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Positive Solutions for Nonlinear
Nonhomogeneous Robin Problems

Leszek Gasiński, Donal O’Regan and Nikolaos S. Papageorgiou

Abstract. We consider a nonlinear, nonhomogeneous Robin problem with a Cara-
théodory reaction which satisfies certain general growth conditions near 0+ and
near +∞. We show the existence and regularity of positive solutions, the existence
of a smallest positive solution and under an additional condition on the reaction, we
show the uniqueness of the positive solutions. We then show that our setting incor-
porates certain parametric Robin equations of interest such as nonlinear equidiffusive
logistic equations.
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1. Introduction

Let Ω ⊆ RN be a bounded domain with a C2-boundary ∂Ω. In this paper we
study the following nonlinear Robin problem:

−div a(∇u(z)) = f(z, u(z)) in Ω,

∂u

∂na
+ β(z)|u|p−2u = 0 on ∂Ω.
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In this problem a : RN −→ RN is a strictly monotone, continuous function
satisfying certain other regularity and growth conditions which are listed in
hypotheses H(a).

These conditions are general enough and include as special cases various
differential operators of interest, such as the p-Laplacian. In the boundary
condition ∂u

∂na
denotes the conormal derivative a(|∇u|)∂u

∂n
with n(z) being the

outward unit normal at z ∈ ∂Ω. The reaction f(z, ζ) is a Carathéodory function
(i.e., for all ζ ∈ R, the function z 7−→ f(z, ζ) is measurable and for almost all
z ∈ Ω, the function ζ 7−→ f(z, ζ) is continuous), which exhibits general growth
conditions near +∞ and near 0+, related to the spectrum of the negative p-
Laplacian with Robin boundary condition (denoted by −∆R

p ).

These growth conditions incorporate in our setting various parametric prob-
lems of interest, such as p-logistic equations with equidiffusive reaction. Re-
cently, a particular class of such parametric equations driven by the Robin p-
Laplacian, were studied by Papageorgiou-Rădulescu [22], who for all large values
of the parameter produced results providing precise sign information for all the
solutions. Here we focus on positive solutions and derive conditions for the
existence and uniqueness of such solutions. For other problems with nonhomo-
geneous operators generalizing p-Laplacian we refer to Gasiński-Papageorgiou
[10,14] (problems with Dirichlet boundary condition) and Gasiński [8,9] (prob-
lems with periodic boundary condition).

We should also mention the recent works of Autuori-Pucci-Varga [2], Cola-
suonno-Pucci-Varga [4], Filippucci-Pucci-Rădulescu [7] and Perera-Pucci-Varga
[23]. In [4] the authors consider parametric equations (eigenvalue problems) on
a bounded domain and employ Dirichlet or Robin boundary condition. The
differential operator is nonhomogeneous and z-dependent. They establish ex-
istence and multiplicity of nontrivial solutions (not necessarily positive) valid
for certain values of the parameter λ. Their approach uses an abstract result of
Ricceri.

In [2, 7, 23] the domain is unbounded (in [7] it as an exterior domain) and
they use Robin boundary conditions (nonhomogeneous in [23]). We mention
that in [7,23] the differential operator is a weighted p-Laplacian plus a potential
term and so it is coercive. In all three papers the authors establish existence
of nontrivial solutions. Positive solutions are obtained in [7] for large values
of the parameter (see [7, Theorem 1.1]). Therefore their result is in a sense
complementary to Propositions 4.6 and 4.7 of this paper (of course as it was
mentioned, in [7] the set Ω is unbounded and exterior domain). We point out
that here the critical parameter λ∗ is precisely identified.

In general we can say that in [2,4,7], the differential operator is more general
at the expense of adding a potential term in order to have coercivity (see [7])
and the weak solutions they obtain are less regular and without sign information
(except for [7]).
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2. Preliminaries

In the analysis of problem (1), in addition to the Sobolev space W 1,p(Ω), we will
use the ordered Banach space C1(Ω). The order cone of this space is given by

C+ =
{
u ∈ C1(Ω) : u(z) > 0 for all z ∈ Ω

}
.

This cone has nonempty interior, given by

intC+ =
{
u ∈ C+ : u(z) > 0 for all z ∈ Ω

}
.

On ∂Ω we consider the (N−1)-dimensional surface (Hausdorff) measure σ(·).
Then we can define the Lebesgue spaces Ls(∂Ω) with 1 6 s 6 +∞. We know
that there exists a unique continuous linear map γ0 : W 1,p(Ω) −→ Lp(∂Ω) such
that

γ0(u) = u
∣∣
∂Ω
∀u ∈ C1(Ω).

This map is known as the trace map. We have that im γ0 = W
1
p′ ,p(∂Ω) and

ker γ0 = W 1,p
0 (Ω). In what follows, for the sake of notational simplicity, we drop

the use of γ0 in order to denote the restriction of a Sobolev function on ∂Ω. All
such restrictions are understood in the sense of traces.

In what follows by ‖ · ‖ we denote the norm of W 1,p(Ω), defined by

‖u‖ =
(
‖u‖pp + ‖∇u‖pp

) 1
p ∀u ∈ W 1,p(Ω).

To distinguish, by | · | we denote the norm of RN . Given ζ ∈ R, we define
ζ± = max{±ζ, 0} and then for u ∈ W 1,p(Ω), we set u±(·) = u(·)±. We know
that

u± ∈ W 1,p(Ω), u = u+ − u−, |u| = u+ + u−.

Finally, by | · |N we denote the Lebesgue measure on RN .
Let ∆p denote the p-Laplace differential operator defined by

∆pu = div
(
|∇u|p−2∇u

)
∀u ∈ W 1,p(Ω).

We consider the following nonlinear eigenvalue problem
−∆pu(z) = λ̂|u(z)|p−2u(z) in Ω,

∂u

∂np
+ β(z)|u|p−2u = 0 on ∂Ω

(2)

where 1 < p < +∞. Here ∂u
∂np

= |∇u|p−2 ∂u
∂n

. We say that λ̂ ∈ R is an eigenvalue

of −∆R
p , if problem (2) admits a nontrivial solution. Throughout this work our

hypotheses on the boundary weight function β are the following
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H(β): β ∈ C0,τ (∂Ω) with 0 < τ < 1, β(z) > 0 for all z ∈ ∂Ω.

