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Topological Structure of the Spaces
of Composition Operators on

Hilbert Spaces of Dirichlet Series

Bingyang Hu, Le Hai Khoi and Ruhan Zhao

Abstract. In this paper we study some topological properties of the space of bounded
composition operators on some Hilbert spaces of Dirichlet series. We first obtain for-
mulas for the norms and essential norms of composition operators and differences of
composition operators on Hilbert spaces of Dirichlet series. Then we give a char-
acterization of the isolated points in the topological space of bounded composition
operators on some Hilbert spaces of Dirichlet series. Finally we obtain sufficient con-
ditions such that two composition operators are in the same path component. We
show, among other results, that all compact composition operators are in the same
path component. For a certain class of frequencies we give complete description of
path components.
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1. Introduction

In this paper we study topological structure of the space of bounded composition
operators acting on some Hilbert spaces of Dirichlet series. Let H be a space
of holomorphic functions on a set G ⊆ C. Let ϕ be an analytic map of G into
itself. The composition operator Cϕ is a linear operator defined as follows:

(Cϕf)(z) = f ◦ ϕ(z), z ∈ G, f ∈ H.
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Because of their natural appearance and their wide connections with many other
mathematical fields, composition operators have been extensively studied in
recent decades. One of the main themes for studying composition operators is to
relate the operator theoretical properties of the Cϕ to the functional properties
of the symbol function ϕ. We refer to the monographs [2,14,17] for the general
information on composition operators. In particular, an extensive study of
composition operators has been carried out on spaces of classical Dirichlet series
(see, e.g., [4, 6]).

In [8, 9], a study was carried out of composition operators on some classes
of entire Dirichlet series. Various properties, such as boundedness, compactness
and compact difference have been studied.

Let us first recall the basic properties of a Hilbert space of Dirichlet series.
Let 0 ≤ (λn) ↑ ∞ be a given sequence of real non-negative numbers satisfying
condition

L = lim sup
n→∞

log n

λn
<∞.

It is well known that the Dirichlet series with frequencies (λn),

∞∑
n=1

ane
−λnz, an, z ∈ C,

converges and hence represents an entire function in C if and only if

D = lim sup
n→∞

log |an|
λn

= −∞.

Denote by E the sequence space

E = {(an) : D = −∞} .

Let β = (βn) be a sequence of real numbers, and let

l2β =

a = (an) : ‖a‖ =

(
∞∑
n=1

|an|2β2
n

) 1
2

<∞

 .

It is well known that l2β is a Hilbert space with the inner product

〈a, b〉 =
∞∑
n=1

anb̄nβ
2
n, ∀(an), (bn) ∈ l2β,

(see, e.g., [16]). In [9] it was proved that l2β ⊂ E if and only if

lim inf
n→∞

log βn
λn

=∞, or equivalently, lim
n→∞

log βn
λn

=∞. (E)
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In this case, by H(E, β) we denote the space of entire Dirichlet series with
coefficients in l2β, that is

H(E, β) =

{
f(z) =

∞∑
n=1

ane
−λnz : (an) ∈ l2β

}
.

This is a Hilbert space with the inner product

〈f, g〉 =
∞∑
n=1

anb̄nβ
2
n,

where f(z) =
∑∞

n=1 ane
−λnz and g(z) =

∑∞
n=1 bne

−λnz are any two functions in
H(E, β).

In [9], a study of composition operators on Hilbert spaces of Dirichlet series,
three notions of order were considered: ordinary, Ritt, and logarithmic orders.
In this context, a result of Polya [13] played a pivotal role. We may assume that
the Ritt order ρR of our Dirichlet series equals 0, because in case the Ritt order
is positive, as noted in [8], the logarithmic orders are infinite, and so there is
not much information we can get from logarithmic orders.

In [9], it is proved that for every function f ∈H(E, β), ρR=0 if and only if

lim inf
n→∞

log βn
λn log λn

=∞. (R)

Based on the above result, the following Hilbert space of Dirichlet series was
introduced in [9]: for a fixed sequence β ∈ (R),

H(E, βR) :=

{
∞∑
n=1

ane
−λnz : (an) ∈ l2β

}
.

It is also proved in [9] that any f ∈ H(E, βR) has a finite logarithmic order if
and only if the following condition is satisfied

lim inf
n→∞

log βn
λ1+αn

=∞, for some α > 0. (S)

Following [9], for a fixed sequence β ∈ (S) we consider the following Hilbert
space of Dirichlet series:

H(E, βS) :=

{
∞∑
n=1

ane
−λnz : (an) ∈ l2β

}
.

Boundedness, compactness and compact differences of composition opera-
tors on H(E, βS) have been characterized in [9]. Here we cite the results on
boundedness and compactness from [9].
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Theorem 1.1. Let ϕ be an entire function, and let β be a sequence satisfying
condition (S). Then the composition operator Cϕ

(i) is bounded on H(E, βS) if and only if ϕ(z) = z + b with Re b ≥ 0;

(ii) is compact on H(E, βS) if and only if ϕ(z) = z + b with Re b > 0.

