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Abstract. In this paper we study an optimal control problem for a nonlinear mono-
tone Dirichlet problem where the controls are taken as the matrix-valued coefficients
in L>®(Q; RY*N), Given a suitable cost function, the objective is to provide a sub-
stantiation of the first order optimality conditions using the concept of convergence
in variable spaces. While in the first part [Z. Anal. Anwend. 34 (2015), 85-108]
optimality conditions have been derived and analysed in the general case under some
assumptions on the quasi-adjoint states, in this second part, we consider diagonal
matrices and analyse the corresponding optimality system without such assumptions.
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1. Introduction

The optimal control problem we consider in this paper is to minimize the dis-
crepancy between a given distribution y, € LP(2), where 2 is an open bounded
Lipschitz domain in R, and the solution of a nonlinear Dirichlet problem by
choosing an appropriate matrix of coefficients U € L°°(D; RY>*Y). Namely, we
consider the following minimization problem:

stiimize { 1otd.9) = [ ly(e) = (o) o} 1)
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subject to the constraints

UecUyC LOO(Q;RNXN)7 y € W()LP(Q),
—div U[(Vy)"?|Vy) + [y Py = f nQ,
y=0 on 09,

A~~~ T/~
- W N
~— ~— ~—

where U,q is a class of admissible controls.

In [2] we have derived first-order optimality conditions for optimal control
problem (1)—(4) and carried out their realization under some additional as-
sumptions. We introduced the notion of a quasi-adjoint state 1), to an optimal
solution yy € W, ?(Q) that was proposed for linear problems by Serovajskiy [5])
and showed that an optimality system can be recovered in an explicit form if
the mapping U,q 2 U +— 1. (U) possesses the so-called H-property with respect
to the pair of spaces (LOO(Q; RV*NY), Wol’p(Q)). However, it should be stressed
that the fulfilment of this property was not proved for the case p > 2 and, thus,
had to be considered as some extra hypothesis. Moreover, the verification of
the H-property for quasi-adjoint states is not straightforward, in general. That
is why, in order to derive optimality conditions in the framework of more ap-
propriate assumptions, we propose in Section 3 of the current paper another
approach which is based on the concept of convergence in variable spaces.

For simplicity, we restrict our consideration to the case when each admissible
control U € U,y := U, N U,y has a diagonal form. Our main assumption in this
section is as follows: For a given distribution f € W~=24(Q) with ¢ = s
and p > 2 and a given class of admissible controls U,y, there exists a non-
negative function ¢ € L'(Q) such that (7' € L'(Q2) and the corresponding
weak solutions y (U) of the nonlinear Dirichlet boundary value problem (3), (4)
satisfy the relations

UV ) > C@) €20 ae inQ VEERY, and [y € L'(Q)

for each admissible control U € U,q.

Note that this assumption is fulfilled as far as the matrices U[(Vy)?~2] have
a non-degenerate spectrum for each U € U,y (for the details, we refer to [3]).
The main argument given in Section 3 is to associate with each admissible
pair (U, y(U)) an appropriate weighted Sobolev space Hj; (§2) with continuous

embedding H},; ,(Q2) C Wy (Q). As aresult, we show that each of the variational
problems for the corresponding quasi-adjoint states has a unique solution, and
these solutions form a weakly convergent sequence {7705079 € HZ;O’% (Q) } 9o 10 the
variable space. This property suffices in order to establish that the optimality
system for the problem (1)—(4), that was derived in [2], remains valid even if
‘H-property does not hold for the quasi-adjoint states.
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2. Problem setting

Monotone operators. Let o and [ be constants such that 0 < o < 8 < +00. We
define M?(9Q) as a set of all square symmetric matrices U () = [a;;(2)])1<ij<n
in L°°(Q; RY*N) such that the following conditions of growth, monotonicity,
and strong coercivity are fulfilled:

la;j(x)| < B ae inQVije{l,...,N}, (5)
and

(U@ — [P 72In), ¢ =) pw 20 e in QV(¢,n e RY, (6)

N

(U@)[CPCC) pn Z @)|GIP2G G > alCl aein®,  (7)

1
where ||, = (ij:l |77k|p> " is the Holder norm of € RY and

(7% = diag{|m[P~2, [molP7%, . I [P2} Ve RY. 8)

Let us consider the nonlinear operator A : MZ?’B(Q) X Wol’p(Q) — Wh4(Q)
defined as
AUt y) = —div U@)[(Vy)]Vy) + [y,

or via the paring

(AU, y), 3 / (

i,7=1

Oy
Er f

p—2
8y v b2

for all v € W, ?(Q). In view of properties (5)—(7), for every f € W~14(Q) the
nonlinear Dirichlet boundary value problem

AU y)=f nQ, yeWP(Q), 9)

amits a unique weak solution in W, ?(Q) for every fixed matrix U € MP(Q).

