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Generalized Morrey Spaces — Revisited
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Abstract. The generalized Morrey space M,, 4(R") was defined by Mizuhara 1991
and Nakai in 1994. It is equipped with a parameter 0 < p < oo and a function
¢ : R" x (0,00) = (0,00). Our experience shows that M, 4(R") is easy to handle
when 1 < p < co. However, when 0 < p < 1, the function space M, 4(R") is difficult
to handle as many examples show. We propose a way to deal with M, 4»(R") for
0 < p <1, in particular, to obtain some estimates of the Hardy-Littlewood maximal
operator on these spaces. Especially, the vector-valued estimates obtained in the
earlier papers are refined. The key tool is the weighted dual Hardy operator. Much
is known on the weighted dual Hardy operator.
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1. Introduction

We are concerned with generalized Morrey spaces in the present paper. The
generalized Morrey space M,, 5(R") is equipped with a function ¢ and a positive
parameter 0 < p < oco. The generalized Morrey space M, ,(R") was defined
independently by Mizuhara in 1991 [21] and Nakai in 1994 [23].

Let 0 < p < oo. Denote by G, the set of all the functions ¢ : R™ x (0, 00) —
(0, 00) decreasing in the second variable such that ¢ € (0, 00)—t» ¢(z, t) € (0, 0
is almost increasing uniformly over the first variable z, so that there exists a
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constant C' > 0 such that

oe,r) < $lx,s), Cola,r)re > g, s)s?

for all z € R" and 0 < s < r < oo. In this paper we often assume 0 < p < 1.

All “cubes” in R™ are assumed to have their sides parallel to the coordinate
axes. Denote by Q = Q(R") the set of all cubes. For a cube Q € Q, the symbol
{(Q) stands for the side-length of the cube Q; £(Q) = |Q|, where |E| denotes
the Lebesgue measure of a measurable set £. When we are given a cube @), we
use the following abuse of notation: ¢(Q) = ¢(c(Q), ¢(Q)), where ¢(Q) denotes
the center of Q.

Let 0 < p < oo and ¢ : R" x (0,00) — (0,00) be a function which is not
necessarily in G,. The generalized Morrey space M,, ,(R") is defined as the set
of all measurable functions f for which the quasi-norm

1,0 = 500 e (|Q| / 1 \pdy)

is finite. Seemingly the requirement ¢ € G, is superfluous but it turns out
that this condition is natural. Indeed, in the case when 1 < p < oo, Nakai
established that there exists a function p such that p itself is decreasing, that
pt)tr < p(T)T» for all 0 < ¢t < T < oo and that M, (R™) = M, ,(R")
24, p. 446]. See [35, (1.2)] for the case when 0 < p < 1. This assumption will
turn out to be natural even when ¢ depends on x. See Section 2 of this paper
in the case when ¢ depends on z.

Observe that, if ng(x r) = r », then M, 4(R") = L,(R"). In the special

case when ¢(z,r) = re 7, we erte M, A (R™) instead of M, ,(R™).
We adopt the following notation:

1. We define Ny = {0, 1,...}.
2. We let

[2lloo = (1, 22, 0 [[oo = max |ay|
7j=1,2,..,

when we have © = (1, x9,...,2,) € R™

3. Let A;B > 0. Then A < B means that there exists a constant C' > 0
such that A < CB and A ~ B stands for A < B < A, where C depends
only on the parameters of importance.

4. By a “cube” we mean a compact cube whose edges are parallel to the
coordinate axes. The metric closed ball defined by ¢ is called a cube. If
a cube has center x and radius r, we denote it by Q(z,r). Namely, we
write

Q) = {y= (o) € R max ey~ <0
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when x = (21, 29,...,2,) € R and r > 0. From the definition of Q(x,r),
its volume is (2r)". We write Q(r) instead of Q(0,7), where 0 denotes the
origin. Given a cube @), we denote by ¢(Q) the center of @) and by £(Q)
the sidelength of Q: £(Q) = |Q|"", where |Q| denotes the volume of the
cube Q.