Let C(H(E, βS)) be the topological space of all bounded composition op-
erators on H(E, βS), equipped with the topology induced by the operator
norm. In this paper we study certain topological properties, including iso-
lated points and path components of the space C(H(E, βS)). Such properties
for the spaces of composition operators on other spaces, including H∞, Hardy
spaces and Bergman spaces have been extensively studied by many authors.
See [1, 3, 5, 7, 10–12,15] for a few examples.

To our knowledge, this paper is the first attempt to study topological prop-
erties of the spaces of composition operators on Hilbert spaces of Dirichlet
series. We will first give formulas of the norms and essential norms of com-
position operators and the differences of composition operators on H(E, βS) in
Section 2. In Section 3 we will give a complete characterization of isolated points
of C(H(E, βS)), and in Section 4 we will study components of C(H(E, βS)). We
will show that all compact composition operators are in the same path com-
ponent. We will also show that a non-compact composition operator and a
compact composition operator cannot be in the same path component. For a
certain class of frequencies we give complete description of path components.
Finally, we give a conjecture that two distinct non-compact composition oper-
ators on H(E, βS) are not in the same path component.

2. Norms and essential norms of composition operators
and their differences

2.1. Norms of composition operators. By Theorem 1.1, for an entire func-
tion ϕ on C, the composition operator Cϕ(f) = f ◦ ϕ is bounded on H(E, βS)
if and only if ϕ(z) = z + b, with Re b ≥ 0. We give the following formula for
the norm of a bounded composition operator.

Theorem 2.1. Let ϕ(z) = z + b with Re b ≥ 0 (so that Cϕ is bounded on
H(E, βS)). Then its norm ‖Cϕ‖ = e−λ1Re b.

Proof. On one hand, for any f(z) =
∑∞

n=1 ane
−λnz ∈ H(E, βS) with ‖f‖ = 1,

we have

‖Cϕ(f)‖ =

∥∥∥∥∥
∞∑
n=1

ane
−λnbe−λnz

∥∥∥∥∥ =

(
∞∑
n=1

|an|2e−2λnRe bβ2
n

) 1
2
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and hence

‖Cϕ(f)‖ ≤ e−λ1Re b

(
∞∑
n=1

|an|2β2
n

) 1
2

= e−λ1Re b‖f‖ = e−λ1Re b.

On the other hand, for the unit vector δ1 = e−λ1z

β1
from the orthonormal

basis (δn)∞n=1, it is obvious that ‖Cϕ(δ1)‖ = e−λ1Re b. Combining these facts

yields ‖Cϕ‖ = e−λ1Re b.

Remark 2.2. The result above also solves the isometry problem. Indeed, since
a linear operator Cϕ is an isometry if and only if ‖Cϕ(f)‖ = ‖f‖, by the
calculation above, it is easy to check that Cϕ is an isometry on H(E, βS) if and
only if ‖Cϕ‖ = 1, and hence if and only if either it is bounded but not compact
or λ1 = 0.

2.2. Norms of the differences of composition operators. Now we give a
formula for the norm of the difference of composition operators.

Theorem 2.3. Let ϕ1 = z + b1 and ϕ2 = z + b2, with Re bi ≥ 0, i = 1, 2 (so
that Cϕ1 and Cϕ2 are bounded on H(E, βS)). Then

‖Cϕ1 − Cϕ2‖ = sup
n∈N
|e−λnb1 − e−λnb2|.

Proof. Take any f(z) =
∑∞

n=1 ane
−λnz ∈ H(E, βS). Then

‖(Cϕ1 − Cϕ2)f‖
2 = ‖f ◦ ϕ1 − f ◦ ϕ2‖2

=

∥∥∥∥∥
∞∑
n=1

ane
−λn(z+b1) −

∞∑
n=1

ane
−λn(z+b2)

∥∥∥∥∥
2

=

∥∥∥∥∥
∞∑
n=1

an(e−λnb1 − e−λnb2)e−λnz
∥∥∥∥∥
2

=
∞∑
n=1

|an|2|e−λnb1 − e−λnb2|2β2
n

≤ sup
n∈N
|e−λnb1 − e−λnb2|2

∞∑
n=1

|an|2β2
n

= sup
n∈N
|e−λnb1 − e−λnb2|2‖f‖2.

Hence ‖Cϕ1 − Cϕ2‖ ≤ supn∈N |e−λnb1 − e−λnb2|.
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On the other hand, for any n ∈ N, let qn(z) = 1
βn
e−λnz. It is obvious that

‖qn‖ = 1.

‖(Cϕ1 − Cϕ2)qn‖2 =
1

βn

∥∥(e−λnb1 − e−λnb2) e−λnz∥∥
=

1

βn

∣∣e−λnb1 − e−λnb2∣∣ ∥∥e−λnz∥∥
=
∣∣e−λnb1 − e−λnb2∣∣ , ∀n ∈ N.

Hence, ‖Cϕ1 − Cϕ2‖ ≥ supn∈N |e−λnb1 − e−λnb2 |.
Combining the last two inequalities yields

‖Cϕ1 − Cϕ2‖ = sup
n∈N
|e−λnb1 − e−λnb2 |.

