@é»%) =u I+ V. with a 9. € LY(0,1)
k=1

(see Proposition 2.2), ||¢ — ¢.||1 < de, ¢ > 0. We get

H<u-1f+v¢><2[bk—bk<o>1v%,%)—wlnw(Z[bz—b2<o>]v¢a,%)

k=1 k=1

<ce.
L(C)

For a sufficiently small € > 0, the perturbed eigenvalue problem

Au= (' +Vy,) <Z[bi - b;(O)]V%%> u

k=1

has a solution (A, u.), ||uc|lc = 1 such that, \. — 1 as ¢ — 0. Using a
similar discussion as in part a) we get that u. = 0. This is a contradiction
since |luc[lc = 1. Consequently, for m = 0, a0, € L'(0,1) and by € C,
k=1,2,...,1, relation (24) holds.

4.3. Part c). In this part of the proof, we will show that inclusion (24) holds
for m > 1. Let u € pp, <Z§€:1 bk(O)V%‘ak) We may assume that, p # 0 since
according to (20) we have 0 € oy (Zi@:l 0k (0) Vg,
pl =30 0kVie.a, € Po(C™). To prove that u € pp, (22:1 ka%’ak>, it is

sufficient to show that the homogeneous equation pu = 22:1 bV, a, w has

). Proposition 2.6 yields

in C™ only the trivial solution (see Corollary 2.7). Let uy € C™ be a solution:

l
pug = (Z ka%’ak) Up. (29)
k=1
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We first show by induction that
W0)=0, ¢=0,...,m—1. (30)

Note that, for uy(t) = t*, ReX > 0,

S OV un =3 bk(O)%uA. (31)

For t = 0, (29) takes the form

l

1
p10(0) = 1a(0) 3 0u0) [ o (0} (32)

k=1 0
If up(0) # 0, then (32) can be interpreted as follows: p is an eigenvalue of
S bk(0)V,, ., corresponding to eigenfunction 1 (see (31)). This contradicts

the assumption u € py, <Z§€:1 b(0)V, ) Hence ug(0) = 0. We show that

Saa,ozk
the induction hypothesis u(()j)(O) =0for j=0,...,n—1, where n < m — 1,
leads to u(()")(()) = 0. Indeed, from (10) it follows that

l (n) 1 n—1 l
_ (n) nl (n—q) (@)
((;kaQPa’a]C)uO) _;bkvﬁ]& K +Z—>!Zbk MWy u’ (33)

(n—
q=0 ¢'(n—q k=1

with gp[o?}%, q=0,1,...,n, given by (28). Since uéj)(O) =0forj=0,...,n—1,
we get (see (29))

p(0) = 10 o 0(0) [0 @)

k=1

Now, u[()")(O) — 0, since otherwise  would be an eigenvalue of S2¢ bk (0) Vi,

corresponding to eigenfunction " (see (31)). This completes the proof of (30).
Next, to obtain ug = 0, it is sufficient to show that u(()m) =0 (see (30)). We
(m)
know that pu(™ = ((ka:l kaCpa’ak) uo) , thus (see (33))

l

l
(Mf -3 bk<0>V@g:gk> ug™ =D b = eV, ug”
k=1
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Since 1 € pp (Z;ﬂ bk(O)v@a,%) for m > 1, it holds 11 € po (2;:1 b (0)V )
a,ap,
Hence, operator ul — Y0, bk(o)v&”” : C' — (' is invertible, and according to
a,ap

Proposition 2.2 the inverse has the form

k=1

. -1
(,u[ = " be(0)V ) = I+ Vy,, witha, € L'(0,1).
Py,
Relations (30) imply that u(”(t) = W [t — sym=a-t u™ (s)ds, where
0<t<Tand ¢g=0,...,m — 1. In conclusion,

ul=(u I+ V)

’ (34)
{Z[bk—bk(o)]vlﬂxkuo +Zm—q|zb(m q)V[qJ GU },

k=1

where (Gv)(t) = m Jy(t —s)m=7u(s)ds, ¢ =0,...,m — 1. Note that,

(Z[bk—bk(o)]v gnng)( )

k=1

()| <ct?, p >0 = [(G)(t)| <cth™™ < cotPtl

Also, operators 22:1 b,(gqu)V‘p[q] and V), preserve the convergence order of
a o,

v(t) for t — 0. Approximating u(()m)( t), with the help of (34), step-by-step as in

part a), we obtain that uo = 0. Therefore (24) holds for m > 1.

