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Abstract. We study the global regularity in generalized Morrey spaces of the so-
lutions to variational inequality and obstacle problem related to divergence form
parabolic operator in bounded non-smooth domain. We impose minimal regularity
conditions as to the coefficients of the operator so also to the boundary of the domain.
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1. Introduction

The obstacle problem for partial differential equations arises naturally in the
classical elasticity theory as one of the simplest unilateral problems in the study
of mechanics of elastic membranes. Roughly speaking, it aims to find the equi-
librium position of an elastic membrane, the boundary of which is keeping fixed
and which is constrained to stay above a prescribed obstacle. More generally,
the obstacle problems provide a basic analytic tool in the study of variational
inequalities and free boundary problems for PDEs and are involved in various
geometric and potential theory problems such as capacities of sets or minimal
surfaces. Their applications cover a broad spectrum of problems of modern tech-
nology, among them the study of fluid filtration in porous media, constrained
heating, elasto-plasticity, optimal control problems in the theory of Brownian
motion, phase transitions, groundwater hydrology, financial mathematics, and
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so on. We refer the reader to the classical texts by Murthy and Stampac-
chia [18], Kinderlehrer and Stampacchia [15], Friedman [12], Rodrigues [23] and
Caffarelli [9] for further discussions and more details.

The present paper deals with regularity in generalized Morrey spaces of the
weak solutions to variational inequalities for divergence form parabolic systems
with measurable coefficients in non-smooth domains. In that sense, it provides a
natural extension of the results in [3-6,8,11,13] which studied equations/systems
without obstacle in the framework of different functional spaces.

Our work is motivated by the recent papers [1,2,24] where the authors de-
veloped a sort of Calderén-Zygmund theory for nonlinear elliptic and parabolic
problems with irregular obstacles. To the difference of [1,2,24], we deal with dif-
ferential operators having coefficients only measurable in one variable, say z?,
allowing this way quite arbitrary discontinuities in that direction, while in the
other variables (2, t) they have small mean oscillation (small BMO). This situ-
ation is closely related to the equilibrium equations of linearly elastic laminates
and composite materials which have been widely applied to various fields, see
[10,17]. Even if there have been recently a lot of works in this direction, most of
the obtained results consider single equations without obstacles. Another point
of difference with [1,2,24] consists of the fact that we derive here a general-
ized version of the gradient estimate in the settings of the generalized Morrey
spaces. Regarding the non-smooth domain considered here, we suppose that its
boundary is flat in the sense of Reifenberg [22]. Loosely speaking, this means
that the boundary is well approximated by hyperplanes at each point and at
each scale, and is a sort of “minimal regularity” of the boundary guaranteeing
the main results of the geometric analysis continue to hold true. For instance,
C'-smooth or Lipschitz continuous boundaries with small Lipschitz constants
belong to that category. The class of Reifenberg flat domains extends beyond
these common examples and contains domains with rough fractal boundaries
such as the von Koch snowflake. In addition a domain which is flat in the sense
of Reifenberg is also Jones-flat and possesses the extension properties. Moreover
the Reifenberg condition implies the two-sided (A) condition (11) that ensures
the existence of extension operator and hence also the trace operator on the
boundary of €.

Turning back to our problem, let 2 be a bounded domain in R™ with n > 2
and @ = Q x (0,7] be a cylinder in R” x R;. Denote by 0@ the usual para-
bolic boundary {€ x {t = 0}} U {9Q x [0,T]}. For a given vector function
=Y, ... ™) Q — R™ satisfying

o€ L0, T HY(QLR™)), oy € LH(Q:R™),
P <0ae ondQ, i=1,...,m,
we define the admissible set A consisting of vector functions

¢=(¢",...,¢™) € C°0,T; L*(Q;R™)) N L*(0,T; Hy (2, R™))
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such that
#'(,0)=0aec inQ and ¢ >¢'ae in@Q, i=1,...,m.

Hereafter we adopt the standard summation convention on the repeated
indexes, with 1 < o, <n and 1 <17,7 <m where m > 1.
We are interested in vector-functions u = (u',...,u™): Q — R™ lying in A

and such that

/T(qﬁi, ¢ —u') dt —I—/ A%ﬁ(x, t)Dﬁuj - D, (¢z — uz) dxdt
0 Q (1)
> / [z, t) - Do (¢" — u') dadt
Q

for all ¢ € A with ¢, € L?(0,T; H*(Q,R™)), where F={f*} € L*(Q,R™) is a
given non-homogeneous term and (-, -) denotes the pairing between H ' and H_.
Such a function u is called a weak solution to the variational inequality (1).