Unlike composition operators on Hardy spaces, for the space H(E, βS),
different symbols may induce the same composition operator, as shown in the
next corollary.

Corollary 2.4. Let ϕ1 = z + b1 and ϕ2 = z + b2, with Re bi ≥ 0, i = 1, 2 (so
that Cϕ1 and Cϕ2 are bounded on H(E, βS)). Then Cϕ1 = Cϕ2 if and only if,
for any n ∈ N,

λn(b2 − b1) = 2knπi

for some integer kn.

Proof. By Theorem 2.3, Cϕ1 = Cϕ2 if and only if supn∈N |e−λnb1 − e−λnb2| = 0,
or

|e−λnb1 − e−λnb2| = 0

for any n ∈ N. Since

|e−λnb1 − e−λnb2| = |e−λnb1||1− e−λn(b2−b1)| = e−λnRe b1|1− e−λn(b2−b1)|,

we know that the above condition is equivalent to e−λn(b2−b1) = 1 for any n ∈ N,
which is the same as

λn(b2 − b1) = 2knπi, for some integer kn. (1)

The proof is complete.

Remark 2.5. Actually, the statement in Corollary 2.4 can be derived directly
from the uniqueness property of Dirichlet series. Indeed, from Cϕ1 = Cϕ2 it
follows that e−λnb1 = e−λnb2 , ∀n ∈ N, which gives (1). Note also that the
converse holds as well.



Composition Operators 273

2.3. Essential norms of composition operators. We recall that the essen-
tial norm of an operator Cϕ on the space H(E, βS) is defined as follows

‖Cϕ‖e = inf{‖Cϕ −K‖ : K is a compact operator on H(E, βS)}.

It is well known that the essential norm of a compact operator is zero. For the
non-compact case, by Theorem 2.1, it is clear that ‖Cϕ‖ = 1. Moreover, by
Remark 2.2, Cϕ is an isometry on H(E, βS) and hence its essential norm is 1
(this is a basic property of the isometry in a Hilbert space). Then we have the
following result.

Theorem 2.6. Let Cϕ be bounded but not compact in H(E, βS). Then

‖Cϕ‖e = ‖Cϕ‖ = 1.

2.4. Essential norms of the differences of composition operators.

Theorem 2.7. Let ϕ1 = z + b1 and ϕ2 = z + b2, with Re bi ≥ 0, i = 1, 2 (so
that Cϕ1 and Cϕ2 are bounded on H(E, βS)). Then

‖Cϕ1 − Cϕ2‖e = lim sup
n→∞

|e−λnb1 − e−λnb2|.

Proof. For any f(z) =
∑∞

n=1 ane
−λnz ∈ H(E, βS), and any N ∈ N, define the

partial sum operator

KNf(z) =
N∑
n=1

ane
−λnz.

Then KN is compact on H(E, βS), since it is a finite-rank operator. Let
RN = I −KN , where I is the identity operator. Since Cϕ1 −Cϕ2 is bounded on
H(E, βS), we see that (Cϕ1 − Cϕ2)KN is compact on H(E, βS) for any N ∈ N.
Hence

‖Cϕ1 − Cϕ2‖e ≤ ‖(Cϕ1 − Cϕ2)− (Cϕ1 − Cϕ2)KN‖
= ‖(Cϕ1 − Cϕ2)(I −KN)‖
= ‖(Cϕ1 − Cϕ2)RN‖.

Now, for any f(z) =
∑∞

n=1 ane
−λnz ∈ H(E, βS) and any N ∈ N,

‖(Cϕ1 − Cϕ2)RNf‖2 ≤

∥∥∥∥∥(Cϕ1 − Cϕ2)
∞∑

n=N+1

ane
−λnz

∥∥∥∥∥
2

=

∥∥∥∥∥
∞∑

n=N+1

ane
−λn(z+b1) −

∞∑
n=N+1

ane
−λn(z+b2)

∥∥∥∥∥
2
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=
∞∑

n=N+1

|an|2|e−λnb1 − e−λnb2 |2β2
n

≤ sup
n≥N+1

∣∣e−λnb1 − e−λnb2∣∣2 ∞∑
n=N+1

|an|2β2
n

≤ sup
n≥N+1

∣∣e−λnb1 − e−λnb2∣∣2 ‖f‖2.
Hence ‖(Cϕ1 − Cϕ2)RN‖ ≤ supn≥N+1 |e−λnb1 − e−λnb2|. Therefore

‖Cϕ1 − Cϕ2‖e ≤ lim
N→∞

‖(Cϕ1 − Cϕ2)RN‖

= lim
N→∞

sup
n≥N+1

|e−λnb1 − e−λnb2|

= lim sup
n→∞

|e−λnb1 − e−λnb2|.

