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A Linearized Model for Compressible
Flow past a Rotating Obstacle: Analysis
via Modified Bochner-Riesz Multipliers
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Abstract. Consider the flow of a compressible Newtonian fluid around or past a
rotating rigid obstacle in R3. After a coordinate transform to get a problem in a
time-independent domain we assume the new system to be stationary, then linearize
and - in this paper dealing with the whole space case only - use Fourier transform to
prove the existence of solutions u in L?-spaces. However, the solution is constructed
first of all in terms of g = divu, explicit in Fourier space, and is in contrast to the
incompressible case not based on the heat kernel, but requires the analysis of new
multiplier functions related to Bochner-Riesz multipliers and leading to the restriction
g < q < 6.
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1. Introduction

We consider the flow of a compressible Newtonian fluid past a rotating rigid
compact obstacle K(t) C R3, ¢ > 0, of constant nonzero angular velocity & € R3.
Without loss of generality we assume that & = w(0,0,1)", w = |[J| > 0. In the
time-dependent exterior domain Q(t) = R\ K(¢) the flow is described by the
nonlinear system

0
,08—1;+pu-Vu—uAu—(u+y)Vdivu+Vp(p) = pf "
1
dp . -
pn +div(pu) = 0
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together with the boundary conditions

u(z,t) =d Az at Ucgo 92(t) x {t}

u(z,t) = Uso as || — oo (2)
p(z,t) = poo as |z| — oc.
Here u = (uy,us,u3) is the unknown velocity field with a zero or nonzero

limit u, at space infinity, p is the unknown density with limit p,, > 0 which
in this paper is assumed to be nonzero (even p,, = 1 for simplicity), and the
hydrodynamic pressure p = p(p) at constant temperature.

Following ideas from [2,4,10-12] we introduce a t-dependent coordinate
transform via orthogonal matrices and reduce the problem to a new one in a
t-independent domain, see (9) below. Under the assumptions that the trans-
formed solution is stationary which corresponds to a time-periodic solution of
the original problem and that the axis of rotation is parallel to u,, we linearize
with respect to a basic state to get a linear stationary system in a new velocity
field v and density function o coupling an elliptic PDE system with a hyperbolic
equation, see (3) below. This system considered on the whole space R? is solved
explicitly for ¢ = divov in terms of Fourier transforms. In the incompressible
case the corresponding solution v can be treated by using Littlewood-Paley de-
composition and classical multipliers theorems, see [2,4]; for a more recent and
simpler proof we refer to [7]. However, in the compressible case, the solution
formula for ¢ is much more complicated and defined by a multiplier function
which is non-differentiable on a sphere in the phase plane with radius 2u2+l/ and
related to the modified Bochner-Riesz multiplier function

(¢ = 1)2.

Following the proof on the usual Bochner-Riesz multipliers (1 — [¢|*)3, A > 0,
the range of admissible exponents ¢ to allow for L%-estimates is restricted to
values of ¢ close to 2; to be more precise, we need that g < q < 6, see the Main
Theorem 1.1 below. For a different approach avoiding Fourier transformation
and to prove the existence of weak solutions we refer to [13]; here, however, the
fully evolutionary system has been considered. Other results concerning the
flow of rigid bodies in compressible Newtonian fluid can be found in [1] or [6].
Our main result concerns solutions (v, o) of the linear system

—pAv — (p+ v)Vdive + (oo —FAY) - Vo+ D Av+ Vo =F inR?
divo + div (0(us —GAy)) =G inR®
Actually, (v,0) will be obtained from a stationary Oseen problem when

0 # U || & (or Stokes problem when u,, = 0) with rotation term and pre-
scribed divergence g, see (12) below. On the other hand, the divergence g is
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obtained from the system

—2u+v)Ag+ (too — D AY)-Vg+ Ao = divF inR?

4
g+ (U —GAY)-Vo =G in R3 @)
to be analyzed in Section 3.
Note that F is related to the external force f given in (1) by the coordinate
transform; we included a general right-hand side G in (3)s, (4)2 for possible
future application. Now the Main Theorem reads as follows:

Theorem 1.1. Let § < ¢ <6 and |ux| < . Furthermore, let G € LY(R?) and
assume that F = div® satisfies @, (G Ay) - VP, uy - VO € LI(R?).

Then problem (4) has a unique solution g € L%(R®) which satisfies the
estimate

5 1
lgllq < ¢ ((W(2M +v)) + m)

< ([Gllg + lw®llg + 1@ Ay) - Vg + llue - VOI|y) (5)
where the constant ¢ = ¢, > 0 is independent of w, us, and p,v.

By [2], [3, Theorem 1.1 (1)], [4], the solution g of problem (4) yields a
solution (v, o) of (3) (or (12)) satisfying the estimate

lV20lly + 1Vally < e (IIF + (1 + 1)Vl + [16Vg + (& A y)g — uxglly) (6)

with a constant ¢, >0 independent of w and u.,, provided pVg+HoAy)g € L1(R?);
for estimates of lower order derivatives of v we refer to [2]. A further discussion
concerning (6) is given in Remark 3.10 at the end of the paper.

Note that Theorem 1.1 does not yield the assumptions on g needed in (6),
ie., uVg+ (@Ay)g € L1(R?). On the other hand, (6) holds for any 1 < ¢ < occ.
Actually, the main aim of this paper is to prove the a priori estimate (5) which
results in rather elaborate estimates of the multiplier functions involved in the
explicit solution (see (17)—(26) in Section 3) of (4).