Optimal control problem. Let £1, & be given functions of L>(2) such that
0 < &(z) < &(x) ae in Q and {Q1,..., @n} be a collection of nonempty
compact convex subsets of W~19(Q). To define the class of admissible controls,
we introduce two sets

Up={U=[a;;] € My?(Q)] &(2) ay5(w) <E(z) ae. in Q, 1<, j <N}
U= {U=[ur,...,uy]€ MSP(Q)| divu; €Q;, Yi=1,...,N},

assuming that the intersection U, N Uy C L°(Q; RY*Y) is nonempty.
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Definition 2.1. We say that a matrix & = [a;;] is an admissible control of
solenoidal type to the nonlinear Dirichlet problem (9) if U € U, := U, N Usy;.

Let us consider the optimal control problem

Minimize {z<u,y): /Q yy<x>—yd(x)wx}, (10)

subject to the constraints

/Q(Z/{(x)[(Vy)p_g]Vy,Vv)RNdx—i—/szp_vadx:(f, V)wieq) YoeW,?(Q), (11)

UE Uy, ye WP (Q), (12)

where f € W=14(Q) and yq € Wy*(Q) are given distributions.

Hereinafter, 2, C L®(Q; RY*N) x W, P () denotes the set of all admissible
pairs to optimal control problem (10)—(12), for which the following existence
result takes place.

Theorem 2.2. If Uy = U, N Uy, # 0, then the optimal control problem
(10)—(12) admits at least one solution

U ) € S © L RYN) x WP (),
U™, y™) = inf IUy).

(UY)EE 01

Optimality conditions. To derive the optimality conditions for given optimal
control problem (10)—(12) in [2], we used the following concept of quasi-adjoint
states, that was first introduced for linear problems by Serovajskiy [5].

Definition 2.3. We say that, for a given U € Uy, a distribution 1. is the
quasi-adjoint state to y € VVO1 P(Q) if 1. satisfies the following integral identity:

(p— 1)/Q ([(Vya)p_z] Uuvi,, Vgp)RN dx

} - Vi e Wy ().
+(p_1)/‘y€‘p QwE‘de‘i‘p/\ye—yd‘p Yodx p e WP (Q)
@ 0

=0
Here, y. = yo — e(y — o), ¥ = y(U) is the solution of problem (11), (12), and
e =¢e(U) € [0,1] (see [2, Lemma 4.8]).

As was shown in [2], in order to derive the optimality conditions to problem
(10)—(12) in a correct way, the following property of quasi-adjoint states had to
be fulfilled.
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Definition 2.4. We say that mapping U,q U +— 9 (U) possesses the H-pro-
perty at the point U with respect to the pair of spaces (LOO(Q; RV*NY Wol’p(Q))
if for cach U € Uyg we have: g = (U + 0U — U)) € WP (Q) for all
0 € [0,1] and the sequence {1). ¢}, is uniformly bounded in Wy () with respect
to 6 € [0, 1].

Theorem 2.5. Let us suppose that f € W9(Q), yq € Wy P(Q), and Uyg # 0
are given with p > 2. Let (Up,yo) € L®°(LRN*N) x WyP(Q) be an optimal
pair to the problem (10)—(12). Assume that the quasi-adjoint state ¥.(U) to
Yo € WP(Q), defined by (2.3), possesses the H-property at Uy in the sense of
Definition 2.4. Then there exists an element 1) € Wy (Q) such that

/Q (U — U) (Voo ?| Vo, V) dx >0, YU €U (13)
/Q U](V0) 21V 50, Vig) o i + / o200 da "
= (/. @)WOLP(Q)) Voe W()Lp(Q)a
(-1 / (V)2 UV, Vo) o i+ (p— 1) / P2 p da
N ? (15)

=p/ lyo — yalp dz, Vo € WyP(Q).
Q

3. On weighted Sobolev spaces and fine properties of
quasi-adjoint states

The aim of this paper is to provide a substantiation of (13)—(15) regardless of
the H-property for quasi-adjoints states. For simplicity, we restrict our consid-
eration to the case when each admissible control U4 € U,y := Uy, N U, has a
diagonal form

U(z) = diag{di(x), d2(2),...,dn(2)},

with a <d(z) < ae inQ, Vi=1,...,N. (16)
We define subset 9(Q) € W, 7(Q) as follows: y € M(Q) if and only if
3¢ e LY(Q) such that (>0 a.e. in Q, ("€ L'(Q), (17)

(EUVYP2E) g = C(@) € llpn ae. in Q, VEERY, and |y[> e L1(Q). (18)
We begin this section with the following hypothesis.
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(H2) For a given distribution f € W~14(Q) with ¢ = 2 and p > 2, the
corresponding weak solutions y (i) of the nonlinear Dirichlet boundary
value problem (9) satisfy: y(U) € 9MM(Q) for each admissible control

U e Uad = Ub N Usol-
Remark 3.1. Since (8) and (16) imply that U[(Vy)P~2] = [(Vy)P~2|U, it follows
that the quadratic form (&, U[(Vy)P2]€)gn, V€ € RY can be associated with the
collection {)\ﬁ{’y, s )\L]\{,’y} of eigenvalues of the symmetric matrix U[(Vy)P~2],

where each )\Z’y = )\g’y(aj) is counted with its multiplicity. Hence, the assump-
tions (17), (18) can be fulfilled if the sets

S={reQ: y(r) =0} and §:U{x€§2: H)\?’y(:l:):O}

have zero Lebesgue measure. On the other hand, Hypothesis (H2) can be
omitted if we consider conditions (17), (18) as extra state constraints to the
original optimal control problem (10)—(12).

