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1. Introduction

In the present paper, we aim to show boundedness of the generalized fractional
integral operators on generalized Morrey spaces L, 4.2(X; ft) over connected met-
ric measure spaces (X, d, u) assuming that the y-measure of any ball is finite.
We also discuss a necessary condition for the boundedness of the generalized
fractional integral operators. Our results will extend [11,14,18,22,25,36] and
[12, Theorems 1.1-1.3]. As applications, we establish new results for the predual
spaces.

Before we describe our results, let us place ourselves in the Euclidean
space R™ and view an elementary results for Morrey spaces and fractional in-
tegral operators. For 0 < a < n, we define the Riesz potential of order « for a
locally integrable function f on R™ by

[af(:c)z/R Ady (x e R").
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The operator 1, is also called the fractional integral operator.

We denote by B(z,r) the ball {z € R" : |x — z| < r} with center z and
of radius r > 0, and by |B(z,r)| its Lebesgue measure, i.e. |B(z,7)| = w,r",
where w,, is the volume of the unit ball in R".

For 1 <p < oo and ¢ : (0,00) — (0,00), let the generalized Morrey space
Lys(R") be the family of all f € Lj) (R") such that || ||z, , < oo, where

loc

_ 1 1 Z
Wihse = 30 505 (5 o V)

(r > 0), L,s(R") coincides with LP*(R™) in Adams [1].
, then we have the scaling relation

1L, =t Sz, ,

for all £ > 0 and f € L, 4(R™).
If $ =1, then L, 4(R") ~ L>*°(R™) with norm equivalence.
Adams [1, Theorem 3.1] showed that

23

When ¢(r) =1~

Hofllzer < Ol fll e

provided that the parameters p, ¢, \ satisfy
A A
l<p<g<oo, 0<A<n, ——+a=——.
p q

If A\ = n, then this is the Hardy—Littlewood—Sobolev theorem. See also [7-9,14,
17,22, 26,29, 30, 42).

For a function p : (0,00) — (0,00), the generalized Riesz potential I,f is

defined by

i@ = [ =Wy ay e w)
rr |7 — Yl

The operator I, is also called the generalized fractional integral operator. If
p(r) = r* for 0 < o < n, then I,f coincides with the usual Riesz potential
of order a.. The generalized Riesz potential I,f was introduced in [23]. The
boundedness of I,f of functions in L, 4,(R™) was investigated in [14]. For the
boundedness of I,,f, we also refer the reader to [9,24,36].

Now let us formulate our main results. Let X be a connected separable
metric space equipped with a non-negative Radon measure pu. By B(z,r) we
denote the open ball centered at x € X of radius » > 0. We write d(z,y) for
the distance of the points x and y in X. We assume that p({z}) = 0 and that
0 < u(B(z,1)) < oo for x € X and r > 0 for simplicity. We do not postulate
on u the “so called” doubling condition to show the boundedness of fractional
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integral operator; see Theorems 1.2, 1.5, 1.8 and 1.12. Recall that a Radon
measure f is said to be doubling, if there exists a constant C' > 0 such that
w(B(z,2r)) < Cu(B(z,r)) for all z € supp(p)(= X) and r > 0. Otherwise u
is said to be non-doubling. In connection with the 5r-covering lemma, the
doubling condition had been a key condition in harmonic analysis. However,
Nazarov, Treil and Volberg showed that the doubling condition is not necessary
by using the modified maximal operator [27,28]. See also [32-35,39).

Let G be the set of all functions from (0,00) to itself with the doubling
condition; that is, there exists a constant ¢, > 1 such that

1L _ o(r)

— < —<<¢cy for 7,5>0 with

cy — B(s) :

w | =

<2, (1)

N =

We call the smallest number ¢, satisfying (1) the doubling constant of ¢.
For ¢ € G, let the generalized Morrey space Ly 4..(X; 1) be the set of all
functions f € L (X; ) such that || f]|z, ,..cx) < 0o, where

loc

= 1 1 p %
W50 = 30 505 () g T 000

Observe that in [34, Section 2] we showed that || f||L, ,.x and |||z, ,.xim)
can be norms which are not equivalent. We also define the generalized Riesz
potential I, - f by:

_ pld(z,y))
Lo,,u,ff('r) - /X M(B(QJ, Td(x7y)))

for 7 > 0 and a measurable function p : (0,00) — (0, 00).