. Given a cube Q and k > 0, kK(@Q means the cube concentric to () with

sidelength k £(Q).

By a dyadic cube, we mean a set of the form 277m + [0,277]" for some
m € Z" and j € Z. The set of all dyadic cubes will be denoted by D.
Let Q,(R™) be a collection of all cubes that contain x € R™.

The symbol B(x,r) stands for the open ball centered at = € R and of
radius r > 0. Abbreviate B(0,7) to B(r).

. We adopt the following definition of the Hardy-Littlewood maximal oper-

ator to estimate some integrals: The Hardy-Littlewood maximal operator
M is defined by

i = s o
e, Q)

for a locally integrable function f on R".

Let 0 < p <ooand 0 < g < oo. If {f;}32, is a sequence of complex-valued

Lebesgue measurable functions, then define

[z, ., = i)

1Zq

and

|, ., = IEONE,, -
The weak L, space is the set of all functions f for which the quasi-norm

I fllwr, = sup Mlxq sz,
A>0

is finite. If {f;}32, is a sequence of complex-valued Lebesgue measurable
functions, then define

[, e, = |10}

£q

and

[zl = 1l
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11. Let 0 < p < oo and 0 < ¢ < oo and ¢ € G,. The space M, 4(l;, R")
stands for the set of all sequences {f;}52, of complex-valued Lebesgue
measurable functions on R™ for which

Y, = 11 <.

I,

Denote by WM, ,(R™) the set of all measurable functions f for which the
quasi-norm || fllwa,, = subPyso AllXxqri>ayllam,,, is finite. Likewise denote
by WM, 4(l;, R™) the set of all sequences { f;}32, for which the quasi-norm
H{fJ JQ.;lHWMM(lq) = H H{fj Jo'ileq WM,

spaces [, (M, 4(R™)) and [, (WM, ,(R™)) can be also defined similarly
by the norms

H{fy Jo‘ilqu(MM) = H{Hfj||/‘/‘p,¢}i1

is finite. The vector-valued

<0
lq

and
oo
H{fj ﬁl”zq(wmp@ = H{Hfj”WMW}J:leq =5

respectively.
12. For a measurable function h and a sequence of measurable functions

{fj}?o:h we write h{fj}?il ={h- fg}})il

2. Structure of generalized Morrey spaces

We shall show that the definition of G; is suitable when we consider M,, 4(R™).

Lemma 2.1. Let ¢ : R" x (0,00) — (0,00) be a function and let 0 < p < oo.
Then there exists a function ¢ : R™ x (0,00) — (0,00) satisfying

n

Y(y.s)s» < Pla,r)re (1)

for all x,y € R" and r,s > 0 with ||z — y|lec < 7 — s such that M, ,(R™) =
M, (R™) with norm coincidence.

Proof. Let us set

Y(z,r) = inf < inf )gb(y,v) (%)Z) (x € R",r > 0). (2)

yeR™ \ velr+|z—ylloo,00

Then ¢ > o trivially and hence || f||r,, < [|f|lm,, for any measurable func-
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tion f. Meanwhile for any measurable function f,

a (g [ or )

Q
1
1 » P
= sup sup SuP — Lf(Y)P dy
QeQ yeR™ \ velt(Q)+]c(Q)—ylos00) ¢(yav) ™ Jo
QeQ yeR" (

1 1 z
- Pd
(@@l 00) B(Y: V) (v” /Q(y,v) ) y) )
= ([l M.

Thus we have M, ,(R") = M, ,,(R") with norm coincidence.
From the definition of v, it is easy to check (1). ]

1f 1l = SUD ) Q)

< sup sup

Lemma 2.2. Let 0 < p < 0o and let ¢ : R" x (0,00) — (0,00) be a function
satisfying (1). Then there exists a function v : R™ x (0, 00) — (0, 00) satisfying

U(z,r) <ol s) (3)

for allz € R™ and 0 < s <r < 0o such that M, 4(R™) = M, ,(R") with norm
equivalence.

