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Multiplicity of Nontrivial Solutions of a
Class of Fractional p-Laplacian Problem

Ghanmi Abdeljabbar

Abstract. In this paper, we deal with existence of nontrivial solutions to the frac-
tional p-Laplacian problem of the type
OF (z,u)

(—A)gu = % B —l—)\a(x)]u\q_zu in Q,
u =20 in R™\ €,

where 2 is a bounded domain in R™ with smooth boundary 992, a € C(Q2), p > 2,
a€ (0,1)suchthat pa <m, 1 <g<p<r< nfﬁp, and F € C'(Q xR, R). Using the
decomposition of the Nehari manifold, we prove that the non-local elliptic problem

has at least two nontrivial solutions.
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1. Introduction

In this paper, we are concerned with the multiplicity of nontrivial solutions for
the following problem

P) (—A)gu = %% + Aa(x)|u|T?u %n Q,
u =0 in R™\ Q,

where 2 is a bounded domain in R” with smooth boundary, a € C(Q), A > 0,

p > 2,such that n > paand 1 < ¢ < p <1 < pf, pi = 2. The function

- n—ap
F € CY(Q x R,R) is positively homogeneous of degree r , that is, F'(z,tu) =
t"F(x,u,v)(t > 0) holds for all (xz,u) € Q x R.
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Throughout this paper the sign changing weight function a satisfies the
following condition

(A) a€ C(Q) with ||a]|e = 1 and a* := max(+a,0) # 0,

and the fractional p-Laplacian operator may be defined for p € (1, 00) as

Al — 2lim @) = ()P 20l = ulo))
p e\0 R\ B. (z) ‘l’ _ y‘n+pa )

Recently, a lot of attention is given to the study of fractional and non-local
operators of elliptic type due to concrete real world applications in finance, thin
obstacle problem, optimization, quasi-geostrophic flow etc. Dirichlet bound-
ary value problem in case of fractional Laplacian using variational methods is
recently studied in [3,5,7,9,10]. Also existence and multiplicity results for nonlo-
cal operators with convex-concave type nonlinearity is shown in [12]. Moreover
multiplicity results with sign-changing weight functions using Nehari manifold
and fibering map analysis is also studied in many papers (see [1,2,4,10]).

In this paper, we propose a very simple variational method to prove the
existence of at least two nontrivial solutions of problem (P). In fact, we use
the decomposition of the Nehari manifold as A vary to prove our main result.
Before stating our main result, we need the following assumptions:

(H)) F:Q xR — Risa C! function such that
F(z,tu) =t"F(z,u)(t >0) forallz € Q, uecR.

(H;) F*(z,u) = max(+F(z,u),0) # 0 for all u # 0.
We remark that assumption (H;) leads to the so-called Euler identity

OF
u%(x, u) =rF(z,u)
and
|F(z,u)| < Ku|" for some constant K > 0. (1)

Our main result is the following

Theorem 1.1. Under the assumptions (A) and (Hy)-(Hs), there exists Ay > 0
such that for all 0 < A < X, problem (P) has at least two nontrivial solutions.

This paper is organized as follows. In Section 2, we give some notations
and preliminaries. Proofs of Theorem 1.1 is given in Section 3.
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2. Preliminaries

In this preliminary section, for the reader’s convenience, we collect some basic
results that will be used in the forthcoming sections. in the following, For all
1 < r < oo denote by |||, the norm of L"(2). The Gagliardo seminorm is
defined for all measurable function v : R — R by

u(z) — u(y)[” )i
Ulap 1= dzdy | .
| | p </Rgn |ZZ' _ y|n+pa

We define the fractional Sobolev space
W*P(R"™) := {u € LP(R") : u measurable , |u|,, < 00}
endowed with the norm
lullag = (el + Ju,) 7

For a detailed account on the properties of W*P(R™) we refer the reader to [6].
We shall work in the closed linear subspace

E :={ueW*(R"):u(x)=0ae. in R"\ Q},

which can be equivalenty renormed by setting ||- || = |- |4, note that these type
of spaces were introduced in [9]. It is readily seen that (£, || - ||) is a uniformly
convex Banach space and that the embedding F — L"(2) is continuous for all
1 < r < pf, and compact for all 1 < r < p%. The dual space of (E,|| - ||)
is denoted by (E*,|| - ||+), and < -,- = denotes the usual duality between E
and E*.