In the following section we describe in more details the procedure of the
coordinate transform and of calculating an explicit solution of the linearized
problem (4) in Fourier space. An analysis of the corresponding multiplier func-
tions will be performed in Section 3. The crucial estimates for the modified
Bochner-Riesz multipliers are found in Lemmata13.5 and 3.7. We remark that
this analysis is performed not only for (|¢|*> — 1)2, but simultaneously for the
more general multiplier function (|¢|* — 1)} with Re A > 1, cf. Theorem 3.9.
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2. The coordinate transform and the solution formula

As already mentioned a main disadvantage of the system (1), (2) is the problem
that the spatial domain Q(t) is time-dependent. In order to work in a fixed
domain Q C R3 we introduce the orthogonal matrix

coswt —sinwt 0
O(t) = O,(t) = | sinwt coswt 0] . (7)
0 0 1

Obviously, O := £0(t) = QO(t) where ) € R?? is the skew symmetric matrix
such that Qa = @ A a for a € R3. Let us define the new variable and unknowns

y=0()"z, v(y,t)=0() (u(z,t) —usx), ply.t)=plx,t)  (8)

as well as F(y,t) = O(t)" f(z,t). Then we get with the fixed domain Q =
O(t)TQ(t) the following problem:

ﬁ% — uAv — (p+ v)Vdivo + p(OTOy) - Vo
+(OTO) v+ p(0Tus) - Vv + pv - Vo + Vp(p) = pF, (9)

95 .
a—f +div (pv 4+ (0T 0y)p + (0T ux)p) =0
in © x (0, 00), together with the conditions

v(y,t) = (0OTO)Ty — OTuse  on 9N x (0, 00)
v(y,t) = 0 as |yl = o0 (10)
t

p(y,t) — 1 as |y| — oo.

The computations how to get from (1), (2) to (9), (10) are relatively standard
in the case of incompressible flows, see e.g. [5]. Hence we only describe some
ideas to get (9)3. By (7), (8) and the simple calculation

0'0=-Q, 0TOa=-wAa foraecR®

we get that 2p(z,t)

- at Ly t) + Zj‘,k,l:l BB_EZ O]kOkl y =24+ (070y) - \7
2 + div, (( (OTOy) )p) an
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v (oo Otz ) = 37 o= (HOT0,1) (00r(07 1) + (uc)y)

J,k=1
3

— Z (9?/1 ( y, 1) (Ojpu(y, t) + (uOO)J)>

<.

= divy((OTuoo)ﬁ) + div, (pv).

Summarizing the last two identities we are led to (9);.

We further simplify (9) and assume that the flow in €2 is time-independent,
ie., % = 0 and ap = 0; this assumption is related to a time-periodic flow in
the original problem. To this aim the terms OTO and OTus must be constant

in t. For the latter condition we assume that w is parallel to u., so that
O(t) s = us, for all t > 0.
Now, writing p = p(y) in the form
p=1+0,
and linearizing (9), (10) in (v, o) around (0,0) we get the coupled linear system
—puAv — (p+v)Vdivo + (oo —GAY) - Vo+ T Av+ Vo = F an
divo +div (o(use —GAY)) = G

In view of [2-4] it suffices to find a solution formula for the unknown function
g = divw, since then (v,0) can be considered as a solution of the generalized
Oseen system with rotation effect
—pAV 4+ (Uoo — DG AY) - Vo+WdAv+ Vo = F+ (u+v)Vyg

12
dive = g (12)

in R3. For this reason we apply div to (11); and get, since div ((d Ay) - Vv —
GAv) = (@ Ay)- Vg, that (g,0) solves the system

—u+v)Ag+ (U —dAYy)-Vg+ Ao = divF

g+ (uoo —GANYy)- Vo = G. (13)
Since the operators A and (J A y) - V commute, (13), yields
Ag+ (up —d Ay) - V(Ao) = AG. (14)
Now we may insert Ao from (13); into (14) to get that
Ag — ((uoo—d}/\y)~V)29+(uoo—c3/\y)-V(2,u+V)Ag (15)

= AG — (Uso — G Ay) - V(div F).
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Due to the geometry of the problem we introduce cylindrical coordinates for
yeR3 ie, let y = (r,0,ys), r = |(y1,42)| =0, 0 € [0,2), y3 € R. Then it is
easily seen that (J Ay) -V = wdy where Jy denotes the angular derivative with
respect to . Exploiting the commutator identity [ue - V,(J Ay) - V] =0 we
are led to the equation

w? 05 g+w((2u+1)A—2uxV) Jpg+(— A= (2u+1)u VA+ (ussV)?) g=H (16)
where
H = —-AG+ (us - V — wdy)div F. (17)
For the subsequent computation we write that u., = kes, k > 0, so that
Uoo - V = kO3, k= |t

and use the Fourier transform, formally defined by

=u(f) = L e @y (x) de 3
Fule) = i) = oy [, e

Since in cylindrical coordinates in &-space, say & = (s,¢,&3), 59;(5) = 0,u(§),
(16), (17) can be written in Fourier space in the form

~

WL GHwdag(— (2p4v)€]? —2ikEs) +g (117 + (2u+v)ik&s|E)* —k°€5) = H (18)
where
H() = |€°G + (—iw D, — k&3)(€ - F). (19)

Note that (18) may be considered as a second order differential equation for g
with respect to ¢ € [0,27], and that we are looking for a 27-periodic solution

§(¢) L g(p). The characteristic polynomial

1
X = N = = ((2u+ V)€ + 20kE) A+ —5 (167 + (2 + )ik el — #6)

w

of (18) has the zeros

Ma=X2(6) = 5 (20 + Ve + 2ikés £ /ot vPIE - AIEE).  (20)

Then the general solution §(y) of (18) has the form

1 ® .
9(p) = c1eM? + e + : w? X / (e M=9) e Ml=)) fr(¢)dt,  (21)
1= N2 Jo
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where, with a slight abuse of notation, H(t) = H(€) for € £ (s,¢,&) in cylin-
drical coordinates and with ¢;(|£],&3), c2(|€],&3) € C. In order to get a 27-
periodic solution of class C? with respect to ¢, g must satisfy §(0) = §(27) and
0,4(0) = D,q(2m), i.e.,

