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Existence of a Positive Solution to Kirchhoff
Problems Involving the Fractional Laplacian

Bin Ge and Chao Zhang

Abstract. The goal of this paper is to establish the existence of a positive solution
to the following fractional Kirchhoff-type problem

<1 + )\/RN (}(—A)%u(x)’2 + V(:n)u2> dx> [(—A)*u+V(2)u] = f(u) inRY,

where N > 2, A > 0 is a parameter, a € (0,1), (—A)® stands for the fractional
Laplacian, f € C(Ry,Ry). Using a variational method combined with suitable trun-
cation techniques, we obtain the existence of at least one positive solution without
compactness conditions.

Keywords. Fractional-Laplacian, Variational method, Cut-off function, Pohozaev
type identity
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1. Introduction

In this paper, we are concerned with the existence of positive solutions for a
class of fractional Kirchhoff-type problem

(1+)\ /R N(\<_A>%u<x)}2+\/(x)u2)dx) [(=A)u+V(z)u] = f(u) inRY, (P)

where N > 2, A\ > 0 is a parameter, a € (0,1), (—A)* stands for the fractional
Laplacian, f € C(Ry,R,). The fractional Laplacian (—A)® with a € (0,1) of
a function ¢ € S is defined by

F((=8)) ¢) (&) = [g**F()(€), Va € (0,1),
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where S denotes the Schwartz space of rapidly decreasing C*-functions in RY,
F is the Fourier transform, i.e.,

FO)§) = — [ e olain

(2m)

If ¢ is smooth enough, it can also be computed by the following singular integral:

¢(z) — oY) ,

(—A)%¢(x) = ena PV, y|N+2a

RN |7 —

Here P.V. is the principal value and cy, is a normalization constant.
The fractional Kirchhoff equation was first studied by Fiscella and Valdi-
noci [10]. If A = 0, then problem (P) becomes problem (P;) as follows:

(=A)%u+V(z)u=f(u) inRY, (Py)

which has been extensively studied in the past few years by many authors.
We just mention the earlier works by Autuori and Pucci [1], Chang [2], Chang
and Wang [3], Cheng [5], Dipierro, Palatucci and Valdinoci [6], Evéquoz and
Fall [8], Felmer, Quaas and Tan [9], Secchi [14], Shen and Gao [17], Shang and
Zhang [16] and the references therein. Here we just mention some results related
to our problems.

e For the case V = 1, the authors in [9] studied the existence of positive so-
lutions of (P;) when f has subcritical growth and satisfies the Ambrosetti-
Rabinowitz condition.

e For the case V = 0, Chang and Wang in [3] obtained the existence of
a positive ground state under the general Berestycki-Lions type assump-
tions.

e Moreover, for the general potential V' that is allowed to vary, ground states
were found by imposing a coercivity assumption on V, i.e.,

lim V(x) = +o0.

|z| =400

We refer the readers to [5,14] for details. Recently, when the potential V'
satisfies the following conditions H(V)(1) and H(V)(3), Chang in [2]
proved the existence of ground state solutions under the assumption that
f(u) is asymptotically linear with respect to w.

Inspired by the above-mentioned papers, we are concerned with the ex-
istence of positive solutions of (P). The novelties in this paper are mainly
two parts. First, we just assume that the nonlinear term f(u) is superlin-
ear with respect to u at infinity instead of the asymptotically linear condition
or Ambrosetti-Rabinowitz condition, which is completely different from those
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appeared in the literatures. To compensate the lack of compactness, we em-
ploy the Pohozaev Identity and a cut-off functional to obtain the boundedness
of Palais-Smale sequence. Second, it is worth mentioning that in the present
paper we consider the existence of non-radial positive solutions of (P). We have
to prove a new compact embedding theorem by virtue of some assumptions
imposed on the potential V.

Throughout this paper, we assume the following conditions which are con-
siderably weaker than the ones in the previous works:

H(V): (1) Ve C(RYRY), V; := inf cpn V(z) > 0;
@) (TV(@).2) € LE®Y) and [(VV(2).2)], 5 oo,
is the best Sobolev constant of the embedding H*(RY) — L% (RN),

“A) % ul?da
fRN |(|u|§):z i ) (See [4])7

(3) There exists r > 0 such that for any b > 0

< 2aS,, where S,

ie., So =inf, ¢ pagw)

lim p({z € RY : V(z) <b}N B.(y)) =0,

ly|—o0

where y is the Lebesgue measure on RY.