Throughout the paper, the tensor coefficients A%ﬁ : @ — R™X™" are as-
sumed to be uniformly elliptic and uniformly bounded, namely, we suppose that
there exist positive constants A and A such that

for all matrices & € M™*" and for almost every point (x,t) € Q.

According to the classical theory of the variational inequalities ([1,9,15,24]),
if F € L?(Q,R™), there exists a unique weak solution u € A of (1) satisfying
the estimate

1D gy < € (IFRN s gy + 16l 1 gy + 1IDVE ) B)

with a positive constant ¢ depending only on A\, A, m and |Q)].

This paper addresses the question of how the estimate (3) in L' can be
replaced with the one in the generalized Morrey space under minimal regularity
requirements on A%’B and a lower level geometric assumptions on 9€2, which will
be specified in the next section.

2. Generalized parabolic Morrey spaces

Let us start with the description of the spaces that we are going to use and the
definitions of the families of domains that we need:

e parabolic cylinder centered in (y,7) € R™™! and of radius r > 0 :
Ir<y7 7-) = Br(y>x (T—TZ, T+T2) = {(.CC,t) € Rn+1: ‘x_y‘ <, |t_T| < TQ}

with Lebesgue measure |Z,| = c(n)r"™2. For each fixed (y,7) € Q we write

Q- =QNZL.(y,T).
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e parabolic cube centered in (y,7) = (y', 9/, 7), v = (v, ..., y") :
Coy,m) = {(z!, 2", t) e R™ L ot —yl| <o, o/ —yf| <, |t —7] <7}

with |C,.| = c(n)r" 2.
o z'-slice of C.(y,7) for some fixed z' € (y' —r,y! +7r):

Cr(y.7) = {(@'.t) ER! xR+ (2l 1) € Co(y, 7))}
o clliptic cubes in R™ centered in y = (y!,y/) :

Ciy)={(z"2") eR": |2' —y'| <r, |2 —¢| <r}

with Lebesgue measure |C)| = ¢(n)r".

In what follows, we use the letter ¢ to denote a constant that can be explicitly
computed in terms of known quantities such as A\, A, m,n,p and |Q|.
We call weight a positive measurable function ¢ : R"™! x R, — R,.

Definition 2.1. Let Q be a cylinder in R"™!. A function f € L4(Q), 1 < ¢ < oo,
belongs to the generalized Morrey space L%?(Q)) if the following norm is finite

1 q
||f||L¢MJ(Q) Sli}j (m Qr|f(.7),t>|qdl’dt)

If o =r* X € (0,n+2), then L9 coincides with the classical Morrey
space L%*. However, there exist examples of Welghts of more general form as
o(r) = rin(r + 2) or p(Z,(y (fL w(z,t) dxdt) 0 < a < 1, where
w € A, is Muckenhoupt Welght Wlth q€ (1, 1) (see [19]). One more example is
the following: the function f(z) = x[_1.z| 72 € L'*(R) with p(Z) = [, |2|* da,
for @ € (—1,—3), where Z is any interval in R.

Let M denote the Hardy-Littlewood maximal operator in R"*1. For any
f e Ll (R™) we have

M (y, ) = sup ——

— |f(z,t)| dzdt.
r>0 ‘Ir(y77->| Zr(y,7)

If D ¢ R""! is a bounded domain and f € L'(D), then M f = Mf, where f is
the zero extension of f in R™*!. It is well known that M is a bounded sublinear
operator from L7 into itself. Precisely, if f € L4(R"™!), ¢ € (1,00), then

/ \f(x,t)]qd:cdtg/ |Mf(q:,t)|qd:cdt§c(q,n)/ |, )] dadt.

Rn+1
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Moreover, the following weak type estimate holds
o) € R MEG ) > | < % [ fetitded, (@)
Rn+1

for any 1 < ¢ < oo and any p > 0.

