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Abstract. We consider a nonlinear, nonhomogeneous Robin problem with a Cara-
théodory reaction which satisfies certain general growth conditions near 0% and
near +o0o0. We show the existence and regularity of positive solutions, the existence
of a smallest positive solution and under an additional condition on the reaction, we
show the uniqueness of the positive solutions. We then show that our setting incor-
porates certain parametric Robin equations of interest such as nonlinear equidiffusive
logistic equations.
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1. Introduction

Let © C RY be a bounded domain with a C?-boundary 9. In this paper we
study the following nonlinear Robin problem:

—diva(Vu(z)) = f(z,u(z)) in £,

ou
on,

+ B(2)|uf?u =0 on 0f. M)
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In this problem a: RV — RY is a strictly monotone, continuous function
satisfying certain other regularity and growth conditions which are listed in
hypotheses H(a).

These conditions are general enough and include as special cases various
differential operators of interest, such as the p-Laplacian. In the boundary
condition 88; denotes the conormal derivative a(|Vu|)—“ with n(z) being the
outward unit normal at z € 9€2. The reaction f(z, () is a Carathéodory function
(i.e., for all ¢ € R, the function z — f(z,() is measurable and for almost all
z € ), the function ¢ — f(z,() is continuous), which exhibits general growth
conditions near +oo and near 01, related to the spectrum of the negative p-
Laplacian with Robin boundary condition (denoted by —Aff).

These growth conditions incorporate in our setting various parametric prob-
lems of interest, such as p-logistic equations with equidiffusive reaction. Re-
cently, a particular class of such parametric equations driven by the Robin p-
Laplacian, were studied by Papageorgiou-Radulescu [22], who for all large values
of the parameter produced results providing precise sign information for all the
solutions. Here we focus on positive solutions and derive conditions for the
existence and uniqueness of such solutions. For other problems with nonhomo-
geneous operators generalizing p-Laplacian we refer to Gasinski-Papageorgiou
[10,14] (problems with Dirichlet boundary condition) and Gasiriski [8,9] (prob-
lems with periodic boundary condition).

We should also mention the recent works of Autuori-Pucci-Varga [2], Cola-
suonno-Pucci-Varga [4], Filippucci-Pucci-Radulescu [7] and Perera-Pucci-Varga
23]. In [4] the authors consider parametric equations (eigenvalue problems) on
a bounded domain and employ Dirichlet or Robin boundary condition. The
differential operator is nonhomogeneous and z-dependent. They establish ex-
istence and multiplicity of nontrivial solutions (not necessarily positive) valid
for certain values of the parameter A\. Their approach uses an abstract result of
Ricceri.

In [2,7,23] the domain is unbounded (in [7] it as an exterior domain) and
they use Robin boundary conditions (nonhomogeneous in [23]). We mention
that in [7,23] the differential operator is a weighted p-Laplacian plus a potential
term and so it is coercive. In all three papers the authors establish existence
of nontrivial solutions. Positive solutions are obtained in [7] for large values
of the parameter (see [7, Theorem 1.1]). Therefore their result is in a sense
complementary to Propositions 4.6 and 4.7 of this paper (of course as it was
mentioned, in [7] the set Q is unbounded and exterior domain). We point out
that here the critical parameter \* is precisely identified.

In general we can say that in [2,4,7], the differential operator is more general
at the expense of adding a potential term in order to have coercivity (see [7])
and the weak solutions they obtain are less regular and without sign information
(except for [7]).
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2. Preliminaries

In the analysis of problem (1), in addition to the Sobolev space W'?(£2), we will
use the ordered Banach space C'*(€2). The order cone of this space is given by

Cy ={ueC'(Q): u(z)>0forall z€Q}.
This cone has nonempty interior, given by
intCy. = {ueCy: u(z)>0forall z€Q}.

On 09 we consider the (N—1)-dimensional surface (Hausdorff) measure o(-).
Then we can define the Lebesgue spaces L*(0€2) with 1 < s < +00. We know
that there exists a unique continuous linear map ~o: WP(Q2) — LP(9Q) such
that

Yo(u) = u|6Q Vu € CH(Q).

This map is known as the trace map. We have that im~, = W (092) and
ker~y = I/VO1 P(€2). In what follows, for the sake of notational simplicity, we drop
the use of 7y in order to denote the restriction of a Sobolev function on 9€). All
such restrictions are understood in the sense of traces.

In what follows by || - || we denote the norm of W'?(Q), defined by

S =

ull = (lully + I Vulp)? Yue WH(Q).

To distinguish, by | - | we denote the norm of RY. Given ¢ € R, we define
¢* = max{£(,0} and then for v € W'P(Q), we set u(-) = u(-)*. We know
that

ut € W(Q), u=u"—u", |ul=u"+u".

Finally, by | - |y we denote the Lebesgue measure on RY.
Let A, denote the p-Laplace differential operator defined by

Apu = div (|Vul[P7*Vu)  VYu e WH(Q).
We consider the following nonlinear eigenvalue problem

—Aju(z) = Mu(2)|P%u(z) in Q,

ou (2)

— + B(2)[ufPu =0 on 0f2
e+ 8
where 1 < p < 400. Here aa—nup = |Vu[P~28%. We say that X € R is an eigenvalue
of —Af, if problem (2) admits a nontrivial solution. Throughout this work our

hypotheses on the boundary weight function [ are the following
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H(B): 8e€ C%(09) with 0 <7 < 1, 8(2) = 0 for all z € 9.