Let (U, y) € L®(QRY*N) x WyP(Q) be an arbitrary pair such that the
diagonal matrix ¢ is an admissible control to problem (10)—(12). To each such
pair (U, y) we associate two weighted Sobolev spaces:

Hyy Q) := H(Q; [y[P~2da x [(Vy)P*|U dz™)

which we define as the closure of C§°(€2) with respect to the norm

[N

\wmw::(Lumw%ﬁ+(vmuuvw%ﬂvw&Nym) )

and Wy (Q2) which is the set of all functions y € Wy (Q) with finite || - ||,
norm.

In order to establish the main properties of the spaces H}; ,(2) and W  (©),
we make use of the following observation.

Lemma 3.2. Let (U, y) € Uyg x WyP(Q) be an arbitrary pair. Then there ezists
a non-negative function f € L'(Q) such that

ly[P=* < f() a.e. in ,
(57U[(Vy)p_2]5)RN < fl@)|€lin ae inQ, VEERY.

Proof. We show that |y[P=2 € LY(Q) and [(Vy)P2JU € L'(Q;RY*N). Indeed,
using Holder’s inequality, we have

p=2
—92 P 2 -2
P2l < ([ b de) 1007 < el 2, < o0
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p—2

Oy dx

837@'

N
2 T Iy 1 F— /
=1

N
2
< U ooy Y

i=1

p—2

Jdy
(9xi

Lr(Q)
—2
S C1 ||y||€VOLP(Q)

< +400.
This immediately leads us to the required conclusion. O
Let (4q: Q2 — ]R}F be a non-negative function satisfying the properties
Cat € L), (g € L), G & L7(D),

Caad : 2 — R}r is smooth function along the boundary 0f2,
Caa =0 on 09Q.

In view of Lemma 3.2 and properties (17), (18), we pose the following
hypothesis.

(H3) There exist elements f, and ¢, in L'(Q) such that f, > (. > (. and, for
each (ZZ ?j) € Upg x M(Q), n € R, and £ € RY, the following conditions

hold true almost everywhere in €Q:

O + €310 < 7720 + (€. UUVEY2IE) | < (0 + [1€w) o (20)

We now concentrate on properties of the spaces Hft,y(Q) and Wg{;,y<Q)' To
this end, we note that due to Hypothesis (H2), inequality (20) and estimates

d P=22d ’ =rq : C 21
1wl xs(/gm y ) (/Qm ) < Clolwe (1)
2 % —1 %

/Q IVl da < ( / ||vw||RNc*dx) < / ; das)

i 22
<c ( /Q (Vi UV V ) da:) %)
< Clé It

the spaces Hj,; ,(Q2) and W}  (€2) are complete with respect to the norm |||, for
every (U,y) € Uzg x M(2). Moreover, following the initial definitions, we have
Hj, ,(Q) € W} (Q). However, for a ‘typical’ weight |y[P~*dz x [(Vy)?~*U dz™
the space of smooth functions C§°(€2) is not dense in Wj (€2). Hence, the
identity W} (2) = Hf ,(2) is not always valid (for the corresponding examples
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we refer to [7]). At the same time, it is clear that Hj; (Q) C Wy (Q) with
continuous embedding (see (21), (22)), and due to the estimates

[ e < Wl 1) < Ul

/Q(V¢ UI(VY)P 2V )ay de < Ul o ) VY It IV o vy
< CllYlI;

W, P(Q

we have: Wy (Q) C HY, ,(€2) with continuous embedding. Moreover, since U is
a diagonal matrix, it follows that U[(Vy)P~?] is symmetric and, hence, H}; ()
is a Hilbert space with the inner product

(21,29) = /Q (JylP 22120 + (Va,U[(Vy)P 2]V 2) o ) da. (23)

Remark 3.3. Some spaces of more or less similar type have been studied by
Casas and Fernandez [1], Murthy and Stampacchia [4], Trudinger [6]. However,
in contrast to the mentioned papers, we do not have a continuous embedding
of Hy; () into the reflexive Banach space W'?(Q2).

3.1. Weak convergence in variable Hﬁvy-spaces. Under the Hypotheses
(H1)-(H3), we first provide some auxiliary results.

Lemma 3.4. Assume that (U, yi) — (U, 1) strongly in L=(Q; RY*N)x W, 7(Q)
as k — oo. Then

]yk]p’Q — ]y\p’Q mn Ll(Q), and

Ue[(Vye)P2] = U[(Vy)P?] in LY RYYY as b — oo (24)

Proof. In order to show that

/Q\lyk\”_2—\y|p_2\ dr — 0 and /QHUk[(Vyk)p_Q]—U[(Vy)p_Z]HRNW dx — 0,

it is enough to consider two cases: p > 3 and 2 < p < 3, and repeat the trick
we made in the proof of [2, Theorem 5.4]. O

Lemma 3.5. The set Uy x M(Q) is sequentially closed with respect to the
strong topology of L=(Q; RN*N) x W, P(Q).