Proof. Let us set
Y(z,r) = inf sup  é(y,s) (x e R",r > 0).
0<s<r yeQ(z,r)
It is easy to verify (3). Furthermore,

P(z,r) < sup o(y,r) < 3%gb(a:,3r) (x € R",r >0)
yeQ(z,r)

from (1) and hence ||f||r,, < 3%Hf\|Mp’¢. Meanwhile, for all Q € Q and
0 < s < {(Q) such that log,(sl(Q)™') € Z, we can find a cube R = Rg(s)
contained in @ such that ¢(R) = s and that

(i /. \f(y)|”dy); >3 (i / \f(y)lpdy);

by the pegion hole principle. Thus for all Q € Q and 0 < s < ¢(Q), we can find
a cube R = Rg(s) contained in ) such that ¢(R) = s and that

(ﬁ /R o dy) = (ﬁ /Q ok dy) %
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Therefore, it follows that

1 1 RN
It = 50 s (g7 L 1P )
s e (s s (i o))

1
n 1 1 !
<4bsup sup | i F)P dy
)| Rg(s)

Qeo<s<r \ v€Q ¢(y,5) \ [Ro(s
<4 ! ! Fordy)
< 4% sup sup y)I” dy
Qego<s<r \ ¢(Rq(s)) \ [Ro(s)] Ro(s)
<47 fllm, 4

as was to be shown. O

Lemma 2.3. Let 0 < p < oo and let ¢ : R™ x (0,00) — (0,00) be a function
satisfying

o(z,1) < ¢(x,5) (4)
for all 0 < s < r < oo and x € R". Then there exists a function ¢ :
R"™ x (0,00) — (0,00) satisfying (1) and (3) such that M, 4(R") = M, ,(R")
with norm coincidence.
Proof. Let us define 1) by (2). Then as we have seen in Lemma 2.1, ¢ :
R™ x (0,00) — (0, 00) satisfies (1) and M, 4(R™) = M, ,(R™) with norm coin-
cidence. It remains to check (3). Let R < R'. Then, from (4), we obtain

).
)
)

= ¥(z, R).

3|3

Y(x, R') = inf ( inf o(y,v )(;/)

YER™ \ve[R'+||z—y[lo0,00)

< inf (
S vG[R’+R’\\w ylloo/ROO)

= inf ( ( ) (
yER™ ve[RHIx ylloo o)

inf ¢(y, v) ( R)

vE[R+||z—yl|o0,00)

@I@

< inf
yER"

\/:m«s

This proves (3). O
The following compatibility condition:
(@, r) ~(y,r) (o —yl <7) (5)

can be naturally postulated.
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Proposition 2.4. Let 0 < p < oo and let ¢ : R™ x (0,00) — (0,00) be a
function satisfying (1) and (3). Then v satisfies (5).

Proof. By (3), we have ¢(x,r) > 1¢(z,3r) and by (1) ¥ (z,3r) 2 ¥(y,r). O

With Lemma 2.3 in mind, we always assume that ¢ € G, satisfies (1). We
summarize our observations.

Theorem 2.5. Let 0 < p < oo and let ¢ : R" x (0,00) — (0,00) be a function.
Then there exists a function 1 : R" x (0,00) — (0, 00) satisfying (1), (3) and (5)
such that M, s(R™) = M, ,(R™) with norm coincidence.

The main structure of this generalized Morrey space M,, 4(R") is as follows:

Proposition 2.6. Let 0 < p < 0o and ¢ € G,.
1. If r € (0,p), then

[ llv < 1 llag, o for all fr & My o(R"). (6)

2. If u € (0,00), then
TNy g = (1l ) for all fre My g(R?). (7)

3. Assume (1). Then

1 1
Q) < lIxellm,, S Q) (8)

See [34, Proposition 2.1] for the case when p > 1 and ¢ is independent of z.
The same proof works for this case but for the sake of convenience for readers
we supply the whole proof.