Eigenvalue problem (2) was studied by Lê [17] (with β(z) = β > 0) and
by Papageorgiou-Rădulescu [22]. We know that there exists a smallest eigen-

value λ̂1(p, β) > 0 which is simple, isolated and admits the following variational
characterization

λ̂1(p, β) = inf

{‖∇u‖pp +
∫
∂Ω
β(z)|u|p dσ

‖u‖pp
: u ∈ W 1,p(Ω), u 6= 0

}
. (3)

The infimum in (3) is realized on the one-dimensional eigenspace correspond-

ing to the eigenvalue λ̂1(p, β) > 0. It is clear from (3) that the elements of
this eigenspace do not change sign. In what follows by û1(p, β) ∈ W 1,p(Ω)
we denote the positive, Lp-normalized (that is, ‖û1(p, β)‖p = 1) eigenfunction

corresponding to λ̂1(p, β) > 0. From nonlinear regularity theory and the non-
linear maximum principle (see Lieberman [19] and Pucci-Serrin [24]), we have
û1(p, β) ∈ intC+. For the higher parts of the spectrum of −∆R

p , we refer to
Lê [17] and Papageorgiou-Rădulescu [22].

As a consequence of the above properties, we have the following result.

Lemma 2.1. If ϑ∈L∞(Ω)+, ϑ(z)6 λ̂1(p, β) for almost all z∈Ω, ϑ 6≡ λ̂1(p, β),
then there exists ξ0 > 0 such that

σ0(u) = ‖∇u‖pp +

∫
∂Ω

β(z)|u|p dσ −
∫

Ω

ϑ(z)|u|p dz > ξ0‖u‖p ∀u ∈ W 1,p(Ω).

Proof. It is clear from (3) and the hypothesis on ϑ, that σ0 > 0. Arguing by
contradiction, suppose that the result of the lemma is not true. Then exploiting
the p-homogeneity of σ, we can find a sequence {un}n>1 ⊆ W 1,p(Ω) such that

‖un‖ = 1 ∀n > 1, and σ0(un) −→ 0+. (4)

By passing to a suitable subsequence if necessary, we may assume that

un −→ u weakly in W 1,p(Ω),

un −→ u in Lp(Ω) and Lp(∂Ω)

(by the Sobolev embedding theorem). Then σ0(u) 6 0, hence

‖∇u‖pp +

∫
∂Ω

β(z)|u|p dσ 6
∫

Ω

ϑ(z)|u|p dz 6 λ̂1(p, β)‖u‖pp, (5)

so u = ξû1(p, β) for some ξ ∈ R (see (3)).
If ξ = 0, then u = 0 and so un −→ 0 in W 1,p(Ω), contradicting (4). If ξ 6= 0,

then from (5) and since û(p, β) ∈ intC+, we have

‖∇u‖pp +

∫
∂Ω

β(z)|u|p dσ < λ̂1(p, β)‖û1‖pp = λ̂1(p, β),

which contradicts (3). This proves the lemma.
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Now, we will introduce our conditions on the map a involved in the definition
of the differential operator. So, let κ ∈ C1(0,∞), with κ(t) > 0 for all t > 0
and

0 < ĉ 6
tκ′(t)

κ(t)
6 c0 ∀t > 0 (6)

and
c1t

p−1 6 κ(t) 6 c2(1 + tp−1) ∀t > 0 (7)

for some ĉ, c0, c1, c2 > 0.
Using κ we can introduce our hypotheses on the map a which are the fol-

lowing.

H(a): a(y) = a0(|y|)y for all y ∈ RN , with a0(t) > 0 for all t > 0 and

(i) a0∈C1(0,+∞), the function t 7−→ ta0(t) is strictly increasing on (0,+∞),
ta0(t) −→ 0+ as t↘ 0 and

lim
t↘0

ta′0(t)

a0(t)
> −1;

(ii) there exists c3 > 0, such that

|∇a(y)| 6 c3
κ(|y|)
|y|

∀y ∈ RN \ {0};

(iii) we have (
∇a(y)ξ, ξ

)
RN >

κ(|y|)
|y|
|ξ|2 ∀y ∈ RN \ {0}, ξ ∈ RN ;

(iv) if

G0(t) =

∫ t

0

sa0(s) ds ∀t > 0,

then there exists q ∈ (1, p] such that the function t 7−→ G0(t
1
q ) is convex

on (0,+∞) and

lim
t↘0

qG0(t)

tq
= c̃ > 0.

Remark 2.2. These conditions on the map a are designed to fit the regular-
ity results of Lieberman [20, p. 320] and the nonlinear maximum principle of
Pucci-Serrin [24, pp. 111, 120]. We have adopted exactly the conditions im-
posed on a(·) by Lieberman [20] and Pucci-Serrin [24] in order to facilitate our
calculations and be consistent with the above two references. Of course we
could have set a(y) = k(|y|)y

|y| for y ∈ RN and proceed with this map.
It is clear that the primitive G0 is strictly convex and strictly increasing.

We set
G(y) = G0(|y|) ∀y ∈ RN
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and we have that G is convex and G(0) = 0. Moreover

∇G(y) = G′0(|y|) y
|y|

= a0(|y|)y = a(y) ∀y ∈ RN \ {0}, ∇G(0) = 0.

Therefore G is the primitive of a. Since G is convex and G(0) = 0, we have

G(y) 6 (a(y), y)RN ∀y ∈ RN . (8)

Using hypotheses H(a) above and (6), (7), we obtain the following lemma
summarizing the property of a.

Lemma 2.3. If hypotheses H(a)(i)–(iii) hold, then

(a) the function y 7−→ a(y) is continuous and strictly monotone, hence max-
imal monotone too;

(b) there exists c4 > 0 such that |a(y)| 6 c4(1 + |y|p−1) for all y ∈ RN ;

(c) (a(y), y)RN > c1
p−1
|y|p for all y ∈ RN .

This lemma together with (8), lead to the following growth estimate for the
primitive G.

Corollary 2.4. If hypotheses H(a)(i)–(iii) hold, then there exists c5 > 0 such
that

c1

p(p− 1)
|y|p 6 G(y) 6 c5(1 + |y|p) ∀y ∈ RN .

Example 2.5. The following maps satisfy hypotheses H(a):

(a) a(y) = |y|p−2y with 1 < p < +∞; This map corresponds to the p-Laplace
differential operator ∆p;

(b) a(y) = |y|p−2y + |y|q−2y with 1 < q < p < +∞. This map corresponds to
the (p, q)-Laplacian

∆pu+ ∆qu ∀u ∈ W 1,p(Ω).

Such operators arise in many physical applications (see Gasiński-O’Regan-
Papageorgiou [16] and Gasiński-Papageorgiou [15] and references therein).