Proof. Let {(Uy,yr)} ey be an arbitrary sequence such that (U, yr) — (U, y)
strongly in L (; RV N) x W, P(Q) as k — oo, and (U, yi) € Uaa x M(Q) for all
k € N. Since the inclusion U € U, is guaranteed by Theorem [2, Theorem 3.3],
it remains to show that y € 9M(Q). Due to Hypothesis (H3), there exists a



Optimal Control in the Coefficients for Nonlinear PDEs 11 207

couple of functions f, and (, in L*(Q2) such that f, > ¢, > (g and, for each
£€RYN and k € N,

Gyl < fo and Glélan < (& UR[(Vyn)?721E) pu < fell€llpy ace. in Q. (25)

Following the initial assumptions and Lemma 3.4, we can pass to the limit
in (25) as k — co. As a result, we get

G ylPP<fe and GERn< (EU(VY)21E) pu < Flléllpy ace. in Q.

The proof is complete. O
As an obvious consequence of Lemma 3.5, we have the following result.

Corollary 3.6. Let {(Ui,yr)}ren be a sequence in U,g x OM(2) such that
(Ui, yi) — (U, y) strongly in L®(Q;RV*N) x WyP(Q) as k — oo. Then

|yk|2_p — |y|2_p n LI(Q), and U,;l[(Vyk.)Q_p] — L{_l[(Vy)Q_p] mn LI(Q;RNXN)
as k — oco.

Proof. Indeed, following the initial assumptions, we may assume that
> 7 = [y, and U (V)] = UH(Vy)* 7

almost everywhere in Q. Since, in view of (25), the sequences {|yx|**},cxn
and {U ' [(Vye)* 7]}, < are equi-integrable, the required assertion immediately
follows from Lebesgue’s Theorem (see [2, Lemma 2.1]). O

Let {(Us,yr)}ren Pe an arbitrary sequence such that (Ui, yx) — (U, y)
strongly in L®(Q; RNN) x W,P(Q) as k — oo, and (Us, yk) € Usa X M(Q)
for all £ € N. Hereinafter in this subsection we will associate this sequence with

the collection of variable spaces {Hflk»yk(Q)}keN'

Definition 3.7. We say that a sequence {W; € Hﬁk,yk(Q)}keN is bounded if

lim sup [[x]|7, ,, :=1im SUP/Q(’Z/L: [P=24bj A+ (Vor, U [(V )P 2] Vi) ) di < o0

k—o0 k—o00

Definition 3.8. A bounded sequence {@Dk € Hf{k»yk(Q)} is weakly conver-

keN

gent to a function ¢ € Hj; () in the variable space H;, , () if
]}Lfglo/ (Jye|P v + (V%Uk[(Vyk)p_2]Vwk)RN ) dx
@ Vo e C(Q).

_ / (920 + (Voo UI(Ty)"2]V) ) do,
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In order to motivate this definition, we provide an accurate analysis of this
concept and introduce the following weighted spaces: L*(Q;U[(Vy)P~2] dx) as
the set of measurable vector-valued functions f € RY on € such that

1
||f||L2(Q’u[(vy)p72] do) = (/ (f,U[(Vy)P_Q]f)RN d:E) < 400,
Q

and the space L*(Q;|y[P~2dz) as the set of measurable functions v € R on {2
such that

2
HU||L2(Q,|y|P—2dx) = </ |y|p*2v2 dm) < 400.
Q

By analogy with Definition 3.8, the concept of weak convergence can be ob-
viously reduced to the spaces L*(Q;U[(Vy)P~?] dx) and L*(Q;|y[P~%dz). Now
we come to the following results concerning certain convergence properties in
variable Lebesgue’s spaces.

Proposition 3.9. If a sequence {¢k€H5k,yk(Q)}keN is bounded and (16) holds
true for each Uy, € Uqq, then the sequences {NVy, € L* (U [(Vyr )P 2] dx) }yon
and {ty, € L*(; lyp[P~2 dx) } o are sequentially compact in the sense of weak
convergence in variable spaces L*(Q;Uy[(Vyr)P~? dx) and L*(Q; |y|P~2 dx), re-
spectively.

Proof. Having set

Ll9) = [ (6T 1T 6) gy i, 6 € G
Q
and making use of the Holder inequality, we get
| Li(9)]

[ (ot (Tuprwn) ar] by (16) and )

. ( /QHuké[(Vyk)p—Q]évgka%Nda:)é( /Q I [(Vywp‘z]%w@mx)

2

_ </Q(V¢k,Uk[(Vyk)P—2]V¢k)RN d“‘)é</Q(<b,u/c[(vyk)p_2]¢)w dx)
< C(/ﬂ(gﬁ,b{k[(Vyk)pﬂ(b)RN dq:)%

< C(/Qf(w) 6(2) [z dfﬂ)é {by Lemma 3.2}

1
< Cldllcwmn I f i YhEN.
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Since the set C§°(Q2;RY) is separable with respect to the norm || - ||¢qr~) and
{Li(¢)} pen is @ uniformly bounded sequence of linear functionals, it follows
that there exists a subsequence of positive numbers {k; }j’;l for which the limit
(in the sense of pointwise convergence)

lim Ly, (¢) = L(¢)

Jj—00
is well defined for every ¢ € C5°(Q)V. As a result, by Lemma 3.4, we have

2

=0( /Q (6. UL(VY)"216) g da:)%.