Proof. 1t is easy to check (6) by using the Holder inequality and (7) by a direct
calculation. Let us check (8).
By the definition,

ol = sup — ('Q“R')’l’
XelMoe =P0o(R) \ R ) -

Thus, the left inequality is clear.
Let us check the right inequality. If we write the norm fully, then

ol wp - (‘Q“R’)’l’
Mys = .
Q * Reo.onrzs O(R) |R|
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We next claim

1 /|QNR|
|Mdeﬁ§wp{aR)<lR|

In fact, if R is a cube that intersects both ) and R™\ 3@Q), then choose a cube S
such that Q N R C S C R and that ¢(S) = ¢(Q). Then S C 3Q) and

¢<1R> <|Q|;|R|>; : ¢<1s> (|Q|2|R|>; : ¢<15> <|Q|Q|S|>;
from (1), which yields (9).

Let R be a cube intersecting ). We let S be a cube concentric to R having
sidelength 10¢(Q). Then since ¢ € G,,

1 CQHR0;< 1 _ 1 _ 1
o(R) \ [R| T o(R) ~

Thus, we obtain the right inequality. O

)” ; ReQ,QﬂR#Q),Qci&R}. (9)

A direct consequence of the assumption ¢ € G, is the following equivalent

expression: )
1 1 P
~ — [ = Pd .

17ltes ~ 528 5(Q) (|Q\ /Q‘f W y)

3. Boundedness of the maximal operator

The following result is standard and we aim to extend it to generalized Morrey
spaces:

Theorem 3.1 ([4]). Let 0 < A <n. Then
(1) M is bounded on M, \(R") if 1 < p < o0;
(2) M is bounded from M x(R™) to WM \(R™).

We denote by Lo (0, 00) the space of all non-negative functions g(t), t > 0
such that

191l 2c.00.00) = sUD (1) ()
>0

is finite. The space M (0, 00) is defined to be the set of all Lebesgue-measurable
functions on (0,00) and MM (0, 00) is defined to be its subset consisting of all
nonnegative functions on (0,00). We denote by 90, 00;1) the cone of all
functions in 9% (0, 0co) which are non-decreasing on (0, co) and

A= {aﬁ € M(0,00; 1) : tlir(gr¢(t) = 0} .



Generalized Morrey Spaces 25

Let u be a continuous and non-negative function on (0,00). We define the
supremal operator S, on g € M(0,00) by

(Sug)(t) = lugllimwo), t € (0,00).
We invoke the following theorem:

Theorem 3.2 ([2, Lemma 5.2]). Let vy, vy € 9MT(0,00) satisfy
0< ”UluLm(t,oo) < 00

for any t > 0 and let u € M (0, 00) be continuous.
Then the operator S, is bounded from Loy, (0,00) 0 Luo 4, (0,00) on the

cone A if and only if HUQS (\vllle oo)) H <%0

Lo (0,00)

We recall that the dual weighted Hardy operator is given by

H:g(t) = /toog(s)w(s)ds, 0<t< oo,

where w is a weight. Remark that the following theorem in the special case
w =1 was proved in [2, Theorem 5.1]:

Theorem 3.3 ([9, Theorem 3.1]). Let vy, vo and w be weights on (0,00) and
assume that vy is bounded outside a neighborhood of the origin. The inequality

Sup va(t)Hyg(t) < C sup v1(t)g(t) (10)

holds for some C > 0 for g € M (0,00) if and only if

B = sup vy(t) /too w(s)ds < 00. (11)

t>0 SUPs<r<oo V1 (T)
Moreover, the value C' = B s the best constant for (10).

Remark 3.4. In (10) and (11) it will be understood that - = 0 and 0-co = 0.
See [10, Theorem 1] as well for some applications.

