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The Weak Inverse Mapping Theorem
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Abstract. We prove that if a bilipschitz mapping f is in W "P(R™, R"™) then the in-
verse f~!is also a V[/'IZ"ZP class mapping. Further we prove that the class of bilipschitz

mappings belonging to I/Vlzlc’p (R™,R™) is closed with respect to composition and mul-

tiplication without any restrictions on m,p > 1. These results can be easily extended
to smooth n-dimensional Riemannian manifolds and further we prove a form of the
implicit function theorem for Sobolev mappings.
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1. Introduction

It is well known that for a mapping of R™ to R", which is of class C"™ and
has positive Jacobian at some point x we can find neighbourhoods of x and
f(z) such that the restriction of f is a C™ class diffeomorphism of the two
neighbourhoods. Building on [7] and [9], we ask if this result can be extended
to classes of Sobolev mappings.

Since the seminal paper of Arnold [2] a variety of techniques have been
applied to hydrodynamics and other partial differential equations using certain
properties of the spaces of Sobolev diffeomorphisms on smooth Riemannian
manifolds. We refer the reader to [9] for more detailed motivation and applica-
tions.

In [9] the authors considered the regularity of the inverse of a Sobolev
diffeomorphism and the composition of a Sobolev mapping in W*t"2(R" R")
with a mapping pertaining to a certain class of I/Vl‘zc2 Sobolev C! diffeomorphisms,
s € R. Our result is a generalization of the above, in that we remove the
condition s > 7 41 completely and consider p € [1, o] arbitrary. We also relax
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the condition that f needs to be a diffeomorphism and require only bilipschitz
regularity. Our result is also an extension of that proved in [7, Theorem 1.3],
where it was assumed that m = 2. Our main result is as follows.

Theorem 1.1. Let ., C R"™ be open. Let m € N, p € [1,00] and [ : Q —
Y = f(Q) be such that

£ € WmP(Q,R™) N Bilip,,, (2, R").

loc

Then
f*1 S Wm’p(Q’,R").

loc

Further, if D™ f € BVie(, R™™") then D™~ € BVioe (Y, R™™).

The counterexamples given in [7] (see also Remark 3.5) show that the bilip-
schitz condition is vital to guarantee that the inverse is Sobolev or BV i.e. the
result may fail if f is not Lipschitz and it may fail if f=! is not Lipschitz. For
the definition of bilipschitz mappings, Bilip,.(£2, R"), see the preliminaries. It
is not difficult to check that the Sobolev imbedding theorem gives that if r € N
is such that r < m — % then f and f~! are C" mappings.

In [9] the authors pose the question whether the composition of two diffeo-
morphisms in W*?(M, M), fog, is a W**(M, M) map, s € N,s > 2. We prove
this is true for W ""(R™, R™) mappings if the interior function is bilipschitz and
the exterior Lipschitz. Our result places no constraint on m, p other than m € N
and p € [1,00]. Note that previous results about the regularity of the composi-
tion (see e.g. [3] and [12]) usually assume that all lower order derivatives of f
are bounded which is not necessary if we moreover assume that g is bilipschitz.
The results from [9] are extended also for fractional order Sobolev spaces. We
have not pursued this direction but we don’t see any obstacles in doing so. Our
result is as follows.

Theorem 1.2. Let Q,8 C R"™ be open. Let m € N, p € [1,00] and g : Q2 —
Y = f(Q) be such that

g € Wil (9, R™) N Bilip,, (2, R™),  f € Wi (0, R") n WH=(Q,R").

loc loc
Then
foge WP (Q,RY).

loc

Again this result may fail if ¢! is not Lipschitz and it may fail if f is not
Lipschitz even for bilipschitz g - see Remark 3.4. We also prove the following
result about the product of two functions in the class considered above.

Theorem 1.3. Let 2, C R™ be open. Let m € N, p € [1,00] and
f’ g € Wm’p<Q> N Liploc(Q)'

loc

Then
fg € me(Q) N Liploc(Q)'

loc
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It is not difficult to check that the Sobolev imbedding theorem gives that if
r € N is such that r <m — % then go f and fg are C" mappings.

Let us give the brief idea of our proof of the main result Theorem 1.1. By
twice differentiation D?(f o f=!) = D?(id) = 0 we obtain the identity

D*fNy) = =Df y)D*f(f(v))Df " (y)Df (),

see Preliminaries for the interpretation of the higher order derivatives. Using
the Leibniz rule and the chain rule we derive this identity further and we express
DFf~1 as a product of lower order derivatives of f and f~!. We estimate the
integrability of the lower order terms using induction and the famous Gagliardo-
Nirenberg interpolation inequality. Simple use of Holder’s inequality gives our
final claim. Let us note that the simple use of the Sobolev embedding theorem
would not be sufficient to prove the claim without some extra assumption on
the lower order derivatives. Fortunately the Gagliardo-Nirenberg interpolation
inequality gives us a better integrability of the lower order terms which gives
us exactly the desired result.

It is not difficult to show that similar results hold on smooth n-dimensional
Riemannian manifolds. In Section 4 we show that it is enough to apply our
Euclidean result for the composition with reference maps. Finally in Section 5
we prove a variant of the implicit mapping theorem for Sobolev mappings
using our inverse mapping theorem 1.1.