Lemma 2.2 (Maximal inequality, [19]). Assume that there are constants Kk,
Ko, kg > 0 such that for any fived (y,7) € R™™ and any r > 0 we have

—go(Is(y,T)) ko forallr <s r
k1 < A(T(y,7) < kg Jorallr <s<2r, (5)
/OO ©(Zs(y, 7)) ds < ks @(Ir(va)). (6)

Then, for any 1 < q < 0o, there is a constant ¢, > 0 such that
Hf”Lq,cp(Rn+1) S HMfHLq,go(Rn+1) S Cq|’fHLq,<p(Rn+l) fOT’ CLll f E Lq’p(Rn+1).

Impose in addition a kind of monotonicity condition on ¢, precisely

()O(IT(yv T)) S QD(IS(Z, 5)) fOI' aH IT(yv T) - IS(Z, é) (7)
This implies the boundedness of the quantity
Z,(y,

(ymeqQ @ (IT<y7 T))
r>0

with a positive constant k4 depending on n, ¢ and . In fact, since @ is a
bounded domain, there exists d > 0 such that @@ C Z4(0,0). Then, if r > 2d for
any (y,7) € @ we have

ZwnnQl _ Q)
@(Ir(yﬂ_)) N @(Ida)ao))

On the other hand, if 0 < r < 2d, then we see from (6) that k3 % >

;: w(ii(i/ér)) ds > QO(Izd(y,T))f;:y%dS > Sp(Id(()’O))W. It implies

that for some positive constant ¢ = ¢(n) it holds

Z(y, 7) N Q) < crt? - crg(n + 2)(2d)" 2
P(Z(y,m) T @) T ¢(Za(0,0))

Suppose now that f € LP¥(Q) with p € (2,00) and ¢ satisfying (7), then
f € LP(Q). Precisely, for a fixed (y,7) € @ we have

sup max {|y — z[, /|7 — ¢|} < diam Q.
(2.6)€Q
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Hence there exists 7* < diam @) such that @) C Z.«(y,7) and this gives that

1 llzr@) < o(Ze-(y, 1)) 7 (| fllro(@) < 9(Z2al0,0)) 7 [| fll o) -

Then the Holder inequality implies

1 F12) < QI [1£1 115 < QI P 0(Zaa(0,0) 7 I £1Pll 5.0y (9)

3. Statement of the problem and main result

Our goal is to derive regularity estimate for the weak solution to the variational
inequality (1) in the framework of the generalized Morrey spaces. More pre-
cisely, under additional regularity assumptions on the coefficients in (1) and a
suitable geometric condition on the boundary of ), we will show that for every
p € (2,00) and for every ¢ satisfying (5)—(7), it holds that

|Dul® € L5#(Q)

provided
[FI* € LE9(Q) and [if*, [DY[* € LE9(Q).

To do this, we first define integral average of Afjﬁ over zl-slice of C.(y,T),
‘rl S (yl - Tmyl + T)J

1

—af 1
A () = =7
(y,7) IC2 (y, 7)| Jeot ()

i ety

afB/ 1
AP (', 2! t) dadt.

Definition 3.1. We say that (Af;ﬁ ,§2) are (9, R)-vanishing of codimension 1, if

the following properties are satisfied:

e For every point (y,7) € @ and for every number r € (0, %R] with
dist(y, 002) = mé% dist(y, z) > V2r,
HAS

there exists a coordinate system depending on (y, 7) and r, whose variables
we still denote by (z, t) so that in this new coordinate system (y, 7) = (0, 0)
is the origin and

00|/oo

Aaﬁ (x,t) By (zh) ’ drdt < 6°
ij ¢zt (0,0) =7
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e For any point (y,7) € @ and for every number r € (0, 3R] such that
dist(y, 09) = mggl2 dist(y, 2) = dist(y, zo) < V2,
BAS

there exists a coordinate system depending on (y, 7) and r, whose variables
we still denote by (x,t) such that in this new coordinate system (xg,7) =
(0,0) is the origin and (2 verifies the Reifenberg condition

QN{x el (0): ' >3rd} C QNC,.(0) C QN{z€CL.(0): ' >—3r8} (10)
while the coefficients have small BMO with respect to (2, )

1

2
—_— AP (1) — Ay Y| dwdt < 6%
|C37’(07 0)| C3r(0,0) ‘ ! ( ) © O)( )

i e (0,

Some remarks are in order to clarify the notion just introduced. If (A%ﬁ , Q)
are (0, R)-vanishing of codimension 1, then, for each point and for each small
scale, there is a coordinate system such that the coefficients have small bounded
mean oscillation (briefly BMO) in the (2, t)-variables with no regularity re-
quired with respect to 2!, that is, the coefficients can be only measurable in the
direction z?.