(c) a(y) = (1 + |y|2)
p−2
p y with 1 < p < +∞. This map corresponds to the

generalized p-mean curvature differential operator

div
(
(1 + |∇u|2)

p−2
p ∇u

)
∀u ∈ W 1,p(Ω).

(d) a(y) = |y|p−2y + |y|p−2y
1+|y|p with 1 < p < +∞.

We introduce the operator A : W 1,p(Ω) −→ W 1,p(Ω)∗ defined by

〈A(u), y〉 =

∫
Ω

(a(∇u),∇y)RNdz ∀u, y ∈ W 1,p(Ω). (9)

Here and in the sequel, by 〈·, ·〉 we denote the duality brackets for the pair
(W 1,p(Ω)∗,W 1,p(Ω)). From Gasiński-Papageorgiou [12], we have
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Proposition 2.6. If A : W 1,p(Ω) −→ W 1,p(Ω)∗ is the nonlinear map defined
by (9), then A is bounded (i.e., maps bounded sets into bounded ones), con-
tinuous, monotone (hence maximal monotone too) and of type (S)+ (i.e., if
un −→ u weakly in W 1,p(Ω) and lim supn→+∞〈A(un), un−u〉 6 0, then un −→ u
in W 1,p(Ω)).

3. Existence and uniqueness of positive solutions

In this section we examine the existence and uniqueness of positive solutions
for problem (1). We introduce the following hypotheses on the reaction f :

H(f): f : Ω × R −→ R is a Carathéodory function, such that f(z, 0) = 0 for
almost all z ∈ Ω and

(i) there exist a function a ∈ L∞(Ω)+ and r ∈ (p, p∗), where

p∗ =


Np

N − p
if p < N,

+∞ if N 6 p

such that

|f(z, ζ)| 6 a(z)(1 + ζr−1) for almost all z ∈ Ω, all ζ > 0;

(ii) there exists a function ϑ ∈ L∞(Ω)+ such that

ϑ(z) 6 λ̂1(p, β̂) for almost all z ∈ Ω

and the inequality is strict on a set of positive measure, with β̂ = p−1
c1
β,

and

lim sup
ζ→+∞

f(z, ζ)

ζp−1
6 ϑ(z) for almost all z ∈ Ω;

(iii) there exists a function η ∈ L∞(Ω)+ such that

η(z) > c̃λ̂1(q, β̃) for almost all z ∈ Ω

and the inequality is strict on a set of positive measure, with β̃ = β
c̃

and
c̃ > 0 is as in hypothesis H(a)(iv) and

lim inf
ζ→0+

f(z, ζ)

ζq−1
> η(z) uniformly for almost all z ∈ Ω.

Remark 3.1. Since we are looking for positive solutions and all the above
hypotheses concern the positive semiaxis R+ = [0,+∞), we may assume without
any loss of generality that f(z, ζ) = 0 for almost all z ∈ Ω, all ζ 6 0. Note
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that, if a(y) = |y|p−2y with 1 < p < +∞ (i.e., the differential operator is the
p-Laplacian), then c1 = p− 1, q = p and c̃ = 1 and so hypotheses H(f)(i)–(iii)

imply that, as ζ moves from 0+ to +∞, the quotient f(z,ζ)
ζp−1 crosses at least the

principal eigenvalue λ̂1(p, β) > 0. Since q 6 p, given % > 0, we can find ξ% > 0
such that

f(z, ζ) + ξ%ζ
p−1 > 0 for almost all z ∈ Ω, all ζ ∈ [0, %]. (10)

In H(f)(ii) we can take ϑ(z) = max
{

lim supζ→+∞
f(z,ζ)
ζp−1 , 0

}
.

We introduce the following truncation-perturbation of the reaction f :

f̂(z, ζ) =

{
0 if ζ 6 0,
f(z, ζ) + ζp−1 if 0 < ζ.

(11)

This is a Carathéodory function. Let

F (z, ζ) =

∫ ζ

0

f(z, s) ds and F̂ (z, ζ) =

∫ ζ

0

f̂(z, s) ds.

Proposition 3.2. If hypotheses H(a), H(β) and H(f) hold, then problem (1)
has at least one positive solution u0 ∈ intC+.

Proof. We consider the functional ϕ̂ : W 1,p(Ω) −→ R defined by

ϕ̂(u)=

∫
Ω

G(∇u) dz +
1

p
‖u‖pp +

1

p

∫
∂Ω

β(z)(u+)p dσ −
∫

Ω

F̂ (z, u) dz ∀u∈W 1,p(Ω).

Evidently ϕ̂ ∈ C1(W 1,p(Ω)). By virtue of hypotheses H(f)(i),(ii), given ε > 0,
we can find c6 = c6(ε) > 0 such that

F (z, ζ) 6
1

p
(ϑ(z) + ε)(ζ+)p + c6 for almost all z ∈ Ω, all ζ ∈ R. (12)

Using Corollary 2.4 and (12), we have

ϕ̂(u) >
c1

p(p− 1)
‖∇u‖pp +

1

p
‖u−‖pp +

1

p

∫
∂Ω

β(z)(u+)p dσ

− 1

p

∫
Ω

(ϑ(z) + ε)(u+)p dz − c6|Ω|N

>
c1

p(p− 1)

(
‖∇u+‖pp +

∫
∂Ω

β̂(z)(u+)p dσ −
∫

Ω

ϑ(z)(u+)p dz
)

− ε

p
‖u+‖p +

c1

p(p− 1)
‖∇u−‖pp +

1

p
‖u−‖pp − c6|Ω|N

>
c7 − ε
p
‖u+‖p +

c7

p
‖u−‖p − c6|Ω|N
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for some c7 > 0 (see Lemma 2.1).
Choosing ε ∈ (0, c7), we infer that ϕ̂ is coercive. Also, using the Sobolev

embedding theorem and the fact that the trace map γ0 : W 1,p(Ω) −→ Lp(∂Ω)
is compact, we infer that ϕ̂ is sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem (see Buttazzo-Giaquinta-Hildebrandt [3, p. 4] and
Tikhomirov [25, p. 31]), we can find u0 ∈ W 1,p(Ω) such that

ϕ̂(u0) = inf
u∈W 1,p(Ω)

ϕ̂(u). (13)

Hypotheses H(a)(iv) and H(f)(iii) imply that given ε > 0, we can find
δ = δ(ε) ∈ (0, 1) such that

G(y) 6
c̃+ ε

q
|y|q ∀|y| 6 δ (14)

F (z, ζ) >
1

q
(η(z)− ε)ζq for almost all z ∈ Ω, all ζ ∈ [0, δ]. (15)