2. Preliminaries

2.1. Results on Sobolev functions. We start by defining locally bilipschitz
mappings.

Definition 2.1. Let Q C R"™ be open and u : Q — RY. The space Bilip,,.(2, RY)
is the class of mappings v :  — R? such that for all zy € € there exists some
d >0 and C1,Cy > 0, such that for all z, 2" € QN B(xg,d) it holds that

Cile — 2'| < |u(z) —u(a")] < Colz — 2|
For the following Theorem see [1, Theorem 3.16 and Corollary 3.19]:

Theorem 2.2. Let Q,Q C R" be open. Let u : Q — RY. Suppose that
F:Q—Q = F(Q) is Lipschitz and a homeomorphism.

1. If u € BVoe(Q,R?) then uo F~1 € BV (Y, RY).
2. Ifu € WoH(Q,RY) and F~' is Lipschitz, then wo F~' € Wb (¥, RY) and

Duo F~'(y) = Du(F~'(y))DF~'(y) for almost all y € €.

We will refer to the following lemma as the product rule or the Leibniz rule.
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Lemma 2.3. Let Q C R™ be open and f,g € WE(Q,RY). Suppose that

loc
fDg,gDf € Lj,.,(2,R?).
Then

D(f(x)g(x)) = g(x)Df(x) + f(x)Dg(x) for almost all x € ).

Similarly we can prove the formula for differentiation of three or more terms
under the assumption that all summands are integrable.

Proof. By considering the component functions we may assume that d = 1. We
approximate the functions by truncation. Our truncated functions belong to
WEH(Q)NL>(Q) and here we can use the standard convolution approximations
to get our result for the truncated functions. The function C(|gD f|+ |fDgl) is
integrable and dominates the derivative of our truncation approximations. This

however gives us the desired equality almost everywhere. O]

The following theorem [7, Theorem 1.3] will be a start for our induction
process.

Theorem 2.4. Let Q,Q C R™ be open, P, > 1 and suppose that f : Q) = Q s
a bilipschitz mapping. If Df € W,5P(Q,R™), then Df~" € W,5P(Q/, R™).

The Sobolev Embedding Theorem is well known.

Theorem 2.5. Let {2 C R™ be open and f%ave a Lipschitz boundary. Further let
p€[l,n) and f € WYP(Q). Then f € L»»(Q) and moreover
I/,

st < s,
Further if f € WFP(Q) and kp < n then for every i € {0,,....k — 1} we
have f € WoPi(Q) where p; = %. If f € W(Q) for some p > n then
f € L>(Q). This also holds for mappings with values in RY,

The following theorem is referred to as the Gagliardo-Nirenberg interpola-
tion inequality and is a result of [13].

Theorem 2.6. Let u : R" — R, ¢,r € [1,00] and k € N. Further let j €

{1,...,k}, pe1,00) andozé[ 1] be such that
1 1 ky l1-a
7:—+Oé<———)—|— .
p n roon q

Then u € LYR™) and |D*u| € L"(R") implies that |Diu| € LP(R™) and this
embedding is continuous.



The Weak Inverse Mapping Theorem 325

Let us now prove that this result can be extended as follows.

Theorem 2.7. Let u : R" — R and q¢ € [1,00] and k € N. Further let
jEA{Ll,....k—1}, pel,00) and a € [£,1] be such that
j k

=—+a<1——)+

1 -«
P n n

q

Then u € LY(R™) and D*'u € BV(R") implies that | Diu| € LP(R™).

Sketch of the proof. For f;, the convolution approximations of f, it holds that
fr € W™HR") and we may apply Theorem 2.6. Since ||fx|l, < ||f]l, and
|1 D™ fellr < [|D™f]]1 (where || D™ f||; signifies the total variation) we have that
D7 f, is a bounded sequence and by moving if necessary to a subsequence we
find for every (a1,...,a;) € {1,...,n} a w,, .4 € LP(R") such that for any
¢ € C(R™) we have

/ Daj,...,alflcSD — waj,..‘,a190
n R

and clearly

/ Daj,...,alkaD = (_1)j kaajvwal(p - (_1)j fDaj,...,a1S0~
n R’I’L

R’ﬂ
This however implies that Dy, 4, [ = Wa,,..q0, € LP7(R"). O
We will use the so called ACL classification of Sobolev mappings.

Theorem 2.8. Let @ C R"™ be open and let f € WIP(Q) then there exists a
representative f of f such that f 18 absolutely continuous on almost all lines
parallel to each of the coordinate axes. Further the classical partial derivatives
off equal the weak derivatives of f almost everywhere.

It is not difficult to use the previous theorem recurrently to see that if
feWHP(Q) then there exists a representative of f such that for all 1<j<k—1,
the derivative D7 f is absolutely continuous on almost all lines parallel to the
coordinate axis. Further the classical partial derivatives of our representative
equal the weak derivatives of f almost everywhere.

2.2. Representation of higher order derivatives. During the course of this
work we will need to represent and work with higher order derivatives. We refer
the reader to [11] for more information about multi-linear algebra which could
be used to represent our higher-order derivatives.