In this paper we aim to give a general version of boundedness of generalized
Riesz potentials 1, , 30 f of functions in generalized Morrey spaces Ly, 4.2(X; 1)
over metric measure spaces. We also discuss necessity of conditions for the
boundedness of 1,, 32 f. Our results extend those in [11,12,14, 18,25, 36].

We postulate the following conditions on p : (0,00) — (0,00): There exist
constants C, > 0 and 0 < k; < ko < 2k; < 0o such that

1
t
/ —p<)dt<oo,
0

t

fly)du(y) (z € X)

sup p(s) < C’p/k i @ dt (r>0). (2)

”
5<s<r 1T

We denote the set of all such functions by Gy.
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Example 1.1. Let (X, d, ) be the Euclidean space. In view of [2], we see that
(1— A)*% falls under the scope of our main results. As r | 0, when 0 < o < n,

1 a1 n—ao
o)~ gt (5) T (250)

1 a1 1
—n N T (_) log —,
rolr) 2n—1g3 2 8 T

1 a1 a—n
o)~ T (5) T .
rp(r) ~ 5T {3 ( 5 >
See [2, (4.2)]. Remark that when a > n, the integral kernel is trivially in-

tegrable, so that r~"p(r) behaves like a constant function as r goes to zero.
Furthermore, as r — oo,

when o = n

and when o > n,

reE
r p(r) ~ 2n+c21717TnT—1F (%) .

-r

(&

See [2, (4.3)]. The above estimates mean that we have (2) with k; = § and
ks = 1. Note that p € G implies (2). See [38, Remark 2.2] as well as [21,
Lemma 2.5].

Set

p(r) = /Or @ds for r > 0. (3)

S

Let G; be the set of all almost decreasing functions in G from (0, c0) to itself,
that is, ¢ € G; if and only if ¢ € G and there exists a constant C' > 0 such that

o(r) < Co(s) forall r>s>0.

Remark that we are given three classes G, Gy, G;. With these definitions
in mind, we state the following result in the metric setting, which extends
[12, Theorem 1.1]. See also research papers [3-9,17,22,29,30,42].

Theorem 1.2. Let 1 <p<qg< oo, p€ Gy and ¢ € G1. Assume that

[0 < oot > o) (W
and that T
[ Ma<con >0 9
for some constant C' > 0. If there exists a constant C' > 0 such that
§r) < Cor)it (r>0) ()

then 1,, 32 is bounded from L, 42(X; @) to Lq ¢§_4(X; ).
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Next we will show that condition (6) is necessary for the boundedness of
1, ,.32f; the next result extends [12, Theorem 1.1] to homogeneous spaces.

Theorem 1.3. Let yu be a doubling measure. Let 1 < p < q < oo, p € GN Gy
and ¢ € Gy. Assume that there exists a constant C' > 0 such that

o(r)u(B(x,))7 < Cop(r)\u(Blz, ') (7)

whenever x € X and 0 < r < v'. If I,,.30 is bounded from Ly 42(X;p) to

q¢§.4(X; i), then (6) holds for some constant C' > 0.

Before we go further, a couple of helpful remarks may be in order.

Remark 1.4. 1. Observe that condition (6) corresponds to the scaling con-
dition in the classical case. Indeed, if we let

p(t) =1t o(t) =" (t>0)
with a > 0 > 3, then (6) reads a = B(§ — 1). In the setting of Lebesgue

measure, this says that [, is bounded from L, 4,(R") to Lq " (R™) if and

only if « = f3 (%D — 1). So, this condition can be taken as the scaling
condition.

2. In Theorem 1.3, I, 35 is bounded if and only if I, , ; is bounded.
The following result extends [14, Theorem B] and [12, Theorem 1.2].

Theorem 1.5. Let 1 < p < q < o0, p € Gy and ¢ € Gy. Assume (5) for some
constant C' > 0. If, in addition, there exists a constant C' > 0 such that

6(r) /0 ' @dt + / h wdt <o) (r>0), (8)

then 1,32 is bounded from L, 42(X;p) to L I 4(X;,u).
9,67;

Theorem 1.5 extends [33, Theorem 3.3] in that the underlying space and
the integral kernel of the fractional integral operator are generalized.