Hence, L(¢) is a continuous functional on L*(Q;U[(Vy)P~2] dx) and, therefore,
admits the following representation

L= lin ([ (@(Tn)210), do)

L(g) = / (v.U(Ty)"216),.» d.

where v is some element of Hilbert space L*(Q;U[(Vy)P~2|dx). Thus, v can be
taken as the weak limit of {V1)y, }xew in the variable space L*(Q;Uy[(Vyr)P~2|dx).
Having set

1@) = [ Il pde = [ (1l o) (nl5e) do. Ve e CF@)

and following the same reasoning, it can be easily proved that the compactness
property of the sequence {ty},.y in the variable space L*(€; |yx[P~2 dz) holds
true as well. ]

Definition 3.10. We say that a sequence {vy € L*(Q,Up[(Vyr)? %] dz)}ycn
strongly converges to a function v € L?(Q,U[(Vy)P~?] dx) if

lin [ (o UV ) do = [ (BUITY) ¥) g do (26)
Q Q

whenever by, — b in L*(Q,Up.[(Vyr)P %] dx)V as k — oo.

The next property of weak convergence in L?*(Q, Uy [(Vyr, )P 2] dz) shows that
the variable L2-norm is lower semicontinuous with respect to weak convergence.

Proposition 3.11. If a sequence {vy, € L*(Q,Uy,[(Vyx)? 2] dx)}, oy converges
weakly to v € L*(Q,U[(Vy)P~?]dx), then

limint | (Vi (Vo)) g e > /Q (VU(Ty) ) do. (27)
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Proof. Indeed, we have

%/ﬂ(vk,uk[(Vyk)p_2]vk)RN dr =
= 5 [ @l ) vl

p—2 1 p—2 [e'S) N
Z/Q(qb,uk[(Vyk) Vi) g d — 5/{)(¢7Uk[(Vyk) [0) g dz V¥ peCe ()7,

k—o00

> [ UV W) g do = 5 [ UV 210) o

1
L i in / (Vs U [ (V)P 2Iv) g dt
Q

Since the last inequality is valid for all ¢ € C5°(2; RY) and C5°(2; RY) is a dense
subset of L*(Q,U[(Vy)P~?] dx), it holds also true for ¢ € L?(Q,U[(Vy)P~2] dz).
So, taking ¢ = v, we arrive at (27). O

For our further analysis we need the following property of strong conver-
gence in variable L*(Q, Uy [(Vyr)P~?] dx)-spaces.

Proposition 3.12. Weak convergence of {vi € L*(Q,U[(Vyr)? ?]dx)}, o to
v e L*(Q,U[(Vy)P~? dx) and

hm [ (Ve, Ue[(Vy)P Vi) g dt = /Q (v, U[(Vy)"?]v) pn dz (28)

k—o0 Q

are equivalent to strong convergence of {vi}.cy to v € L*(Q,U[(Vy)P~?|dx) in
the sense of Definition 3.10.

Proof. 1t is easy to verify that strong convergence implies weak convergence and
(28). Indeed, we use by = ¢ € C5°(2)Y in (26) and then substitute by = v,.

In view of Proposition 3.9, we may assume that there exist two values 14
and v, such that (up to subsequences)

lim (bk, Z/{k[(Vyk)p_2]vk)RN dxr= V, lim (bk, L{k[(Vyk)p_z]bk)RN dr= V.

Using lower semicontinuity (27), we obtain

lim (Vk + tbk,L{k[(Vyk)p_2](Vk + tbk))RN dx

k—o0 Q

= lim [ (Ve,Un[(Vr)" 2IVi) pu dt + 2ty + 20y

k—o00 Q

> / (v + b, U[(Vy)P 2 (v + b)), de
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= [ T dt 2t [ (b UTGP )

Q

+ ¢ / (b, U[(Vy)??]b) ,y da.
Q
From this and (28), we conclude that

2+ t2y > 2 /

(b, UV V) i + 12 / (b U[(Vy) 2b),y dr VEER!

Hence, 11 = [, (b,U[(Vy)?~?]v)gn dx. Thereby the strong convergence of the
sequence {vy € L*(Q,Us[(Vyy)P 2] dz)}, oy is established. O

Remark 3.13. It is worth to notice that Propositions 3.11 and 3.12 remain valid
if we reformulate them with respect to the variable spaces L?(§2; |y|P~2 dx).

For our further analysis, we make use of the following result.

Lemma 3.14. Let {yi}rcny € M(Q) be a sequence such that y, — y strongly in
Wy (Q) as k — co. Then

Vyr — Vy  strongly in the variable space L*(Q,U[(Vyy)P 2] dx)
for any U € U,y.