The domain 2 is (0, R)-Reifenberg flat (see [22,26]). Moreover, (10) implies
(cf. [20,21]) existence of a constant v = ~(d,n,d?) € (0, 3) such that

71C5,.(0)] < 1C5,.(0) N < (1 —7)]C5,.(0)] (11)
for each cube C5,(0) centered in some point zo € OS2 that we call 0 and r € (0, £].

The constant § will be determined later, it belongs to (0, %) and it is in-
variant under a scaling (see Lemma 4.3). Moreover, by means of the scaling
invariant property of the problem (1), (2), the constant R can be assumed to
be any value greater than or equal to 1.

Finally, the numbers v/2r and 3r are choosen on purpose since we need
enough space to make rotate the cylinder C,.(y, 7) in any spatial direction.

Theorem 3.2. For any given p € (2,00) and weight ¢ satisfying (5)—(7), sup-
pose that |F|? € L2%(Q) and ||?, |Dy|? € L2%(Q). Then there evists a
small constant 6 = §(\, A, m,n,p, ) such that if the couple (A;ljﬁ, Q> is (0, R)-
vanishing of codimension 1, then |Dul*> € L2%(Q) and we have the estimate

||’Du’2||L%*‘P(Q) =c <|HF|2HL%W(Q) + Hwt‘zHL%W(Q) + H‘DwPHL%*‘P(Q)> , (12)

where ¢ is a positive constant depending on A\, A, m,n,p, ¢ and Q.
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4. Auxiliary Results

In this section, we prove several preliminary results that we are going to use in
the rest of the paper. The main tools in our approach are the Hardy-Littlewood
maximal inequality and a Vitali type covering lemma.

Because of the scaling invariance property of the Reifenberg domain (cf. [6,
Lemma 5.2]), we can take R = 1 hereafter. Fix (yo,79) € @, take a parabolic
cylinder Z,(yo,79) and denote @, = Z.(yo,70) N Q. For the weak solution u
of (1), we define the super-level sets

¢ = {(z,t) € Qr: M(|Du|2) > NQ} (13)
and

D = {(z.t) € Qr: M(IDu*) > 1} U{(,1) € Qr: M(|F*) > 6%}

U{(z,t) € Qs M([th]> + |Dy|?) > 6°}. (14)

Let us note that the sets are defined locally and for N > 1 the following inclusion
holds
CCDCQ,.

For a.a. (y,7) € € and for each p > 0 we define the function

enC, (7))
o) = et

Then © € C°(0,0) and by the Lebesgue Differentiation Theorem

0(0) = lim ©(p) =1, lm 6(p)=0.

Lemma 4.1. Let Q2 be a bounded (9, 1)-Reifenberg flat domain. Suppose that

(1) there exists € € (0,1) such that ©(1) < ¢ for a.a. (y,7) € ;
(i) for each p > 0 such that ©(p) > € it holds Q, NC,(y,7) C D.

Then o
10v2
< _— .
|a_e<1_5> 0

Proof. Since O(1) < ¢, there exists py, ) € (0,1) such that ©(p(, ) = € and
O(p) < e for all p > py -

Consider a family of parabolic cubes {C, (¥, T)}(.ree Which forms an
open covering of €. By the Vitali covering lemma, there exists a disjoint sub-
collection {C,, (yi, i) }i>1 With p; = py,.-) € (0,1), (y;, 7:) € € such that ©(p;) =¢,

D 1€ (s )l = e(n)le] and € C [ JCsp, (yi, -

i>1 i>1
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Since O(5p;) < €, we have
€N Csp, (yi, 3)| < €lCsp, (yi, 3)| = €5"2IC,, (i, T3)-

Furthermore, making use of the measure density condition obtained from the
(0, 1)-flatness condition, see [6], we get

n+2
2v2
1Cpi (i, )| < (m) |Qr N Cp, (i 7).