H(f): (1) f: R, — R, is of class C*7 for some v > max{0,1 — 2a};
2) |f(w)| < C(Ju| + |u[P™) for all w € Ry = [0,4+00) and p € (2,2%),
where 28 = 22X for N > 2;

N -2«
(3) limy, o @ =0;
(4) lim, o 1 = 0,

Next, we state our main result.

Theorem 1.1. Assume that H(V) and H(f) hold. Then there ezists Ay > 0
such that for any A € [0, \o), problem (P) has at least one positive solution.

The rest of this paper is organized as follows. In Section 2, we state and
prove some preliminary results that will be used later. We will finish the proof
of our main result (Theorem 1.1) in Section 3.

2. Preliminary
In this section we recall some results on Sobolev spaces of fractional order. A

very complete introduction to fractional Sobolev spaces can be found in [7].
Consider the fractional order Sobolev space

HQRN: LQRN: 2,02 A2d
®") = {ue LR [ (i + i) < oo,
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where 4 = F(u). The norm is defined by

ol = ([ (a2 + )ac )

~ The homogeneous fractional Sobolev space D*?(RY), also denoted by
H*(RY), is defined as the completion of C§°(RY) with respect to the norm

[ull oy = (/RN |§|2aa2d§>2 = (/RN |(—A)3u(x)|2dx)2.

In this paper we consider its subspace:

E= {u € H*(RY) : /RN V(x)u’dr < +oo}

with the norm

lulle = [ 1) upPds+ [ vienta)

Lemma 2.1. ([9, Lemma 2.1]) H*(RY) continuously embedded into LP(RY) for
p € [2,2%], and compactly embedded into L (RYN) forp € [2,2%).

loc

Using the above lemma, we can obtain the following result.

Theorem 2.2. Assume that H(V)(1) and H(V)(3) hold. Then

(i) we have a compact embedding E — L*(R");
(ii) for any p € (2,2%), we have a compact embedding E — LP(RN).

Proof. (i) Assume u,, — 0 in F, and ||u,||g < ¢;. We need to show u,, — 0 in
L*(RY). By Lemma 2.1, we have u,, — 0 in L% _(RY). It suffices to show that
for every £ > 0, there exists R > 0 such that

/ lu,|*dz < e forallm=1,2,...,
By

where Bg = {z € RY : |z| < R}, B§ = {x e RV : |2| > R}.
Firstly, choose {y;} C R" such that RY C |J;2, B-(y;) and each z € R is
covered by at most 2V such balls. So

/|un|2dx§ Z / |, |2 da
By

lyi|>R—r T (yi)

= Z [/ |un|2dx—i—/ |un|2dx1,
lys|>R—r By (yi)n{zeRN:V (z)>b} Ap(yi)
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where Ay(y;) = B, (y;) N {x € RY : V(x) < b}.
On the one hand,

1

/ up [2da < -/ V() un|2dz,
By () {2 RNV (2) 55} b /B,

where B,.(y) = {z € RV : |z —y| < r}.
On the other hand, since the Sobolev embedding £ < H*(RY) — L2 (R")
is continuous, there exists a constant ¢, > 0 such that

[unl2: < collun|le < cres.
(e

Applying Holder’s inequality, we get

2a
N g
/ |u, [P dx < (/ ]un|N2N2adx> </ 121de:1;)
Ap (i) Ap(yi) Ap(yi)