Eigenvalue problem (2) was studied by Lé [17] (with 5(z) = 5 > 0) and
by Papageorgiou-Radulescu [22]. We know that there exists a smallest eigen-
value A, (p, B) > 0 which is simple, isolated and admits the following variational
characterization

M(p, B) = inf { IVl + Joo B do
lullp

D u e WH(Q), u%O} (3)

The infimum in (3) is realized on the one-dimensional eigenspace correspond-
ing to the eigenvalue Xl(p, B) > 0. It is clear from (3) that the elements of
this eigenspace do not change sign. In what follows by u(p, 3) € WP(Q)
we denote the positive, LP-normalized (that is, ||u1(p, B)|, = 1) eigenfunction

corresponding to /):1 (p, ) > 0. From nonlinear regularity theory and the non-
linear maximum principle (see Lieberman [19] and Pucci-Serrin [24]), we have
u1(p,B) € int Cy. For the higher parts of the spectrum of —Aﬁ, we refer to
Lé [17] and Papageorgiou-Radulescu [22].

As a consequence of the above properties, we have the following result.

Lemma 2.1. If 9 € L*(Q)4, ¥(2) <X1(p, B) for almost all z€Q, V= Xl(p, B),
then there exists & > 0 such that

oo(u) = [|Vull} + AQB(Z)IUIP do — /Qﬁ(Z)IUIp dz > &llul” Yue WH(Q).

Proof. 1t is clear from (3) and the hypothesis on ¥, that oy > 0. Arguing by
contradiction, suppose that the result of the lemma is not true. Then exploiting
the p-homogeneity of o, we can find a sequence {u, },>1 € W1P(Q) such that

Junl| =1 VYn>1, and oo(u,) — 0. (4)
By passing to a suitable subsequence if necessary, we may assume that

u, — u  weakly in W(Q),
u, — u in LP(Q) and LP(0N2)

(by the Sobolev embedding theorem). Then oy(u) < 0, hence
IVl + [ s@Nrdr < [ o@urdz <X aluly  6)
20 Q

so u = &uy (p, B) for some & € R (see (3)).
If ¢ =0, then w = 0 and so u,, — 0 in W?(Q), contradicting (4). If £ # 0,
then from (5) and since u(p, 8) € int C,, we have

IVl + /8 BNl do < Rulp, )l =t ),

which contradicts (3). This proves the lemma. O
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Now, we will introduce our conditions on the map a involved in the definition
of the differential operator. So, let x € C*(0,00), with x(t) > 0 for all ¢ > 0
and

tr!(t
0<e< W o viso (6)
r(t)
and
atr <Rt <1+ VE>0 (7)

for some ¢, ¢, ¢, ¢ > 0.

Using k we can introduce our hypotheses on the map a which are the fol-
lowing.
H(a): a(y) = ao(|y|)y for all y € RN, with ag(t) > 0 for all t > 0 and

(i) ap€C'(0,+00), the function t — tag(t) is strictly increasing on (0, +-00),
tag(t) — 07 as t \, 0 and

/
lim tay (1)
t\O0 Qg (t)

(ii) there exists ¢3 > 0, such that

Vay)| < %jy“) vy € RV \ {0}:

(iii) we have

(Va(y)e, €),n > ”i‘j'ﬁﬂ? vy € RV {0}, € € R

(iv) if t
Go(t) :/ sap(s)ds Yt >0,

then there exists ¢ € (1, p] such that the function t — Go(t%) is convex
on (0, 4+00) and
qGo(t) _

lim =c>0.
tN\O 14

Remark 2.2. These conditions on the map a are designed to fit the regular-
ity results of Lieberman [20, p. 320] and the nonlinear maximum principle of
Pucci-Serrin [24, pp. 111, 120]. We have adopted exactly the conditions im-
posed on a(-) by Lieberman [20] and Pucci-Serrin [24] in order to facilitate our
calculations and be consistent with the above two references. Of course we
could have set a(y) = % for y € RY and proceed with this map.

It is clear that the primitive Gy is strictly convex and strictly increasing.
We set

G(y) = Gollyl) VyeRY
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and we have that G is convex and G(0) = 0. Moreover
VG(y) = Gllyl) = aollyly = aly) ¥y RV {0}, VG(0) =0,

Therefore G is the primitive of a. Since G is convex and G(0) = 0, we have

G(y) < (aly),y)ry  Vy € RY. (8)

Using hypotheses H(a) above and (6), (7), we obtain the following lemma
summarizing the property of a.

Lemma 2.3. If hypotheses H(a)(i)—(iii) hold, then

(a) the function y — a(y) is continuous and strictly monotone, hence maz-
tmal monotone too;
(b) there exists cy > 0 such that |a(y)| < ca(1 + |y|P~) for all y € RY;

(c) (a(y), y)r~ = 25[ylP for all y € RV,
This lemma together with (8), lead to the following growth estimate for the
primitive G.