326 D. Campbell et al.

To shorten our notation D;, i € {1,2,...,n}, will denote the weak deriva-
tive in the direction of the i-th canonic basis vector. Given a finite sequence
ai, s, ...,ay, € {1,2,...,n} we define the symbol

Dapnin @) = Do (- (Das(Dur @) )

We will use the following notation for the components of a mapping f :
R™ — R", f(z) = (f*(z), f*(x),..., f"(x)). This notation will be useful as in
the chain rule we will always sum over indices, one of which is a superscript and
the other a subscript. This corresponds to common practice in tensor notation.
Given some f € W/'(Q,R") we can define the symbol D™ f as the

loc

mapping from {1,2,...,n}™ — L'(2,R") such that technically speaking for
a; € {1,2,...,n} we have

Dmf(ala---aam> = Dam ,,,,, alf = Dam("'Dcm(Dalf))“')v

but we will write

D"f = (Do

It therefore follows that for f € W (Q,R") we can identify D™f with an
element of the set LL (€, R”™ ). It is an easy result of the definition of the

weak derivative that the order of partial derivatives is interchangeable, i.e.

for any m € .S, the symmetric group. It suffices to take the definition of the
weak derivatives, where in the integral we can change the order of derivatives
on the test function as it is smooth. Thus our derivatives D’ f are symmetric.

We shall now expound the iterated chain rule, which is a result of repeatedly
using the chain rule and the product rule, for a pair of smooth mappings f
and g. We will later prove that the same holds for Sobolev mappings given g is
bilipschitz.

Let f and g be smooth. Clearly

D(fog)(zx) = Df(g(x))Dg(x)

where the multiplication above is standard matrix multiplication. Now apply D
again and use the product rule. We get

Dji(fog)(z) =Y Duif(9(2))(Dig(2))" (Djg(x)' + 3 Dif(2)(Dyag())".

This can be symbolically rewritten as

D*(f o g)(z) = D*f(g(x))Dg(x)Dg(z) + D f(x)D*g(x), (1)
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where we expand the concept of matrix multiplication as follows: in the first
term we sum over {1,2,...,n}? all second partials of f and the components
of the two Dg terms and over {1,2 ... ,n}, the first partials of f and the
components of D?¢g in the second term.

Notice that if we make the following definition of IC,,, with m € N

;cm:{(ko,...,km)6{0,1,...,m}m+1;

(ko>1) & (ki=0oi> ko) & (ik‘zm)}

we may write the above as follows

ko
D*(fog)(z) =Y _ D*f(g(x)) H DFig(x).

keKs

We will now prove the following equality for all m € N by induction

D"™(fog)x)= ) Dk“f(g(ﬂi))HDkig(w% (2)

keEKm,xeXy

where we define X below. Here ky corresponds to the order of derivative of f
and other k; correspond to the derivatives of g. Note that the definition of IC,,
gives us > k; = m since in each step we differentiate some term with g once
more and also k; = 0,7 > kg since after deriving f ky times we have at most ky
terms with g. In fact, for given numbers {k;}7; there is a number of permissible
permutations (orderings in which the derivatives may be applied), which we will
denote as X for some k € K,,. This corresponds to the fact that each term
D* f(g(x)) Hfil D¥ig(zx) is multiplied by some fixed natural number #Xj.

It is no problem for us to work with the identity (2) and with its inter-
pretation. In our proof we will deduce the integrability of each term in the
product D* f(g(z)) [I, D¥g(z) and then we will apply the Holder inequality.
Therefore we do not need to care which component is multiplied with which
component of the next term. We have finitely many terms and each of them
can be estimated in the same way.

For our component-wise notation we will need to take a finite sequence in

{1,2,...,n} and apply each corresponding derivative to one of our factors. We
define

Xe={x L m) = {1 ko #05: x0) = i} = ki

min{jgm:x(j):z‘+1}>min{jgm:x(j):z‘}:1§z‘§m—1}.
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We carry on to define b; by denoting

b; = ap,
where [ is the j-th index which is mapped to i by x, ie. x(I) = i and
#{x(0) =i:0< 1} =j— 1. Assume that the following holds for all m < m

ko

Doy P =3 3 30 Dy f(9@) [T(Dy o)™ (3)

kEKm XEXK 1Y,.. 71,20 1 i=1

Let us now differentiate the equation above, where m = m—1, by applying D, . .
We apply the Leibnitz rule (product rule) repeatedly and when differentiating

Dbg .0 f(g(x)) we also use the chain rule and get
Dag,...oir (fog) ()
ko )
—Z S Y Dy wfe@) [Py sya@)(Daygla))
j=1 keKm x€Xk Y,...,69 o=1 i=1

+ZZ S Dy flele) (4)

i=1 k€ XEXp 1Y,....b) =1

b9

< I (D o@D, ;@)™

m k%
ie{1,...ko P\ {1}

We can express this equation using the same notation as in (3). To prove this
consider two terms in the above sums, firstly where ky = s, secondly where
ko = s+ 1 and add the first line of (4) for ky = s and the second line of (4) for
ko= s+ 1. Putting M ={k € Ky, : ko = s+ 1} we get

Y Y Dyufl <>>H<Db;€, @),

keM xeXy bO b% =1 i=1

Summing this over s gives our desired result.
It will be very useful to be able to express the above in some more concise
way, therefore we will introduce the following convention. We will shorten

ko

Dapran(Foa)@) =3 3 Y Dy fla@) [[(Dy gg@)” ()

keKm XEXK 1Y,.. ,bO =1 i=1

by realizing that the order of the derivative of f (i.e. ko) is the same as the
number of Dg factors and we sum over the derivative indices of f and component
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indices of Dg-type terms as above, writing only
D"fog(x)= Y, D" f(g( IIDk (6)
keEKm ,x€Xk

where the previous equalities hold at all points x where f o g is defined. As
previously mentioned we will extend this result for bilipschitz Sobolev mappings
in Sections 3 and 4.