1+ ¢

1 27
— 016271')\1 + 026271-)\2 + w2 / (ef)\l(t72ﬂ') _ ef)\z(t72ﬂ'))}?[(t> dt,
A=Ay

)\101 + )\262
1

2m
= )\1627r>\101 + /\2627r)\202 -+ \ w2/\ / (6_)\1(t_27r)/\1 — €_>\2(t_27r) /\Q)H(t) dt. (22)
1—"72J0

The previous identities define a (2x2)-linear system for ¢;, ¢, with unique solu-
tion
1

27
— w? —M(t=2m) [ () dt
‘1 (A — Ao)(1 — e2h) /0 € (t)dt,
1 2
— _w? —22(t=27) Fr (4 d¢.
= Gt e ) ¢ )

Hence the unique 2m-periodic solution §(¢) of (18) reads

1 21
2 —1 2 7 ]
ae) = {1 / e MU (1) dt + / e MDA () dt
1= A2 - 0 0
1 2m . © ~
+——= / e M2 [ (t) dt — / e 2= [ (1) dt}. (23)
1 —e2m2 J, 0

From (23) we deduce two different representation formula which will be
used for || small and for |¢] large, see (25) for small |¢] and (26) for large |¢],
respectively. Consider the first two terms involving A; in (23): since H(t) is
2m-periodic a shift of coordinates implies that

-1 2m . © R
/ e MO [ (1) dt + / e MUV () dt

_ 27\
1 —e—=m J, 0

1 @ N 2w R
— —1 S (/ (e—/\1(t—<ﬂ) _ e—)\1(t+27r—<,0))H(t) dt — / e—)q(t—SO)H(t) dt)
—e 0 0

-1 2w .
—1_ e—2TA1 /0 e_AltH(t + ) dt.

A similar result holds for the last two terms in (23) involving As.
At this point let us introduce the orthogonal matrix O;(t), cf. the definition
in (11), modeling rotation around the z3- or £3-axis by the angle t € R. We note
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that FH (O1(t)-)(€) = H(O1(t)€) and H(t +¢) = H(O1()€) for € = (s,¢,&)

in polar coordinates. Hence we get from (23) that

Lz 2m €_>\2t e—)qt R
00 =25 [ (- e ) HOO @ e

In order to “get rid of” the term 2ik&3 in the definition of A;, see (20), recall
that the multiplication in Fourier space by —Zk%t equals the change of variables
T T — %t@g in x-space. Hence, defining the modified zeros

= o (@2 + VIE? + /O o+ vPIER — 4IEP),

we may rewrite (24) in the form

e (R N FHO) - Eres)©)at. 2
g = —- — t)- ——t t. (25
0 = = (i - ) PO~ Sren) @ e, 29)

On the other hand, we may write the term (1 —e™>™)~" as a geometric
series, since Re A; > 0 when £ # 0. Then, using the 27-periodicity of H(O;(t)§)

in ¢, the first term involving A, in (24) can be written in the form

o

27 R * 3
Z/O 6_)\2(t+27"J)H(01 (t)f) dt = /0 6_A2tH(01 (t)f) dt.

=0
Hence (23) simplifies to the formula

P — u% > e M2t _ p—mat . _E e
99 = —=— [ VF(HOW) ~Se)©an (20)

For later use we assume that F’ has the form
F =div® = (div @y, div @5, div ®3), ® = (D))} i1,
with ® € LI(R?), or in Fourier space that
F=it &=i(6 01,6 g, & Dy), O = (Op)2,.
Since 8, = (e3 A €) - V, we have 9, (€ - F) = (€ - 0,F) + (£ A F)3 and finally
0p(€-F) = i{¢- 0,06 +E- (6N D)3+ (EN (€ D)), )

where the vector and scalar product of ¢ with d are calculated as vector and
scalar products of £ with the vectors ®;, 5 and ®3. In particular, we see that
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~

D, (E-F) = €- Ay(€) - € where the coefficients of Ag(€) consist of terms like ®,;(€)
and 0,9;;(§). Moreover, 3¢ - F' =i&3¢ - @ - £. Hence H, see (19), has the form

H(E) =¢-A€) - ¢ with A(¢) = GO + Ay (¢) (27)

where A, (€) is a (3 x 3)-matrix with coefficients like wcﬁij, wa@% and kfgéij,
and where I3 = (8;;) € R*. From the Hormander-Mikhlin Multiplier Theo-
rem 3.1 below we conclude that A satisfies for every 1 < ¢ < oo the Li-estimate

1Allg < ¢ (IIGlg + lw®llg + 1@ A y) - VO[lg + [lue - V4 (28)

with a constant ¢, > 0 independent of w and .

3. Proofs

For the estimate of g in L4(R3) we use multiplier theory and have to distinguish
three cases concerning the behavior of A\; = A;(§), 7 = 1,2, as functions of
£ eR3.

3.1. Preliminaries. Let n, 71,72 € C*°(R?; [0, 1]) be a partition of unity of R?
such that

2 1 2

1 f —0 forl¢|> =

m=1 fo < ipas Ho=0 forld2 ;2
1

1 for - - <l <2

n oot = S
2

—1 for 4 < —0 for ¢ <2 .

m=1 for M+U_KL m=0 forlg <2,

Looking at this distinction of cases it will be advantageous to define the new

variable
2u+ v

(=+T¢
and the new parameter
W= 2ptv w
2

Using (,w’ the terms 79, 171,72 and A2, p12 have the following properties:

) :{1, cl <
"o =

1, [¢|>4
0, [¢/<2’

N[—= =

1
Com=1 fors <2, mZ{

and

1
Ao = = (IS + ik = V/ICIT = [C]?)
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with a similar formula for j; » when omitting the term k(3 in A 5. Moreover,

1 2
2% M1—M2NJ\C\ as (| — oo,

1, 9
pia~ — | i;!<|(1+0(1)), = pa ~ =IC| as (] = 0.