The following statement, extending the results in Mizuhara and Nakai
[21,23], was proved in [6-8]:

Proposition 3.5. Let 1 < p < co. Moreover, let ¢1, ¢p2 € G, satisfy
/ o1(0. )% < g, 7) (12)

for all x € R™ and r > 0. Then, for p > 1, M is bounded from M, 4 (R™) to
M, 4, (R™) and, for p =1, M is bounded from M 4 (R™) to WMy 4, (R™).
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As is seen from the paper [30, Theorem 2.3|, (12) is too strong. The following
statements, containing Proposition 3.5, was proved by Akbulut, Guliyev and
Mustafayev [1, Theorem 3.4]; note that (12) is stronger than (13):

Proposition 3.6. Let 1 < p < oo and suppose the couple (¢1, ¢2) of the func-
tions in G, satisfies the following condition:

P1(x,1) S pa(w,1) (13)
where the impicit constant does not depend on x and t.

L. If p > 1, then M is bounded from M, 4 (R™) to M, 4,(R™). Namely, if

p> 1 IMflm, e, S 1, for all f e Mpg (R?)
2. If p > 1, then M is bounded from My 4, (R™) to WMy 4,(R"™). Namely, if

p =L IMfllwa,e, S Iflm,,, forall fre Mg (R").

From this proposition, when ¢; = ¢ = ¢, we have the following bounded-
ness:

Corollary 3.7 ([23, Theorem 1], [30, Theorem 2.3]). Let 1 < p < oo and
¢ € G,.

L. Let 1 <p<oo. Then [|Mfllm,, SIfllm,, for all fe M, g(R™).

2. Let 1 <p<oo. Then [|Mfllwm,, S I fllm,, for all f € M, 4(R™).

We know that there is no requirement when we consider the boundedness
of the maximal operator [30, Theorem 2.3] when ¢ is independent of z. Propo-
sition 3.6 naturally extends the assertion above.

4. Vector-valued boundedness of the maximal operator

Our aim here is to extend the Fefferman-Stein vector-valued inequality to our
function spaces for M in addition to Corollary 5.3;

I{M £33 52l ey S K352l 2, 00)s (14)
and

LM fi} 52wy S K352l cen)s (15)
where 1 < p < oo and 1 < u < 00; see [5, Theorem 1(1)] and [5, Theorem 1(2)]

for the proof of (14) and (15), respectively. When ¢ = oo, it is understood
that (14) reads
sup M f;

jeN

< ||sup | f;]
jeN

LP
Write MF = {Mf;}32,, when we are given a sequence F' = {f;}%2,.
Thus, (14) reads

Ly

Our main result here is as follows:
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Theorem 4.1. Let 1 < p < o0, 1 < ¢ < oo and suppose that the couple
(¢1,02) € G, x G, satisfies the condition

| aw0T sawn @ernr>o) (16)

where the implicit constant does not depend on x and t.
(1) For1 < p < oo, M is bounded from M, 4, (l5,R") to M, 4,(l5,R™), i.e
”MFHMP oo (lg) < ||F||Mp ) holds for all F € Mp,qsl(lq,R").
(2) Forl <p < oo, M is bounded from M, 4, (I;,R") to WM, 4,(1,,R"), i.e.,
[MFlway ,00) S NE | ry g, @) holds for all F € My g, (1, R").

Remark that (16) is natural in view of [11, Theorem 4].
As a corollary, by letting ¢ = ¢5 we can recover the vector-valued inequality
obtained in [34, Theorem 5.3].

Corollary 4.2 ([34, Theorem 5.3]). Let 1 < p < o0 and 1 < u < co. Assume
that ¢ 1s independent of x.