3. Regularity of the inverse

Recall that if we have some mapping h : R®” — R!, we denote the components
of h as h(x) = (h'(x), h*(z), ..., hl(z)).

Lemma 3.1. Let Q,Q C R"™ be open. Let f: Q — Q' = f(Q) be a bilipschitz
mapping such that f € WX (Q,R™). Then f~' € W2 (Y, R™) and

(Dj,ifl(y)>k
—3 3 (0 w) (Dt @) (0 W) (D)

=1 1,la=1

(7)

which may also be written as

D*f~Hy) = =D y)D*f(f () Df " (y)Df(y) (8)
for almost all y € €Y.

Remark 3.2. In the above lemma, the left-most factor on the right hand side
of (8) is the matrix D f~!(y). The reason for this is that it then corresponds to
standard composition (multiplication) of matrices. Notice however that in (7)
the order of the factors is irrelevant given we sum the correct upper and lower
indices.

Proof of Lemma 3.1. First let us note that f~! € W2 (0, R") is a direct result

loc
of Theorem 2.4. Clearly we have almost everywhere that

0=D(I) = D*(id) = D*(fo f ") = D(D(f o 1))

where [ is the (n x n) identity matrix and id the identity mapping on R"”. Now
we can use Theorem 2.2 on f o f~! as f is bilipschitz. Therefore we get

(Za1 Df(D)

l1=1
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foralli,j € {1,2,...,n} and for almost ally € Q'. As Df(f~1),Df~' € L>()
and f, f~! are of Sobolev type Wf)cl it is easy to see that we will have no trouble
in applying the product rule, Lemma 2.3. Deriving again, using the product
rule and then Theorem 2.2 on Df(f™'), we get

0= ZDM W) (Dif W) (D )+ D Dif (£ ) (Dyaf ()"

l1,l2=1

Notice that thanks to the Lipschitz qualities of f and f~! we have Df~!(y) =
(Df( ffl(y)))fl almost everywhere in terms of the inverse of matrices. We
apply Df~1(y) (matrix multiplication from the left) to get

=33 (05 ) (Puasr ) ()" (D25 0)"

=1 11,la=1

+ <Dng1(3/)>k

for all components k € {1,2,...,n} and for almost all y € (V. ]

Lemma 3.3. Let Q,Q C R" be open. Let f: Q — Q' = f(Q) be a bilipschitz
mapping such that f € WP(Q,R™). Then

loc

|D(D*'f(f7Y)| € LY,

loc

(€2)

and for all k-tuples ay,aq, . ..ax € {1,2,...,n} we have

Dak<Dak Lyeers alf ZDlak 1 alf ( ))(Dakf71<y))l'

Proof. Clearly Do ... .o f € WiP(Q,R") and therefore belongs also to the

loc

Sobolev space I/Vl1 1(Q R"). Since f~! is bilipschitz, Theorem 2.2 implies that
the weak derivative of Dy, | ., f(f7'(-)) exists and since as f~' is a bilip-
schitz change of variables we have D, o, f(f7'() € W.2P(?,R?). From
Theorem 2.2 we get

Doy (Do (S )) = D DDy [T ) (Dar S ) (9)

for almost all y € . Since |[Df~| € L>(Q) we get

|D(D*1F(F71())| € LY, (€Y).

By applying (9) to all (aj,...ax_1) € {1,2,...,n}*! we get that by our con-
vention, described between (5) and (6), that we may write

DD*f(f7H(y) = D" F(fH(y)Df'(y) for almost all y € . O
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Proof of Theorem 1.1. Consider the case m = 1. Our claim is trivial as f is
bilipschitz. For the case m = 2 Theorem 2.4 gives our result. Our proof will
continue by induction. We continue to prove the case m = 3 explicitly to aid
the comprehension of the reader.

Firstly, we know by Lemma 3.1 that (7) holds. We differentiate (7) ac-
cording to Theorem 2.2, Lemma 3.3 and Lemma 2.3, initially formally, and will
afterward verify the assumptions. Thus,

Da3 as, a1f71(3/>

( Z Dy f~ Dlzhf(f—l(y)))“(Dalf—%y))’l(Dmf—l(w)”)

lo,l1,l2=1

Z Dagiof @) (Diaas f(F @) (D f 1)) (D f (1))

lo,l1,l2=1
- _ _ l
+ Z Dlof 1(y) (Dls,lz,llf(f 1(y))) ’
lo,l1,l2,l3=1

x (Day 7)) (D f (1)) (D f (1))

+ Z Dlo Dlz l1f(f 1(y)))lo(Da3,a1f_1(y))ll (Dazf_l(y))ZZ

lo,l1,l2=1

3 Do W (D)) (Darf )" (Dagnd ()"

lo,l1,l2=1

which can be summarized, according to our convention, by omitting indices as
follows

D’ (y) =sz‘l(y)DQf(f‘l(y))Df‘l( )DfH(y)
+Df ) D (S W) DS ( DS (y)D [ (y)
+Df D f(fH W) D* [ () D (y)
+DfHy)D*f(f(y)Df ( )D*f~(y).
We want to prove that the norms of the objects on the right hand side are
L () functions. The second term is trivial as the point-wise norms |D f~(y)]
are uniformly bounded almost everywhere (remember f~1 € W1(€', R")) and
by our hypothesis |D?f| € L? (Q2) and the f~!-bilipschitz change of variables
does not effect this.
We know by Theorem 2.4 that if |[D?*f| € L _(Q) then |D?*f~! € L _(Q).
The first and the last two terms are essentially the same. We have two bounded
factors of |D f~!] and two factors with the same integrability as |D?f|. We now

(
(



332 D. Campbell et al.

apply Theorem 2.6 by choosing i € {1,2,...,n} and taking u = D;f, r = p,

g=o00, k=2 j=1a= % and get |D2f| € LIOC(Q) Hereby we get that each

of the three terms in question are in L} (€) because clearly T + = p. This

both proves that we can use the chain and product rule (see Lemma 2.3) and
thus D3f~! € LV ('), which was our claim.