2
o~ —=I[C7 pg ~
w

Since 1y +n; + 172 = 1 on R?, we write
g:gﬂ+gl+g2a gk:f_l(nkg)a k:Oa1727

and consider each term separately. However, we do need further cut-off func-
tions 7}, n1, 7, € C*°(R?[0,1]) just as o, 1, 72 such that e.g. nj = 1 for
I¢| < % and ny = 0 for (]| > %; then 1y = nony = no(n})?. The functions 7}, 7}
are defined in a similar way so that n; = n;1; = n; (773)2 for j = 1,2 as well.
Hence
g =F " (nomyd +mmg +12159).

The main tool in Subsections 3.2 and 3.3 below will be the multiplier theorem
of Hormander-Mikhlin, see [8, Theorem 5.2.7].

Theorem 3.1. Let 1 < g < oo and let m € C?*(R*\ {0}) be a multiplier
function satisfying the pointwise Hormander-Mikhlin condition

|| aq == sup {|€]1 [D*m(&)] : 0 # £ € R? |a] < 2} < o0 (29)

where o runs through the set of multi-indices o € Ny with |a| < 2. Then
the multiplier operator T : u + F1(ma), u € S(R?), can be extended to a
bounded linear operator from L1(R3) to LY(R3). To be more precise, there exists
a constant ¢(q) > 0 such that

[Tully < e(@)l[mlla [lully.

We note that |m(5-)||m = ||m||pm for every > 0. Hence it suffices to
consider multiplier functions below as functions of ¢ instead of £. In particular,
the product of two multiplier functions mq,ms satisfying (29) yields a multi-
plier function & — my(&)ma(BE) satisfying (29) as well and ||my(-)ma ()| <
c|llmq||mllmal|am with an absolute constant ¢ > 0 independent of my, my and
B> 0.

3.2. The term go. Concerning 7pg we use the representation (26), (27) and
note that

2¢
' -2 1 . 2 v
_ £J£k|w| 772(6) =— CJCk . <2H+ ) 5 1< ]ak < 37

Ok M1 — 2 W [CJ? 1—|¢|2
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satisfies the pointwise Hormander-Mikhlin multiplier condition (29) with bound

lmi|la < ¢ where ¢ is independent of k, u, v, w. For the term e #2()* to be

w/

multiplied with n5(£) we note that

O L mal@), mafe) = I
= — = — m s m = s

SIS 2w A EVEN
where m; satisfies 0 < my(§) < 1 for all £ € supp 75 € {£ € R®*: |¢| > 3} and
the pointwise Hormander-Mikhlin bound (independent of the parameter 2+ 1)

sup ][ Dmay(§)] < ca, ol < 2.
&€ supp 75

M2(f)

Consequently, the multiplier 7 (€)e 2" satisfies (29) with bound ce™ @’ where
c is independent of k, u, v, w.
Consider g, 5 defined by

. §&w ™2 [ - i

22(6) = m(&) 22— | mp(©)e O Ay (&) dt (30)
H1 — M2 Jo

1 < j, k <3, cf. (26), (27), where 4,(z) = A(O(t)z — Ltes). By the previous

arguments and since ||A¢|, = ||A||, for all ¢ > 0, g2 can be estimated for

1 < ¢ < oo as follows:

L[ _.
lowaly <y [ e A dt < el (31)
0

with a constant ¢ = ¢, > 0 independent of £k, w and p, v.
Next we consider g, ; similarly defined as g, in (30) but with uy replaced
by p1. Since

2
i(© = LI (1e VIZIE7) 2 20 g e supp g,

— 3w’
and similar upper bounds hold for |£|!®| D, |, ¢ € suppmnj, we obtain that
n5(€)e " has a pointwise multiplier bound exp ( — %) uniformly in ¢ > 0.
In particular g, ; satisfies an estimate similar to (31) with ¢ > 0 independent of

k,w,u, v, ie., forl < g < oo

||g2,1||q < CqHAHq' (32)

3.3. The term gy. Next we analyze gy = F '(ng) in LY(R3), 1 < q < oo,
using the representation (25), (27), i.e.,

1 . 2 —pat —pt R
n(©) = @S [T (e ) @

H1 — M2
g, w—l gk w—l 2T o N
= Mf — M2UO<€) : m%(f) A 1o (€)e 2O A, 51(€) dt

— similar terms with Ay, s replaced by Aq, pq,

(33)
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1 <7, k < 3. Due to the properties of the cut-off function 7y and its derivatives,
the function

_ G _ J 2¢
ma(6) i= () = () (34)

is easily shown to be a multiplier with bound |ms||s < ¢. Moreover,

mt<£>=e“1’2“”%(5)=exp(—i(r<!2mcrm))na( = )

w' 2u+v

is a multiplier function with multiplier bound ||my[x» < (1 + ) uniformly

in t € (0,27); note that the term ﬁ comes into play when differentiating the
purely imaginary term i|¢|/1 — ||? in the exponential function.
Finally we have to consider the functions

-1 1 G (52
mia(€) = %%(5) T D<—<§>)

with the denominator
2 ) .
D1a(¢) = 1= exp { = = (IG[? + ikGs % ilc| VI =[P }

For ( € B s (0) N B.r (0) Taylor’s expansion of the complex exponential function

implies that

Dia(Q) = (1] +hG) + O(C) s ] = 0.

Under the assumption |k| < % we conclude that m 5 is uniformly bounded for

(eB s (0) N B. (0). By analogy, we can estimate derivatives of m; 5 and finally
2
get a constant ¢ > 0 independent of k, u, v, w such that

|m1’2| + |f| |V§m172| + |£|2 |V§m1’2| S C, C S B%(O) N B%'(O) .