< (/ ]un|N22adx> sup [M(Ab(yi))]w-
Ap(ys)

lys|>R—r
Hence,
|, |*da
By
1 , v N;VQa %
< ) b V(z)|un|"dz + |up |20 do sup  [p(Ap(y:))]
|yz‘2R_7’ Br(yz) Ab(yz) \?MZR*T
N—2a
N 9 N 2N N %a
< o V(@)|un|*dz + | 2 |up | V=22 da sup  [1(A(yi))]
BIC?,—ZT 103—27" |yi‘2R_T
N—2«a
2N 2 N-2a 2N N 2
< 5 | V@)|unl*de +2 || ¥=23 dae sup  [p(A(y))]
RN RN ly|>R—r
N a 20
<5 (I(=2) 2 un* + V() |un]?) dx + 282w [5. sup  [p(A(y))] ™
RN ly|>R—r
< ﬂ 2 | oN-2a2 2 A ¥
< == lluallz + llunlll sup  [p(Ap(y))]
ly|>R—r
< ﬁ 2 | 9N—20a 2.2 A E
<Sd+2dd s [u4w)] ¥
ly|>R—r

Now, choose b > 0 such that

2N
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2a

For such a fixed b > 0, since supj, >z, [1(As(y))] ¥ — 0, as R — +o0, there
exists R > 0 large enough such that

20 5
sup [M(Ab(y))} V< m (2)

ly|>R—r
/ |un|2dm <e,
B

c
R

It follows from (1) and (2) that

from which conclusion (i) of the lemma follows.

(ii) To prove the lemma for general exponent p € (2,2), we use an in-
terpolation argument. Let w, — 0 in E, we have just proved that u, — 0
in L2(RY).

Moreover, since the embedding £ — L2 (RY) is continuous and {u,} is
bounded in E, we also have sup,, [5v |up|**dz < +o00.

Since 2 < p < 2%, there exists A € (0, 1) such that % =3+ 12—2/\_ Then we
have

9 o
S:—>1 and t:—a
pA p(1—=2X)

Using Holder’s inequality, we deduce that

> 1.

2 2
S

|un [Pdz = [t = |un| * doe < Hun s s‘|un| ¢ ‘t = |upls |un, or — 0,
RN RN

as n — +oo. This implies u,, — 0 in LP(RY), and the proof of conclusion (ii) is
completed. O

Next, we state the following version of Pohozaev identity, which will be
used to obtain the boundedness of ||u,||g. Similar results can be found in
[3,7,13,15]. Its proof is a mixture of many ingredients that are scattered
through the literature. We refer the readers to [15, Proposition 4.1] (see also
[3, Proposition 4.1] for the case that V' (z) = 0) for the details.

Lemma 2.3. Let N > 2. Assume that H(f)(1) and H(f)(2) hold. If u € E 1is
a weak solution (P), then the following Pohozaev type identity holds:

N_zo‘/ \<_A)%u\2dx+ﬂ/ V(x)\u|2dx+1/ (VV(2), 2 u(z) 2da
2 RN 2 RN 2 RN

=N F(u(x))dx.
RN
Remark 2.4. We would like to mention that the regularity condition H(f)(1)
is necessary to prove the Pohozaev identity. The smoothness of f will only be
used here.
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In order to discuss the problem (P), we need to define a functional in E:

1 A
ertw) = 5llaly + Jlells = [ Fluo)ds, vue B,

Then we have from H(f)(1) and H(f)(2) that ¢ is well defined on F and is
of C* for all A > 0, and

{h(w), v)
=1+ )\HuHQE)/RN((—A)gu(—A)gv + V(x)uv) dr — RNf(u)vd:E, Vu,v€EE.

It is standard to verify that the weak solutions of (P) correspond to the critical
points of the functional ¢.

To overcome the difficulty of finding bounded Palais-Smale (PS)-sequences
for the associated functional @), following [12], we use a cut-off function
n € C*(R,) satisfying

n(t) =1, tel01],

0<n(t) <1, te(l,2), (3)
n(t) =0, tel2,+00),
nles <2,

and study the following modified functional p}! : E — R defined by

1 A
AW = Sl + Tl = [ Flu@)ds, VueF,

2
llullz

where for every M > 0, hy(u) = 7]<W> With this penalization, for M > 0
sufficiently large and for A sufficiently small, we are able to find a critical point
u of 3! such that |lul|p < M and so u is also a critical point of ¢,.

Next we recall a monotonicity method due to Struwe [18] and Jeanjean [11],
which will be used in our proof. The version here is from [11].