Proof. LetU € U,y be a given matrix. In view of Lemma 3.5, we have y € 9t(2).
Hence, the “limit” weighted space L*(Q,U[(Vy)P~%]dx) is correctly defined as
a Hilbert space. Further, we note that, Vy, € L*(Q,U[(Vy.)P~?|dz) for all
k € N. Indeed,

Hvyk”%%gu[(vyk)pf?} dx) ::/Q (Vyk,u[(Vyk)p*Z]Vyk)RN dx

_ /Q tr U[(Viy)?]) da

< ﬁHvyk”]zp(Q)N
<C
<+ o0.

Hence, the sequence {Vy;, € L*(Q,U[(Vyx)?"?] dx)},y is bounded in variable
spaces. Then, by Proposition 3.9, this sequence is sequentially compact with
respect to the weak convergence in L*(Q;U[(Vyg)? %] dx). Let us show that
Vy € LP(;RY) is its weak limit in variable space L*(Q;U[(Vyx)P~% dx). In-
deed, for any ¢ € C§°(Q2), we have

I =

/Q (Vo ULy Vi) o i — / (Vo Ul(Ty)P 2 Ty) , x da

Q
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and consequently

I < |lpller @ lUd]| oo umn vy /Q (V)2 IV — [(Vy) IV pn da

N B 1
oy \? 9y \"
§5I|¢I|CI(Q)/Z (axk) N (396)
9 0 "
< (0 DBlgllere v el (o] +ox])

ox; 8@
It remains to apply the trick we made in the proof of [2, Theorem 5.4] and use
the strong convergence Vy, — Vy in LP(Q)N. Thus, I — 0 as k — oo and,
hence,

dx

dy
81’7;

Vyr — Vy in variable space L*(;U[(Vye)P 2] dx). (29)

In order to conclude the proof, we observe that

dy

Hvkam(Q U[(Vyr)P—2] dz) /tr U[(Vy)"]) d _2:/(S ‘8;
N

korog Z /

by the strong convergence Vy, — Vy in LP(Q)Y. Hence, taking into account
properties (29), (30), it remains to apply Proposition (3.12). The proof is
complete. O

(30)

Lt~ [ @0 do = 1931100

We are now in a position to give the main result of this subsection.

Proposition 3.15. Let {(Ur, Yk)} ey C Uaa X M(Q2) be an arbitrary sequence
such that (U, yr) — (U,y) strongly in L=(Q;RV*N) x WP (Q) as k — oo.
Let a sequence {wk € Hf,byk(Q)}keN be bounded. Then there exists an element
Y € Hg,y(Q) such that within a subsequence Y, — 1 weakly in the variable

space Hfj ().

Proof. Due to the compactness criterion for weak convergence in variable
spaces (see Proposition 3.9), there exists a pair (¢,v) € L*(Q;|y|P~?dx)x
L*(Q,U[(Vy)P~?] dx) such that, within a subsequence of {¢y},,

Y — v in variable space L*(Q; |yx|[P? dx), (31)
Vi, — v in variable space L*(Q, Uy[(Vyr )" 2] dz). (32)

Our aim is to show that v = Vi, and ¢ € Hf; ().



Optimal Control in the Coefficients for Nonlinear PDEs 11 213

To this end, we fix any test function ¢ € C$(2)" and make use of the
following equality

[ (om0 tal(Tnric) i

RN

~ [ 6.0a do (33)
= [ (@)™ o9y k), d,

RN

which is obviously true for each ¢ € C§°(Q)" and for all k € N. Since

lim sup/Q ((Uk[(vtyk)p_?])il &, Uk [(Vyr)P ] (Uk[(vyk)pq])il ¢> dx

k—o0 RN

— lim sup /Q (¢, (Ul(Vy)"™2]) ¢)RN dr  {by (18)}

k—o00

< / 12w de
Q

< [|oIE @~ 16 1)
< +00,

it follows that the sequence {(Uk[(Vyk)p’Q])fl o € L2, Uy [(Vyr )P dx)}kEN
is obviously bounded. Consequently, combining this fact with (33), we con-
clude that U[(Vyr)P2) ¢ — U[(Vy)P2])"" ¢ in the variable space
L2(Q, Uy [(Vyr)P2] dz). At the same time, strong convergence in (24) implies
the relation (see Corollary 3.6)

tim [ (@l(Ty ) ™ 0 Ll(Ty 2 ULV 2) ) do

k—oo Jq RN

= lim [ (6, @hl(Fy) ) o) | de

k—oo J RN

= [ (o @iwar=) o), o

RN

= [ (@atessy =) oulovny = @) o), do.

RN
Hence (see Proposition 3.12),

ULV )"0 — UI(Vy) ) o

34
strongly in L*(Q,Ue[(Vye)?*] dz) V¢ € Co(Q)N. (39
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Further, we note that for every measurable subset K C (2, the estimate

JI ( [19ulc dx)2 ( [e da:)2
< (/Q(V@Dk,Mk[(Vyk)p_2]V¢k)RNdx)2 (/KC*_1 dg(:)2

SC(/KC*ldxf

implies equi-integrability of the family {||V4y||gy },cn. Therefore, the sequence
{1 Vibe|lrn } ey is weakly compact in L'(Q2), which means the weak compactness
of the vector-valued sequence {V}, o in L'(€; RY). As a result, by the
properties of the strong convergence in variable spaces, we obtain