We will show that condition (8) is necessary for the boundedness of I, ,, 32 f.
This result extends [12, Theorem 1.2].

Theorem 1.6. Let y be a doubling measure. Let 1 < p < g < oo, p € GNGy
and ¢ € Gy. Assume (7) and that there ezists a constant C > 0 such that

" 1 1
| uBla 02 e < onB o) (9
0
for x € X and r > 0. If, in addition, 1,, 32 is bounded from L, 4o(X;p) to

Lq ¢5-4<X; @), then there exists a constant C' > 0 such that (8) holds.
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Remark 1.7. We have a counterpart for the weak spaces considered in [15].
Here we omit the detail, since the proof is a minor modification of the above
results.

Let ¢ € Gy and 1 < p < co. Define p/ = ﬁ, the harmonic conjugate. We
consider applications of the results above: We can pass these results to predual
spaces. Following [40,45], we say that a u-measurable function b is said to be a
(p', ¢)-block, if b is supported on a ball B(z,r) such that

160l < 1 (10)
LY (X;p) = I :
(B, 2r))» (r)

A function f is said to belong M,/ »(X;p), if f has an expression:

f - Z)\jbj, (11)
j=1

where each b; is a (p/, ¢)-block and {);}32, € ¢!(N). The norm of such f is
given by

1f 14,1 x5y = 10E Y I\, (12)
j=1

where the sequence {);}52, runs over all expressions as above. Observe that (7)
guarantees the p-a.e. absolute convergence of the right-hand side of (11). In-
deed, for each (p', ¢)-block a and g € Ly, 4.2(X; i), we have

/X la(2)g(@)| du(@) < llgllz, , oxan

by virtue of the Holder inequality. By (7), we can take g = x (s, in the above.
A direct consequence of this choice is that any (p’, ¢)-block has integral over
B(x,r) less than a constant depending only on r. Therefore, in (11), the series
converges absolutely p-a.e. About the predual space H, 4»(X; 1) above, we have
the following result:

Theorem 1.8. Let 1 <p < oo, pe Gy and ¢ € G;.

(1) (a) Let f € Hyo(X;u). Then, for all g € Ly po(X;n), f-g€ LN(X;p)
and

/le(@g(l")l dp(@) <[ fll, ,xmllgllL, oo

In particular, any g € L, 42(X; ) defines a continuous linear func-
tional Ly on Hy (X p).

(b) Conversely, any continuous linear functional L on H,y »(X;u) can
be realized as L, by some g € Ly, 42(X; ).
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(2) The mapping g € Ly 42(X;u) — Ly € B(Hy o(X;p),C) is an isomor-
phism, where B(H,y »(X; 1), C) denotes the dual of Hy »(X; ).

Theorem 1.9. Let 1 <p<qg< oo, p€ Gy and ¢ € Gy.
(1) Assume (4)—(6) for some constant C > 0 and C' > 0. Then, I,, 33 is
bounded from ”Hq,@% (X5 1) to Hy (X5 p).

(2) Assume (5) and (8) for some constant C > 0 and C'" > 0. Then I, 33 is
bounded from Hq, I (X5 1) to Hy (X5 p).

Parts (1) and (2) of Theorem 1.9 can be considered as the dual of Theo-
rems 1.2 and 1.5, respectively.

Theorems 1.3 and 1.6 are readily transplanted into the space H, »(X; i) as
follows:

Theorem 1.10. Let o be a doubling measure. Let 1 < p < q < oo, p € GN G
and ¢ € Gy. Assume that there exists a constant C > 0 such that (7) holds
whenever v € X and 0 < r < ', If I,,31 is bounded from Hq’,qbg (X;p) to
Hy (X5 1), then there exists a constant C' > 0 such that (6) holds.

Theorem 1.11. Let i be a doubling measure. Let 1 < p < q < oo, p € GN Gy
and ¢ € Gy. Assume (7) and that there exists a constant C > 0 such that (9)
holds for x € X andr > 0. If 1, 31 is bounded from Hq’@% (X5 1) to Hy (X ),
then there ezists a constant C' > 0 such that (8) holds.