Theorem 2.5. Let (X, | -||) be a Banach space and I C Ry an interval. Con-
sider the family of C'-functionals on X

puu) = Alu) = pB(u), pel,
with B nonnegative and either A(u) — 0o or B(u) — 0o as ||u|| — oo and such
that ¢, (0) = 0.
For any p € I we set T, = {y € C([0,1], X) : v(0) = 0,¢,(v(1)) < 0}. If
for every p € I, the set T, is nonempty and

— inf ) > 0
Cu ;gngél[%sou(v( )) >0,

then for almost every p € I there is a sequence {u,} C X such that
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(1) {u,} is bounded;
(2) @u(un) = ¢, as n — oo;
(3) ¢, (un) = 0 as n — oo, in the dual space X' of X.

In our case, X = F,

1 A
A(u) = S llullp + Fha(@)lullp and - B(u) = /RN F(u)dz.

So the perturbed functional which we study is
1 A
L) = 3lhall + Jhaslally —n [ Fluo)ds, vue B,

and
(3L (w),v)

= (e anarttul + g (W2 i) [ ((-)tuc-a)
B o2\ M2 E) Jan
—p | fluwvdr, Yu,veE.
RN

(1)

v—i—V(a:)uv) dx

3. Some lemmas and proof of main result

In this section, to overcome the lack of compactness, we need to consider the
functional go%u in the functions space E. We shall prove that gp%t satisfies the
conditions of Theorem 2.2 in the next several lemmas.

Lemma 3.1. Let T, be the set of paths defined in Theorem 2.2. Then T, # ()
for any p € I =16,1], where 6 € (0,1) is a positive constant.

Proof. We choose & € C°(RY) with [[£]|z = 1 and supé C B,(0) for some
r > 0. From H(f)(4), we know that for any c¢; > 0 with ¢30 fBT(O) Edr > 3,
there exists ¢, > 0 such that

F(u) > csful* —cs, u€R,. (4)

Then for 2 > 2M? we have

A
o) = SleEl + ShasC)leells — e [ Flegyao
RN
2 by 2 2
— % -+ Zn(—t ]|5|2’E)t4 — ,u/RN F(tn)dx

2

t
< —=-— 503252/ n*dx + c4| B.(0)|
2 +(0)

1
= ¢2 (5 — (503/ 772(1.17) + C4’Br(0)|
r(0)
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Therefore, we can choose t > 0 large such that go%ﬂ(tf') < 0. The proof is
completed. O

Lemma 3.2. Let ¢, be the set of paths defined in Theorem 2.2. Then there
exists a constant ¢ > 0 such that ¢, > ¢ for p € [0, 1].

Proof. By H(f)(2) and H(f)(3), for any ¢ € (0, 1), there exists ¢. > 0 such that
Vi
Fw)] < SPul +colul’, ue R, (5)

Furthermore, by Lemma 2.1, we have E — LP(RY) is continuous. Then
there exists ¢; > 0 such that |u|, < ¢s||u||g. Hence, for any v € E and p € [6, 1],
using (5) it follows that

1 A
oM 0) = lulfs + Jhartte)ully ~ e | Plujda

1 .
1 Vi
> gl = [ (PP +eful)do
RN
1 2 € 2
> Y-S [ vl —c. [ Jupde
2 2 RN RN
1 o
z4m@—5/ mﬂmWF+wwwﬂm—%/“wwx
2 2 RN ]RN
1

> Ml = colul?

1
> 7 llulls = c-cEllull,
which implies that there exists p > 0 such that ¢3! (u) > 0 for every u € E
and |lul|z € (0, p]. In particular, for |lullz = p, we have !, (u) > > 0. Fix
p € [0,1] and v € T,. By the definition of 7, we can see that ||y(1)||lg > p.
By continuity, we deduce that there exists ¢, € (0,1) such that ||y(¢,)||z = p.
Thus, for any p € [4, 1],

6wz inf pll,(0(t) 2 2 >0

Therefore, we complete the proof. n

Next we prove that the functional cp%t can achieve the critical value at ¢,
for any p € [0, 1].
Lemma 3.3. For any p € [6,1] and AM? < &, each bounded (PS)-sequence of
the functional (pf‘\fﬂ admits a convergent subsequence.
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Proof. Let p € [6,1]. Suppose that {u,} C E is a (PS)-sequence for ", that
is, {un} and @}’ (uy) are bounded, (p3’,)'(u,) — 0 in E’, where E' is the dual
space of E/. Then there exists u € E such that u, — u in E. Thus, Theorem 2.1
implies that

u, —u in L/(RY) and wu, — u a.e. in RY.