On the other hand, for any n ∈ N, let qn(z) = 1
βn
e−λnz. Then ‖qn‖ = 1 and

qn → 0 weakly in H(E, βS) as n→∞. Hence, for any compact operator K on
H(E, βS), ‖Kqn‖ → 0 as n → ∞. Thus, from the proof of previous theorem,
we get

‖Cϕ1 − Cϕ2 −K‖ ≥ lim sup
n→∞

‖(Cϕ1 − Cϕ2 −K)qn‖

≥ lim sup
n→∞

(‖(Cϕ1 − Cϕ2)qn‖ − ‖Kqn‖)

= lim sup
n→∞

‖(Cϕ1 − Cϕ2)qn‖

= lim sup
n→∞

|e−λnb1 − e−λnb2|.

Hence, ‖Cϕ1 −Cϕ2‖e = infK{‖Cϕ1 −Cϕ2 −K‖} ≥ lim supn→∞ |e−λnb1 − e−λnb2|.
Therefore

‖Cϕ1 − Cϕ2‖e = lim sup
n→∞

|e−λnb1 − e−λnb2|.

Remark 2.8. [9, Theorem 4.12] essentially follows from the above result by
letting ‖Cϕ1 − Cϕ2‖e = 0.

3. Isolated composition operators

Denote by C(H(E, βS)) the topological space of all bounded composition op-
erators on H(E, βS), equipped with the topology induced by the operator
norms. In this section we give a characterization of isolated points in the space
C(H(E, βS)).

Recall that, for any real number s, the integer part [s] is the largest integer
not greater than s, and the fractional part is defined by {s} = s−[s]. Obviously,
0 ≤ {s} < 1 for any real number s.
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Theorem 3.1. Let 0 ≤ (λn) ↑ ∞ be a sequence of real numbers. Then Cϕ is
an isolated point in C(H(E, βS)) if and only if the following conditions hold

(i) Cϕ is bounded but not compact on H(E, βS);

(ii) There exist 0<A<B< 1 such that for each r∈R, either {rλnr}∈ [A,B]
for some nr ∈ N, or {rλn} = 0 for any n ∈ N.

Proof. Sufficiency. Let Cϕ be a bounded composition operator on H(E, βS)
that is not compact. Then, by Theorem 1.1, ϕ(z) = z + b with Re b = 0.
Let b = id, where d is a real number. Take any other bounded composition
operator Cψ on H(E, βS). Then ψ(z) = z + b1,Re b1 ≥ 0, Im b1 = d1.

We first suppose that Re b1 > 0. Then, Cψ is compact, and by Theorem 2.6,

‖Cϕ − Cψ‖ ≥ ‖Cϕ‖e = 1.

Next, suppose that Re b1 = 0. Let r = d1−d
2π

. First, suppose that {rλn} = 0
for any n ∈ N, then rλn = kn for some integer kn, and so d1 − d = 2knπ. Thus,
by Corollary 2.4, Cψ is just the same operator as Cϕ.

Now suppose that {rλnr} ∈ [A,B] for some nr ∈ N. Then, by Theo-
rem 2.3, ‖Cϕ − Cψ‖ = supn∈N |e−iλnd − e−iλnd1| = supn∈N |1 − e−iλn(d1−d)| =

supn∈N |1 − e−2πiλn
d1−d
2π | = supn∈N |1 − e−2πi{rλn}| = supn∈N 2| sin(π{rλn})| ≥

2| sin(π{rλnr})| ≥ 2 min{sin(Aπ), sin(Bπ)}, where A and B are independent
of Cψ. Hence, if we let

η = min{1, 2 sin(Aπ), 2 sin(Bπ)},

then, in any cases, either Cψ is the same as Cϕ, or ‖Cϕ − Cψ‖ ≥ η. Hence Cϕ
is an isolated point in C(H(E, βS)).

Necessity. First, if Cϕ is an isolated point in C(H(E, βS)), then by Theo-
rem 4.2 below, Cϕ can never be compact, and hence (i) holds.

Next we prove that if Cϕ is an isolated point in C(H(E, βS)) then (ii) holds.
Assume that (ii) is not true. This means that for any pair 0 < A < B < 1,
there exists a r0 ∈ R, r0 6= 0 such that, for any n ∈ N, {r0λn} /∈ [A,B] and
{r0λn0} 6= 0 for some n0 ∈ N. Because Cϕ is an isolated point in C(H(E, βS)),
according to the first part of necessity, we can assume ϕ(z) = z + id, d ∈ R.
Moreover, there exists ε0 > 0 such that ‖Cϕ−Cψ‖ ≥ ε0, where Cψ is any other
bounded composition operator on H(E, βS).

Now we construct a composition operator Cψ 6=Cϕ such that ‖Cϕ−Cψ‖<ε0.
Consider the function g(x) = 1−e−2πix, x ∈ R. It is clear that g(x) is uniformly
continuous on R. That is, ∀ε > 0, ∃δ = δ(ε) > 0, when |x − y| < δ, x, y ∈ R,
|g(x)− g(y)| < ε. In particular, we take ε = ε0

2
.