Let ξ̂ ∈ (0, 1) be small such that

ξ̂û1(q, β̃)(z), ξ̂
∣∣∇û1(q, β̃)(z)

∣∣ ∈ [0, δ] ∀z ∈ Ω (16)

(recall that û1(q, β̃) ∈ intC+). Then

ϕ̂(ξ̂û1(q, β̃)) 6
(c̃+ ε)ξ̂q

q
‖∇û1(q, β̃)‖qq +

ξ̂q

p

∫
∂Ω

β(z)û1(q, β̃)q dσ

− ξ̂q

q

∫
Ω

(η(z)− ε)û1(q, β̃)q dz

6
ξ̂q

q

( ∫
Ω

(c̃λ̂1(q, β̃)− η(z))û1(q, β̃)qdz + ε(λ̂1(q, β̃) + 1)
)

(17)

(see (14)–(16) and recall that ‖û1(q, β̃)‖q = 1). Note that∫
Ω

(
η(z)− c̃λ̂1(q, β̃)

)
û1(q, β̃)q dz = ξ∗ > 0.

From (17), we have

ϕ̂(ξ̂û1(q, β̃)) 6
ξ̂q

q
(−ξ∗ + εµ) with µ = λ̂1(q, β̃) + 1 > 0.

Choosing ε ∈ (0, ξ
∗

µ
), we have ϕ̂(ξ̂û1(q, β̃)) < 0, so ϕ̂(u0) < 0 = ϕ̂(0) (see (13)),

hence u0 6= 0.
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From (13), we have ϕ̂′(u0) = 0, so

〈A(u0), h〉+

∫
Ω

|u0|p−2u0h dz +

∫
∂Ω

β(z)(u+
0 )p−1h dσ

=

∫
Ω

f̂(z, u0)h dz ∀h ∈ W 1,p(Ω).

(18)

In what follows, by 〈·, ·〉0 we denote the duality brackets for the pair of spaces

(W−1,p′(Ω) = W 1,p
0 (Ω)∗,W 1,p

0 (Ω)) (where 1
p′

+ 1
p

= 1). From the representation

theorem for the elements of W−1,p′(Ω) (see e.g., Gasiński-Papageorgiou [11,

p. 212]), we have
div a(∇u0) ∈ W−1,p′(Ω).

Performing integration by parts, we obtain

〈A(u0), v〉 = 〈−div a(∇u0), v〉0 ∀v ∈ W 1,p
0 (Ω) ⊆ W 1,p(Ω).

Using this equality in (18), we have

〈−div a(∇u0), v〉+

∫
Ω

|u0|p−2u0v dz =

∫
Ω

f̂(z, u0)v dz ∀v ∈ W 1,p
0 (Ω),

so

−div a(∇u0(z)) + |u0(z)|p−2u0(z) = f̂(z, u0(z)) for almost all z ∈ Ω. (19)

So, we can apply the nonlinear Green’s identity (see e.g., Gasiński-Papageorgiou
[11, p. 210]) and have

〈A(u0), h〉+

∫
Ω

div a(∇u0)h dz =

〈
∂u0

∂na
, h

〉
∂Ω

∀h ∈ W 1,p(Ω), (20)

where by 〈·, ·〉∂Ω we denote the duality brackets for the pair of spaces

(W
− 1

p′ ,p
′
(∂Ω),W

1
p′ ,p(∂Ω)).

Returning to (18) and using (20), we obtain

−
∫

Ω

div a(∇u0)h dz +

〈
∂u

∂na
, h

〉
∂Ω

+

∫
Ω

|u0|p−2u0h dz +

∫
∂Ω

β(z)(u+
0 )p−1h dσ

=

∫
Ω

f̂(z, u0)h dz ∀h ∈ W 1,p(Ω),

so 〈
∂u

∂na
, h

〉
∂Ω

+

∫
∂Ω

β(z)(u+
0 )p−1h dσ = 0 ∀h ∈ W 1,p(Ω) (21)
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(see (19)). Since γ0(W 1,p(Ω)) = W
1
p′ ,p(∂Ω), from (21) it follows that

∂u0

∂na
+ β(z)(u+

0 )p−1 = 0 on ∂Ω. (22)

In (18) we choose h = −u−0 ∈ W 1,p(Ω). Using Lemma 2.3, we have

c1

p− 1
‖∇u−0 ‖pp + ‖u−0 ‖pp 6 0

(see (11)), so u0 > 0, u0 6= 0. Then, we have

−div a(∇u0(z)) = f(z, u0(z)) for almost all z ∈ Ω

(see (19) and (11)) and
∂u

∂na
+ β(z)up−1

0 = 0

(see (22)) and thus u0 is a positive solution of problem (1).
From Winkert [26], we know that u0 ∈ L∞(Ω). So, we can apply the

regularity result of Lieberman [20, p. 320] and infer that u0 ∈ C+ \ {0}. Let
% = ‖u0‖∞ and let ξ% > 0 be as in (10). Then

−div a(∇u0(z)) + ξ%u0(z)p−1 = f(z, u0(z)) + ξ%u0(z)p−1 > 0

for almost all z ∈ Ω (see (10)), so

div a(∇u0(z)) 6 ξ%u0(z)p−1 for almost all z ∈ Ω.

We set χ(t) = ta0(t) for all t > 0. Hypothesis H(a)(iii) and (7) ensure the
following one-dimensional estimate

tχ′(t) = t2a′0(t) + ta0(t) ≥ c1t
p−1 ∀t > 0.

Integrating by parts yields∫ t

0

sχ′(s) ds = tχ(t)−
∫ t

0

χ(s) ds = t2a0(t)−G0(t) ≥ c1

p
tp.

We set
H(t) = t2a0(t)−G0(t) and H0(t) =

c1

p
tp ∀t > 0.

Let δ ∈ (0, 1) and ε > 0. We introduce the sets

C1 =
{
t ∈ (0, 1) : H(t) > s

}
and C2 =

{
t ∈ (0, 1) : H0(t) > s

}
.

Clearly C2 ⊆ C1 and so inf C1 ≤ inf C2. Hence from Leoni [18, p. 6] we have

H−1(s) ≤ H−1
0 (s).
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It follows that∫ δ

0

1

H−1( ξ%
p
sp)

ds ≥
∫ δ

0

1

H−1
0 ( ξ%

p
sp)

ds =
ξp
c1

∫ δ

0

ds

s
= +∞.

So, we can apply the strong maximum principle of Pucci-Serrin [24, pp. 111]
and have u0(z) > 0 for all z ∈ Ω. The boundary point theorem of Pucci-Serrin
[24, pp. 120] implies that u0 ∈ intC+.