We now continue to the induction step, where we consider m > 4 and
assume that |D*f| € LI (Q) implies |D*f~'| € LI () for 1 <k <m —1 and
any ¢ € [1,00]. We take the equation (7) and differentiate it (m — 2)-times,
again initially formally and verifying the hypothesis later. The differences here
compared to the preliminaries D™ (f o g) derivatives are as follows. Instead of
equation (1) we start with equation (8) and we proceed similarly with the help
of Theorem 2.2. We have an extra D f~! factor, whose derivatives are summed
with the components of the D f factor, and therefore we adjust the set K, to
the set K/ as follows

’C;n, = {<k07--'7km+1) c {O,l,...,m}m+2 :
m+1

(ko >2) & (ki=0oi>k+1)& (Zki:m—kl)}.

We take the extra D f~! factor to correspond to the index 1. The set of orderings
Y, will also differ slightly from X, as follows,

min{jgm'x(j)—z+1}>m1n{]<m x(7) =i} forall 2 <i<k
#{j:x(j) =i} =k for all 2 <4 < ko + 1

#{j:x(U)=1t=k -1

Deriving according to Lemma 2.3 and Lemma 3.3 analogously as we did in (5)
and (6) we get by Theorem 2.2

ko+1

D"~ y) = Z DM f(f H D¥ f~1(y) for almost all ycQ'. (10)

ke, x€Yx

The calculations are almost identical to those leading up to (4) and so we omit
the details.

Clearly k; < m — 1 for all ¢ > 1 and thereby our induction hypothesis tells
us that

D g

(Q) = [DM 71 € L, () (11)

for all 1 <7 <ky+ 1 and any ¢ € [1,00]. We take the norms of the derivatives
from (10) and estimate their integrability. We have (ko + 1) factors, which are

loc
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in the spaces Li (§Y),i = 0,1,...,ky. We use (11), boundedness of the first
order derivatives and Theorem 2.6 (with w = D, f for o € {1,2,...,n}, r = p,
j=k—1,k=m—1and a = Ei=1) to get that the product in (10) is in the
Lebesgue space Li (Q') where

ko+1

1 1

2

l:ki—1+k1—1(1_m—1): ki — 1 (12)
i n m—1"p n p(m —1)

1 k=1  YPV(ki-1) k-1 . m—k 1

g p(m—1) p(m —1) pm—1) pm-1) p

Hence ¢ = p. This implies that the norm of the expression in (10) is in L (')
and therefore our use of the chain rule and the products rule is correct (see
Lemma 2.3 and Theorem 2.2). More significantly, it also implies that [D™ f~!| €
LY (€), which was the first part of our claim.

Now let us return to BV-regularity of the inverse and assume further that
D™f € BVige (1, R"m+l) Hence |D™f| € Li () and from the previous result

we know that f € W' (Q, R") implies |D™f~'| € LL .(Q). Moreover, we have

loc

ko+1

D" fHy) = Z DM f(f~ H D¥ f=1(y) for almost all ye Q' (13)

ke, . xEYy,

and we need to show that the right hand side is a BV function, i.e. its derivative
exists and it is a measure. All the terms with ky < m can be dealt with as in the
previous part of the proof with the help of the Gagliardo-Nirenberg inequality
for BV functions Theorem 2.7 and we obtain that the part of the sum with

ko < m belongs even to W' (2, R ). It remains to consider the term

m+1

D" f(f H DR fYy) = D™ F(f 1)) (DF )™

Take any Q CC Q and corresponding f(Q) = @ cC . Let us define

aiy) == D" fi(f () (DF (y) ™",

where f; denotes the convolution approximations of f, i.e. D™(f;) — D™(f) in
L(€) and hence also D™(fi(f~(y))) — D™(f(f'(y))) in L' (¥, R"™"") as f
is bilipschitz. Moreover, D™"! f; (and hence also D™*! f;(f~1)) form a bounded
sequence in L! (Q' ,R”m+1) and therefore it is not difficult to show using the
chain rule that

Day is a bounded sequence in L' (Q’, R”m+1).
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We select a subsequence still denoted as Da; which converges w* to some Radon
measure p. For all ¢ € D(Q') we get by the definition of the weak derivative

Dar(y)ely) dy = — / a1(y) Dply) dy

_ / D™ (M w)) (DS ()™ Dep(y) dy .

Q/

The left-hand side converges to | ¢ du and hence in the limit we have

[ et dutw) == [ D) (D7 @)™ Dt dy

since D™(fi(f~1(y))) — D™(f(f~(y))) in L}(,R"™""). Clearly our deriva-
tive u is defined uniquely on any open set G CC €, as for any two Q1,0 D G
and any ¢ € D(G) we have fG wdiy = fG @dps. This shows that the remaining

term (13) belongs to BV, (Q’ , an+1) and finishes the proof. ]

Remark 3.4. To prove the necessity of our assumptions in Theorem 1.2 let us
consider the composition of two mappings f o g, with f,g : R" — R".To see
that the inverse of the interior must be a Lipschitz mapping consider g to be
the projection of R™ to Re; and some f which is not measurable on Re;.