4.4. Part d). We now turn to the proof of (25). By (20) and (21), the inclu-
sion (25) is equivalent to the following inclusions: for m = 0,

l
{Z b (0 % | Re\ > 0} U {0} C o (Z bkvmk> . (35)

for m > 1,
! ar+q+1)
Z LM:O,I,...,m—l
- MNa+q+1)
!
Oék+>\+].>
{Zbk Tlarar |42 m} e (va> |

First off all, the fact 0 € oy, <Z§€:1 ka%’%) for m > 0 follows directly from

the closedness of the spectrum o, <Z§€:1 biV, >: in accordance with (24)

<Po¢,ak
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the spectrum o,, (ZL A ) contains points Y¢ bk(O)% (see (20)

and (21)) for arbitrary large A € R and Zk 1 k(0 )% — 0as A = oo,

since ay < Q.

Next, to establish the inclusions

l l
Dl + A+ 1)
{Zbk@m A= m} “on (Z W“”‘*%) om0

k=1

it is sufficient to show that

l
m) Iog+A+1) .
pI=> b (0)V, ., €Po(C™), V= Zbk a’“H 1)> with ReA>m. (36)

Indeed, relation (36) implies that also ul — 3%, bkViaa, & Po(C™) and thus,
by Corollary 2.8 we get that u € o,, <Z§C A ) for ReA > m.
Let us establish (36) for m = 0. For p = St b(0 )L’\H) ReX > 0,

aFAF1
according to Propositions 2.3 and 2.4, (uf — S k(0 )V%; )+C’ C' holds
and p is an eigenvalue of operator 22:1 bk (0)Vi,, ., With eigenfunction t*in C
(see (31)), s0 ul — 375, b(0) Vi, .. & Po(C™). For g = 375, bi(0 )%,
ReXo = 0, relation pol — 22:1 bk (0) Vg,
it would also be true for a A with ReX > 0 that is close to Ay (see Corollary 2.9),
but this is not the case. Thus (36), and as a consequence (35) and (25) hold for

m = 0.

€ ®y(C) cannot hold since otherwise

4.5. Part e). In this part we prove (36) for m > 1. Let P,,_; be the space of all
polynomials with degree equal to or less than m —1. It holds C" = CJ* @ Pp,—1,
where C{" is defined in (4). Our aim is to use Proposition 2.10: we show
that C" and P,,_; fulfill the presumptions about X; and X, respectively and
= 3y be(0) Vo, & Po(C7) for i = 375 bi(0) L2 with Red > m.
In such case, by Proposition 2.10 ul — Y. _, bi(0)V, a.a,, belongs to @.(C™),

k>0 for =St b(0 )% with ReA > m.

We start our discussion by noting that according to (9), for any p € C and
w€ g it holds that (11 — Y, br(0) Vi, 1) ™= (1 = Yhy R (O)V, oy )™
for n = 1,2,...,m. Thus (ul — 22:1 bx(0 )V%%)C’S@ Cc Cr. In accérﬁlance
with (31), the inclusion (ul — S k(0 )Pm—1 C Pp—1 also holds. Fur-

Soa,ak
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thermore, we claim that for Re\ > m we have

m m F(Oék + A + 1)
(,u[ Z bk soa O‘k) CO = C for every u = Z m,

i.e. that equation (il —Y2F bk (0)V,, ., Ju = v has for every v € Cf* and every
=S bi(0 )% with ReA > m a solution u € C§'. Since operator
D™ : Cf* — C is an isomorphism, the last statement is equivalent to the
following: equation (ul — Z; 1 0k(0) Ve, Ju = v has for every v € C and
every i = Y b(0 )F(Oj%):\,:ll) with ReX > 0 (M = XA —m) a solution u € C
(u = u™, g = pm )). Now, according to Propositions 2.3 and 2.4, we get

(11 = S5 e O)V gy )C = C and (] = 24y be(0)V,, ) CF = C. Also,

due to (31), for uy(t) = t* which belongs for ReX > m (also for A = m) to CJ",
we have

F(Oék +A+1)
(,LL[ Z bk QOa O‘k> Uy = 0 if and only if on = Z bk m,

thus ol — S0, bk(0)Vo,.., € ®.(Cg") with k > 0 for Rep > m. For us it is
important that ul — >4, bk(0)Vi,.., & Po(Cy") for ReA > m.