In fact we can establish the existence of a smallest positive solution for
problem (1). To this end, we need to do some preparatory work.

Note that hypotheses H(f)(i) and (iii) imply that given any ε > 0 (to be
fixed more precisely in the process of the proof), we can find c9 = c9(ε) > 0
such that

f(z, ζ) > (η(z)− ε)ζq−1 − c9ζ
r−1 for almost all z ∈ Ω, all ζ > 0. (23)

We consider the following auxiliary Robin problem:
−div a(∇u(z)) = (η(z)− ε)u(z)q−1 − c9u(z)r−1 in Ω,

∂u

∂na
+ β(z)up−1 = 0 on ∂Ω, u > 0.

(24)

Proposition 3.3. If hypotheses H(a) and H(β) hold, then problem (24) has a
unique positive solution u ∈ intC+.

Proof. First we show that a positive solution exists.
To this end let ψ : W 1,p(Ω) −→ R be the C1-functional defined by

ψ(u) =

∫
Ω

G(∇u) dz +
1

p
‖u−‖pp +

1

p

∫
∂Ω

β(z)(u+)pdσ

− 1

q

∫
Ω

(η(z)− ε)(u+)q dz +
c9

r
‖u+‖rr ∀u ∈ W 1,p(Ω).

Using Corollary 2.4 and hypothesis H(β), we have

ψ(u) >
c1

p(p−1)
‖∇u‖pp +

1

p
‖u‖pp +

c9

r
‖u+‖rr −

1

q

∫
Ω

(η(z) + 1)(u+)q dz − 1

p
‖u+‖pp

> c10‖u‖p +
(c9

r
‖u+‖r−qr − c11(‖u+‖p−qr + 1)

)
‖u+‖qr,

for some c10, c11 > 0 (recall that r > p > q). It follows that ψ is coercive. Also,
it is sequentially weakly lower semicontinuous. So, we can find u ∈ W 1,p(Ω)
such that

ψ(u) = inf
u∈W 1,p(Ω)

ψ(u). (25)
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As in the proof of Proposition 3.2, using hypothesis H(a)(iv) and the condition
on η (see hypothesis H(f)(iii)), we have that for t ∈ (0, 1) small,

ψ(tû1(q, β)) 6
c9t

r

r
‖û1(q, β)‖rr − c12t

q,

for some c12 > 0 (recall that ‖û1(q, β)‖q = 1). Since q < p, by taking t ∈ (0, 1)
even smaller, we have

ψ(tû1(q, β)) < 0,

so ψ(u) < 0 = ψ(0) (see (25)), hence u 6= 0.
From (25), we have ψ′(u) = 0, so

〈A(u), h〉 −
∫

Ω

(u−)p−1h dz +

∫
∂Ω

β(z)(u+)p−1h dσ

=

∫
Ω

(η(z)− ε)(u+)q−1h dz − c9

∫
Ω

(u+)r−1h dz ∀h ∈ W 1,p(Ω).

(26)

Choosing h = −u− ∈ W 1,p(Ω) and using Lemma 2.3, we obtain

c1

p− 1
‖∇u−‖pp + ‖u−‖pp 6 0,

so u > 0 and u 6= 0. Therefore (26) becomes

〈A(u), h〉+

∫
∂Ω

β(z)up−1h dσ =

∫
Ω

(η(z)− ε)uq−1h dz − c9

∫
Ω

ur−1h dz,

for all h ∈ W 1,p(Ω). From this as in the proof of Proposition 3.2, via the
nonlinear Green’s identity, we infer that u is a positive solution of (24). The
nonlinear regularity theory (see Lieberman [19]) and the nonlinear maximum
principle (see Pucci-Serrin [24]), imply that u ∈ intC+.

Next we show the uniqueness of this positive solution u ∈ intC+. To this
end we introduce the integral functional σ̂ : Lq(Ω) −→ R=R∪{+∞} defined by

σ̂(u) =


∫

Ω

G(∇(u
1
q ))dz +

1

p

∫
∂Ω

β(z)u
p
q dσ if u > 0, u

1
q ∈ W 1,p(Ω),

+∞ otherwise.

In what follows dom σ̂ = {u ∈ Lq(Ω) : σ̂(u) < +∞} (the effective domain of σ̂).

Let u1, u2 ∈ dom σ̂ and let v1 = u
1
q

1 , v2 = u
1
q

2 . Then v1, v2 ∈ W 1,p(Ω). We set

v =
(
tu1 + (1− t)u2

) 1
q , with 0 6 t 6 1.

From Diaz-Saa [5, Lemma 1] we have

|∇v(z)| 6
(
t|∇v1(z)|q + (1− t)|∇v2(z)|g

) 1
q ,
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so

G0(|∇v(z)|) 6 G0

((
t|∇v1(z)|q + (1− t)|∇v2(z)|q

) 1
q
)

6 tG0

(
|∇u1(z)

1
q |
)

+ (1− t)G0

(
|∇u2(z)

1
q |
)

for almost all z ∈ Ω (since G0 is increasing and using hypothesis H(a)(iv)), thus

G
(
|∇v(z)|

)
6 tG

(
∇u1(z)

1
q
)

+ (1− t)G
(
∇u2(z)

1
q
)

for almost all z ∈ Ω

and hence the functional u 7−→
∫

Ω
G(∇u

1
q ) dz is convex on domσ..

Also, since q 6 p and because β > 0 (see hypothesis H(β)), the functional

u 7−→
∫
∂Ω
β(z)u

p
q dσ is convex on domσ. Therefore the integral functional σ̂ is

convex. Also by Fatou’s lemma, we see that σ̂ is lower semicontinuous.
Suppose that y ∈ W 1,p(Ω) is another positive solution of problem (24).

Then as above (see the first part of the proof), we have that y ∈ intC+. There-
fore, for every h ∈ C1(Ω) and for |t| 6 1 small, we have

uq + th, yq + th ∈ dom σ̂ = {u ∈ Lq(Ω) : σ̂(u) < +∞}.

Then it is easy to see that σ̂ is Gâteaux differentiable at uq and at yq in the
direction h. Moreover, via the chain rule and the nonlinear Green’s identity, we
obtain

σ̂′(uq)(h) =
1

q

∫
Ω

−div a(∇u)

uq−1 h dz ∀h ∈ W 1,p(Ω)

σ̂′(yq)(h) =
1

q

∫
Ω

−div a(∇y)

yq−1 h dz ∀h ∈ W 1,p(Ω)

(recall that C1(Ω) is dense in W 1,p(Ω)). The convexity of σ implies that σ′ is
monotone. Therefore

06
1

q

∫
Ω

(
−div a(∇u)

uq−1 −−div a(∇y)

yq−1

)
(uq−yq) dz=

c9

q

∫
Ω

(yr−q−ur−q)(uq−yq) dz60,

so u = y (since ζ −→ ζr−q is strictly increasing on (0,+∞)). This proves the
uniqueness of the solution u ∈ intC+.