Corollary 2.4. If hypotheses H(a)(i)—(iii) hold, then there exists c5 > 0 such
that

C1
p(p—1)
Example 2.5. The following maps satisfy hypotheses H(a):

[P < Gy) < es(1+JyfP) VyeRN.

(a) a(y) = |y[P~ 2y with 1 < p < +o00; This map corresponds to the p-Laplace
differential operator A;

(b) a(y) = |y[P%y + |y|* %y with 1 < ¢ < p < +o00. This map corresponds to
the (p, q)-Laplacian

Aju+Au Yue WH(Q).

Such operators arise in many physical applications (see Gasinski-O’Regan-

Papageorgiou [16] and Gasinski-Papageorgiou [15] and references therein).
p—2

(¢) a(y) = (14 |y|*) » y with 1 < p < 400. This map corresponds to the
generalized p-mean curvature differential operator
div ((1+ [Vu)5 Vu)  Yu e W(Q).
_92 .
(d) aly) = [y[~?y + Lo with 1 < p < +oc.

We introduce the operator A: WH?(Q2) — W1P(Q)* defined by

(A(u),y) = / (a(Va), Vy)exdz Vu,y € W(Q). (9)

Here and in the sequel, by (-,-) we denote the duality brackets for the pair
(Whp(Q)*, WhP(Q)). From Gasiriski-Papageorgiou [12], we have
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Proposition 2.6. If A: W'P(Q) — WYP(Q)* is the nonlinear map defined
by (9), then A is bounded (i.e., maps bounded sets into bounded ones), con-
tinuous, monotone (hence mazimal monotone too) and of type (S)y (i.e., if
u,, — u weakly in WP (Q) and limsup,,_, | .o (A(uy), u,—u) <0, then u,, — u
in Wr(Q)).

3. Existence and uniqueness of positive solutions

In this section we examine the existence and uniqueness of positive solutions
for problem (1). We introduce the following hypotheses on the reaction f:

H(f): f: QxR — R is a Carathéodory function, such that f(z,0) = 0 for
almost all z € €2 and

(i) there exist a function a € L*>(Q2), and r € (p,p*), where
Np

pr=q N-p

+oo fN<Kp

if p<N,

such that
(2,0 <alz)(1+¢1) for almost all z € Q, all ¢ > 0;
(i) there exists a function ¥ € L>°(£2) such that
V(z) < /Xl(p, B) for almost all z €

and the inequality is strict on a set of positive measure, with B =g

and f(z,0) Cl
z
lim su ’

{—)-I—oop Cp_l

< 9(z) for almost all z € Q;
(iii) there exists a function n € L>°(£2) such that
n(z) > E/)\\l(q, B) for almost all z € Q

and the inequality is strict on a set of positive measure, with E = £ and

¢ > 0 is as in hypothesis H(a)(iv) and

lim inf 1(¢)

<'_>0+ Cq_l

ol

> n(z) uniformly for almost all z € Q.

Remark 3.1. Since we are looking for positive solutions and all the above
hypotheses concern the positive semiaxis R, = [0, +00), we may assume without
any loss of generality that f(z,{) = 0 for almost all z € Q, all ¢ < 0. Note
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that, if a(y) = |y|[P~%y with 1 < p < 400 (i.e., the differential operator is the
p-Laplacian), then ¢; =p—1, ¢ =p and ¢ = 1 and so hypotheses H(f)(i)—(iii)
imply that, as ¢ moves from 07 to 400, the quotient C(p_ﬁ) crosses at least the
principal eigenvalue \;(p, 3) > 0. Since ¢ < p, given ¢ > 0, we can find £, > 0
such that

f(2,0) +&¢P =0 for almost all z € Q, all ¢ € [0, . (10)
In H(f)(ii) we can take ¥(z) = max { lim sup;_, | o fC(PZ 41)70}.

We introduce the following truncation-perturbation of the reaction f:

~ . [0 if ¢<0,
f(Z7C)_{ f<Z>C)+Cp_1 if O<( (11>

This is a Carathéodory function. Let
¢ ~ ¢ .
Fe0= [ fes)ds md P = [ Fesds
0 0

Proposition 3.2. If hypotheses H(a), H(B) and H(f) hold, then problem (1)

has at least one positive solution ug € int C'y .

Proof. We consider the functional @: W'P(Q2) — R defined by
/G (Vu)dz + —||u||p / B(z)(u)P do /I/’\(z,u) dz Yue WhP(Q).
Q

Evidently ¢ € CY(W'?(Q)). By virtue of hypotheses H(f)(i),(ii), given ¢ > 0,
we can find ¢g = ¢g(¢) > 0 such that

F(z,¢) < 1(19(2) +e)(¢T)P +¢s for almost all z € Q, all ¢ € R. (12)
p

Using Corollary 2.4 and (12), we have

B > A Vulg + Sl [ A do

p( 1)
—3/09( )+ )P dz — ol

o kup/ﬁ pda—/ﬁ )

+||p V —||P _ =P Q
| +p(p_1)|| u Hp+pl|u 15 — col QU
Cr

— & C _
> —— || + i\lu I” = 6w

—lu
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for some ¢; > 0 (see Lemma 2.1).