The next example shows that if f is not Lipschitz the composition may
fail to have the original degree of integrability even for bilipschitz g. Consider
n=9,p=3¢€(03),

g(x) = o+ zlz|"sin(jz| ") and f(z) = 2|z

with € > 0. Main part of the functions is of the form é—‘cp(|x|) and hence we can
compute the derivative in a standard way (see e.g. [8, Lemma 2.1]). We know,

1D ()| T (o2 (14)

7~

giving us that f € W4P(Q,R"). Further we may estimate the j-th derivative
by

o]+
T
for some C' independent of z for a set with positive density at the origin (i.e. on
S = {z: [sin(jz|™")|] > § and |cos(|z| )| > 1}). From (14) and (15) we get
that f,g € W4P(B(0,1)). We may calculate that

(15)

DY(f 0 g)(@)] = [Df(g(x))] - |Dg(x)] = ﬁ > ﬁ

on a set with positive density at the origin. Hereby we see that fog €
W4Y(B(0,1)) but D*f o g ¢ LP(B(0,1)) as 8p > 9.
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Remark 3.5. The optimal assumptions for the first order regularity of the
inverse f~! € W' usually contain some sort of the assumption about the
integrability of the distortion function (see e.g. [4,8] or [10, Chapter 6]).

One can ask if the bilipschitz assumption can be replaced by some condition
on the distortion. It is evident that only very restricted results could hold. For
example the radial stretching

T

flz) = —lz|*
|z
with non-zero o € R has bounded distortion, as does its inverse. Chose n,m € N
and put @« = m + 1. Although f € W™>(Q,R") it can be calculated that
|D™f=18 e LL (SY) only for

loc

n
m— (m+1)"1

b <

In the previous example we did not have f~! Lipschitz. Nevertheless the coun-
terexample in [7] is a homeomorphism with f~! Lipschitz and the distortion
function satisfies K € L()) so even given these assumptions we can barely
expect any a priori results without f bilipschitz.

4. The algebra of bilipschitz Sobolev mappings and its a
to smooth Riemannian manifolds

First let us show that bilipschitz Sobolev mappings form an algebra, i.e. they
are closed under composition, multiplication and inverse. We start with the
following lemma.

Lemma 4.1. Let Q,Q C R™ be open. Let g : Q — Q be such that
g € WIP(Q,R™) N Bilip,,. (Y, R") and let f € WrP(Q,R"). Then

loc loc

|D(D*'f(9))] € L,

loc

()
and

Day(Day v f(9(2))) = 3~ Diay 0 f(9(2)) (D 9())'

or more simply
D(D* f(g(x))) = D*f(g(x)) Dg(x).

Proof. The proof is similar to that of Lemma 3.3. Instead of the assumption
that f~! is bilipschitz, we use that ¢ is bilipschitz and the rest of the reasoning
is the same. O]
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Proof of Theorem 1.2. For m = 1 our result follows directly from Theorem 2.2
and the fact that g is bilipschitz. Now let m = 2 and use Lemma 4.1 to get that

D*fog=D?f(g)DgDg+ Df(g)D?g.

But |Df(g)| and |Dg| are both bounded almost everywhere and |D?f(g)| and
|D?g| are both in LP(Y'), therefore our claim holds.
Assume |DJf o g] € Li (%), for j < m — 1. By Lemma 4.1, Theorem 2.2

and Lemma 2.3 repeatedly, we get

ko
D"fogly)= > D*Fflaw) ][ P"9(w)

ke m ,x€Xk

for almost all y € €', given that the expression on the right is in L{ (Q'). This

loc
can be shown by the calculations corresponding to those in (12) to get that,

D™(fog) e LP(SY). O
Proof of Theorem 1.3. Let 1 < 7 < m — 1. We calculate using Theorem 2.6

similarly as we did in (12) that | D7 f|,|Dig| € L} (), where
1 -1
¢ pm—1)

Therefore using the Holder inequality we get that the product |D7fD™ g| €
L () where

loc
1 j—-1 m—j—-1 j—1 m-1-(G-1) 1

g pm—1)" pm—1) “pm—-1)"  pm-1)  p
Consider the two remaining cases gD™f and fD™g. These are both clearly in
L} (Q). Therefore we can derive fg m-times by the product rule and get that

loc

D™ (fg) € Lige(8)- O

It is possible to show that similar result holds also on C* compact n-
dimensional Riemannian manifolds.

Theorem 4.2. Let M and N be C*® compact n-dimensional connected Rieman-
nian manifolds. Let m € N, p € [1,00] and

f € W™P(M, N) N Bilipy, (M, N),

ue W™P(M,N)NnLip(M,N),

© e W™P(M, M) N Bilip,. (M, M) and
g,h € W™P(M,R) N Lip(M,R).