Theorems 1.8-1.11 supplement the earlier paper [12], that is, these four
theorems for the predual spaces are new even in the R™ case.

Finally, we treat the case when p = 1, which extends [14], [12, Theorem 1.3],
[36, Theorem 2], [25] and [18].

Theorem 1.12. Let p € Gy and ¢ € G. If, in addition, there exists a constant
C'" > 0 such that

o(r) /0 @dﬂ/w Mdt < C'P(r)  (r>0),

then 1,4 is bounded from Ly 42(X; @) to Ly pa(X;p).

In connection with Theorem 1.12 the functions supported on bounded open
sets were considered in [36, Theorem 2]|. Since the proof of Theorem 1.12 is
very similar to that of [36, Theorem 2], we omit the proof.

We will show that condition (8) is a necessary condition for the boundedness
of I,,,4f. This result extends [12, Theorem 1.3].
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Theorem 1.13. Let p be a doubling measure. Let p € GN Gy and ¢ € Gy.
Assume (7) and that there exists a constant C > 0 such that

T ¢ t

[ nse 2 < cutpte. o).
0

If, in addition, 1,,4 is bounded from Ly 42(X;p) to Ly y.a(X; @), then there

exists a constant C' > 0 such that (8) holds.

More and more attention is paid to analysis on measure spaces. Here we
present some examples of metric measure space to which our results are appli-
cable.

Example 1.14. In this example, we let X = R” but the distance function d

is distorted. Let aq,an,...,a, € [1,00). Define a function F : R™ x (0, 00) —
[0, 00) by
F(xy,zo,. .. xp;1) = Zl S

Define a distance d by
d(z,y) =inf{r >0 : F(z —y;r) <1}.

The function d is indeed a distance function, since

1 20 2 1 20 b2 1 20
(a+b)? < 2 (= 22 (=
T1+T2 T1+T2 T1 7’1+T’2 T9

for 71,79 > 0 and a,b > 0. Then L, 42(X; i) is a special case of the norm dealt
in [41]. In [41], Softova considered the case where ¢ depends on z as well.

Example 1.15. Let p be a fixed prime number. Equip Q with a distance
function as follows: the distance between x,y € Q is

dp<x7 y) = p—m’
where the integers ¢, r,m satisfy x —y = p™Z and the integers ¢ and r are not
multiples of p; see [13]. Denote by Q, the completion with respect to d, of Q.
Since Q, carries the structure of a locally compact group, Q, has the Haar
measure f. Then L, 4o(X; @) is a special case of the norm dealt in [44]. In [44],
Volosivets considered the case where ¢ depends on x as well.

A tacit understanding in this paper is that we use the letter C' to denote
various positive constants that may differ from line to line. Throughout this
paper, we write A < B to indicate that there exists a constant C' independent of
Morrey functions such that A < C'B. The symbol A ~ B stands for A < B < A.

Finally, we shall organize the remaining part of the present paper as follows:
Section 2 collects some fundamental estinates and we prove the above theorems
in Section 3.
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2. Preliminary lemmas

2.1. Norm estimates. We begin with the obtaining a fundamenetal estimate
of the Morrey norm ||x||z, ,.(x;u) for the indicator function of balls.

Lemma 2.1 (cf. [11, Lemma 3.1]). Let 1 < p < oo and ¢ € Gy. Assume
that there exists a constant C' > 0 such that (7) holds whenever w € X and
0 <r <7'. Then, there exists a constant C > 0 such that

pB(R) \7 o .
(m) ¢(R) S||XB(Z,R)||Lp,d>;2(XW)§C¢(R) (13)

for all R >0 and z € X. In particular, when p is a doubling measure,

CTO(R) < B R Ly 005 < Co(R)™
forall R >0 and z € X.

Proof. The left inequality of (13) is a consequence of the definition

L ( p(B(zR) \»
IXBR) Ly so(Xi) = 5(R) (u(B(z,ZR))> )

So we concentrate on the right inequality || X 5(:,g)l|L, 5.0 (x) < CO(R)™. In
the equality

1 (u(B(w) mB<z,R>>){

IXBGR) L, so(xip) = SUP
a0 (N \" n(Bw2r)

weX,r>0 ¢
we distinguish two cases: » > 2R and 0 < r < 2R. We have

1 (u(B(w,r)n B(z R)\ "
oy <
||XB(27R)||Lp,¢;2(X7M) = sup (7,) < PJ(B w,27’))
+  sup ( )

weX,0<r<2R (
1 (M(B(w,r) N B(z, R))
(

vt o)\ u(Blw,2r) |
R (Bway)
R A S b )
< %;

we used (7) in the last inequality. O
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2.2. Lower bounds for I,, 3. We need to fundamental estimates for the
bound of I, 32 from below. The first one concerns the ball-testing. Recall here
that p is given by (3).