Choosing ¢ € (0,¢7), we infer that @ is coercive. Also, using the Sobolev
embedding theorem and the fact that the trace map vo: WhP(Q) — LP(09Q)
is compact, we infer that @ is sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem (see Buttazzo-Giaquinta-Hildebrandt [3, p. 4] and
Tikhomirov [25, p. 31]), we can find ug € W'P(Q) such that

S(ug) = inf  G(u). 1
Pluo) = _inf  Plu) (13)

Hypotheses H(a)(iv) and H(f)(iii) imply that given ¢ > 0, we can find
d =94(e) € (0,1) such that

c+e
G(y) < . |y|? Yyl <6 (14)

F(z,() = —=(n(z) —e)¢? for almost all z € Q, all ¢ € [0, 4]. (15)

|

Let € € (0,1) be small such that

&in(q, B)(2), £|Vin(g, B)()| € [0,0] v2€Q (16)

(recall that @ (¢, 8) € int Cy). Then

sEa(a.7) < T A+ S [ sl B do
Aq P Joa
- % / (n(z) — &) (q, B d= (17)

q

< (| @ata. B) - 0o, Bz + (e 5) + 1)

(see (14)—(16) and recall that ||u(q, 5)|l, = 1). Note that

From (17), we have

5 (a.7) < %(—f* Fen) with = (g, B)+ 1> 0.

Choosing ¢ € (0, %), we have @(Eﬁl(q, B)) <0, s0 p(ug) < 0=p(0) (see (13)),
hence g # 0.
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From (13), we have ¢'(ug) = 0, so

(A(uo),h>—|—/ luo[P2ughdz + | B(2)(ud )P *hdo
:/f(z,uo)hdz VYh € WHP(Q).
Q

In what follows, by (-, -)p we denote the duality brackets for the pair of spaces
(W=HP'(Q) = Wy P(Q)*, Wy P(Q)) (where :z% - Il) = 1). From the representation
theorem for the elements of W~ (Q) (see e.g., Gasiniski-Papageorgiou [11,

p. 212]), we have
div a(Vug) € W=(Q).

Performing integration by parts, we obtain
(Aug),v) = (=diva(Vug),v)y Vv € WyP(Q) C WHP(Q).

Using this equality in (18), we have

(—div a(Vug),v) +/ luo P 2ugv dz = / Flz,ug)vdz Vo € WaP(€),
Q Q
SO
—diva(Vug(2)) + [uo(2)[P 2ug(2) = f(z,ue(z)) for almost all z € Q. (19)

So, we can apply the nonlinear Green’s identity (see e.g., Gasinski-Papageorgiou
[11, p. 210]) and have

uo
on,’

(A + [

Q

diva(Vug)hdz = < h> Vh € WhP(Q), (20)
o0

where by (-, -)gq we denote the duality brackets for the pair of spaces
1y 1
(W27 (0Q), WP (00)).

Returning to (18) and using (20), we obtain

- [avaund+ (ZE0) [l tuonds+ [ ey thds
0 on, 50 ~ 00
:/ﬂWMMzW%WMm%
Q

SO

<%, h> + B(2)(ud )P thdo =0 Vh e WH(Q) (21)
Ong a0 o0
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(see (19)). Since vo(W(Q)) = W #(89), from (21) it follows that

8u0
on,

In (18) we choose h = —u, € W1P(Q). Using Lemma 2.3, we have

+B()(ud)P' =0 on 0. (22)

C1
p—1

IVug [l + llug 15 <0

(see (11)), so ug = 0, uy # 0. Then, we have
—diva(Vug(z)) = f(z,up(2)) for almost all z € Q

(see (19) and (11)) and
ou

Ong
(see (22)) and thus ug is a positive solution of problem (1).
From Winkert [26], we know that uy € L*>(Q2). So, we can apply the
regularity result of Lieberman [20, p. 320] and infer that uy € C \ {0}. Let
0 = |Juo|l and let £, > 0 be as in (10). Then

+B(z)ug =0

—div a(Vug(2)) + Euo(2)" ™ = f(2,u0(2)) + Euo(2)" ™" =0
for almost all z € 2 (see (10)), so
div a(Vug(z)) < Euo(2)P~! for almost all z € Q.

We set x(t) = tao(t) for all ¢ > 0. Hypothesis H(a)(iii) and (7) ensure the
following one-dimensional estimate

tX'(t) = t2ap(t) + tao(t) > ct?™t Vit > 0.

Integrating by parts yields

/0 sx'(s)ds = tx(t) — /0 x(s) ds = t2ag(t) — Go(t) > —tP.

We set c
H(t) = ag(t) — Go(t) and Hy(t) = —t* Vit > 0.
p

Let 6 € (0,1) and € > 0. We introduce the sets
Ci={te(0,1): H(t)>s} and Cy={te(0,1): Ho(t) > s}.
Clearly Cy C C and so inf C < inf Cy. Hence from Leoni [18, p. 6] we have

H™'(s) < Hy'(s).