Definition 2.1. We say that u € F is a weak solution of (P) if for every v € E
we have

/ [u(x) = wy)|*(ul) = uly)) () = 0l)) , o

o — e

1 a—F(a:,u(:L’))v(x)dx+)\/ a(x)|u(z) |7 *u(x)v(z)dx.

The Euler functional Jy: £ — R associated to the problem (P) is defined as

Ta(u) = ]10||u|yp _ %/QF(x,u)dx— 2/ﬂa(x)\u(x)yqu.

Then Jy is Fréchet differentiable and, for all ©w € F, we have

< T () = [l — /QF(:C,u)dx— A/ o(2)|u(z)|"dz.,

Q
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which shows that the weak solutions of (P) are critical points of the func-
tional Jy. It is easy to see that the energy functional J, is not bounded below
on the space E, but is bounded below on an appropriate subset of E and a min-
imizer on subsets of this set gives raise to solutions of (P). In order to obtain
the existence result, we introduce the Nehari manifold

Ny ={u € E:< Ji(u),u == 0}.

Then, v € N, if and only if

|ul||P — /QF(x,u)dx — )\/Qa(x)\u(a:)\qu = 0. (2)

We note that N, contains every non zero solution of (P).
Lemma 2.2. J, is coercive and bounded below on N.

Proof. Let u € Ny, then we have
1 1 1 1
J =-—- P_A(-—- ldx > P a,
A(u) (p T)HUH (q r)/ga(ﬂf)lu(iﬂ)! z = clful]” — coffull

Hence, J, is bounded below and coercive on N,. O

Now as we know that the Nehari manifold is closely related to the behavior
of the functions @, : [0,00) — R defined as

O, (1) = Jy(tu).

Such maps are called fiber maps and were introduced by Drabek and Pohozaev
in [7].
For u € E, we have

tP t" t4
O, (t) = —|lul[P—— [ F(z,u)dv—A— [ a(z)|u(r)|"dz,
p T Ja qJa

(1) = tp_1||u||p—t’”_1/F(x, u)dx—)\tq_l/a(xﬂu(x)|qu,

Q Q

(1) = (p—l)tszqu—(r—l)t”2/QF(ac, u)dx—)\(q—l)tqZLa(x)|u(x)]qu.

Then, it is easy to see that tu € N, if and only if ®/(¢) = 0 and in particular,
u € N, if and only if @/ (1) = 0. Thus it is natural to split N} into three parts
corresponding to local minima, local maxima and points of inflection. For this
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we set

={ueN,: /(1) >0}={tuec E:®(t)=0,9!(t) >0},
Ny ={ueN,: /(1) <0} ={tuec E:P,(t)=0,9(t) <0},
V={uec N, :?/(1)=0}={tuc E: P, (t)=0,®"(t) = 0}.

Before studying the behavior of Nehari manifold using fibering maps, we intro-
duce some notations

f+={ueE:/QF(g;,u)dx>o}, ]—"_:{UEE:/QF(x,u)d;E<O},

A+:{UEE:/Qa(:c)]u(x)\qu>0}, .A:{UGE:/Qa(:U)]u(J:)\qu<O}.

Now we study the fiber map @, according to the sign of [, a(x)|u(x)|?dz and
Jo Fx,u)dz.

Casel.ue F NA".
In this case ®,(0) = 0 and P/ (t) > 0, V¢ > 0 which implies that ®,, is strictly

increasing and hence no critical point.

Case 2. ue FfnA" .
In this case, firstly we define m,, : [0,00) — R by

mu(t) = 74 Jul [P — £ / Fla, u)dz.
Q
Clearly, for t > 0, tu € N, if and only if ¢ is a solution of

my(t) = )\/Qa(x)|u(x)|qdac.

As we have m,(t) — —oo as t — oo and

(1) = (9 — Q0 fulP — (- — g7 / F(z,u)dz.