However, for the remaining ¢ € B%(O) \ B (0) , ie, 3 > [¢] > % (provided

that w' < 3),

2m|¢[*
w/

D1a(Q) 2 1= exp (= Z5) > 1= exp (= 7lC]) = el¢]

with a suitable constant ¢ > 0. Hence |m; »| is bounded by <. Analogously, we
get the estimates

€[ [Vemua| < e(1+ g5), (€ Bs(0)\ By (0),
€17 |VEmaiz| < e(l+ m), ¢ € B:i(0)\ By (0).
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Summarizing the previous estimates we see that m; o are multipliers with mul-
tiplier bound [|my2[|m < (1 + w'™?).

Hence the product of multipliers mg, m; and m; 2 as discussed above and
used to define gy in (33) yields a multiplier with bound c(l—l—w—l@). Now Theorem
3.1 leads for each 1 < ¢ < 0o to the estimate

1 4
laolle < e(1+ 53 57) 14l (35)

where ¢ > 0 is independent of k, u, v,w. Here the assumption k = |uy| < %
from Theorem 1.1 has been used.

Remark 3.2. (i) By (35) the a priori estimate of || gol|, by [All, indicates
a possible blow-up when the angular speed w tends to zero. This seems to
contradict better estimates in the case when w = 0. However, this phenomenon
is known also for the first order derivative u, - Vv in the Oseen system of in-
compressible flow with rotation effect and even in the L2-case, cf. [3, Theorem 2].

(i) Formula (33) of g looks like a problem for second order derivatives, but
due to the behaviour of py — pe for small || in the denominator in (33) one
order of [¢] has been cancelled, see (34).

3.4. The term g;. Finally we consider the term ¢g; = F!(1,g) which will
pose most difficulties since the functions A\ 2(§) are non-differentiable on the
manifold |£| = 2u2+u (i.e. |¢| = 1) where additionally the denominator p; — o
in (26) will vanish.

First we observe that

m(€) = &G (©)

C

is a multiplier on LI(R%), 1 < ¢ < oo, with multiplier bound ||m|y < 5.
Looking at the representation formula (26) and (27) we still have to analyze

§1(6) = m(©) / # At (36)

where, as before, Ay(z) = A(O(t)x — Etes). For this reason we write

—p2t _ o—pit 1
e -°° - 22 :t/o e~ (st (1=9))t 14 (37)

Hence the problem is reduced to the analysis of the family of multipliers

My (€) = mu(€) e 2stml=Dt =4« (0 00), s € [0,1]. (38)
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Note that in (38) we get an exponent

pos + (1= 8) = (I +i(1 — 26)[Cy/T= <)

which has to be considered for ; < [¢| <4 and s € [0,1].

However, the classical Hormander-Mikhlin multiplier theorem does not ap-
ply, since mys(§) is not differentiable for || = 1. Even the integral version of
the multiplier condition ([8, (5.2.11) in Theorem 5.2.7]) is not applicable due
to singularities of the type (1 — [¢|2)2 and (1 — |¢|?)~2. Therefore, we refer
to the analysis of Bochner-Riesz multipliers of the type (1 —[¢|?)2, [8,9], and
perform a much more careful analysis of the multiplier m,; ;. Using a “partial”

Taylor expansion of the exponential functions and the notation

hs(€) = —i(1 = 2s) - ||/ 1 = [C]?

my s will be written in the form

€)= m©e 4 [ah () = S (e 1 - iEra)
x (VT = ICF x5, (0) + () VICE — 1 x5 (€))
(€)1 € (1+ @ + #)
() 2 ()] % DML(©) + Ma(©)) +ml () mid(€). (39)

The crucial terms are the multipliers M; and M, in (39) due to the non-
differentiable factor /1 — |(|? well-known from Bochner-Riesz multipliers. Note
that for m; ,(£) in (39) the singularity \/1 — [(|? cancels due to the partial Tay-

lor expansion, at least for small ht,; hence m?,s will be a multiplier function of
class C*? on R3.

Lemma 3.3. There exists a constant ¢ > 0 independent of t € (0,00), s € [0, 1]
and w > 0 such that

¢ t\7

I g < 0o (14 (1)), (40)
¢ t\6

-t < i (14 (£)°), (a1)

Proof. Obviously, m; , = n1(§ )e <Pt satisfies the Hormander-Mikhlin estimate

[mi Jlm < cexp (- 165) (1 + (5)2> since suppn; C By \ Bi. Now (41) is an
immediate consequence.
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Concerning the pointwise estimate (29) of m7 (&) we note that

hs(C)ts 2 41

can be written as a convergent power series in the complex variable hg(()t.

starting with the terms 1+ $h2t2 + Zhit!. Hence mj, satisfies the estimate

[1€]“D*mi (&) < c(1 + 1)) for & € R® with |hy(Q)t.] < 1

and all @ € N3, || < 2. Now let £ € R3 and |hs({)t.] > 1 but |¢] < 1 so
that h,(C) is purely imaginary and hence |e"s**| < 1. Then we get the estimate

[[§]*Dm? ()] < e(1+12) for [¢] <1 < [hs(Q)t].

Finally we consider ¢ € suppn] satisfying |¢| > 1 and |hs(()t.| > 1. Depending
on s € [0,1] we have hs(¢) > 0 or hs(¢) < 0; hence a reasonable estimate of
m; (&) is not available due to the exponential term exp(hst,). However, the
product my , - m;, involves an exponential term with exponent

[q]= s
— 124 (25s=D)[CVICE=1)t < — VPt =m— D <
(—[¢P+(2s=1)[¢|V/I¢[*~1) <I(I¢I=VI¢A-1) TN SR

This argument yields the estimate |m;, - m7 ()] < ce=5 (1 + t7) for these
¢ € suppn}; it also holds for derivatives |[£]*D?, o € N3, |a| < 2. Summarizing
the previous discussion we get (40). O

It remains to discuss the operators defined by the multiplier functions M,
and M,. We write

My(&) =1 () V1= ¢ x5, (€)= V1= X8, (O + (m(€) — 1) v/ 1=[¢]* x5, (C)

where & — (77(€) — 1)y/1— |¢> x5, (¢) defines a smooth multiplier satisfy-
ing (29) with an absolute bound || - ||». Moreover, the first term is the classical
Bochner-Riesz multiplier which defines a bounded operator on LP(R?) provided
g < p <6, cf. [9, Theorem 10.4.6]. Hence we proved the following result.