In conclusion, by Proposition 2.10 we get that pul —22:1 bk (0)V,, ., belongs
to . (C™), Kk > 0 for = S0, b(0 )%)fll)) with ReA > m. Therefore, for

ReX > m, relation (36) is established. If ReA = m, then a similar approximation

argument as at the end of d) can be applied.

4.6. Part f). To conclude the proof of Lemma 3.2, it remains to show that
form > 1,

l
Dl +qg+1)
b _ =0,1,... -1 m gbV .
{Z’“ a—i—q—l—l)‘q Odem }CU (klk%’a’“>

Denote p, = Zk 1 0e(0 )F(a%jjll)) for g =0,1,...,m — 1. We may assume, that

pg & {3, bi(0 )% | ReA > m}, since otherwise it follows from previous

discussions that p, € o, <Zk:1 kV%}ak).
Let us fix a sufficiently small § > 0 such that: 1) the ball | — p,| < 6
does not contain p; different from p,, 7 = 0,1,...,m — 1 and 2) the intersec-

tion of {22:1 br(0 )% | ReA > m} and the ball | — pg| < 0 is empty.
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Note that, under our assumptions, the sphere | — p,| = 6 is contained in
Pm (ZLZI bk(O)V%ﬂk) and as a consequence of (24) also in py, (22:1 ka%’aJ :
Let Vw@ be an operator depending on parameter 6 € [0, 1] defined by

l

l
V9=0Y bV, +(1—0)> b(0)V,,, €LC™), 0<6<1
k=1 k=1

Obviously, V) = S 0 (0)Vs, ., and Vi = S Ve, - The inclusion (24)
for operator VJ implies that the sphere [u — p1q| = 0 is in p,, (V) for 0 <6 < 1.
Furthermore, the Riesz projector defined for V, by (see [7])

1
P = =0 (I = V) ldpe L(C™), 0<6<1,
H—pig|=6

projects the space C™ onto an invariant subspace of operator Vg corresponding
to its spectrum part in the ball | — p,| < 0. Since, by assumptions 1) and 2)
above, the only possible point from this spectrum part in ball g — g, < 0 is gy,
we have that u, € am(qu ) if and only if P/ # 0.

The operator Vf is continuously dependent on parameter ¢ on the sphere
| — py| = 0, therefore there exists a constant cj, such that

[T — V) Mem < 5. for lu— gl = 5, 0<6< 1
Since A™! — B™' = A71(B — A)B™!, there exists a constant ¢ such that
1Py = Py lleemy < 5OlIVE = Vil lleemy < 510 = 0]

for0<o<@g <1.
Consider the gap [11,13] between subspaces X? = Pqe X and X? = P;’X of
X =0

gap(X?, X7 .= max{ sup inf |ju—v|x, sup inf Hu—v||X}

/ 0
e X0 ull x=1 vEX? weX? Jluflx=1"%

< max sup ||Pqeu—Pf/u||X7 sup ||Pj/u—Pqu||X
ueX,[|ul|x =1 ueX,[|ul| x =1
<||P! = Pl z(x)
<&l0—01—0 as|f—01—0, 0<0<0<1.
It is known [11] that for a Banach space X and its closed subspaces Xi, X

the inequality gap(X;, X5) < 1 implies that dim X; = dim X,. Thus dim X? =
dim X% for 6,0 € [0,1] such that ¢|@ — @'| < 1, hence also for all 6,8 € [0, 1].
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As pu, is an eigenvalue of operator 22:1 bk(0)Vy,,..,» then dim(P/C™) > 1.
Consequently, qu # 0 for every 0 € [0,1], in particular for § = 1, i.e. p, €

l
Om (Zkzl ka%Y%> .
With parts d), e) and f) we have shown that (25) holds for m > 1. This
concludes the proof of Lemma 3.2.
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