We can choose A,B satisfying the following conditions: 0 < A < δ( ε0
2

) and
1− δ( ε0

2
) < B < 1. By assumption, there exists a r0 such that, for any n ∈ N,

{r0λn} /∈ [A,B]. Then {r0λn} ∈ [0, A) ∪ (B, 1). Let d1 = d + 2πr0, and let
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ψ(z) = z + id1. Notice that d1−d
2π

= r0, by Corollary 2.4, the condition that
{r0λn0} 6= 0 for some n0 ∈ N implies that Cψ 6= Cϕ.

For those n ∈ N, such that {r0λn} ∈ [0, A), we have
∣∣e−iλnd − e−iλnd1∣∣ =∣∣1− e−iλn(d1−d)∣∣ =

∣∣∣1− e−2πλn d1−d2π

∣∣∣ =
∣∣∣1− e−2πi{λn d1−d2π }

∣∣∣ =
∣∣1− e−2πi{r0λn}∣∣ =

|g({r0λn}) − g(0)| ≤ ε0
2
< ε0, for those n ∈ N, such that {r0λn} ∈ (B, 1), we

have

|e−iλnd − e−iλnd1| = |g({r0λn})− g(1)| ≤ ε0
2
< ε0.

Combining this two facts yields

‖Cϕ − Cψ‖ ≤ sup
n∈N
|e−iλnd − e−iλnd1| ≤ ε0

2
< ε0,

which is a contradiction. Thus (ii) must hold, and the proof is complete.

The following corollaries are obvious.

Corollary 3.2. Any compact composition operator Cϕ on H(E, βS) is a limit
point in C(H(E, βS)).

Corollary 3.3. If the condition (ii) in Theorem 3.1 does not hold, then every
bounded operator on H(E, βS) is a limit point of C(H(E, βS)).

Clearly, if ({rλn}) is dense in the interval (0, 1) for any real number r 6= 0,
then for any 0 < A < B < 1, ({rλn}) has a limit point p ∈ [A,B], and hence
the condition in Theorem 3.1 is satisfied. Thus we have obtained the following
result.

Corollary 3.4. Let 0 ≤ (λn) ↑ ∞ be a sequence of real numbers. Suppose that,
for any real number r 6= 0, the sequence ({rλn}) is dense in the interval (0, 1).
Then Cϕ is an isolated point in C(H(E, βS)) if and only if it is bounded but not
compact on H(E, βS).

Finally, we are going to apply our result to the classical Dirichlet series,
that is, when λn = log n. We need the following lemma.

Lemma 3.5. Let r be any non-zero real number in R, then {r(log n)} is dense
in (0, 1).

Proof. Let a ∈ (0, 1), for any ε > 0, we denote I := (a−ε, a+ε), In = n+I.
Consider f(x) = r log x, x ∈ R, it is easy to see f(x) is continuous and increas-

ing. Denote the preimage of In by Jn, which is (e
n+a−ε

r , e
n+a+ε

r ). For each fixed ε,
we have

lim
n→∞

(e
n+a+ε

r − e
n+a−ε

r ) = lim
n→∞

e
n+a−ε

r (e
2ε
r − 1) =∞.
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Therefore, for any ε>0, we have found an nε∈N such that e
nε+a+ε

r −enε+a−εr >1,
that is, we can find a natural number Nε ∈ Jnε such that f(Nε) ∈ Inε , or
{r logNε} ∈ I. Because of the arbitrariness of a and ε, the desired result
follows.

Corollary 3.6. Let λn = log n, i.e. H(E, βS) consists of entire classical Dirich-
let series. Then Cϕ is an isolated point in C(H(E, βS)) if and only if it is
bounded but not compact on H(E, βS).

Proof. This is a direct consequence of Lemma 3.5 and Corollary 3.4.

4. Components of the spaces of composition operators on
H(E, βS)

In this section we determine when two composition operators Cϕ and Cψ are in
the same path component in C(H(E, βS)). There are three possibilities: both
are compact, both are non-compact, or the two differ with regard to compact-
ness.

4.1. Two composition operators differ with regard to compactness.
In this case we have the following result.

Theorem 4.1. Let Cϕ be a non-compact composition operator and Cψ a com-
pact composition operator on H(E, βS), then Cϕ and Cψ are not in the same
path component in C(H(E, βS)).

Proof. We prove the theorem by contradiction. Assume Cϕ and Cψ are in
the same path component in C(H(E, βS)). This means that there exists a
continuous function CX(t) : [0, 1] → C(H(E, βS)), such that CX(0) = Cϕ,
CX(1) = Cψ. Let

U = {t ∈ [0, 1] : CX(t) is bounded but not compact},

and

V = {t ∈ [0, 1] : CX(t) is compact}.

Since for any t1 ∈ U and t2 ∈ V , by Theorem 2.6, ‖CX(t1) − CX(t2)‖ ≥
‖CX(t1)‖e = 1, we know that CX(t) cannot be continuous on [0, 1], which contra-
dicts to our assumption. Hence Cϕ and Cψ are not in the same path component
in C(H(E, βS)).
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4.2. Both composition operators are compact. In this case we have the
following result.

Theorem 4.2. Any two compact composition operators on H(E, βS) are in the
same path component in C(H(E, βS)).