In what follows by S+ we denote the set of positive solutions for problem (1).
From Proposition 3.2 we have ∅ 6= S+ ⊆ intC+. Moreover, as in Gasiński-
Papageorgiou [13] (see the proof of Proposition 3.3), exploiting the monotonicity
of A, we show that S+ is downward directed, that is if u1, u2 ∈ S+, then there
exists u ∈ S+ such that u 6 u1 and u 6 u2.

Proposition 3.4. If hypotheses H(a), H(β) and H(f) hold, then u 6 u for all
u ∈ S+.
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Proof. Let u ∈ S+ and consider the following Carathéodory function

γ(z, ζ) =


0 if ζ < 0,
(η(z)− ε)ζq−1 − c9ζ

r−1 + ζp−1 if 0 6 ζ 6 u(z),
(η(z)− ε)u(z)q−1 − c9u(z)r−1 + u(z)p−1 if u(z) < ζ.

(27)

We set

Γ(z, ζ) =

∫ ζ

0

γ(z, s) ds

and consider the C1-functional ψ̂ : W 1,p(Ω) −→ R defined by

ψ̂(u) =

∫
Ω

G(∇u) dz +
1

p
‖u‖pp +

1

p

∫
∂Ω

β(z)(u+)p dσ −
∫

Ω

Γ(z, u) dz

for all u ∈ W 1,p(Ω). From Corollary 2.4, hypothesis H(β) and (27), we see

that ψ̂ is coercive. Also it is sequentially weakly lower semicontinuous. So, we
can find u∗ ∈ W 1,p(Ω) such that

ψ̂(u∗) = inf
u∈W 1,p(Ω)

ψ̂(u). (28)

As in the proof of Proposition 3.3, for t ∈ (0, 1) small (at least such that
tû1(q, β)(z) 6 minΩ u for all z ∈ Ω; recall that û1(q, β), u ∈ intC+), we have

ψ̂(tû1(q, β)) < 0,

so ψ̂(u∗) < 0 = ψ̂(0) (see (28)), hence u∗ 6= 0.

From (28) we have ψ̂′(u∗) = 0, so

〈A(u∗), h〉+

∫
Ω

|u∗|p−2u∗h dz +

∫
∂Ω

β(z)(u+
∗ )p−1h dσ =

∫
Ω

γ(z, u∗)h dz (29)

for all h ∈ W 1,p(Ω). In (29) first we choose h = −u−∗ ∈ W 1,p(Ω). Then using
Lemma 2.3, we obtain

c1

p− 1
‖∇u−∗ ‖pp + ‖u−∗ ‖pp 6 0,

so u∗ > 0, u∗ 6= 0. Also, in (29) we choose h = (u∗ − u)+ ∈ W 1,p(Ω). Then

〈A(u∗), (u∗ − u)+〉+

∫
Ω

up−1
∗ (u∗ − u)+dz +

∫
∂Ω

β(z)up−1
∗ (u∗ − u)+ dσ

=

∫
Ω

(
(η(z)− ε)uq−1 − c9u

r−1
)
(u∗ − u)+ dz +

∫
Ω

up−1(u∗ − u)+dz

6 〈A(u), (u∗ − u)+〉+

∫
Ω

up−1(u∗ − u)+dz +

∫
∂Ω

β(z)up−1(u∗ − u)+ σ
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(see (23)), so

〈A(u∗)− A(u), (u∗ − u)+〉+

∫
Ω

(up−1
∗ − up−1)(u∗ − u)+ dz

+

∫
∂Ω

β(z)(up−1
∗ − up−1)(u∗ − u)dσ

= 0,

thus |{u∗ > u}|N = 0, hence u∗ 6 u.
So, we have proved that

u∗ ∈ [0, u] = {v ∈ W 1,p(Ω) : 0 6 v(z) 6 u(z) for almost all z ∈ Ω}

and u∗ 6= 0. Then from (27) and (29), it follows that

〈A(u∗), h〉+
∫
∂Ω

β(z)up−1
∗ h dσ =

∫
Ω

(
(η(z)−ε)uq−1

∗ −c9u
r−1
∗
)
h dz ∀h ∈ W 1,p(Ω),

so u∗ is a positive solution of (24) and u∗ = u ∈ intC+ (see Proposition 3.3)
with u 6 u for all u ∈ S+.

Proposition 3.5. If hypotheses H(a), H(β) and H(f) hold, then problem (1)
admits the smallest positive solution u∗ ∈ intC+.

Proof. From Dunford-Schwartz [6, p. 336], we know that we can find a sequence
{un}n>1 ⊆ S+ such that

inf S+ = inf
n>1

un.

In fact since S+ is downward directed, we may assume that the sequence
{un}n>1 ⊆ W 1,p(Ω) is decreasing. So, un 6 u1 ∈ intC+ for all n > 1. We
have

〈A(un), h〉+

∫
∂Ω

β(z)up−1
n h dσ =

∫
Ω

f(z, un)h dz ∀h ∈ W 1,p(Ω), n > 1. (30)

Choosing h = un ∈ W 1,p(Ω) and using Lemma 2.3, hypothesis H(β) and the fact
that 0 6 un(z) 6 ‖u1‖∞ for all z ∈ Ω, we infer that the sequence {un}n>1 ⊆
W 1,p(Ω) is bounded and so, passing to a subsequence if necessary, we may
assume that

un −→ u∗ weakly in W 1,p(Ω), (31)

un −→ u∗ in Lr(Ω) and Lp(∂Ω). (32)

In (30), we choose h = un − u∗ ∈ W 1,p(Ω), pass to the limit as n → +∞ and
use (31). Then

lim
n→+∞

〈A(un), un − u∗〉 = 0,
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so
un −→ u∗ in W 1,p(Ω) (33)

(see Proposition 2.6). So, if in (30) we pass to the limit as n → +∞ and
use (33), then

〈A(u∗), h〉+

∫
∂Ω

β(z)up−1
∗ h dσ =

∫
Ω

f(z, u∗)h dz ∀h ∈ W 1,p(Ω). (34)

Also, from Proposition 3.3, we have u 6 un for all n > 1, hence u 6 u∗. This
fact and (34) imply that u∗ ∈ S+ and u∗ = inf S+.