1. Assume in addition that ¢ € G, satisfies (12). Then |[MF||x, ) S
I Flm, 400.) for any sequence of measurable functions F' = {f;}32, €
My, (Lu).-

2. We have |MF||pm, 00) S I1F M, (000) for any sequence of measurable
functions F' = {f;}32, € My 4(le)

Now we are oriented to the proof of Theorem 4.1. We first prove the fol-
lowing auxiliary estimate:

Lemma 4.3. Let 1 <p < oo and 1 < q < o0.
1. The inequality

IXB@nME L@ S IxB@2nFllLe,) + re /OO HXB(mﬁleLl“q) dt
. 17
~ X8 an Fllr,e) + 17 /200 HXB(”CZT)LiHLI“Q) dt "
holds for all F' = {f;}52y C Lpioc(R™) and for any ball B = B(x,r).
2. The inequality
X MF|lwie) S IXBe2n F il + Tn/oo ||XB(m;jtT)Lfl||L1(éq) di .
. 18

o [ IXBEn L)
~ ||XB(z,2r)F||L1(fq) +r /2r tntl = dt

holds for all F' = {f;}52y C L110c(R") and for any ball B = B(x,r).
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Proof. We split F' = {f;}52, with | = X p(z2nF and Fy = F'—F}. We estimate
each term.
By the triangle inequality

IXB@MF||L,e) < IXBaryMFi L0 + IXB@rME:| L0,

First, we shall estimate ||xp(,nMFi|/z,e,) for 1 <p <ooand 1 < g < oo.
Thanks to (14), we have

IXBryMF1||L, ) < IMF ey S 1Fllz,e) = IXB@2r Fll,e,  (19)

where the implicit constant is independent of the vector-valued function F'.
Thus, the estimate for M F} is valid.

Now we handle M F;,. Freeze a point y in B(z,r). For all j € Ny and
y € B(z,r),

S 1
IMFy(Y)lle, S D orar o I1E W), dy
kz:; |2kQ([L‘,’I")| 2kQ(x,r) ta
according to [34, Lemma 4.2]. As a result, we obtain

[e.o]

7 | X By M F2l 1,0, 5/ ST X B FllLie,) ds (20)

2r
for all y € B(x,s). Thus, the estimate for M F; is valid. Then we obtain (17)
from (19) and (20).
Let p = 1. By the quasi-triangle inequality for any ball B = B(x,r)
IXBanMFEllweie) S IXBanMElweie) + Xy MEFallwee,):-

We estimate each term.
By the weak-type Fefferman-Stein maximal inequality (15) we have

IXB@ry M1 lwee,) < IMEweie) S 1Fllzey) = IXB@er Fllie,),  (21)

where the implicit constant is independent of the vector-valued function F'.
Then by (20) and (21), we obtain the inequality (18). O

We transform Lemma 4.3 to an inequality to prove Theorem 4.1.

Lemma 4.4. Let 1 < g < oo.
1. Let 1 < p < oo. Then, for any ball B = B(x,r), the inequality

n [ _n_
X By MF|lwi,,) 5“’/ t e IXBEn F e, dt (22)

2r

holds for all F' = {f;}32, C Lpjoc(R™).
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2. For any ball B = B(x,r), the inequality

IXBaryMF|lwrie,) S 7""/ " Mx o F il dt (23)

2r

holds for all F' = {f;}52, C L110c(R").
Proof. Note that, for all 1 < p < 00

n o _2_1
HXB(I,QT)FHLP(&I ~ re / HXB(Q:,t)F”Lp(Eq) dt (24)

[ e Pl dt S5 [ e Pl d
by the Holder inequality. We deduce ( 22) from (17) and (24). Likewise we
deduce (23) from (18) and (24). O

With these estimates in mind, let us prove Theorem 4.1.