Lemma 2.2. Let p € GNGy. Assume that i is a doubling measure. Fix z € X.
Then there exists a constant C > 0 such that p(£) < Cl,,.30X5(r) () holds
whenever v € B(z, &) and R > 0.

Remark 2.3. Note that if 1 is a doubling measure, there exist constants C' > 0

and s > 1 such that
) o (2
>C | — 14

p(B) r )
for all balls B = B(x,r) and B’ = B(z/,r’") with 2’ € B and 0 <7’ <1 (see
e.g. [16]).

Proof of Lemma 2.2. Let x € B(z ,%) Since p € G, we have

p(d(z,y))
Louaxeem(e) 2 /B@,f;) (B(x.32d(. ) "MW
/ pld(z,y))
“ JB(e2-iR\B(2-—1r) H(B(z,32d(z,y)))

] / p(277'R)
B(z,27R)\B(z,279~!R) w(B(x,2775R

= LIk 3,979 2R,

o0

du(y)

Jj=

>C

dp(y)-
Since X is connected, we can find y such that d(z,y) =
Let B' = B(y,27"*R). By (14), we have ) o > ¢ (3:—;51;) - C
Since B’ C B(z,27R) \ B(x,2777'R), we obtain

R

o . 2 S B R
Iy u32XB(zR) (7) > C’Zp(Q‘j_lR) > C/ Mds =Cp (E) ,

S
j=1 0
as required. O

Another fundamental estimate of I, 32 comes from the one of the function
y e X\ B(z,R) — ¢(d(y, 2)) € [0,00) with z € X and R > 0 fixed.

Lemma 2.4. Let p be a doubling measure, p € GNGy and ¢ € Gy. Fiz z € X.

Fory e X, define
9r(y) = ¢(d(y, 2))xB(=r)(Y) (15)

and let ki be a constant appearing in (2). Then there exists a constant C' > 0
such that, for every R > 0,
= pol) |

I, 320r(2) < 0/

kiR t

t

holds, whenever x € B(z, 3)
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Proof. Let y ¢ B(z, R). Since d(z,y) ~ d(y,z) for z € B(z, %) and ¢ € G, we
have

B pli(z.y)old(y.2)
Tonazgr(@) = /X\B<z,R> W(Be, 32d(, y))) Y
(@

p(d(e,y))old(x, )
< C/X\B(mg) LB 320w, ) )

pld(z,y))old(z,y)) ,
= C;/B(a;zm)\B(z,mlR) w(B(z, 32d(z, y))) i)

[e.9]

/ SUpPo;— 1R<s<2JR p(5)¢(2]R)
B2 R)\B(@2 "' R) u(B(z, 27T R))

<C

J=0

dp(y)-

Since p € Gy and ¢ € G, we obtain

I, 329R (7)

o0

$(2'R) /‘”’”R pls)
<C / : —~ds | du(y
jzo B(2,21 R\B(z,2-1R) M B, 27T4R)) \ Joir,r 8 )

o0

Pt dp(y)
Z B(x,29 R)\B(x,27~1R) ( 2k R S wu(B(x, 274 R))

=0

- Ci/2j’“2R p(s)6(s)

j=0 Pk R 5

go/des,

1R S

as required. O

We verify that the function gg above is estimated from above by proving
the next lemma:

Lemma 2.5. Let i be a doubling measure, p € GN Gy and ¢ € G. Fix z € X.
Define gr(y) by (15) fory € X and R > 0. Then, there ezists a constant C' > 0
such that, for every R > 0,

< pt)o(t

]p#’gggR(l’) Z C/ w dt (16)
R

holds, whenever x € B(z, ).