[0t de = [ (@lT372) " 024l (Ty Vi), do

N

by (20).69), 39 / (LY=)o Ul(Tyy2v)  do = /Q“b’ Ve e

for all ¢ € C°(Q;RY). Thus, in view of the weak compactness property of
{Viethen in LM RY), we conclude

Vi = vin LY(Q;RY)  as k — oc. (35)
Following the same reasoning, it can be shown that
Yp — ¢ in L'(Q) as k — oo. (36)

Since 1, € Wy () for all k € N and the Sobolev space W, ' (Q) is complete,
(35) and (36) imply Vi = v, and consequently

w e WP Q) and b — ¢ in WiH(Q) as k — oo,

To end the proof, it remains to show that ¢ € Hﬁ}y(Q). First we observe that the
conditions (31), (32) guarantee the finiteness of the norm |[|¢ ||y, (see (19)), that
is, 1 € Wy, (Q2). Therefore, if the space of smooth functions C§°(€2) is dense
in W} ,(Q), then we have the identity W}, (Q) = Hj; ,(2) and it immediately
leads us to the required conclusion: ¢ € Hyj; ().

However, in view of (17), (18), it is possible that Hj; (Q) C Wf (),
namely, the Banach space Hj; ,(€2) does not contain all functions u € Wy (Q)
for which the || - ||z,-norm is finite. In this case the set
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Xézﬁ = {(a, Va): |||y, < +oo and

/Q[|y|p_2ua + (Va,U[(Vy)p_Q]VU)RN} dr =0 VYu e H&y(Q)}

which is obviously closed in L*(Q; |y|P~2 dx) x L*(Q,U[(Vy)P~]dz), and it is
not a singleton. Clearly, the same assertion holds true with respect to the sets
Uk Yk

Let (a,Va) be an arbitrary pair of X+

Hg’y’

such that supgey ||kl < +00, ar — a in variable space L*(; |y, [P~2 dz),

Va;, — Va in variable space L*(Q,Uy,[(Vyx)? %] dx), and (ay, Vay) € X
UpYg

for all k& € N (existence of such sequences in weighted Sobolev spaces and

and let {ay},.y be a sequence

methods of their construction are considered in [8, p. 110, Lemma 3.4]). Since
Y € Hf, () for all k € N, it follows that, for each k& € N, the following
equality holds true

/Q [P rar + (Vaw, Un[(Vye)?* Vi) gy ] de =0 Vk € N. (37)

Then, taking into account the definition of strong convergence in variable spaces
(see (26)), we can pass to the limit in (37) as k tends to co. As a result, we get

/Q [y["*va + (Va,U[(Vy)"?| V) x] do =0.

Since the pair (a, Va) is arbitrary in Xﬁl,; , it follows that ¢ € Hj (2) and
this concludes the proof. “ O

3.2. Substantiation of the optimality conditions for the optimal con-
trol problem (10)—(12) in the framework of weighted Sobolev spaces.
In this subsection we assume that p > 2 and Hypotheses (H2), (H3) are valid.

Let (Uy,yo) € L®(Q;RV*N) x W,P(Q) be an optimal pair to problem
(10)—(12), and let (Z:{\, Y) € Z4 be any admissible pair. We set Uy = Uy +
O(U — Uy), where § € [0,1]. Then, by [2, Lemma 4.8], there exists a value
g € [0, 1] such that the increment of Lagrangian

AN = A(uea Yo, )‘) - A(u()a Yo, )\)
= A(u6'7 Yo, )‘) - A(UOJ Yo, )‘) + A(z/[(]a Yo, /\) - A(z/{(]? Yo, )\)
= A(Q(i{\ - uo)a Yo, /\) + <Dy A(u()? Yo + 59(y9 - 90)7 >‘)7 Yo — y0>W01*p(Q)
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can be represented in the form

AN =p [ o= 0= o) o+ (p=1) [ [l A 3= o) o
+(p— 1)/Q ([(V%)p—ﬂ UV N,V (yg — yo))RN dx (38)
40 /Q (10~ UV V50, V) d

RN
> 07 \V/Z:{\ S Uad7

where ¥y := yo + €9(yo — yo) (see, for comparison, [2, formula (5.12)]).
To begin with, we show that, for each 6§ € [0,1], the multipliers A\ and

(Yo — yo) in [2, formula (5.12)] can be extended to elements of the weighted
space Hj - ().

Lemma 3.16. Assume that one of the following conditions
Ya€L®(Q) or yaeWyP(Q) and 3C > 0 such that y3<Cyo a.e.in Q. (39)
holds true. Then

/ 5o — val" o d| < @, v) |l (40)
9]

/Q Tl Ao de| < Aoz 20 (41)
/Q (V32 U VA V) s do| < [Nt ol bt (42)

for each 0 € [0,1], X € Wol’p(Q), and ¢ € Wol’p(Q)'

Proof. Since estimates (41)—(42) are obvious consequences of the Cauchy-Bu-
nyakovsky inequality and the fact that Wy*(Q) ¢ H?