Proof of Theorem 4.1. Let vy(r) = é1(z,7) " r 7, va(r) = oz, 1)L, g(r) =
| 1 E e, | 2, (B and w(r) = r~» . By (16), Lemma 4.4 and Theorem 3.3, we

have ey
IMF|[pm, 00 S Sup d2(x,7)” / T IXBEn F |z, dt
2

z€R™ r>0 r

S/ sup qsl(xar)il T_EHXB(m’T)FHLP(ZQ)
zER™, r>0

- HF”Mp,d)l(lq)’
if 1 < p < oo and

||MF||WM1,¢2(lq) 5 Sup ¢2(9§,7“)_1/ t_n_lHXB(x,t)FHLl(Zq) dt
2r

z€R™, r>0

< sup o oz )T M F il
z€R™, r>0

= [[F N My, 1)
if p=1. O]

As a corollary, we can recover the results in [11,30].
Corollary 4.5. Let 1 < p < o0, 1 < g < o0 and ¢ : (0,00) — (0,00) be a

decreasing function satisfying gb(t)t% < QS(T)T% forall0 <t <T < oco. Assume
i addition ¢ s independent of x and that

/¢—<¢>

1. [30, Theorem 2.5] Let 1 < p < oo. Let F' = {f;}32, be a sequence in
M, s(l,). Then
IME[ My 00) S TNy 000

2. [11, Theorem 6] Let p = 1. Let F' = {f;}32, be a sequence in M 4(l,).
Then
IMElwats o00) S NE Mo o000)
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5. A basic tool for the theory of generalized Nikol’skij-
Besov-Triebel-Lizorkin-Morrey spaces

We now consider generalized Nikol’skij-Besov-Triebel-Lizorkin-Morrey spaces
based on our maximal inequalities. For 0 < p < oo and ¢ € G,, denote by
M, s.0(R™) the set of all functions f € M, 40(R"™) N Ly 10.(R™) N S'(R™) for
which Ff is supported on (). By using the Planchrel-Polya-Nikol’skij inequal-
ity [27], we have the following estimate of the Peetre maximal operator:

Theorem 5.1. Let 0<r<p<oo and suppose that the couple (¢1,P2) € G, x G,
satisfies the condition

§b1(l’,t) 5 ng(ZL',t), (25)

where the implicit constant does not depend on x € R™ and t > 0. Let Q be a
compact set, d be the diameter of Q. Let f € M, 4, o(R™).

Lf (=)
(1) If r < p < oo, then HsupyeRn 1+|d;|’% My < ||f||Mp’¢1.
_ Lf(—y) <
(2) If p=r, then HsupyeRn L Wty gy HfHMr,qbl’

Remark 5.2. Theorem 5.1 is proved in [36,38] in the case of classical Morrey
spaces.

We also need the following corollary to Proposition 5.1.

Corollary 5.3. Let 1 < p < 00, 0 < ¢ < 0o and suppose that the couple (1, ¢2)
of the functions in G, satisfies the condition (13).
1. Let1 < p < oo. Then M is bounded from €, (M, 4,,R"™) to £, (M, 4,, R").
2. Let p=1. Then M 1is bounded from £, (M 4,,R™) to £, (WM 4,,R").

Let 2 = {Q;}%2, be a sequence of compact sets. Denote by £,(M, 4, o) the
set of all sequences {f;}32, of the functions in M, 4, (R") N S'(R™) such that
supp(F f;) C §; for each j € N.

We have the following estimate, which is a counterpart to Theorem 5.1:

Theorem 5.4. Let 0 < p < 00, 0 < ¢ < 00, 0 < r < p and suppose that the
couple (91, 92) € G, X G, satisfies the condition (25). Let Q = {;}22, be a
sequence of compact sets, and let d; denote the diameter of ;. Then exists a
positive constant C' such that

\f] —y) }OO
yGRn 1+ |djy|7 .

J=1

5 H{f] ;.11||@q(Mp7¢1)a (26)

KQ(MP,¢2)

if we are given a collection of measurable functions {f;}52, C Ly(Mpg, 0)-
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If we use Theorem 4.1, we can prove the following theorem, which corre-
sponds to Theorem 5.4:

Theorem 5.5. Let 0 < p < 00, 0 < ¢ < 00, 0 < r < min{p, ¢} and suppose
that the couple (¢1,¢2) € G, X G, satisfies the condition (25). Let @ = {€;}22,
be a sequence of compact sets, and let d; be the diameter of Q. Then exists a
positive constant C' such that

!fg — )| }Oo
yE]R" 1 + ’d]yyi

if we are given a collection of measurable functions {f;}32, € My, a(ly).