Then
f~te W™P(N, M),
uop e W™P(M,N) and
gh € W™P(M,R).
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It is necessary we clarify the meaning of W*?P(M, N) (see e.g. [6]). To begin
with we explain that W>°(M, N) = Lip(M, N) and W' (M, R) = Lip(M, R).
Let p be the induced metric of the compact Riemannian manifold M. Firstly,
notice that all v € Lip(M, R) satisfy the following Poincaré type inequality on
every ball B(z,7) C M and for every = € B,

ju(z) — ug| < f ju(z) — u(y)| < Lip, ]{3 o) < or Lip,

Notice however that conversely for any mapping u satisfying |u(zx) — ug| < cr
where the constant ¢ depends on w but not on B(z,7) C M, is in the class
Lip(M,R). Take any z such that =,y € B(z,3p(x,y)) (given p(z,y) < co) and
calculate

u(z) — u(y)| < Ju(z) —up| + Ju(y) — us| < cp(z,y).
Further it holds, if we have f : M — N, ¢ a map on N and x a map on M,
that
pofox e Wh(UR") < f € Lip(M,N),
where U is the open set where x ! is defined. This is because maps are in fact
bilipschitz mappings between the manifold and R".

Since we have no problems with continuity or in the spaces W?(M, N) we
may use the classical definition below. We will assume without loss of generality
that for our C*° compact n-dimensional Riemannian manifolds we have the
finite reference atlases {x1, x2, .-, Xx}, Xi : M — R™, and {¢1, da, ..., dx}, i :
N — R". Using a division of unity we can conclude that f € W*?(M, N) N
Wt (M, N) if and only if

g;jofox;' € WHP(U,R™) N W">(U;,R")
for all 1 < 4,5 < k, where U; is the open set where x; * is defined.

Proof of Theorem 4.2. Without loss of generality f(M) = N. Taking our ref-
erence atlases {x1,x2,---,Xx} on M, and {¢1,ds,...,¢r} on N and by using
Theorem 1.1 we obtain that

xio [ o ;! € Wik (Vi R™) N Wy (V. R"),

loc

where V; is the open set where ¢; ' is defined. Since our reference atlases are
finite we easily get that f=' € W*P(N, M) N Wh=(N, M). Following a similar
argument as above and calculating

gjouo pox; (r)=g¢joucy; oxiopox; (v)
for such x that the expression on the right is defined. Both ¢; o uo x; ! and
xi0pox; ' are W*P-maps where defined. Therefore their composition is also
a I/Vllf)f—map where defined according to Theorem 1.2. The compactness of M

again means that the integrability of u o ¢ is global. Apply a similar argument
to g and h using Theorem 1.3 to get the last result. [
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5. The implicit function theorem

In this section we prove a theorem analogous to the implicit mapping theo-
rem. Before stating it, let us define some sets. Let Q C R? x R™ be open and
u: ) — R™ Then we define

Q={reR:Iyc R":(2,9) € Qu(r,y) =2} and
QV={yeR":3rc R: (2,y) € Q}.

We will consider mappings which are bilipschitz “in the second variable”.
We include our definition here.

Definition 5.1. Let Q C R? x R” and u : Q — R™. The space Bilip},. (2, R™)
is the class of mappings u : Q@ — R™ such that for all (zg,v9) € Q, 79 € RY,
yo € R™, there exists some > 0 and Cy, Cy > 0 such that for all (z,y), (z,9') €
QN B((zo,v0),6) it holds that

Cily =y < |u(z,y) — u(z, )| < Coly — y/|.
Theorem 5.2. Let k,n,d € N,p € [1,00], let Q C R% x R" be open and

u € WieP (€, R™) N Lipy, (2, R™) N BilipE (2, R™).
Then for all z € u(Q), QF is open in R¢ and for all v € Ry, z € R™ such that
u(z,y) = z there exists a neighbourhood U, C QF of x and V,, C , of y and
exactly one mapping f, : Uy — V,, such that

w@y) =z f.() =y forall (2/y) € Uy, XV,

Further given such a triplet z,y,z we have that f, € W1*°(U,,R™) and for
almost all z € u(U,,V,) we have

f. € WkP(U,, R™).

Remark 5.3. We cannot expect that our hypothesis will guarantee W*? reg-
ularity for every value of z. This can be seen by considering the following
function,
1
w(z,y) =y + (2% + o> O‘sin(—)
(z,y) =y + (z° +y°) Ry

with a € (2,2) and (z,y) € R?\ {(0,0)} extended continuously at the origin.
Since u(x,y) —y is a radial mapping it is easy to calculate that the norm of the
derivative for j > 2 is

|(z, y) >

Diu(x, < (O—=
[Du@yl < Ol m
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for |(z,y)] > 0 and that reverse inequality with different C' holds on a a set
with positive density at the origin. Notice that u fulfills the hypothesis of The-
orem 5.2 with k=2 and any p< ﬁ The derivative of u has a singularity only
at the origin, which lies on the graph of the corresponding implicit function fj.

We want to prove that fo |fo/(s)| = oo and thus fy € W2, Set

Sm = \ T

and note that u(s,,,0) = 0 which implies that fo(s,;,) = 0. We have that

[ e |—c+hm2/ it r>herfosm - fyfol

The classical implicit function theorem gives that f|1) € C*(0,1) and allows
us to calculate

Dyu(sp,,0)

— (=1)"2 200—4+1
Dotu(sm,0) (=125

fé(sm) =

where we used sin (ﬁ) =1 and cos (ﬁ) = (—1)™. Now o < 2 implies

B 3o 1= Ao > € i 3 () ()
m=1

and therefore f ¢ W*1((0,1)). In fact we have f ¢ W>((—4,4)) for any § > 0.
We start by proving the following lemma.
Lemma 5.4. Let k,n,d € N, p € [1,00| and
u € WEP(R? x R™, R™) N Lip,,.(RY x R", R™)

Further let ri,7r9, L1 > 0, 29 € R%, 3y € R" be such that

lu(z,y) —u(z,y')| > Lily —y'|  for ally,y" € Brn(yo,72) (16)

and any x € Bga(xg,r1). Let z € u(:r;o,BRn (yo, T )) then there exists & > 0

and a mapping f, : Bra(zo,0) — Bgrn(yo,72) such that

u(z,y) =z < f.(x) =y for all x € Bra(zo,J).