Lemma 3.4. The multiplier operator defined by the multiplier function M, is
bounded on LP(R?) if and only if £ < p < 6. The operator norm on LP(R?) is
independent of u, v, k and w.

To prove the corresponding result for M, we consider an even more general
multiplier function with the singular term (|¢]? — 1)* where A € C. The first
result concerns properties of inverse Fourier transforms to be used as kernels in
convolution integrals.
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Lemma 3.5. On R? and for Re A > —1 let

Kx(w) = F (I = 1)3g(I<h)

where g € C*°([1,00)) satisfies g(1) =1 for 1 <7 <2 but g(1) =0 for 7 > 4.
Then there ezists a constant C' = C(Re \) > 0 such that

) [Re )\]+2

(1 + [Tm]A|
K <C
[K(z)| < (1 + |z|)ReM2
Proof. Evidently, (|¢]* = 1)1g(|¢|) € L'(R?) with L'-norm bounded by 55
This proves (42) for small |z|. It remains to consider (42) for large |z|.
Since the Fourier transform of K, is radially symmetric, the same holds

(xlog(2+|z|) when ReX € Np).  (42)

1
for K, itself, and, using the classical Bessel function j%(r) = (%) Zginr,

2 (o]
x) = —|/ sin(2r|z|7)g(T)(r? — 1)} rdr
| / sin(2r|z|7) (12 — 1)Rre iImAln(r®-1) Tg(T)dT.

In the following we will omit the constant 27 in the integrand (or replace x

by 27z) and omit the constant 2 in front of the integral. It will suffice to compute

the real part of K,(z), the imaginary part being just a minor modification.
Assume for a moment that Re A > 0. Then, after the above-mentioned

simplification, we get with an integration by parts for ky(z) £ Re Ky(z) that
k() |x| / T 2] COS(|1L’|7')>(7-2 — 1)R cos (Im Aln(r? — 1)) rg(r) dr

—/ cos(|z|7)(7* — 1)** ' [Re A cos (Im AIn(7* — 1))

|z
— Im Asin (Im AIn(7* — 1)) ] 72g(7) d7

i 4COS T\T 7'2— Re)\COS m HTQ— i7' T T
+1m | coslelr)rt = 1 cos (A n(r* = 1) - (rg()

Note that the boundary terms at 7 = 1 and 7 = 4 vanish. In the last integral
with term (72 —1)ReA a further integration by parts immediately yields another
power |z|7!; in this sense this integral will have better decay properties than
the first integral. To perform a further integration by parts in the other integral
and to gain another term |z|~! we have to assume that Re A > 1. Then we find
a polynomial p, = p,(Re A, Im ) of degree at most n (for the moment n = 2)
such that

kx(z) = %[smﬂxh’)(#—l)k’\ ?cos (ImAIn(72—1))gi(7) d7 + -
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Here g, € C"o([l, oo)), suppg; C [1,4], and the dots - - - are the abbreviation
of similar terms where sine and cosine may be replaced by cosine and sine or
terms where the power of (72 — 1) is larger than Re A — 2.

We may repeat this procedure and arrive after ([Re ] + 1) steps at the
formula

4
PReA+1 e A—[Re M—
Ra(e) = T Reares / cos(||r) (2 — 1)ier-IeN1 43)

-cos (ImAIn(7% — 1)) go(7) d7 +

provided that Re A > [Re \] > 0. Now we use the change of variables s = |x|7
to see that a typical leading term in ky(x) (concerning decay as |z| — oo) has
the form

4|z
PlRe Re A—[Re \]—
() = — PBeAL! /| cos s((s — |])(s + o)) N TN

|:L1|2Re>\—[Re)\]+1
2
- COS (Im)\ln(| E — 1)) <| ’> ds + -

This integral will be considered separately on [|z|, |x| + 1] and [|z|+ 1, 4|z]].
On [|z|, |z| + 1] we estimate as follows: there exist ¢y = C'(Re\) > 0 such that

|z|+1
< ey |ZE|R€>\ [Re A\]— / (8 . |m|)Re)\—[Re)\]—1 ds
a (45)

|3c|+1
II\

< CA’.I‘RG/\_[RB/\]_l,

since ReA — [ReA] — 1 € (—1,0). On [|z| + 1, 4|z|] we replace the variable s by
t = s — |z| to get from (44) the integral

3|x|
/ cos(t + |x|)(t(t—|—2|m|))Re>‘*[Re>\]fl
1

(46)
t 2 ¢
. oS (Im/\ln(ﬂ _ )) 92( + |x|> dt.
7] ||
With an integration by parts we arrive at the boundary terms
sin(4|z])(3|z| 5|z|)ReA BN~ cog(- - -
(4]2]) (3[x| 5[x) (- )g2(-) )

= sin(L + |2])(1 + 2fa])*A A cos (- )ga(- ),

which can be estimated for |z| > 1 by C|z|®e*~[ReA=1 and the new integrals
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3|z|
—/ sin(t + |z]) (¢ + 2|x|)ReA—ReA-1
1
d s? s
c— [#ReATRAT cog (Tm Aln | —— — — )| dt 48
dt{ cos (Im A ln PE g2 2 (48)
3|
—/ sin (£ + [a]) ex (£t +202) NP cos( - )ga(- - ) A (49)
1
The integral in (49) is immediately estimated by
3|
C)\/ (t+2’x‘)Re)\7[Re)\}72 dt < CA|x|Re)\7[Re/\}71. (5())
1

In (48) we estimate the first two terms of the integrand by C|z|Rer—[ReAl=1,
Hence it remains to show that

A G G )

< ex(1+|ImA|)

for |#| > 1. A first term due to the differentiation of t®¢*~[ReA—1 yields the
bound in (51) since Re A — [Re \] = 2 < —1. The second term comes from the
differentiation of the cosine function, yields the factor Im A and exploits the

estimate
d t(t + 2|x|) 2(t + |z|)
—In{ ——% )| = ———=
dt |z|? t(t + 2|z)
tRe A—[Re A]—2

2
< - 2
<Z (52)

hence we are led to the integration of and again to (51). Finally
| Sg2(1+ \tﬂ)‘ < < ¢ for ¢ € [1,3[z]]. Now (51) is proved. Summarizing the
ideas from (44)—(51) we arrive at the estimate

(1 + [Im AN+
|x’Re)\+2

k()] < ©

and hence (42) provided Re A ¢ Ny.