5 ||{fj ?.;IHMPVM(&J)’ (27)
Mp,¢2(£‘1)

The proof of this theorem is omitted since it is the same as Theorem 5.4.
Using Theorem 5.4, we can develop a theory of generalized Nikol’skij-Besov-
Triebel-Lizorkin-Morrey spaces, which we define below.

Definition 5.6. Let 0 < ¢ < 00,0 <7 <o00,s€ Rand ¢ € G,. Let § and 7
be compactly supported functions satisfying

0 ¢supp(r), 6(5)>0if £€Q2), 7(§)>0if £eQ(2)\Q(1).
Define 74(¢) = 7(27%¢) for ¢ € R" and k € N.

1. One defines the (nonhomogeneous) generalized Nikol’skij-Besov-Morrey
space N, (R") as the set of all f € S'(R") for which the quasi-norm

10CD).f vy o+ (ZT”ITJ f||./\/lq¢> (r<o0),

16(D )f"Mq,¢+§‘é£2js‘|Tj( )l (r=00)

I1Fllas, =

T

(28)

is finite.

2. One defines the (nonhomogeneous) generalized Triebel-Lizorkin-Morrey
space €y, (R") as the set of all f € §'(R") for which the quasi-norm

;

10(D) L, , + (szswn(mfr“)r (r <o),

£l .. = i=t Myso (29)
10(D)fllae, .+ sup2j5|7j(D)f|H (r=o0)
\ jeN Mq«b
is finite.

3. The space A}, . (R") denotes either N3, (R") or 3,  (R").
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Much about generalized Nikol’skij-Besov-Triebel-Lizorkin-Morrey spaces is
investigated in [25]. The difference of the definitions in [25] and this paper
is that this paper extends the condition on ¢: ¢ depends on x as well in the
present paper but ¢ depends on r in [25]. Further inverstigation is left as a
future work.

Let us survey the progress on Nikol’skij-Besov-Morrey spaces before we
conclude this section. In 1984, Netrusov defined Nikol’skij-Besov-Morrey spa-
ces [26]. Netrusov obtained some embedding results. Later on Nikol’skij-Besov-
Morrey spaces shed light on by Kozono and Yamazaki [19] from the context of
differential equations. It is Kozono and Yamazaki that applied Nikol’skij-Besov-
Morrey spaces to investigate the Cauchy problem for the Navier-Stokes equa-
tion. Najafov considered Nikol’skij-Besov-Morrey spaces of the mixed deriva-
tive in [22]. Motivated by this, Tang and Xu [38] defined non-homogeneous
Triebel-Lizorkin-Morrey spaces, or equivalently, non-homogeneous Morrey type
Triebel-Lizorkin spaces in word of the original paper [38]. After this, Sawano
and Tanaka defined homogeneous Triebel-Lizorkin-Morrey spaces [37]. Sawano
and Wang obtained the trace theorem independently in [33, Theorem 1.1] and
[40, Proposition 1.10], respectively. The wavelet characterization of Nikol’skij-
Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces can be found in
[28,29]. Triebel-Lizorkin-Morrey spaces cover Hardy-Morrey spaces; see [31,
Theorem 4.2]. We refer to [12-14,32, 37, 38] for embedding relations of these
function spaces. We refer to [3,18] for weighted Nikol’skij-Besov-Morrey spaces
and weighted Triebel-Lizorkin-Morrey spaces. See the textbooks [39,41] for an
exhaustive account of these spaces. More and more axiomatic approach to define
new function spaces based on a solid function spaces was taken in [15-17,20].
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