Now we have |C]|

Uit (€0 Copin7)| < St €0 ol )] <

+2
€ Zz>1 |C5pz(yz> Tz)| < 55n+2 Zz>1 |CP1 (yzv Tz)| < 5<10\[> 2121 |Q7"ﬂcpi (yia 7—1>|

Having in mind that ©(p;) = ¢, {C,,(vi, 7:) }i>1 are mutually disjoint, and con-
dition (ii), we get

|Q:| Sfl §€1|©|

U Qr N Cp, (yi;7i)

i>1

n+2
with ¢, = ¢ <10\f> ) O

The next result follows from the standard measure theory.

Lemma 4.2. Let h € L'(Q) be a nonnegative function, © be a weight satisfying
(5)<(7), ¢ € (1,00) and ¢ > 0,6 > 1 be constants. Then h € L¥%(Q) if and

only if
§m mp S IUEDEQ: bet) >0
' wreQ =3 e(Z:(y, 7)) '

Moreover,

—5 < [l 00 (g < c(1+5),

where ¢ = ¢(0,(,q, ¢, Q).

Proof. For a.a. (y,7) € Q we have

1 / 1
——— [ hi(z,t)dzdt = —/ hi(x,t) dxdt
(T (y,7)) Qr (T (y T)) {(z,t)eQ-h<CO}

+ / hi(x,t) dxdt
Z I?JT (@) (1)

T €EQr:(OF<h<(OHF+1}



162 S.-S. Byun and L. Softova

and hence

—1 Uz T
o(Z(y, 7)) /rh( 1) dede

. lQ (¢o++1)s
SRl VR s A

— (coy" (so( D q’{(x’t) € Q< bz, 1) > (0]

Ly.7) = P(Z(y; 7))

‘{ z,t) € Q, : h(z,t) > (O}

) |

Taking the supremum over (y,7) € @, > 0 and making use of (8), we get

HhHqu(Q (1_'_8)

with a constant depending on ¢,n, ¢, (,6 and ). On the other hand

Feame ) UL

ST / T < /O e gqldg) ddt

g [ W €@ e > et ae

&
\]

ek
>4 Z\{xteQT. (xt>(9k}|/ gt dg

P( Ly, 7)) =

== g_q)sO(Ir(y,T))

k>1

Taking again the supremum over (y,7) € Q,7 > 0, we get [|A]|7..(q o

In the proof of our main theorem, we employ the fact that the obstacle
problem here considered is invariant under scaling and normalization. This

property follows by straightforward calculations.

Lemma 4.3. Let u € A be the weak solution to the problem (1), (2). Assume
that (AO‘B Q) are (0, R)-vanishing of codimension 1. Fiz M > 1,0 < p < 1,

ij
and define the rescaled maps

Fafb _aap ~ o Ll(pl‘,th)
Aij (z,t) = Aij (/0-’17702t)a u(r,t) = Tp’
~ F(pz, p*t ~ x, p*t
Ba.t) = TP = PPRIT

> 0"|{(x,t) € Qr : hlx,t) > CO"Y|.

>1S8. O
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and the sets Q) = {% € Q}, Q=0x (O,T] = {(%,p%) Dz, t) € Q} and
A={¢ e C0,T; L*(Q,R™) N L*(0,T; HY(Q,R™)) ;
G'(-,0) =0 ae. inQ and ¢ > a.e. in Q, i = 1,...,m}.

Then

1. ZZB : Q — Rmnxmn satisfy the basic condition (2) with the same constants

A and i\
2. <Af}6, Q) are (6, %)-vanishz’ng of codimension 1.

3. u e A is the weak solution to the resulting variational inequality:
/ (@, il dt+ /~ A (w,4) Dy Do(§'— i) dadt > /~ fe- D¢~ ) dadt,
0 Q Q

for all ¢ € A with ¢, € L2(0,T; HY(Q,R™)).

5. Global gradient estimate

Let u € A be weak solution to (1), (2). Fix p € (2,00) and take ¢ satisfying
(5)—(7). Suppose that

F|> € L5(Q) and [, [DY[* € LE9(Q).

We will show that Du € L2%(Q) with the estimate (12) under the regularity
requirements staying in Definition 3.1. Recall that @, = Q N Z.(yo, ) for a
fixed point (yo, 70) € Q. Denote in addition Q, = QN B, (yo), 092, = 02N B,.(yo)
and 8@7’ = aQ N IT(yOa TO)'

Now, in order to apply Lemma 4.1 we need the following result.