Further f, € W1*°(Bga(z,0), R™) for all z € u(xo, Bgn <y07 Lm)) and

L
f» € W*P(Bga(z0,6),R™)  for almost all z € u (xo, Bgn (yO, 2}?))
2
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Proof. We have u € Lip,,.(R? x R", R") and therefore there exists some Ly > 0
such that

u(z, y) —u(@,y)| < La(lz — 2’| + |y — ¢/) (17)
for all 2, 2" € Bgn(xo,71), and all y,y’ € Bgrn(yo,r2). Put
roly
d = :
2L,

We define h : R? x R” — R4 x R” as follows

h(z,y) = (z,u(z,y)).
Evidently h € W"?(R? x R", R*"). We want to prove that

loc
h € Bilip(Bga (o, 71) X Bgn (yo,72), R*™).

It is evident that h is Lipschitz as its component mappings are Lipschitz. Con-
sider x, 2" € Bgn(z9,71), and y,y" € Bgn (Yo, 72), such that
—a
ly—y'| _ 2Lz
e — 2| = Iy

We have
\h(z,y) —h(z",y)| > |z —2'| > c(lv —2'[ + |y —¥'])

for some ¢ > 0. Now conversely take

o
ly =yl 2L
e —a!| = Ly

and by (16) and (17) we get

L1|y—yl|

b)) > Lily—y'| = Lol = ') > =12

> ol =2+ |y —y']).
for some ¢ > 0. Now we may denote Q' = h(Bga(xg,71), Brn (Yo, 72)). Clearly
is open. By Theorem 1.1 we get the regularity

At e WEP(Q, RT™) N Bilip(Q, RH™).

loc

Our goal is to define f,(z) = y. Let us firstly show that if such a y exists then it
is unique. The inequality (16) guarantees that if u(z,y) = u(z,y’) then y =7/
Therefore if h(z,y) = h(x,y’) then y = 3/, which implies that for any given
x € Bga(xg,m1) and z € u(x, Bra(yo,2)) there exists at most one y such that
u(z,y) = 2.

It now suffices to prove that for all z € R" such that z = u(z,y) for some

7 € Bgn <y0, T;f;) we have: for all x € Bga(xg,d) there exists a y € Bga(yo,72)
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such that z = u(z,y). Remember that 0 Ly = T22Ll and put zg = u(z, yo). Using

the fact that u is Lo-Lipschitz in the y variable and then the definition of § we
get u(xo, Bp» (yo, T;f;)) C Bgn (zo, L”“Z) = Bgn (20, L1 —0Ly). Now since u is

2
Ly-Lipschitz in the z variable and using (16), we get that for all z € Bga(x, )

that
BR"(Z(]a LlT’Q — (5[/2) C BRn((l’, y0)7 Ll’f‘g) C U(Z‘, BRn(y(), 7’2)).

Hence we can really find y € Bgn(yo,r2) such that u(x,y) = u(zg,yo). This
gives us the existence of a mapping f, defined for all © € Bga(xg,d). We show
that f, is Lipschitz (with the constant f—f) Consider two pairs (x,y) and (z',y')
such that u(x,y) = u(2’,y’) = z. By (16) and (17) we have

lu(z,y) —u(a',y)| < Lo|z — o
lu(z,y) —u(@',y)| = Ju(@’,y') — w2 y)| > Lily — ¢/|.

Thus
Loz — /|

@) = £ = Iy —of| < 222

2L,
f, e Whp (Bra(zg,0),R™). Here it suffices to use Theorem 2.8 and the ensuing

loc

It is now left to prove that for almost all z € u<$0, Bpn (yo, T2L1>> we have
comment on the mapping h~! and realize that the ACL condition implies that

L
W', z) € W5 (Bga(wo, 6), R*™)  for almost all 2 € U(ffo, Bgn (?/Oa r;L 1))
2

Take any such a point z and use the following notation for the coordinate
mappings in the given dimensions d and n, h™' = (h;', hy"'), then clearly
hy (-, 2) € WFP(Bga(xo,6), R"). But clearly for all 2 € Bga(x,d) it holds that

hy' (2, 2) = fo(x).

Thus we have f, € V[/lk’p(BRd(a?o, ), R™) for almost all z € U(.I'O,BRn(yO’rQLl)) . O

oc 2019

Proof of Theorem 5.2. We have u € Biliplzoc(Q, R™) and therefore for any fixed
(x,y) € Q we find ry, 7o > 0 for which we may apply Lemma 5.4 (note that our
proof does not require u defined outside of B(xg,r1) X B(yo,r2)). This means
that for any fixed z € u(f2) that Q¢ is open in R% It also implies the local
existence of a Lipschitz f, : U, — V, for all z,y, z and that for almost all z we
have f, € Wk?(U,,R™). O
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