Proof. Let Cϕ and Cψ be two compact composition operators onH(E, βS), with
ϕ(z) = z + b1, ψ(z) = z + b2, b1 = c1 + id1, b2 = c2 + id2 and c1 > 0, c2 > 0.
Without loss of generality, we can assume c2 ≥ c1. Let ϕt(z) = z+(1−t)b1+tb2
(0 ≤ t ≤ 1). We are proving that {Cϕt : 0 ≤ t ≤ 1} forms a continuous path
from Cϕ to Cψ.

Fix an arbitrary t ∈ [0, 1) and let δ > 0 be a real number with t+ δ ∈ [0, 1].
In this case, by Theorem 2.3, we have∥∥Cϕt+δ − Cϕt∥∥ = sup

n∈N

∣∣e−λn[(1−t)b1+tb2] − e−λn[(1−t−δ)b1+(t+δ)b2]
∣∣

= sup
n∈N

{∣∣e−λn[(1−t)b1+tb2]∣∣ ∣∣1− e−λnδ(b2−b1)∣∣}
= sup

n∈N

{
e−λnRe [(1−t)b1+tb2]

∣∣1− e−λnδ(b2−b1)∣∣}
= sup

n∈N

{
e−λn[(1−t)c1+tc2]

∣∣1− e−λnδ(b2−b1)∣∣} .
Now let ε > 0. Since Re b2 ≥ Re b1, we have ∀n ∈ N,

∣∣e−λnδ(b2−b1)∣∣ ≤ 1, and

hence
∣∣1− e−λnδ(b2−b1)∣∣ ≤ 2.

On one hand, as 0 ≤ t < 1, we have Re [(1−t)b1+tb2] > 0. Then there exists
an N ∈ N such that for all n > N ,

∣∣e−λnRe [(1−t)b1+tb2]
∣∣ = e−λn[(1−t)c1+tc2] < ε

3
,

which implies that e−λn[(1−t)c1+tc2]
∣∣1− e−λnδ(b2−b1)∣∣ < 2ε

3
, for all n > N . Thus

sup
n>N

{
e−λn[(1−t)c1+tc2]

∣∣1− e−λnδ(b2−b1)∣∣} ≤ 2ε

3
< ε. (2)

On other hand, for each n ∈ {1, 2, . . . , N}, we have

e−λn[(1−t)c1+tc2]
∣∣1− e−λnδ(b2−b1)∣∣ ≤ ∣∣1− e−λnδ(b2−b1)∣∣ .

It is clear that fn(z) = 1 − e−λn(b2−b1)z is a continuous function. Then for
each n ∈ {1, 2, . . . , N}, there exists a δn > 0 such that for |z| < δn, |fn(z)| < ε

2
.

Take δ < min{δ1, δ2, . . . , δN}, we have
∣∣1− e−λnδ(b2−b1)∣∣ < ε

2
,∀n ∈ {1, 2, . . . , N}.

Consequently,

sup
1≤n≤N

{
e−λn[(1−t)c1+tc2]

∣∣1− e−λnδ(b2−b1)∣∣} ≤ ε

2
< ε. (3)

Combining inequalities (2), (3) yields∥∥Cϕt+δ − Cϕt∥∥ = sup
n∈N

{
e−λn[(1−t)c1+tc2]

∣∣1− e−λnδ(b2−b1)∣∣} < ε,
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which means that limδ→0

∥∥Cϕt+δ − Cϕt∥∥ = 0, ∀t ∈ [0, 1).
For the case t = 1, considering

∥∥Cϕ1 − Cϕ1−δ

∥∥ and following the similar
argument above, we can get the continuity of Cϕt at t = 1.

Since Cϕ0 = Cϕ and Cϕ1 = Cψ, we see that {Cϕt : 0 ≤ t ≤ 1} forms
a continuous path from Cϕ to Cψ, and so Cϕ and Cψ are in the same path
component.

4.3. Both composition operators are non-compact. First we consider the
consequences of two distinct non-compact composition operators belonging to
the same path component. In view of Corollary 2.4, note that the word “dis-
tinct” applies to action of the operators themselves, rather than their symbols.

Proposition 4.3. Let Cϕ and Cψ be two distinct non-compact composition op-
erators on H(E, βS), with ϕ(z) = z + id1, ψ(z) = z + id2, d1, d2 ∈ R. Suppose
that Cϕ and Cψ are in the same path component, that is, there exists a con-
tinuous mapping CX(t) acting from [0, 1] → C(H(E, βS)) with CX(0) = Cϕ,
CX(1) = Cψ. Then the following assertions hold:

(i) X(t) = z + id(t), where d(t) is a function which maps [0, 1] into R, with
d(0) = d1, d(1) = d2.

(ii) d(t) is not continuous on [0, 1] (the set of discontinuity points in [0, 1] is
non-empty).

(iii) If d(t) is continuous on a proper closed subinterval [a, b] of [0, 1], then d(t)
can only be a constant on [a, b].