Lemma 5.1. There exists a large constant N = N (X, A,m,n) > 1 such that
for each 0 < e < 1 there exists a small 6 > 0, depending on known quantities,

such that if <A%ﬁ, Q) are (0, R)-vanishing of codimension 1 and if C,(y, ) with
(y,7) € Qr and p € (0,1) satisfies

[{(z,t) €Q,: M(IDuf*) >N} N Cy(y, 7)| > £|Cy(y, 7)| (15)
then

Q- NCy(y,7) € {(x,t) €Q: M(IDul2)>1} U {(x,1) € Qs M(|F|?)> 52}

U {(,) €Qu: M|+ |Dip[?) > 6. (16)
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Proof. Because of the scaling invariance property of Q (cf. [6, Lemma 5.2]) we
can take arbitrary R > 1. For technical convenience we choose R = 49 and take
also p and 7 such that Cg, C B,(yo) with y € €2,..

We argue by contradiction supposing that in @, the maximal functions do
not satisfy (16), hence C,(y, T) satisfies (15) but the claim (16) is false. Then
there exists a point (yi,71) € @, NC,(y, ) such that for every o > 0 we have

1
|Co (yh 7-1>| QrNCo (y1,71)
1
1Co(y1,11)] QrNCo(y1,71)

|Du(x,t)]* dzdt < 1,

IF(z,t)|? dedt < 82 (17)

1

2 2 2
Gl Jocesoin ([toe(z, t)]* + | Dp(z, 1)) dudt < 6°.

We consider only the lateral boundary case Cg,(y) N 99, # (. The interior
case Cg,(y) N 0Q, = ) can be handled in a simpler way, since there is no is-
sue related to the boundary. The estimates on the corner and on the bottom
can be treated in the same way as in the estimates near the lateral bound-
ary with a proper extension of F and ¢ defined on (0,7) to R. Take a lateral
boundary point y, € Cg,(y) NO<2,. According to Definition 3.1, there exist a new
coordinate system, modulo reorientation of the axes and translation whose vari-
ables we denote by (z, &) such that in this new coordinate system, the origin is
(y2+42pdiiy, 7) = (0,0). Here iy is unit inward vector at y, denoting the normal
direction z!'. Then in the new coordinate system the considered points become
(y,7) = (w,¢), (y1,7) = (w1, ¢) and (wi, () C Cp(w, ¢) C Cr,(0,0) for 6 < 3.

According to Definition 3.1 we can write
Q, N{Cyy,(0) : 2' > 0} € Q, NClp,(0) € QN {Chy,(0) : 2" > —84ps},  (18)

and

A?‘B(zf) - Aiaﬁ A (21
]{;42,;(0,0)‘ / J C35,(0,0)

Since Cy2,(0,0) C Cagp(wi, 1), by (17) we get

2
dzd¢ < 6% (19)

1
|C42p (07 O) | C425(0,0)NQr

<9 (@) e | [Duz, &) d=dg
- 42 ’C4Qp<w17 <1>| Cagp(w1,61)NQr 7

< 2n+3.

|Du(z, €)|* dzd¢
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In a similar manner, we get

1
|C42,(0,0)]

(Ie(z, )2 + | D (2, €)?) dzdg < 274352,

/ Pz, ) dadg < 2735,
C42,(0,0)NQy

1 (21)

Ca2,(0,0)| Jeys, 0,000,

Using now the concept of localizable solutions, introduced in [24,25], we find
that

G , 4 . -
/<%¢“w%%+/ AL (2,€)Dgu - Dy (¢ — u') dzdg
C2 Ca25(0,0)NQr (22)

z/ J2(2,€) - Do (6 — ) dade
C125(0,0)NQr

with o = —(42p)?, (3 = (42p)? and i = 1,..., m. The inequality (22) holds for
all ¢ € CY (¢, Gs; L?(Cﬁ12 0)NQ,,R™)) N 2 (42, (3 HY (Chpp(0) N Q2 R™)) with
b€ L*(Coy (53 H (CQQP( ) N, R™)) such that ¢*(-, () =0 a.e. in Cf,,(0) N €,
and ¢" > ¢ a.e. in Cy2,(0,0) N Q,. Let us note that the weak solution in (1)
coincides with the localizable solution in (22) under a H'-extension property of
the domain, as it was shown in [24,25]. Needless to say, J-Reifenberg domain
enjoys such a property, see [14, 16, 21].