By virtue of hypothesis H(f)(2) and H(f)(3), for any € € (0, min{, 22}), there
exists ¢, > 0 such that

F@)] < el + elu™, ueR,. (6)

So it follows from (6) that

- f(un)(u, — u)dx

< [ 1), = ulds

§/ (ltn] + coltn [P |ty — uldx
RN

S 5|un|2|un - u|2 + Ca“unlp_l

p/|un _U|P

< elupla|un — ulz + C€|un|£71’un — ulp

< ecslunll il — ula + cod futall ot —

which implies that [,y f(un)(uy, —w)dz — 0 as n — co. Thus
(D3 (un), tn — )
A [[un I}
_ 2 ! E 4
= (1 Mty + gy (Ve )l
x / ((—A)%un(—A)%(un — ) + V(@) (un — u))dz
RN

- A fup)(u, — u)dx
RN
Al
2 / E 4
= (1 st + 53 (L5 )

X /R ) ((—A)

R

U (—A)2 (U, — 1) + V(@) (uy — u))dm +o(1)

and
Al
(1 Mstulonl + gz (2 )

% /R ) <(—A)

nR

Up (—A) 2 (ty, — 1) + V() (uy — u))dm — 0, asn— oo,
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Note that ’(H“nIIE) Nl |4 ‘ < 8M* and AM? < %. Therefore we conclude
that ||u,||% — ||u|%. This together with u,, — v in F shows that u, — u in E.

The proof is completed. O

Now we are in the position to show that the modified functional 90%# has a
nontrivial critical point.

Lemma 3.4. Assume AM? < §. Then for almost every p € [0, 1], there exists
u, € E\{0} such that (o3",)) (Uu) =0 and 3", (u,) = cp.

Proof. By virtue of Theorem 2.2, for almost every p € [d, 1], there exists a
bounded sequence {u};} C F such that

pr\wH(UZ) — ¢, and (@ﬁﬂ)'(uﬁ) —0 asn — .

According to Lemma 3.3, we may assume that there exists u, € £ such that
up — u, in E. Then it follows that ¢}’ (u,) = ¢, and (¢}!,)'(v,) = 0 and
u,, # 0 from Lemma 3.2. O

From Lemma 3.4 we know that there exist a sequence u, € [0,1] with
i, — 17 and an associated sequence {u,} C E such that

P () = €, and (o3l ) () = 0. (7)

Next, we will show that the sequence {u,} is bounded, which is a key
ingredient in this paper.

Lemma 3.5. Let u, be a critical point of ¢)', ~at the level ¢, as defined m (7).
Then for M > 0 sufficiently large, there exists Ao = X\o(M) with \gM? < % such
that for any A € [0, \o), we have ||u,||g < M for all n.

Proof. We argue by contradiction. Firstly, if we set

1 Moag () anl 1 + 3 (L5 ) a3

g(un) =

then from Lemma 2.2 and (7), we infer that u,, satisfies the following Pohozaev
identity

N-2 o 1
* [ Pt 5 [ ViPds g [ (V@)
. 2 Jan

(8)
= u,N | G(u,)dx

RN

where G(t f 09
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Recall that ¢}’ (u,) = c,,. So we have

N AN

Sl + 2 s fually = N [ Flun)do =, N,
2 4 RN

Then from (8), (9) and hypothesis H(f)(2), it follows that

a/ [(—=A) 2 u,|*dz
RN
N o 1 2
Nl 5 [ OVl N [ G
RN RN
N 1
el 5 [ (V@)oo
2 2 RN
uanRNF Uy, )dx

o Mg () a3 + s (V5 ) a1

N 1
el 5 [ V(@) 0l o
RN

ConN = ¥l = 25 s () 1
1+ Mg () % + g2 (S )
—3 /RN<VV(x),x>|un|2dx
Coun N + 28 s () 1% + 25 (L5755 )
L+ Mg () % + g2 (S5 ) a3

1
§§|<VV(I),SL’