Proof. Let y ¢ B(z,R). Since d(z,y) ~ d(y,z) for x € B(z, %), p € G and
¢ € G, we have
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- pld(z, y))o(d(z,9))
lonargn(w) = /X\B<z,R> W(B(z, 32d(z,y)) ")

p(d(z,y))o(d(x,y))

2C [ B S g1 0
- p(d(z,y))o(d(z,y))

= O]Z/B(a: 2i+1R)\B(z,2/ R) w(B(x,32d(z,y)))
= / p(2'R)p(2'R)
B(,2+1 R\ B(z,21r) M B(2, 2775 R))

du(y)

>C

=1

du(y).

As in the proof of Lemma 2.2, in view of (14), we obtain

L psngrl() > CS " p(PR)G(2'R) > C / it

j=1 R

dt,

as required. O

2.3. Control of fractional integral operators by maximal operators.
Now we are oriented to the control of fractional integral operators. To control
them, we need a pointwise estimate of the maximal operator.

We consider the centered maximal function defined by

e L
Miof) =swp e [ 1#Gl)

for a locally integrable function f on X.
Note that, under (5), we have

I:g)lgb( r)= (17)
and
rli_}rgo o(r) = 0. (18)

We “almost” have the mean value theorem for ¢ as the following lemma
implies:

Lemma 2.6. Let ¢ € Gy satisfy (17) and (18). Then, for all T € (0,00), there
exists ro > 0 such that ¢(rg) ~T.

Proof. Define
ro =sup{r >0 : ¢(r) >T}.

Then by the definition of 7y and sup, we have ¢(2r¢) < T'. Again by the definiton
of 79 and sup, there exists v € (%, 7] such that ¢(v) > T Since ¢ is almost
decreasing, ¢(%) > cI'. Thus, since ¢ is doubling, we see that ¢(ro) ~T. O



Generalized Fractional Integral Operators 171

Lemma 2.7. Let 1 <p < qg< o0, p € Gy and ¢ € Gy. Suppose ¢ satisfies (17)
and (18) and that a p-measurable function f satifies || f||1, ,.(xu) = 1. Assume,
in addition, (4) holds for some constant C' > 0 and (6) holds for some constant
C" > 0. Then

4
q

|Ip,u,32f($)| < CMyg f(x)

Proof. We may assume that Mg f(z) < co. We write

_ (d(z,y)
U= /B(x,ﬂ w(B(z.32d(z,9)))

forx e X. (19)

)

|f(v)| du(y)

and

_ pld(z,y))
V2= /X\B(x,r) p(B(x, 32d(x,y)))

Then, by the triangle inequality, |I,,s2f(x)| < Uy + Us. If y € B(z,27r) \
B(z,27'r) and j € Z, then a geometric observation shows

/ pld(z,y))
Bla210\B(z,2-17) M B(x,32d(z,y)))
</ SUPy;—1,<s<2iy P(5)
~ JB(2,2m)\B(z,27- 1) w(B(x, 27H4r))

|f ()| du(y).

|f(y)] du(y)

|f(y)] du(y).

If we combine this with (2), then we have

/ pld(z,y))
B(z,29r)\B(z,29—1r) H;(B(JT, 32d(l‘, y)))

27 kor
p(s) 1 /
<cC —~ds X A d :
= ik s u(B(z,27+r)) B(a:,2jr)|f(y>| a2

|f(y)] du(y)

Thus, we have

o

= pld(z,y))
U = = /B(m 2-ir)\B(z,2=71r) /L(B(gj’ 32d(1‘, y))) ‘f(y)| du(y)
2- Jkgr )
<C Z/g Ik " W(B(x, 277+47)) /B(I’z_jr) |f ()| du(y)

<c, ( / = @ ds) My f(2)
pﬁ(k;)r)Mmf(i’?),
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where p is given by (3). Next note that

1 1 P gl o1 1 N i

= ¢(r) (M(B(z72r>>/3(z,r)|f(x)‘ i )) & o(r) M(B(Z,QT))/]B(Z7T)|JC( ) ()

since |||z, ,2(x;u) = 1, so that
1

) ., @) < 00) (20

for all » > 0. If we use (2), then we have

pld(z,y))
z; /B((L’,QjT)\B(JC,leT) M(B(x7 32d(.’17, y)))

j=

<oy [ g [ )
— Joikyr S w(B(x,277)) g 2ir)