Let k € C°(Ca, G L2(Cly(0) N Q4 R™)) 11 L2(Ga, Go HL (o, (0) 1 24, R™)
be the weak solution of the system

K= Dol A (2, €) Dsl?) == Do(A5 (2, ) Dgt’)  in Cizy(0,0)1,

o (23)
E'=u' on Cy2,(0,0)NOQ,

with i = 1,...,m. Remembering k' = u’ > 9" on Cy2,(0,0) N 9Q, and employ-
ing the comparison principle (see [1, Lemma 2.8]), we deduce k' > 1" a.e. in
C12,(0,0) N Q.. We then substitute ¢ = k into (22) to deduce

/ (ki K —ul) d€ + / A (2, ) Dyl Dok —u') dadg
© C42p(0,0)ﬂQr (24)

z/ £2(2,€)- DK 1) dade.
C42p(0 0)NQr

Taking as a test function k — u for (23), we have

/ (kg,kl—uz>d§+/ A%B(z,g)ng’-Da(kZ—uz) dzd¢
C2 C42,(0,0)NQr (25)

= / Ve (k' —u') dzd€ + / AP (2,€) Dy DoK' —u') dzdé
C42p(0 0) C420(0’0)0QT

) mQT
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Combining (24) and (25), we obtain
/ 20 (2, ) Dol —u) - Dok — o) dzd
C42p(0 O)ﬂQ,

< / Vi (k' —u') dzd€ + / AP (2,€) D! DoK' —u') dzdg
Ca2,(0,0) Cazp(

0)NQ-r 0,0)NQr

<[ gDk u) dade
C42p(0 0)

k] OQ”‘

We then use the uniform ellipticity condition (2) and the smallness assumptions
(20), (21), to conclude
1

_— |D(k — ) |* dzd¢ < 6.
|C42,0(0 0)| C42p 0 O)HQT

Since k is the weak solution to the parabolic system, it follows from an argument,
very similar to that of [6, Lemma 4.8], that we can find a small positive constant
d =0(e,\,A,m,n) > 0 and a function v such that for such § satisfying (18),

(19) and (21), one has
1

S ID(k — v)[2 dzdg < c6°

C145(0,0)| Jeru, 0,000

for some 0 = o(\, A, m,n) > 0, and
1DV (17 o, 0.00000) < NTs (26)

where N is a universal constant depending on A\, A, m, and n. Therefore, for
any small n > 0 and 6 = §(n) we get

1

_ D(u — v)|? dzdé < (6% +6°) = n*. 27
Con0.0)] Jery 0o, V) 0 +0%) @)

Now, taking N = max {2]\71, 272 LH} , we get as follows.

{(z € € Qr: M(|Duf?) > N*} 1 Cr,(0,0)|
1C7(0,0)]
< (8 € Qr: M(ID(u—v)[*) > N7} 1 Cr, (0, 0)]
- [C7(0,0)]
L 1G9 €@ MUDVP) > N7} 1Cr,(0,0))
C7(0,0)]

(26) c |D( )|2 dzd€
< ° u—v)|[“dz
o |C14p( 0)] C145(0,0)NQr

< o’
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which implies
[{(2,€) € Qr: M(IDuf’) > N*} NC,(w, Q)| < en?|Cylw, )],

since C,(w, ) C Cr7,(0,0). However, this contradicts (15), since this estimate is
invariant under the change of variables and n > 0 is arbitrary, which completes
the proof. O

Fix now ¢ > 0 and take 6 and N as given in Lemma 5.1. Making use
of Lemma 4.1, we will obtain power decay estimate of the super-level sets of

M(|Dul?).