+

)25 o ol
Con N + 2 g () 1% + 2 (L8 )
2 (Hun”E)HunH4
<5 V@l g g, [ I(-8) b
G N + A ) a3 + 2557 (L5 ) e
L+ Mg () %+ g (S8 ) 3

Set My =« — ﬁ](VV(a:),x

_|_

L Mg (un) [|un I +

+

>|L%(RN)' Then

o N+ 22 )l 2057 ()

(~2)3u,Pde<
N

1 Mg () 1+ 53 (L5 ) a3

(10)
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We estimate the right hand side of (10). By the min-max definition of the
mountain pass level ¢,,, Lemma 3.1 and (4), we have

Cp, < MaAX oL (tn)

< r F(tn)d +A <t2>t4
smaxy o = | (tn)dz o + - maxn( 55

1
Sm?X{t2(§—(5CS/ 772d$> +C4‘BT(O)|} +AM?
»(0)

< 4| B (0)] + AM™.

(11)

On the other hand, from (3), we infer that

AN
2 () [ < AN,

(12)

AN lwlly 4
4M277'( 2 )HunHE < AANM*,
Using (11) and (12) in (10), we obtain

Cp N + A M2+ 4ANM*
1—4AM?

MO/ (—A)3u,Pde <
RN

Note that E € H*(RN) and the embedding H*(RY) < L% (RY) is contin-
uous. Then we have

1 o
|u gg < — (—A)2u|*dw, VYuc€E,

Su Jan

where S, is the best Sobolev constant of the embedding H*(RY) «— L% (RN),

JeN |(—A)7U|2d~’07 (see [4]>

i.e., S =inf, ¢ pragm) i,
«@

Recall from (7)

A A2

ol ) 1unll =N o )undz. (13
st (V) bl B = |y 13)
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Using (6) in (13), we obtain

1 A [[un I
Sllunllz < (1 + Mo (un) [l + 5357 ( vz ) 1wl ) lluall
gN/ (Elun]2+cslun|p>dyc
RN
v .
<N (5 (z) |un|? + cglunlza) dx
rv \ Vo
Ne a2 2 2
< [ (1A + V@) ) dr + N [ JuEda
‘/0 RN RN
N
NE 1 o N—2a
<Tolwl N |5 [ aiupal
which implies that
_ _N
1 Ne 1 N e
(5 - 70) [un|| % <c.N S Jox [(=A)2u,|*dx
: _N
con| L CuN+ M2 + A M| Y
=< 5 My 1 — AAM?
: wie
2 AN -
< 4 MV 9 4
<c.N S <c4|Br(0)| + AM* + 5 M= +4\M )]

We suppose by contradiction that there

exists no subsequence of {u,}>

which is uniformly bounded by M. Then we can assume that ||u,|z > M,

n € N. This means that
M < |un| e

2
Sa My

AN
<C4|Br(0)| + AM* + T

2
Sa My

AN
<C4|Br(0>| + /\M4 + T

which is not true for M large and AM* < £.
the conclusion.

Finally, we are ready to prove our main

2Vo

M? + 4\M* —
* ) (Vo — 2Ne)

W
(Vo — 2Ne)’

M*+ 4)\M4>

1

VS we obtain

]

So by setting A\g <

theorem.

Proof of Theorem 1.1. Let M, Ay be defined as in Lemma 3.5. Let u, be a
critical point for gp%m at the level ¢,,. Then from Lemma 3.5 we may assume

that ||u,||z < cs.
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Note that i, — 1, we can show that {u,} is a (PS)-sequence of ¢,. Indeed,
the boundedness of {u,} implies that {¢,(u,)} is bounded. Also

(A (un), v) = {(92y,) (1), ) + (i — 1) flun)vdz, Vv € E.
R
Hence, ¢ (u,) — 0, and consequently {u,} is a bounded (PS)-sequence of y,.
By Lemma 3.3, {u,} has a convergent subsequence, hence without loss of gen-
erality we may assume that w, — wu. Therefore, ¢)\(u) = 0. By virtue of
Lemma 3.2, we have
ox(u) = lim py(u,) = lim Y (u,) > >0,
n—00 n—00 mn

and u is a positive solution by the condition H(f)(1). The proof is comple-
ted. O
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