446 L. Gasinski et al.

It follows that

0 0 0
1 1 d
[ et [ et [ S
o H-'(>sP) o Hy (32s?) ¢1Jo S

So, we can apply the strong maximum principle of Pucci-Serrin [24, pp. 111]
and have ug(z) > 0 for all z € 2. The boundary point theorem of Pucci-Serrin
24, pp. 120] implies that ug € int C. O

In fact we can establish the existence of a smallest positive solution for
problem (1). To this end, we need to do some preparatory work.

Note that hypotheses H(f)(i) and (iii) imply that given any £ > 0 (to be
fixed more precisely in the process of the proof), we can find ¢y = ¢g(e) > 0
such that

f(2,0) = (nz) —e)¢Tt — g™ for almost all z € Q, all ¢ > 0. (23)

We consider the following auxiliary Robin problem:

—diva(Vu(z)) = (n(2) — e)u(2)T" — cou(2)"™" in Q,
ou
ong,

(24)

+B(2)uP =0 on 99, u > 0.
Proposition 3.3. If hypotheses H(a) and H(B) hold, then problem (24) has a
unique positive solution u € int Cy .

Proof. First we show that a positive solution exists.
To this end let 1: WP(2) — R be the C'-functional defined by

u) = uzlu_p1 (uT)Pdo
b (u) /QG(V)d + ||p+p/mﬂ< (utyPd

1
-2 [ =y + 2ty vue wir@),

Using Corollary 2.4 and hypothesis H(/), we have

vl > p(p—1)

C _ _
> colfull? + (2l 770 = el 27+ 1)) a2

1 oy o1 1
IVul[b + =[lullb + = [lu™ ||} — —/(77(2) + 1) (u)dz — = |lut|P
p r qJo p

for some g, ¢11 > 0 (recall that r > p > ¢). It follows that ¢ is coercive. Also,
it is sequentially weakly lower semicontinuous. So, we can find © € W1?(Q)
such that

()= inf 4h(u). (25)

ueW1.r(Q)
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As in the proof of Proposition 3.2, using hypothesis H(a)(iv) and the condition
on 7 (see hypothesis H(f)(iii)), we have that for ¢ € (0, 1) small,

for some ¢12 > 0 (recall that ||uy(q, 8)|l, = 1). Since ¢ < p, by taking t € (0,1)
even smaller, we have

U(tur(q, B)) <0,

so ¥(u) < 0 =1(0) (see (25)), hence u # 0.
From (25), we have ¢/(u) = 0, so

(@, - [

Q

— /(n(z) — &)@ thdz — 09/(ﬂ+)"—1h dz Vh e Wh(Q).
Q Q

@ )P 'hdz+ | B) (@) hdo

Choosing h = —u~ € WP(Q) and using Lemma 2.3, we obtain

(&1
p—1

IVa=[[p + [z} <0,
so w > 0 and u # 0. Therefore (26) becomes

A@), 0+ [ B2y hdo = / (n(z) — )@ hdz — ¢, / 7 dz,
o9 Q Q

for all h € WP(Q). From this as in the proof of Proposition 3.2, via the
nonlinear Green’s identity, we infer that u is a positive solution of (24). The
nonlinear regularity theory (see Lieberman [19]) and the nonlinear maximum
principle (see Pucci-Serrin [24]), imply that @ € int C.

Next we show the uniqueness of this positive solution w € int C'y. To this
end we introduce the integral functional 7: LI(Q2) — R=RU{+oc} defined by

1 1 P 1
/ G(V(u1))dz+ = | B(z)uide ifu>0, us € W(Q),
0 P Joq

o(u) =
+ 0o otherwise.

-~

In what follows doma = {u € L4(Q) : 7(u) < +00} (the effective domain of 7).
1 1

Let uy,uy € doma and let v1 = uf, v = uj. Then vy, vy € WHP(Q). We set

1
v=(tug + (1 —t)us)?, with0<¢t<1.

From Diaz-Saa [5, Lemma 1] we have

Q=

[Vo(2)] < (HVvi(2)" + (1= 1)[Vua(2))) 7,
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SO

S

Go(|Vo(2)]) < Go((E[Vur(2)|” + (1 — 1)[Vus(2)]7) 7)

<

< G (Vs (2)7]) + (1 = )Go(|Vus(2) )

for almost all z € Q (since G| is increasing and using hypothesis H(a)(iv)), thus
G(|Vu(2)]) < tG(Vul(z)%) +(1— t)G(VU2<Z)%> for almost all z € Q

and hence the functional u — [, G(Vu%) dz is convex on domo..

Also, since ¢ < p and because 8 > 0 (see hypothesis H(()), the functional
ur— [0 8 (z)ugda is convex on dom o. Therefore the integral functional & is
convex. Also by Fatou’s lemma, we see that ¢ is lower semicontinuous.

Suppose that 5 € W'P(Q) is another positive solution of problem (24).
Then as above (see the first part of the proof), we have that 7 € int C',. There-
fore, for every h € C'(Q) and for |t| < 1 small, we have

u? +th, y?+th € domo = {u € LI(Q) : o(u) < +oo}.