In the case when Re\ € Ny we start as for Re A ¢ Ny with integration
by parts but stop before reaching (43) with the term (72 — 1)ReA-[ReAl=1 —
(72 —1)71, i.e., we stop with the identities

1

PRe

ka(z) = W{Tﬂ/l cos(|z|7) cos (Im AIn(7* — 1)) go(7) d7 + - - -
2

4|z|
_ DPRex / ( ( s )) < s )
=0 cosscos (ImAIn(—= —1))g|—)ds+---,
‘x|Re)\+2 | |.T}’2 ’.CC‘

z|
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where s = |z|7, cf. (43), (44). Since the integral f”xlﬂ(---)ds is bounded

z|
uniformly in |z|, cf. (45), it suffices to estimate the integral

3| 52 s
/ cos(t + |z|) cos (Im)\ln (—2 — 1)) 0 (_) dt,

cf. (46). Using integration by parts in t = s—|z| we get in |z| uniformly bounded
boundary terms, cf. (47), and the new integral

v " singe+ e w2 (2 - 1)) sint g a6

plus a further integral involving & 92(%)7 cf. (48). The integral corresponding to
(49) vanishes since ¢y = 0. On [1, 3|z|] we use (52) to estimate the derivative of
the logarithm; moreover, gQ(ﬁ) is bounded from below by a positive constant.
Hence (53) is bounded by C(1 + |Im \|) log |z|. O

Remark 3.6. Note that the estimate (42) for the Bochner-Riesz kernel Ky (x)
is - up to the additional term log(2 + |z|) when Re A € Ny - the same as for the
kernel with Fourier transform (1 — |¢|*)}, cf. [8, Appendix B5]. Therefore, the
asymptotic structure of K is more or less not a consequence of special inte-
gral identities of Bessel functions, used for the usual Bochner-Riesz multipliers,
see [8, Appendix B3], but only of their asymptotic and oscillatory behavior.
Similarly, we could proceed in the n-dimensional case where, however, the com-
putations would become much more complicated.

Together with Lemma 3.5 we are in a position to modify the proof of [8,
Theorem 10.4.6] to get mapping properties of the convolution operator K * on
LP-spaces.

Lemma 3.7. The convolution operator K, * has the properties:
| Ky * fll2 < C|lflla2 for ReA >0, (54)
1
1 * fllp < C(Re A)(L + [Im ADT[| [l for ReA > - (55)

when 1 < p < % and p > %ﬁ. Here q € N depends on [Re ).

Proof. Since K, is bounded when Re A > 0, Plancherel’s Theorem shows (54)
for p = 2. By (42) K € L'(R3) for Re A > 1; this proves (55) when p = 1 and
ReA > 1.

To prove (55) for p > 1 we choose a radially symmetric function ¢ € C5°(Bs)
with ¢(z) = 1 for x € By, and define

Pi(x) = (277x) = 0(277x) — p(277"2), jeN.
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Note that supptp; C Bas1 \ Byi—1 and 1;(¢) = 2%9¢)(27¢). Moreover, we define
T (x) = (pKn)(x), Tiz) = (¥ K\)(z), jeN

Then formally

Ky f=T)xf+Y T)«f. (56)

Since K is a bounded function, T3 is bounded with compact support.
Hence Ty is a bounded convolution operator on each space LP(R3), 1 < p < oo,
with norm growing polynomially in [Im A|.

Concerning Tj’\ our aim is to show the following assertion:

Claim. For p > 1 satisfying % <= < %(2+Re A) (hence Re A > 1) the estimate

1
p
1T+ Fllp < CReA)+ I AN 27 fll,, G €N, (57)

holds; here ¢ = q([Re)]) € N, § = 1(1 + 2Re ) — 3(% —3) > 0 and C is
independent of 7 € N.

We note that (57) makes the formal identity (56) rigorous and proves esti-
mate (55) for p, A satisfying 3 < % < 3(2+Re \); in particular, (55) holds when
p= %, Re X > }1. In the following a constant C' > 0 always depends on Re A,

Im A, but only in a polynomial way on |[Im, A|, and is independent of j € N.

Proof of Claim. We decompose the function f into pieces fxg,, k¥ € N, where
the Q.’s are pairwise disjoint cubes of side length R = 2/*!. Since Tj’\ is
supported in a cube of side length 2R = 22 for each x € R® at most 53
pieces T3 * fxq,, k € N, overlap. Hence an estimate like |77 * f[|, < C||f]|,
valid for all f with support in a cube of side length R suffices to get the general
estimate |77 f||, < 5°C||f||, for all f € L*(R?), cf. [9, Exercise 10.4.4]. Using
this idea let us consider f with support in a cube of side length 27+ so that
supp T} * f is contained in a cube of side length 3 - 2/+!. Then for 1 < p < 2

(L_1 j(L_1 L
1T # fll; < 29672 T+ flI3 = 2% 2| T |5, (58)

To proceed with the term HTJ’\ 112 we use polar coordinates in (-space. Since
T and T are radial, we get [T2f[2 = [ |TA(r,0,0)]? ( Joa [ £ (rO)? de) r2 dr.
By the Restriction Theorem 3.8 below applied to r~* f(£) with Fourier transform

A~

f(r¢), ¢ € R3, we see that

Lo < ([ i) P ar)” = (s /. FwPdy)’
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which holds for 1 < p < %. Therefore

A Rag _ap—1 - _6
Mﬁﬁs@wmlvvmamﬁﬁGpw:@wméyﬂomqw«.@m

Next we decompose the integral on the right-hand side of (59) into integrals
over 31 and its complement.