Proof. (i) By Theorem 4.1, each point on any path connecting Cϕ and Cψ must
be a composition operator on H(E, βS) which is not compact. Hence any path
is given by CX(t), where X(t) = z+ id(t), d(t) is a function [0, 1]→ R satisfying
d(0) = d1 and d(1) = d2.

(ii) Note that for an arbitrary t ∈ [0, 1) given, we can choose a real number
δ > 0 such that t+ δ ∈ [0, 1]. In this case, recalling the notation {s} = s− [s],
for s ∈ R, by Theorem 2.3, we have

‖CX(t+δ) − CX(t)‖ = sup
n∈N

∣∣e−iλnd(t+δ) − e−iλnd(t)∣∣ = sup
n∈N

∣∣1− eiλn(d(t+δ)−d(t))∣∣
= sup

n∈N

∣∣∣1− e2πiλn d(t+δ)−d(t)2π

∣∣∣ = sup
n∈N

∣∣∣1− e2πi{λn d(t+δ)−d(t)2π }
∣∣∣

= sup
n∈N

2

∣∣∣∣sin({λnd(t+ δ)− d(t)

2π

}
π

)∣∣∣∣
= 2 sup

n∈N
sin

({
λn
d(t+ δ)− d(t)

2π

}
π

)
.

Now, expecting the contrary, we assume that d(t) is continuous at every
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point of [0, 1]. Define the following set

En =

{
x ∈ [0, 1] : d(t) is not constant for t ∈

[
x− 1

n
, x+

1

n

]
∩ [0, 1]

}
.

Obviously ∩∞n=1En is not empty, since Cϕ 6= Cψ, and hence we can take
t0 ∈ ∩∞n=1En.

We consider the case t0 ∈ (0, 1) (the situation for t0 = 0 or t0 = 1 is similar).
In this case, there is a δ0 > 0, such that d(t) is continuous on [t0− δ0, t0 + δ0] ⊂
[0, 1] and d(t) is not constant. Then F (x) = d(t0 + x) − d(t0) is continuous
on [−δ0, δ0]. Since CX(t) is continuous on [0, 1], there exists δ1 > 0, when
|t− t0| < δ1, ‖CX(t) − CX(t0)‖ < 1

2
.

For those 0 < δ′ < min{δ0, δ1}, we have

‖CX(t0+δ′) − CX(t0)‖ = 2 sup
n∈N

sin

({
λn
d(t0 + δ′)− d(t0)

2π

}
π

)
≤ 1

2
,

that is, ∀n ∈ N, when 0 < δ′ < min{δ0, δ1},

sin

({
λn
d(t0 + δ′)− d(t0)

2π

}
π

)
= sin

({
λn
F (δ′)

2π

}
π

)
≤ 1

4
.

Fix some 0 < δ′0 < min{δ0, δ1}. Since t0 ∈ ∩∞n=1En, we can assume that

F (δ′0) 6= 0. Put p =
F (δ′0)

2π
, we have ∀n ∈ N, sin({pλn}π) ≤ 1

4
.

Without loss of generality, we can assume that F (δ′0) > 0. It is also clear
that F (0) = 0. Then for any M > 1, we know that

0 <
F (δ′0)

M
< F (δ′0).

Applying the intermediate value theorem, it is clear that there exists a

δ′′ ∈ (0, δ′0), such that F (δ′′) =
F (δ′0)

M
. Then

‖CX(t0+δ′′) − CX(t0)‖ = 2 sup
n∈N

sin

({
λn
d(t0 + δ′′)− d(t0)

2π

}
π

)
= 2 sup

n∈N
sin

({
λn
F (δ′′)

2π

}
π

)
= 2 sup

n∈N
sin

({
λn
F (δ′)

2πM

}
π

)
≤ 1

2
,

that is, ∀n ∈ N, ∀M > 1, we have

sin

({
λn
F (δ′0)

2πM

}
π

)
= sin

({
pλn
M

}
π

)
≤ 1

4
. (4)
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But inequality (4) cannot be true. We can choose a natural number n0 large
enough so that pλn0 > 1, and for M = 2pλn0 we have sin({pλn0

M
}π) = 1, which

is a contradiction. Hence (ii) is true.

(iii) The proof of this result is similar as (ii). Indeed, in the proof of (ii),
we only need to replace [0, 1] (or (0, 1)) by [a, b] (or (a, b)).

Proposition 4.3 states that a continuous path must be induced by a noncon-
tinuous map. The counterintuitive nature of this result may suggest that no dis-
tinct non-compact composition operators can be in the same path component.
Our next result shows that this is the case for a wide class of frequencies (λn).
We first need the following lemma.

Lemma 4.4. Let an = aqn−1, where a > 0, q 6= 1 is a positive integer. Then
there are only countably many real solutions satisfying the following inequality
system

∀n ∈ N, {anx} < K or 1− {anx} < K (P)

where 0 < K < 1
q2

.

Proof. Let S = { m
aqt

: m ∈ Z, t ∈ N}. It suffices to show that if x /∈ S, then x

is not a solution of (P). Assume x is a solution of (P), that is

∀n ∈ N, {x · aqn−1} < K or 1− {x · aqn−1} < K.