Then it is easy to see that o is Gateaux differentiable at u? and at y? in the
direction h. Moreover, via the chain rule and the nonlinear Green’s identity, we
obtain

& @)(h) = = / —dvalVa), 0 vn e wiaq)
Q

q att
1 [ —diva(Vy

&) (h) = —/ wh dz Yhe W (Q)
q .Ja Y

(recall that C'(f2) is dense in WP(Q)). The convexity of o implies that o’ is
monotone. Therefore

1 —diva(Va) —diva(Vy)\, _, _ ol
Vs q/g( (T T (w'=y") dz 7 Q(y u ) (' —y") dz <0,

so w =7 (since ( — ("7 is strictly increasing on (0,+00)). This proves the
uniqueness of the solution w € int C',. . [l

In what follows by Sy we denote the set of positive solutions for problem (1).
From Proposition 3.2 we have ) # S, C intC,. Moreover, as in Gasinski-
Papageorgiou [13] (see the proof of Proposition 3.3), exploiting the monotonicity
of A, we show that S, is downward directed, that is if u;,us € S, then there
exists u € S, such that v < u; and u < us.

Proposition 3.4. If hypotheses H(a), H(B) and H(f) hold, then uw < u for all
u € S+.
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Proof. Let u € S, and consider the following Carathéodory function

0 if ¢ <0,
Y(z,0) =1 ((z) —€)¢T" — co¢" ™t + (P if 0<C<u(z), (27)
((z) —e)u(2)t — cou(2)" L +u(2)P~t if u(z) <.

We set ;
P00 = [ ates)ds

and consider the C'-functional ¢: W'?(Q) — R defined by

D(u) = /G(Vu)dz—i——Hqu / B(z pdo—/ﬂF(z,u)dz

for all u € W'P(Q). From Corollary 2.4, hypothesis H(3) and (27), we see
that 1 is coercive. Also it is sequentially weakly lower semicontinuous. So, we

can find u, € W?(Q) such that

~

V@) = _inf (u). (28)

ueWir(Q)

As in the proof of Proposition 3.3, for ¢t € (0,1) small (at least such that
tu1(q, B)(z) < ming u for all z € Q; recall that u;(q, 5),u € int C,), we have

D(ti(q, B)) < 0,

SO QZ(E*) <0= 1}\(0) (see (28)), hence u, # 0.
From (28) we have @/ZJ\’(H*) =0, so

(A(@), b + / R T / V(e m)hdz (20)

Q

for all h € W'P(Q). In (29) first we choose h = —u, € W'P(Q). Then using
Lemma 2.3, we obtain

Ay ]l <0
s0 U, = 0, u, # 0. Also, in (29) we choose h = (T, — u)™ € WP(Q). Then
<A(ﬂ*)7 (ﬂ* - u)+> + / Hﬁj_l(ﬂ* - u)+dZ + 6(z)ﬂ£_l(ﬂ* - u)+ do

Q o0

= /Q ((n(z) = e)u?™" = cou” ") (U — u)" dz + /Qup_l(ﬂ* —u)tdz

< {A(), (@, —u)*) + /Qupl(ﬂ* —u)tdz + 5( P (T, —u)t o
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(see (23)), so

(A(w,) = A(u), (@ —u)") + /Q(ﬂﬁfl —u" ) (U — )" dz

+ | BE)@ — ) (@ —u)do
[2)9]
=0,

thus |[{@, > u}|y = 0, hence w, < u.
So, we have proved that

Uy € [0,u] = {v € W(Q): 0 < v(z) < u(z) for almost all z € Q}

and U, # 0. Then from (27) and (29), it follows that
(A@), )+ [ B)@ " hdo = / (1(z) —fa™ — @ Yhdz Vi e W(Q),
20 Q

SO U, is a positive solution of (24) and @, = u € int C; (see Proposition 3.3)
with u < wu for all u € S,. O]

Proposition 3.5. If hypotheses H(a), H(B) and H(f) hold, then problem (1)
admits the smallest positive solution u, € int Cy.

Proof. From Dunford-Schwartz [6, p. 336], we know that we can find a sequence
{tn}n=1 € Sy such that
inf S, = inf w,.
n>1
In fact since Sy is downward directed, we may assume that the sequence
{tun}tn=1 C WP(Q) is decreasing. So, u, < u; € intC, for all n > 1. We
have

(A(up), h) + | B(z)ul hdo = / f(z,un)hdz Vh e WHP(Q), n > 1. (30)
o9 Q

Choosing h = u, € W'(Q2) and using Lemma 2.3, hypothesis H() and the fact

that 0 < u,(2) < |Jur]loo for all z € Q, we infer that the sequence {u,}n>1 C

WhP(Q) is bounded and so, passing to a subsequence if necessary, we may

assume that

U, — u, weakly in WHP(Q), (31)
Uy, — Uy in L7(Q) and LP(092). (32)

In (30), we choose h = u,, — u, € W'P(Q), pass to the limit as n — 400 and
use (31). Then
lim (A(up), up — us) =0,

n—-+4o0o
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S0
U, — u, in WP(Q) (33)

(see Proposition 2.6). So, if in (30) we pass to the limit as n — +o0o0 and
use (33), then

(A(uy),h) + | B()uP hdo = / f(z,u)hdz Vhe W (Q). (34)
a0 Q

Also, from Proposition 3.3, we have © < u,, for all n > 1, hence ©w < u,. This

fact and (34) imply that u, € S, and u, = inf S,. O

If we strengthen the hypotheses on the reaction f(z, -), we can guarantee the
uniqueness of the positive solution for problem (1). The new stronger conditions
on f(z,() are the following.