To ‘estimate the integral over B1 we claim that for all M > 4 and 8 < 3
there exists a constant Cps g > 0 such that

L|ﬁ<nmﬂ«<c 0-2a(M9) (60)

2

Indeed, we may assume that supp K\ C B \ B; by modifying the function g in
the definition of K in Lemma 3.5. Hence

O =Ry <29 [ (0= - DN da)] s

1<|¢—2[<2

so that for ¢ € By we can restrict z to |z > 3. Since ¢ and ¢ are Schwartz
functions, we get for |z| > 1 that

[0(272)] < Cur|272]™ < Cp277M.

Thus |T]’\(C)| < Oy 279WM=3) for |¢| < % Finally, |¢|77 is integrable on B% as
f < 3. Thus (60) follows.
Concerning the integral in (59) over R?\ B 1 recall from (42) that

[T @)| < O(1+ [a]) 7> "M og(2 + |a]) ¢y (x) < Cj 27 FFReN

since v; is supported in 2771 < |z < 2771 note that the term log(2 + |z|) and
the factor j are needed only when A\ € N. Hence

H}-(TA)HQ _ HTAHQ < C 2~ 2j 2+Re)\) 23] _ C] 2= (1+2Re>\) (61)

Summarizing (59) with (61) and (60) (with g = z% < 3 which holds for
p < 2) we arrive at the estimate HTAfH2 < €227 UF2ReNT || £1|2 “and, returning
to |7} £1l,, by (58)

1

177 % fllp < O 2t s meha | ),

The power of 2 is negative iff p > 2+Re/\

Now the mequahty (57) is proved when m <p< %; this also implies
the restriction Re A > Z‘ O]
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The proof of Lemma 3.7 is a minor modification of the proof of the LP-
boundedness of the Bochner-Riesz multiplier (1—|¢|?*)}. The log-term in Lem-
ma 3.5 is responsible for the additional factor j in (57), but of no consequence
for further convergence properties. A crucial step in the previous proof was the
Restriction Theorem for the Fourier transform, see [9, Theorem 10.4.5]:

Theorem 3.8 (Restriction Theorem for S* C R?). Let 1 < p < 3 and ¢ = %/.
Then the operator

Rp—>q : Lp(Rg) - Lq(SQ)a f = .ﬂszv
is bounded. In particular, R, s is bounded for 1 <p < %.

Theorem 3.9. For Re \ > }l we have the estimate

KN flly <l fllps [ € LP(R3)7 (62)
1

provided ’5 —%| < %(1+2Re A). For A = % this condition reduces to the inclusion

6
5<p<6

Proof. By Lemma 3.7 the estimate (62) is proved for Re A > § when ;45— <
p < % or p = 2. Hence, by complex interpolation, we get the assertion for all p
satisfying H% <p<2 e, when 0 < 110 — % < %(1 + 2Re A). Then a duality
argument proves the Theorem. O]
Proof of Theorem 1.1. We only have to summarize several estimates of Sec-
tion 2 and 3. The solution ¢ of (4) £ (16) has been decomposed into terms
90, 91, g2 where by (31), (32) ||gzllq < c||A|l,- For go a similar estimate holds;
however, by (35) ¢ is multiplied by the term (1 + m)4' Concerning the
crucial term ¢, we exploit that g < ¢ < 6 and estimate using the representation

of the multipliers m; s in (39) together with (36)—(38) that

00 1
ol < [ ([ (Ot (UM o 1Mala) )] 0s)

& 1 tN\NT, -
gc/ tet (14 2) LA ar
0 w

<clw(2u+v))*

Adding the estimates of gg, g2 and exploiting (28) we arrive at (5).

To prove uniqueness let ' =0, G = 0in (11), and thus H = 0in (18). Then
(21), (22) lead to the problem to consider nontrivial solutions (c1, ¢)([€], £3) of
the linear system

1— 67277/\1 1— 67277)\2 ( Cl ) B
)\1(1 — 6_27T>\1> )\2(1 — 6_27T>\2> Ca
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The determinant of this matrix equals (1 —e™2™1)(1 —e2™2)(\; — \;). In case
that Ay = Ay we have ¢; = —¢y so that in view of (21) § = 0. Now assume
that e=>™1 =1, i.e., in particular, (2u+v)[£]* +Re /(21 + v)2[E[* — 4]¢[2 = 0.
Obviously, this implies that £ = 0. Hence supp g C {0} and, consequently, ¢ is
a polynomial. As we are looking for g € LY(R3), we conclude that g = 0. The
same reasoning holds when e=2™2 = 1. O]

Remark 3.10. To get the existence and a priori estimate (6) of a solution v, o
of (3) with the help of Theorem 1.1 we return to (16), i.e., (15). Given the
unique solution g of (15) and by [2], [4] a solution (v,0) of (12) we conclude
that Ao satisfies (13);. Applying the differential operator (us, — (G A y)) -V
to Ao we see from (15) that

A(div (0 (s — (G Ay)) +dive — G) = 0.

Consequently, div (0 (ux—(dAY))+divv—G is harmonic where by Theorem 1.1
and (6) G, g = dive, Vo € LY(R"™). Under the assumption that also (J A y) -
Vo € Li(R™) we conclude that o also satisfies (13)y, i.e., (11)2. Note also
that to get the higher order derivatives of g in (6) further assumptions on the
data G and ® are needed. For a strategy to prove such results we refer to
[5, Theorem 1.2, Lemma 4.4].
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