If x /∈ S (which implies that ∃n ∈ N, such that {x · aqn−1} 6= 0), we consider
the following two cases.

Case I: There exists some i1 ∈ N such that 0 < {x · aqi1−1} < K. Then we
can see that there exists a N1 ∈ N, N1 ≥ 1, such that 1

q2
≤ qN1 · {x ·aqi1−1} < 1

q
.

Consider aqi1+N1−1 ∈ {an}, we have

x · aqi1+N1−1 = qN1 [x · aqi1−1] + qN1{x · aqi1−1},

which implies that K < 1
q2
≤ {x · aqi1+N1−1}. Moreover, 1 − {x · aqi1+N1−1} >

1− 1
q
≥ 1

2
>K. Combining these two inequalities, we get a contradiction to (P).

Case II: There exists some i2 ∈ N such that 1− {x · aqi2−1} < K. Since x
is a solution of (P) and x /∈ S, we have

x · aqi2−1 = [x · aqi2−1] + 1 + ({x · aqi2−1} − 1),

where [x·aqi2−1] is the integer part of x·aqi2−1 and− 1
q2
<−K<{x·aqi2−1}−1<0.

Thus there exists a N2 ∈ N, N2 ≥ 1, such that −1
q
< qN2 ·({r·aqi2−1}−1) ≤ − 1

q2
.

Consider aqi2+N2−1 ∈ {an}, we have

x · aqi2+N2−1 = qN2([x · aqi2−1] + 1) + qN2({x · aqi2−1} − 1),

which implies that K < 1
q2
≤ 1 − {x · aqi2+N2−1}. Moreover, K < 1

2
≤ 1 − 1

q

< {x · aqi2+N2−1}. Combining these two inequalities, we get a contradiction
to (P).
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Theorem 4.5. If there is a subsequence {λnk} of {λn} satisfying the condition
λnk = aqk−1, k = 1, 2, . . ., where a > 0 and q 6= 1 is a positive integer, then
there is no path between any distinct two non-compact composition operators on
C(H(E, βS)).

Proof. We prove this proposition by contradiction. Suppose there is a path CX(t)

between two distinct non-compact composition operators CX(0) and CX(1) in
C(H(E, βS)), that is, CX(t) is a continuous function from [0, 1] to C(H(E, βS)),
where X(t) = z + id(t), d(t) is a function from [0, 1] into R.

First note that since CX(0) and CX(1) are distinct non-compact composition
operators on C(H(E, βS)), there exists a point t0 ∈ (0, 1) such that for any open
neighborhood Ut0 of t0, there is some t∈Ut0∩[0, 1] for which ‖CX(t)−CX(t0)‖>0.

For 0 < K < 1
q2

, since sin(Kπ) > 0, there exists a δ > 0 such that t0 + δ,

t0 − δ ∈ [0, 1] and when t ∈ [0, δ], we have

‖CX(t0+t) − CX(t0)‖ = 2 sup
n∈N

sin

({
λn
d(t0 + t)− d(t0)

2π

}
π

)
< 2 sin(Kπ). (5)

Obviously, we can take δ > 0 small enough, so that ‖CX(t0+δ)−CX(t0)‖ > 0.
The inequality (5) is equivalent, due to Lemma 4.4 and the assumption of the
theorem, to

∀k ∈ N,
{
λnk ·

d(t0+t)−d(t0)

2π

}
< K or 1−

{
λnk ·

d(t0+t)−d(t0)

2π

}
< K.

Again by Lemma 4.4, d(t0+t)−d(t0)
2π

can only take on values in the countable set
S = { m

aqt
: m ∈ Z, t ∈ N}.

Now we consider a function

G(t) = ‖CX(t0+t) − CX(t0)‖, t ∈ [−t0, 1− t0].

By continuity of CX(t), G(t) is a continuous function on [−t0, 1− t0]. Moreover,
since ‖CX(t0+δ) − CX(t0)‖ > 0, that is, G(δ) > G(0) = 0, the range of G(t) on
[0, δ] is some interval [0,∆], where ∆ > 0.

However, as noted above, the range of d(t0+t)−d(t0)
2π

over [0, δ] is a countable
set S, and hence the range of G(t) over this interval [0, δ] ⊂ [−t0, 1− t0] is the
set

G ([0, δ]) =

{
2 sup
n∈N

sin

({
λn
d(t0 + t)− d(t0)

2π

}
π

)
: t ∈ [0, δ]

}
,

which is also countable. This contradicts the fact that this range is the interval
[0,∆].

Corollary 4.6. Let λn = log n, i.e. H(E, βS) consists of entire classical Dirich-
let series. Then there is no path between any non-compact composition operators
in C(H(E, βS)).
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Proof. Note that λ22n = log 22n = 2n log 2 is a subsequence of {λn} that satisfies
the condition of Theorem 4.5, the result clearly follows from Theorem 4.5.

In conclusion, based on Proposition 4.3 and Theorem 4.5, we would like to
suggest the following conjecture:

Conjecture 4.7. Two distinct non-compact composition operators onH(E, βS)
are not in the same path component.
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