Therefore, m] (t) > 0 as t — 0. Since u € A~, there exists T" such that
my(t) /\fQ z)|%dz. Thus, for 0 < t < T, ®,(t) = t97" (my(t)—
)\fQ |‘1dm) > 0 and for ¢t > T,®!(t) < 0. Hence, ®,(t) is increas-
ing on (0 T) decreasing on (7,00). Since ®,(t) > 0 for ¢ close to 0 and
d,(t) - —oc0 as t — 0o, we get @, has exactly one critical point ¢1, which is a
global maximum point. Hence t;u € Ny .
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Case 3. uec F-NA".

In this case, m,(0) = 0, m/(t) > 0,Vt > 0, which implies that m,, is strictly
increasing and since u € A, there exists a unique t; > 0 such that m,(t;) =
A g a( x)|%dz. This implies that ®, is decreasing on (0,t;), increasing on
(t1, ) and <I>' ' (t1) = 0. Thus, @, has exactly one critical point ¢;, corresponding
to global minimum point. Hence t;u € Ny

Case 4. uec FtnA*.

In this case, we claim that there exists po > 0 such that for A € (0, pg), Py
has exactly two critical points t; and t,. Moreover, ¢; is a local minimum point
and t5 is a local maximum point. Thus tyu € /\/}L and tu € /\/')\_. We prove this
claim in the following Lemma:

Lemma 2.3. There exists g > 0 such that for X € (0, ug), P, take positive
value for all non-zero u € E. Moreover, if u € F™ N AY, then ®, has exactly
two critical points.

Proof. Let u € E, define
tP t"

M,(t) = —|lu p——/Fx,ud:c.
(t) pll 1= i (2, u)
Then
M. (t) = P |ul|P — ¢ / F(x,u)dx
Q

1
. . . p T—p
and M, attains its maximum value at T' = <¢> . Moreover,

Jo F(z,u)de
11 Jull” \7
M,T)=(--—-)-————r
@) <p ) (fgm,u)dx
and
"
M!(T) = (p—1) 5 <0.

(Jo P, u)d) =

For 1 < v < p! we denoted by S, be the Sobolev constant of embedding
E — L*(Q), then, by (1) we have

r—p
M(T) > ————— =, 3
@) rp(KSy)» ¥

which is independent of u. We now show that there exists pg > 0 such that
®,(T) > 0. Using condition (A) and the Soblev imbedding, we get

q

q Sa Sa = Sq .
= e < ZHuler = 2l () = R
q Jo q q JoF(

z,u)dr
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Tq q 9 o 9 pP—9q
B,(T) = Mu(T)—)\7/Qa(:c)|u(a:)\ dr < M, (T) = XeM,(T)F = 53 (55" ~xc),

where 4 is the constant given in (3). Let

0
Ho = Sg .
Then, the choice of such py completes the proof. n

Corollary 2.4. If A\ < pyg, then there exists 1 > 0 such that Jy(u) > &, for all
ueN, .

Proof. Let uw € N, , then ®, has a positive global maximum at 7 = 1 and
Jo a(@)|u(z)|%dz > 0. Thus, if A < pp, then we have
I(u) = Bu(1) = ®u(T)> o (5%‘1 . )\c) >0,

where ¢ is the same as in Lemma 2.3, and so the result follows immediately. [
Lemma 2.5. There exists pu, such that if 0 < X\ < p1, then NY = @.

Proof. Let

pP—q

_r—p ( P—q )
R CEDACEICETV .
where K is given by (1).
Suppose otherwise, that 0 < A < y; such that Ny # @. Then, for u € NY,
we have

0=2y(1) = (p— Dl = (r—1) /Q F(a,u)dr — Mg —1) / afx)|u(z)| dx.

Q

So, it follows from (2) that (r—p)||u|[? = X(r—q) [, a(z)|u|idz < X(r—q)S||ul|?,

and so )

Il < (As37=4)"". (W

qT’—p

On the other hand, by (1) we get (p — )|[u|[? = A(r — q) [, F (2, u)dz <
K(r —q)S7]|ull", then

\muz(gggg§5)if 5)

Combining (4) and (5) we obtain A > uy, which is a contradiction. O
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Here and always, we define )\ as

Ao = min(po, f1). (6)
We remark that if 0 < A < A, then all the above Lemmas hold true.