H(f): f: QxR — Ris a Carathéodory function, such that f(z,0) = 0 for
almost all z € Q, hypotheses H(f)'(i)—(iii) are the same as the corresponding
hypotheses H(f)(i)—(iii) and

(iv) for almost all z € €2, the function  — Q(qz,’cl) is strictly decreasing on
(0, +00).

Proposition 3.6. If hypotheses H(a), H(B) and H(f)" hold, then problem (1)
admits a unique positive solution.

Proof. From Proposition 3.2 we already have one positive solution uq € int C' .
As in the proof of Proposition 3.3, we consider the integral functional

7: LY(Q) — R=RU {+00}

defined by

1 p
o [omea et [ pentar wuso ut ewine),
o(u) = Q D Jaq

T otherwise.

From the proof of Proposition 3.3 we know that & is convex and lower semicon-
tinuous. Moreover, from the nonlinear Green’s identity, we have

& (ul)(h) = / —divalVuo) 0 v e wie(). (35)

q ud ™t

Suppose that yo € WHP(Q) is another positive solution of problem (1). Then
again we have yq € int Cy and

L [ —di
P = /Q whdz Vh € WP(Q), (36)
0
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Exploiting the monotonicity of &', from (35) and (36), we have

1 —diva(Vu —diva(V
0 [ (FRtT) LSRRI gy o

q ug” i

= / (f(z,_li()) _ f(zlylo))<ug . y[q)) dz
o\ up Y6

<0

(see (1) and hypothesis H(f)'(iv)), so ug = yo since the function ¢ — fg(z’o is

q—1
strictly decreasing on (0, +00). Thus the positive solution of (1) is unique. [J

4. Particular cases

In this section, we show that the previous existence and uniqueness results can
be applied to various nonlinear, nonhomogeneous parametric Robin problems.

We start with the following nonlinear p-logistic type equation with equidif-
fusive reaction:

—diva(Vu(z)) = Mu(2)P' — h(z,u(z)) in Q,
ou
ony

+ B(2)uP =0 on 092, u>0, A>0.

The hypotheses on the perturbation h(z, () are the following:

H(h): h: Q@ x R — R is a Carathéodory function, such that h(z,0) = 0 for
almost all z € 2 and

(i) there exist a function a € L>(2), and r € (p, p*) such that

\h(z, Q)| <a(2)(1+¢Y)  for almost all z € Q, all ¢ > 0;

(i) Hme oo }2(;,’9 = +o0 uniformly for almost all z € ;
(iii) lime_yo+ fz(qz_’cl) = 0 uniformly for almost all z € ;
(iv) for almost all z € Q, the function ¢ — lz(qzﬁ) is strictly increasing on

(0, +00).

Remark 4.1. If a(y) = |y[P~2y for all y € RY (1 < p < +00) and h(z,() =
h(¢) = ("t forall ¢ > 0withp < r < p*, then we have the classical equidiffusive
p-logistic equation.

Note that, if A > Xl(q, ), the hypotheses H(f)" are satisfied and so from
Proposition 3.6, we have the following result.
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Proposition 4.2. If hypotheses H(a), H(5) and H(h) hold and X > /Xl(q, B),
then problem (37) admits a unique positive solution uy € int C. .

We can also prove the monotonicity of the map A\ —— wu.

Proposition 4.3. If hypotheses H(a), H(S) and H(h) hold and X > p >
(g, B), then u, < uy.

Proof. We consider the following truncation-perturbation of the reaction for
problem (37):

0 it (<0,
ku(z,¢) = ¢ (n+ 1)~ = h(z,() if 0<¢<ua(2), (38)
(p+ Dur(z)Pt = h(z,upn(z)) if up(z) <.

¢
KM(Z,C):/O k,(z,s)ds

and consider the C'-functional $,: W?(Q2) — R defined by

%) = w)dz 1up 1 N(u)Pdz — z z
sou(U)—/QG(V)d 4 Hp+p/mﬁ< ) d /QKM(w)d,

for all u € WHP(Q). Clearly @, is coercive (see Corollary 2.4 and (38)). Also
it is sequentially weakly lower semicontinuous. So, we can find u, € WhH?(Q)
such that

Puuluy) = ueVIi/I%E(Q) Ppu(u).

As before (see for example the proof of Proposition 3.4), we show that
Uy, € [O,U)\], Up 7é O,
so u, € int C} is the unique positive solution of (37), u, < u,. O]

In fact, we can improve this monotonicity property, provided we strengthen
the requirements on the perturbation h(z,-). So, the new hypotheses on h are
the following:

H(h): h: Q@ x R — R is a Carathéodory function, such that h(z,0) = 0 for
almost all z € €, hypotheses H(h)'(i)—(iv) are the same as the corresponding
hypotheses H(h)(i)—(iv) and
(v) for every o > 0, there exists £, > 0 such that for almost all z € 2, the
function ¢ — &,(P~' — (2, () is nondecreasing on [0, gl.
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Remark 4.4. Evidently the classical equidiffusive perturbation

h(z,¢) =h(¢) =¢""" ¥¢=0,
with p < r < p* satisfies condition H(h)'(v).