If we strengthen the hypotheses on the reaction f(z, ·), we can guarantee the
uniqueness of the positive solution for problem (1). The new stronger conditions
on f(z, ζ) are the following.

H(f)′: f : Ω × R −→ R is a Carathéodory function, such that f(z, 0) = 0 for
almost all z ∈ Ω, hypotheses H(f)′(i)–(iii) are the same as the corresponding
hypotheses H(f)(i)–(iii) and

(iv) for almost all z ∈ Ω, the function ζ 7−→ f(z,ζ)
ζq−1 is strictly decreasing on

(0,+∞).

Proposition 3.6. If hypotheses H(a), H(β) and H(f)′ hold, then problem (1)
admits a unique positive solution.

Proof. From Proposition 3.2 we already have one positive solution u0 ∈ intC+.
As in the proof of Proposition 3.3, we consider the integral functional

σ̂ : Lq(Ω) −→ R = R ∪ {+∞}

defined by

σ̂(u) =


∫

Ω

G(∇(u
1
q )) dz +

1

p

∫
∂Ω

β(z)u
p
q dσ if u > 0, u

1
q ∈ W 1,p(Ω),

+∞ otherwise.

From the proof of Proposition 3.3 we know that σ̂ is convex and lower semicon-
tinuous. Moreover, from the nonlinear Green’s identity, we have

σ̂′(uq0)(h) =
1

q

∫
Ω

−div a(∇u0)

uq−1
0

h dz ∀h ∈ W 1,p(Ω). (35)

Suppose that y0 ∈ W 1,p(Ω) is another positive solution of problem (1). Then
again we have y0 ∈ intC+ and

σ̂′(yq0)(h) =
1

q

∫
Ω

−div a(∇y0)

yq−1
0

h dz ∀h ∈ W 1,p(Ω). (36)
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Exploiting the monotonicity of σ̂′, from (35) and (36), we have

0 6
1

q

∫
Ω

(
−div a(∇u0)

uq−1
0

− −div a(∇y0)

yq−1
0

)
(uq0 − y

q
0) dz

=

∫
Ω

(
f(z, u0)

uq−1
0

− f(z, y0)

yq−1
0

)
(uq0 − y

q
0) dz

6 0

(see (1) and hypothesis H(f)′(iv)), so u0 = y0 since the function ζ 7−→ f(z,ζ)
ζq−1 is

strictly decreasing on (0,+∞). Thus the positive solution of (1) is unique.

4. Particular cases

In this section, we show that the previous existence and uniqueness results can
be applied to various nonlinear, nonhomogeneous parametric Robin problems.

We start with the following nonlinear p-logistic type equation with equidif-
fusive reaction:

−div a(∇u(z)) = λu(z)p−1 − h(z, u(z)) in Ω,

∂u

∂na
+ β(z)up−1 = 0 on ∂Ω, u > 0, λ > 0.

(37)

The hypotheses on the perturbation h(z, ζ) are the following:

H(h): h : Ω × R −→ R is a Carathéodory function, such that h(z, 0) = 0 for
almost all z ∈ Ω and

(i) there exist a function a ∈ L∞(Ω)+ and r ∈ (p, p∗) such that

|h(z, ζ)| 6 a(z)(1 + ζr−1) for almost all z ∈ Ω, all ζ > 0;

(ii) limζ→+∞
h(z,ζ)
ζp−1 = +∞ uniformly for almost all z ∈ Ω;

(iii) limζ→0+
h(z,ζ)
ζq−1 = 0 uniformly for almost all z ∈ Ω;

(iv) for almost all z ∈ Ω, the function ζ 7−→ h(z,ζ)
ζq−1 is strictly increasing on

(0,+∞).

Remark 4.1. If a(y) = |y|p−2y for all y ∈ RN (1 < p < +∞) and h(z, ζ) =
h(ζ) = ζr−1 for all ζ > 0 with p < r < p∗, then we have the classical equidiffusive
p-logistic equation.

Note that, if λ > λ̂1(q, β), the hypotheses H(f)′ are satisfied and so from
Proposition 3.6, we have the following result.
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Proposition 4.2. If hypotheses H(a), H(β) and H(h) hold and λ > λ̂1(q, β),
then problem (37) admits a unique positive solution uλ ∈ intC+.

We can also prove the monotonicity of the map λ 7−→ uλ.

Proposition 4.3. If hypotheses H(a), H(β) and H(h) hold and λ > µ >

λ̂1(q, β), then uµ 6 uλ.

Proof. We consider the following truncation-perturbation of the reaction for
problem (37):

kµ(z, ζ) =


0 if ζ < 0,
(µ+ 1)ζp−1 − h(z, ζ) if 0 6 ζ 6 uλ(z),
(µ+ 1)uλ(z)p−1 − h(z, uλ(z)) if uλ(z) < ζ.

(38)

We set

Kµ(z, ζ) =

∫ ζ

0

kµ(z, s) ds

and consider the C1-functional ϕ̂µ : W 1,p(Ω) −→ R defined by

ϕ̂µ(u) =

∫
Ω

G(∇u) dz +
1

p
‖u‖pp +

1

p

∫
∂Ω

β(z)(u+)p dz −
∫

Ω

Kµ(z, µ) dz,

for all u ∈ W 1,p(Ω). Clearly ϕ̂µ is coercive (see Corollary 2.4 and (38)). Also
it is sequentially weakly lower semicontinuous. So, we can find uµ ∈ W 1,p(Ω)
such that

ϕ̂µ(uµ) = inf
u∈W 1,p(Ω)

ϕ̂µ(u).

As before (see for example the proof of Proposition 3.4), we show that

uµ ∈ [0, uλ], uµ 6= 0,

so uµ ∈ intC+ is the unique positive solution of (37), uµ 6 uλ.

In fact, we can improve this monotonicity property, provided we strengthen
the requirements on the perturbation h(z, ·). So, the new hypotheses on h are
the following:

H(h)′: h : Ω × R −→ R is a Carathéodory function, such that h(z, 0) = 0 for
almost all z ∈ Ω, hypotheses H(h)′(i)–(iv) are the same as the corresponding
hypotheses H(h)(i)–(iv) and

(v) for every % > 0, there exists ξ% > 0 such that for almost all z ∈ Ω, the
function ζ 7−→ ξ%ζ

p−1 − h(z, ζ) is nondecreasing on [0, %].
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Remark 4.4. Evidently the classical equidiffusive perturbation

h(z, ζ) = h(ζ) = ζr−1 ∀ζ > 0,

with p < r < p∗ satisfies condition H(h)′(v).