1.5, (1), We concentrate on
the proof of (40). To this end, we note that

/ o — yal? o da
Q

< or? / (6P + lyal”") || da.
Q

Since

1 1
2 2
/ Gl da < ( / @9|”|§9\2dx) < / |§e|p2902d56>
Q Q Q

_.r
= Hy@Hzp(Q)||90||L2(Q,@9\p72dx)

P
< 9sll 1.0 g PNl
Wy ()
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1 1
p—1 d < |yd|2p_2 ? ~ |p—2 2d 2 b 39
lyal”™ pdx < = 9ol” " d ) {by (39)1}
Q Q ’yef Q

< lyall 7 1176 Pl Il 2@ o240 {by (H3)}

and

—1 _
< ||yd||1£oo(g)||Cad1||L1(Q)||90||uo,§m
1

p—1 lyal?%\ ~ 1p=2 2 :
lyal"™ o dx < — ol " dx | {by (39)2}
Q Q ’ye)’ Q

_ B
< CHZ/GHEP(Q)HSOHL2(Q,|g9|p—2dx)

- P
< CITOl 1t 0

it finally follows that estimate (40) holds true with

s a) = 2 (1l + al32iy I 2@ ) provided (39):,
c(Ta,ya) = 2°2(1 4+ O) ||| 210 provided (39)s. O
Wy " ()
Using this lemma, we can define the element A in [2, formula (5.12)] as
A = 1,9, Where the quasi-adjoint state 1., ¢ satisfies the following integral
identity:
0= [ (VT UeT 00, V) do
Q

o N . VoeC®(Q). (43
+(p—1)/|ye|” 2w59,e<ﬂdl”+p/|ye—yd|’” lode ( VPECTE). (43)
Q Q

=0,

As a result, the increment of Lagrangian (38) we can be simplified to the
form

AN = / <(?:1\ - Uo)[(vge)piz] Vg@a V¢sg,9>RN dr > 07 vz:{\ € Uad' (44)
Q

Remark 3.17. It is worth to notice that due to supposition (16), Hypotheses
(H2), (H3), and the fact that Uy — Uy in L=(Q; RY*N) and Jp — yo in W, 7(Q)
as § — 0 (see the proof of Theorem 2.5), Hj; - (€2) is a Hilbert space for § small
enough.

Taking this remark into account, we can pass to the following variational
formulation of the problem (43)

Find ., € Hy;, 5 () such that

P - . (45)
(Z/}sg,ey(p)HZO’%(Q) =1 /Q U — yal? o dz, Ve HY o (),
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where (-, )Hp _ () denotes the scalar product in Hj - (€2) (see (23)).

Uo Yp
Since the right-hand side of (45) is a linear bounded functional on Hj - ()
(see (40)), it follows that, for @ small enough, the variational problem (45) has
a unique solution v, € HJ, OM(Q) by the Lax-Milgram lemma. Moreover, in
this case we have the following a priori estimate

-2 [13all?, 1o (g +||yd||p oll¢a 1) provided (39);,
p—1 (1+C)||y9|| provided (39).

Hd}&eﬁuuoﬂe =
Wy P (Q)

Using estimate given above and the fact that (Uy,75) — (Uo,yo) strongly
in L®(Q;RV*N) x WyP(Q) as § — 0, we conclude: {wgg,g € Hj, ye(Q)}(HO
is a bounded sequence in the sense of Definition 3.7. Hence, there exists an
element ¢ € Hj; . (
the variable space Hyj; - (). Since the strong convergence gy — yo in WyP(Q)

2) such that within a subsequence ., o — 1 weakly in

implies |7y — ya|P~! — |yo — ya|P~! strongly in L(£2), we can pass to the limit
in the integral identity (43) as  — 0. As a result, we get

=1 [T Ui 0:5) it [l W]‘

Q

_ Ve CX(0Q).
+P/’yo—yd|p Yodx peCy ()
Q

=0,

It remains to study the asymptotic behavior of the inequality (44) as 8 — 0.
With that in mind, we make use of Lemma 3.14 and Definition 3.10. As a result,
we get

lim (L?[(V@'e)p—Q]V@'g,Vwa979> dx — lim/(UO[(V%)p—ﬂV%,V@ZJSGﬂ)RN dx
RN 6—0 Jq

=0 Jq
:/Q<?/A([(Vyo)p2] Vyo,V¢>RN dx _/Q(UO[(VyO)I)Z]Vyo,Vw)RN de
- [ (@ Tvor 17 e

>0 YU e U,

Thus, summing up the above obtained results, we arrive at the following
final conclusion.
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Theorem 3.18. Assume that p>2, feW19Q), U,q#0 is given by (16), and
the element yq possesses property (39). Let (Uy,yo) € L®(Q; RV*N) x W, P (Q)
be an optimal pair to problem (10)—(12). Then the fulfilment of Hypotheses
(H2), (H3) implies the existence of an element ¢ € Hy, () such that

St (T30 F070) 0 VUEUL,

/(Uo[(Vyo)pQ]VymVSO)RN diL‘ + ‘y0|p72y0(10 dx: <f> 90>W01’1‘7(Q)7 V 2 S W()l,p(Q%
Q Q
and

(1) / (Vo) UV V)., di+(p—1) / P o da

. @ Ve lX(Q).

Zp/lyo—ydlsodx,
Q
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