J=1

oo

Us = |f(y)] du(y)

If we use (20), then we have Uy < C, 3%, ;jff: @ ds x ¢(2’r). Since ¢ € G,
and hence ¢ is doubling, we have

U, < ci/%r p)A(s) o c/oo P5)00s) 4

3k S S

jzl kllT

Consequently, we have by our assumption

Ly (2)] < Uy + Us < Cilar) Mg f (x) + C / RLOLIOFN

2kqr S
Since we are assuming that ¢ is a doubling function as well as conditions (2)
and (4), we have

|-[p,,u,32f(x)| < Oﬁb(k?ﬂ)%_lMlﬁf(x) + Cp(2k17m)p(2k17)
S CQb(T)%_lMlﬁf(CC) + Cﬁ(?kﬂig?“)@ﬁ(T)
Since ¢ € G; and we assume (6),

ﬁ(2k1k’2’l“) S C¢(2]€1/{52T)

P
q

< Ogr)i
so that , )

[ p sz f(2)] < Co(r)s™ Migf(x) + Co(r)s
for all r > 0. By virtue of Lemma 2.6, we can find R > 0 such that C~'¢(R) <
Mg f(x) < C7'¢(R). By using this R, we can obtain (19).

O

Similarly we can prove the following:

Lemma 2.8. Let 1 < p < q < oo andp € Gy. Assume that ¢ € Gy satisfies (17)
and (18) and that there exists a constant C' >0 such that (8) holds for any r>0.
Suppose, in addition, that a p-measurable function f satisfies || f||z, ,.cxm = 1.

Then (19) still holds.
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2.4. Morrey boundedness of the maximal operator. Now we obtain the
following estimate of the maximal operator itself:

Lemma 2.9. (cf. [19, Lemma 4.3] and [20, Lemma 2.2]) Let ¢ € G. Assume (5)
holds for some constant C'>0. Assume that f is a p-measurable function on G
satisfying

1 Po r Po
W/B(m) |f(y) [P du(y) < é(r) (21)

for all x € X and r > 0. Then there exists a constant C > 0 such that

1
M(B(Za 4T)) B(z,r)

for all z€ X and r >0, where the constant C' is independent of f satisfying (21).

M f ()" du(x) < Co(r)™

Lemma 2.9 can be regarded as the Morrey boundedness of the operator M.

Proof. Let f satisfy (21), and fix z € X and r > 0. Write Ay = B(z,2r)
and A; = B(z,2"r) \ B(z,2'r) for each positive integer j. Based upon this
partition {A4;}52,, we set

ijfXAj fOI'j:O,l,Q,..., gOEZ|fJ|
j=1
Let us set
Ji = Mg fo(z)Podu(z), Jo = Miggo(x)™ dp(z).
B(z,r) B(z,r)

Then we have

Mg f(x)Pdu(x) < C(Jp + Ja).
B(z,r)

By virtue of (21) and the L (X u)-boundedness of Mg (see [28, Lemma 3.1],
[31, Theorem 1.2] and [43, Theorem 2.4]), we have

L<c / fol@)Pdu(a) = C / @I dn) < CotrpuB(z ).

The estimate for J; is now valid.
Let us turn to Jo. In view of the definition of f; and A;, we have

1
Mg fi(z) < sup —/ fiw)ldu(y
165 te((2—1yr,(2+141)r) M(B(x, 16t)) B(z,t)‘ i)l )
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for x € B(z,r). For x € B(z,r), we estimate the right-hand side crudely:

1
16J\T) = . : d
Mhofie) = B 167 — 1) /B(%(WH)T) |f5()ldn(y)

1
= (B, 16 — D)) /3(27(2j+1+2)r) [f5()ldn(y)

1
: dulen.
= BG @A =10 /3(27(2j+1+2)r) i )ldp(y)

By the Holder inequality, we have

1

1 . P0
Mishi0) < (e =T Sy, TP 0)

Since 274 — 17 > 2(27*! + 2) for any positive integer j and ¢ € G, we see that
for x € B(z,r)