Proposition 4.5. If hypotheses H(a), H(β) and H(h)′ hold then λ > λ̂1(q, β),

then the function λ 7−→ uλ is strictly increasing from (λ̂1(q, β),+∞) into C+,
that is, if µ < λ, then uλ − uµ ∈ intC+.

Proof. From Proposition 4.2 we already have uµ 6 uλ. Let % = ‖uλ‖∞ and let
ξ% > 0 be as postulated by hypothesis H(h)′(v). For λ > 0, let uδµ = uµ + δ ∈
intC+. Then we have

− div a(∇uδµ) + ξ%(u
δ
µ)p−1

6 −div a(∇uµ) + ξ%u
p−1
µ + χ(δ)

= µup−1
µ − h(z, uµ) + ξ%u

p−1
µ + χ(δ)

6 µup−1
λ − h(z, uλ) + ξ%u

p−1
λ + χ(δ)

= λup−1
λ − h(z, uλ) + ξ%u

p−1
λ − (λ− µ)up−1

λ + χ(δ)

6 λup−1
λ − h(z, uλ) + ξ%u

p−1
λ − (λ− µ)mp−1

λ + χ(δ)

6 −div a(∇uλ) + ξ%u
p−1
λ for almost all z ∈ Ω, all δ > 0 small,

with χ(δ) −→ 0+ as δ → 0+, mλ = minΩ uλ > 0 (see hypothesis H(h)′(v) and
recall that uµ 6 uλ), so

uδµ 6 uλ,

hence uλ − uµ ∈ intC+.

Next we consider the following nonhomogeneous eigenvalue problem:
−div a(∇u(z)) = λu(z)τ−1 in Ω,

∂u

∂na
+ β(z)up−1 = 0 on ∂Ω, u > 0, λ > 0.

(39)

We assume that τ < q 6 p (q > 1 is as in hypothesis H(a)(iv)). Then we see
that hypotheses H(f)′ are satisfied and so from Proposition 3.6 and reasoning
as in Proposition 4.3 we deduce the following result.

Proposition 4.6. If hypotheses H(a) and H(β) hold, then for every λ > 0
problem (39) has a unique positive solution uλ ∈ intC+ and λ 7−→ uλ is strictly
increasing from (0,+∞) into C+.
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Finally we consider the following sublinear perturbation of the classical
eigenvalue problem for −∆R

p .
−∆pu(z) = λu(z)p−1 + h(z, u(z)) in Ω,

∂u

∂na
+ β(z)up−1 = 0 on ∂Ω, u > 0, λ ∈ R.

(40)

In this case a(y) = |y|p−2y (1 < p < +∞) and so c1 = p− 1 and q = p. The
hypotheses on the perturbation h(z, ζ) are the following:

H(h)′′: h : Ω × R −→ R is a Carathéodory function, such that h(z, 0) = 0 for
almost all z ∈ Ω and

(i) there exists a function a ∈ L∞(Ω)+ such that

|h(z, ζ)| 6 a(z)(1 + ζp−1) for almost all z ∈ Ω, all ζ > 0;

(ii) limζ→+∞
h(z,ζ)
ζp−1 = 0 uniformly for almost all z ∈ Ω;

(iii) limζ→0+
h(z,ζ)
ζp−1 = +∞ uniformly for almost all z ∈ Ω;

(iv) for almost all z ∈ Ω, the function ζ 7−→ h(z,ζ)
ζp−1 is strictly decreasing on

(0,+∞);

(v) for every % > 0 there exists ξ% > 0 such that for almost all z ∈ Ω, the
function ζ 7−→ h(z, ζ) + ξ%ζ

p−1 is nondecreasing on [0, %].

Then as before we have the following result.

Proposition 4.7. If hypotheses H(β) and H(h)′′ hold and λ < λ̂1(p, β), then
problem (40) admits a unique solution uλ ∈ intC+ and the map λ 7−→ uλ is

strictly increasing from (−∞, λ̂1(p, β)) into C+.

In fact, if we assume that h(z, ζ) > 0 for almost all z ∈ Ω and all ζ > 0,

then we can show that the bound λ̂1(p, β) > 0 is sharp.

Proposition 4.8. If hypotheses H(β), H(h)′′ hold h(z, ζ) > 0 for almost all

z ∈ Ω, all ζ > 0 and λ > λ̂1(p, β), then problem (40) admits no positive
solution.

Proof. Let λ > λ̂1(p, β) and assume that problem (40) has a positive solution
uλ ∈ W 1,p(Ω). As in the proof of Proposition 3.2, we can show that uλ ∈ intC+.
Let w ∈ intC+ and consider the function

R(w, uλ)(z) = |∇w(z)|p − |∇uλ(z)|p−2

(
∇uλ(z), ∇

(
wp

up−1
λ

)
(z)

)
RN

.
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Using the generalized Poicone identity (see Allegretto-Huang [1]), we have

0 6
∫

Ω

R(w, uλ) dz

= ‖∇w‖pp −
∫

Ω

|∇uλ|p−2

(
∇uλ(z), ∇

(
wp

up−1
λ

)
(z)

)
RN

dz

= ‖∇w‖pp −
∫

Ω

(−∆puλ)
wp

up−1
λ

dz −
〈
∂uλ
∂np

,
wp

up−1
λ

〉
∂Ω

= ‖∇w‖pp − λ‖w‖pp −
∫

Ω

h(z, uλ)
wp

up−1
λ

dz +

∫
∂Ω

β(z)wp dσ

< ‖∇w‖pp +

∫
∂Ω

β(z)wp dσ − λ‖w‖pp

(where we have used Green’s identity; see e.g., Gasiński-Papageorgiou [11,
p. 210]). Choosing w = û1(p, β) ∈ intC+, we have

0 < λ̂1(p, β)− λ 6 0,

a contradiction. Therefore (40) has no positive solution for λ > λ̂1(p, β).

Remark 4.9. Is it possible to have a sharp existence-nonexistence result for
the general nonhomogeneous problem (that is, if ∆pu is replaced by div a(∇u))?
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[25] Tikhomirov, V. M., Fundamental Principles of the Theory of Extremal Prob-
lems. Wiley-Intersci. Publ., Chichester: Wiley 1986.

[26] Winkert, P., L∞-estimates for nonlinear elliptic Neumann boundary value
problems. NoDEA Nonlinear Diff. Equ. Appl. 17 (2010), 289 – 302.

Received March 10, 2014; revised February 16, 2015