Lemma 2.6. Let u be a local minimizer for Jy on subsets Ny or Ny of N
such that w &€ N, then u is a critical point of J.

Proof. Since u is a minimizer for J, under the constraint I (u) :==< J§(u),u >
= 0, by the theory of Lagrange multipliers, there exists © € R such that
Ji(u) = pl}(u). Thus

= J;\(u)vu = I;\(u),u = MQ)Z(l) - 07
but u € NY and so ®/(1) # 0. Hence p = 0. This completes the proof. O

3. Proof of our result

Throughout this section, we assume that the parameter A satisfies 0 < A <
Ao, where \g is the constant given by (6). That leads us consequently to the
following results on the existence of minimizers in Ny and N .

Lemma 3.1. If 0 < A < Xo, then Jy achieves its minimum on Ny .

Proof. Since Jy is bounded below on Ny and so on Ny, there exists a minimizing
sequence {ux} C N, such that

lim Jy(ug) = inf Jy(u).
k—o0 uweENY

As J, is coercive on Ny, {u;} is a bounded sequence in E. Therefore, for all
1 <v < p} we have

up — uy weakly in E
up — uy strongly in LY(R™).

If we choose u € E such that [, a(z)|u(x)|?dz > 0, then there exists t; > 0
such that tyu € N and Jy(t1u) < 0, Hence, inf, et Ja(u) < 0.
On the other hand, since {uy} C N we have

nw) = (5= ) halr =2 (22 [ atou(o)pa,

and so )\(é — 1) [ alz)|uy(z)|9de = (}D — D)J|ugl[P — Jx(ug). Letting k tends to
infinity, we get

/Q a(2)|us (2)|"dz > 0. (7)
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Next we claim that u, — u,. Suppose this is not true, then

lurllP < li]gninf ||k |P.
—00

Since @/, (t1) = 0, it follows that ® (¢;) > 0 for sufficiently large k. So, we
must have t; > 1 but tju, € /\/'A+ and so

JA(tlu,\) < J)\(u,\) < lim JA(U]C) = inf J)\<u),
k—o0 ueN;F

which is a contradiction. Since NY = &, then uy, € N;. Finally, uy is a
minimizer for Jy on N. O

Lemma 3.2. If0 < A < A, then Jy achieves its minimum on N .

Proof. Let uw € N, then from Corollary 2.4, there exists d; > 0 such that
Jy(u) > 01. So, there exists a minimizing sequence {u;} C N, such that

lim Jy(ug) = inf Jy(u) > 0. (8)
k—o00 UEN;

On the other hand, since J, is coercive, {u;} is a bounded sequence in E.
Therefore, for all 1 < v < p: we have

ur — vy weakly in FE
ur — vy strongly in LY(R™).

Since u € N, then we have

() = G? - é) el [P + (é _ %) /QF(:c,uk)d:c. (9)

Letting k goes to infinity, it follows from (8) and (9) that

/ F(z,v))dz > 0. (10)

Hence, vy € F' and so ®,, has a global maximum at some point 7" and con-
sequently, Tvy € Ny . on the other hand, u, € N implies that 1 is a global
maximum point for &, , i.e.

In(tug) = Dy, (1) < Pu, (1) = Ja(u). (11)
Next we claim that up — u,. Suppose this is not true, then

[luxl]P < li]gninf ||ugl|P,
—o0
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and from (11) it follows that

TP
I\(Tvy) = ?H"U)\Hp - —/ F(z,vy)dz — )\—/ x)|vy|%dx

TP T
inf (—||uk||p — —/ F(z,ug)dr — )\—/ |uk|qda:>
k—ro0 p

—00
k—o0

= inf Jy(u),
ueEN,

IANIN A
ol

which is a contradiction. Hence, uy — vy. Since N? = &, then v, € Ny . O

Proof of Theorem 1.1. By Lemma 3.1 and Lemma 3.2, Problem (P) has two
weak solutions uy € N and vy € N, . On the other hand, from (7) and
(10), these solutions are nontrivial. Since Ny NN, = @, then u, and vy are
distinct. O
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