Lemma 5.2. Under the assumptions of Lemma 5.1, suppose in addition that
O(1) < € for each (y,7) € Q,. Then for all positive integers k, we have

{(.t) € Q.- M(IDuP) > N}
< é[{(z,t) € Qr: M(|Dul?) > 1}

k
+ Zeg\{(x,t) € Qr: M(|F?) > §2N2=01) (28)
=1
k
+ 3 e{(2,1) € Qu: M([ef* + [Dyf?) > 62N
=1

n—+2
with €, = ¢ <%§) )

Proof. The Lemma 5.1 and assumption ©(1) < ¢ ensure the validity of the
hypothesis of Lemma 4.1 for the sets € and D, which gives immediately (28)
for £ = 1. Further, we proceed with the proof by induction, in a similar manner
as in [7]. Suppose that (28) holds true for some k > 1. Define the vector-
functions u; = v, and Fp = % and Y, = % It is easy to see that u; is a
weak solution to the problem (1) with a right-hand side F. Hence, Lemma 5.1
and the assumption O(1) < € hold with sets € and ® corresponding to u; as
defined in (13) and (14). Then (28) holds true for u; with the same k& > 1.
The definitions of u;, F; and v; ensure the inductive passage from k to k + 1
for u. ]

We are in a position now to prove Theorem 3.2.

Proof of Theorem 3.2. Assume that the norms of F and ¢ are small enough.
More precisely, we can obtain this by taking

K = WIFPl g0 gy + 116500y + DRI o

~ du(z,t) _ OF (z,t) ~ (z,t)

=R TR VTR

(29)
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instead of u, F and ¢ in (1).

Consider the super-level set € defined for u. For each (y,7) € € holds
% < dC| < e fy, M(DAP)(x,t)dedt < c [, [Du(z,t)]* dedt <
¢ [ |D(x, 1) dedt < c [, (yF (2, )2+ [l + [ DY) dadt < e(IFP] s g +

b2l + < ¢d? where we have use . Taking 0 sma
O T [ 220 S 62 wh h d (9). Taking § small
enough we get
|Q:ﬂC1(y,7')|
|C1(y77-)|

Now we can apply Lemma 4.2 with h = M(|Du]?), § = N*, A=1and ¢ = 2.
Thus, using Lemma 5.2, we get

O(1) = <ch <e.

N5 [ {(2,t) € Q,: M(|Du)?) > N*}|

> = Z oZ(5.7)
N#ek |{(2,1) € Q, : M(IDEP) > 1}]
<Z 2T (5. 7))

¢ {(x t) € Q. : M(IF|) > 62N2(’H)H

+ZN pz o(Z(y, 7))

i {(x’t> €Qr: M(‘Jt? + ‘DQZP) > §2N2(k—i)}‘

* ZN D) EEATRS)

=1
< N NP k ‘Qr|
B ,;( 1) (L (y, 7))
o0 > () € Qs M(IF?) > 52N2(k—i)H
NPeq ) N(kfz)p {
+ ; ( 61) kz; C,O(I,«(y, 7'))
g
- o W@t e M2+ DY) > 52N2<k—i>}‘
NPe, ) N(kfz)p {
+ ; ( 61) ; @(IT(y, 7-))

-~

El/

To estimate X" and X" we apply the maximal inequality, Lemma 2.2, and
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the measure estimate Lemma 4.2. Precisely

2

m <|Qr| +/QTM<%> (z,t) dxdt)

c LC]
= T <|Qr|+/r T dt>'

In a similar way we estimate also X”.

" c [, )P + [D(, )7
X< PEATED) (IQT| +/T 7 d:pdt).

Unifying the above estimates and applying again (8), we get

S 1 F(z, )|
< D k )
2_(;;(2\7 €1) +¢<Ir<y77))/r s dadt

1 [n(, O + | D, )]
P(Z:(y. 7)) / . o dxdt] '

Y
2

IN

Since S is the supremum of X over (y,7) € @ and r > 0, we obtain

Mg

S<e Y (va)l |1+ Ll + 55 (Wl + 107

k=1

Mg

(N?e))*,

B
Il

1

where we have used (29) in the last inequality above.

We now recall ¢; =¢ (10‘[) and 0< < %, to see that ¢; <cy¢, the constant
c1 depending only on n. Taking € small enough such that NPe; < NPcie< 1, we
get S <oo. In view of Lemma 5.1 and the substitution (29), we get

2\ % 2 5 2|15
IMADUPIEy ) < ¢ (NP, g + N + NIDUPYE, ).

L5%Q)

which gives (12) through the maximal inequality. O
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