Proposition 4.5. If hypotheses H(a), H(5) and H(h)" hold then A\ > Xl(q,ﬁ),
then the function X — wy is strictly increasing from (\(q, 8), +0o0) into C,
that is, if p < A, then uy —u, € int C,.

Proof. From Proposition 4.2 we already have u, < uy. Let ¢ = ||u)||« and let
&, > 0 be as postulated by hypothesis H(h)' (v). For A > 0, let ui =, +0 €
int C'y.. Then we have

— div a(VuZ) + §Q(uz)p_1

< —diva(Vu,) + §Qu/€_1 + x(0)

= /iuﬁil — h(z,u,) + fgu];il +x(6)

< i = h(zua) + &l + x(0)

= M} = h(z,un) + Gl = (A = p)ul 4 x(6)

ST = Rz, un) + &l = (A= p)m5 4 x(0)

< —diva(Vuy) + &uy ' for almost all z € Q, all § > 0 small,
with x(0) — 0% as § — 07, m, = minguy > 0 (see hypothesis H(h)'(v) and
recall that u, < uy), so

uz < Uy,

hence uy —u, € int C}. [

Next we consider the following nonhomogeneous eigenvalue problem:

—diva(Vu(z)) = Mu(2)™" in Q,
ou
on,

(39)

+ Bt =0 on 09, u >0, A > 0.

We assume that 7 < ¢ < p (¢ > 11is as in hypothesis H(a)(iv)). Then we see
that hypotheses H(f)" are satisfied and so from Proposition 3.6 and reasoning
as in Proposition 4.3 we deduce the following result.

Proposition 4.6. If hypotheses H(a) and H(B) hold, then for every X > 0
problem (39) has a unique positive solution uy € int Cy and A\ — uy, is strictly
increasing from (0,400) into C.
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Finally we consider the following sublinear perturbation of the classical
eigenvalue problem for —AX.

—Ayu(z) = Mu(2)P 4+ h(z,u(z)) in Q,
ou
on,

(40)
+ B(z)uP"t =0 on 0, u>0, AeR.

In this case a(y) = |y’ %y (1 < p < +o00) and so ¢; = p—1 and g = p. The
hypotheses on the perturbation h(z,() are the following:

H(h)": h: QxR — R is a Carathéodory function, such that h(z,0) = 0 for
almost all z € Q2 and

(i) there exists a function a € L>(€2), such that

|h(z, Q)] < a(2)(1+¢P1)  for almost all z € 2, all ¢ >0
(ii) limeoyioo C(; <) — 0 uniformly for almost all z € ;

(iii) lime o+ C(pz Mz — 4 o0 uniformly for almost all z € Q;

(iv) for almost all z € €, the function { — % is strictly decreasing on
(0, +00);

(v) for every p > 0 there exists £, > 0 such that for almost all z € €, the
function ¢ — h(z,¢) 4+ £,(P~! is nondecreasing on [0, g].

Then as before we have the following result.

Proposition 4.7. If hypotheses H() and H(h)" hold and A < Xl(p, B), then
problem (40) admits a unique solution uy € int Cy and the map A\ — uy is
strictly increasing from (—oo, A1(p, B)) into C..

In fact, if we assume that h(z,() > 0 for almost all z € Q and all ¢ > 0,
then we can show that the bound A;(p, 5) > 0 is sharp.

Proposition 4.8. If hypotheses H(5), H(h)" hold h(z,{) > 0 for almost all

z € Q, all ¢ > 0 and X = N (p,B), then problem (40) admits no positive
solution.

Proof. Let A > /):l(p, B) and assume that problem (40) has a positive solution
uy € WHP(Q). As in the proof of Proposition 3.2, we can show that uy € int C.
Let w € int C'; and consider the function

Rl )(2) = [Fu()P - [Fur)P 2 (Fus(a), ¥ (5 ) <z>)RN .

U
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Using the generalized Poicone identity (see Allegretto-Huang [1]), we have

Oé/R(w,u,\)dz
Q

wp
= [Vl —/ |V [P~2 (Vu,\(z), \V4 < p—l) (z)> dz
Q Uy RN

wP Oouy, wP
~vull; - [ () s - <—*, >

'4
_ ||Vw|]§—/\||w||§—/h(z,uA)%dan B(2)w? do
Q Uy o0

< |Vulr + / By do — A
o)

(where we have used Green’s identity; see e.g., Gasinski-Papageorgiou [11,
p. 210]). Choosing w = uy(p, B) € int C;, we have

O</)\\1(p7ﬁ)_>\<07

a contradiction. Therefore (40) has no positive solution for A > A (p, B). O

Remark 4.9. Is it possible to have a sharp existence-nonexistence result for
the general nonhomogeneous problem (that is, if A,u is replaced by diva(Vu))?
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