Mlﬁfj(l‘) S ¢(2j+17” -+ 27“) S C¢(2j7’),

so that, adding this estimate over j, we obtain a pointwise estimate: for all x €
B(z,r), Miggo() < 330, Migfy(z) < C Y%, 6(2ir) < € [ Wt < Colr).
Here, for the last inequality, we used (5). Integrating the above estimate over
B(z,r), we obtain

b Cor [ dule) = CorPR(B ()
B(z,r)
Since u(B(z,1)) < p(B(z,4r)), we deduce

1
M(B(Z’ 4T)) B(z,r)

which proves Lemma 2.9. O

Mg f(z)Pdp < Co(r)™,

2.5. Elementary results for predual spaces. To prove Theorem 1.8, we
need the following lemmas.

Lemma 2.10. If f is a non-zero LP (X; u)-function which is supported on a
ball B(xg,7), then b is a (p', ¢)-block, where

1

b= 1 e
(B (o, 2r)) > o) 1] 1o (.0

Hence, in particular,

1 £l 0 < 1B (0, 20)) 2 S| Fll o - (22)



Generalized Fractional Integral Operators 175

Proof. The fact that b is a (p', ¢)-block follows from a simple calculation and
the fact that b is supported on B(zo,7);
1 1

¥l = 1 17 = )
LY (X5p) ,U(B(%,27’))5¢(7‘)||f||Lp/(XW) LY (X5 w(B(xg,2r))ro(r)

To prove (22), we set

1 .
bi =0, M =pu(B(xo,2r)ro(r)|fllow (x> 0;=0, Aj=0 forj=>2.
Then each b; is a (p', ¢)-block and (11) holds. Thus, (22) follows from (12). O

Lemma 2.11. Let 1 < p < oo and ¢ € Gy. The set of all L>°(X; pu)-functions
with compact support forms a dense subspace of Hy 4(X;p). In particular, the
set of all L” (X; p)-functions with compact support forms a dense subspace of

Hp/7¢ (X; ILL) °
Proof. If we are given an expression (11) of f € H,y 4(X; 1), then the sequence
{fn}%_, approximates f in the topology of H,s »(X; i) thanks to (12), where fy

is given by
N
fv = Z A;b;.

So, we can choose N > 1 so that |[f — fulls, ,(xm <47 1||f||7.[ s By the
Lebesgue convergence theorem, we can choose ¢;, j = 1,2,..., N of the form
©j = 05 X{|b;I<R;} with Rj > 1 so that

N

Zp‘jl' %HLP (X <4 1HfHH/¢,Xu
and that each ¢; is bounded and has bounded support. Thus, by setting
fl= Zjvzl A\j;, we see that

1= ey e < 27 1l cm)-

Likewise, by applying what we have obtained to f — f!, we can find
f? € L*>(X; u) with bounded support so that

Hf_fl_f2|‘7-[p/7¢(Xy <2 1Hf f HH o X/J,

If we repeat this procedure, then we can find f', f2,..., f™, ..., so that

If=fFr === My e <27 == 2= = T gy,
for all M. Thus,
||f_f1_f2_ _f ”'H/¢Xu 2_M||f||Hp/’¢(X;u)7

as was to be shown. O
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Lemma 2.12. If {)\;}2, € (Y(N), then, for each collection {Bj}32, of (v, 0)-
blocks and {b;}32, C L>(u) such that |b;| < B; for p-a.e., we have 3372, A\jb; €
Hy (X p) and

> b
j=1

<Y Il
=1

Hp,,¢ (X7u) J

Proof. Just observe that b; is a (p/, ¢)-block as well. O

3. Proofs

3.1. Proofs of Theorem 1.2 and Theorem 1.5.

Proof of Theorem 1.2. By Lemma 2.7, we have

v ¢
p(B(z,4r)) p(B(2,41)) Jp(zr)

for z € X. If we devide both sides by ¢(r)P, then we have by Lemma 2.9

/  Mowinf@)tdn(z) < My f (2 du(x)

1 t(e
ST oy ol )
<C < ! M16f(x)pdu(x)>
a gb(r)P,u(B(z, 47‘)) B(z,r)
as required. O

Proof of Theorem 1.5. With the aid of Lemmas 2.8 and 2.9, we can go through
the same argument as Theorem 1.2. O
3.2. Proofs of Theorem 1.3 and Theorem 1.6.

Proof of Theorem 1.3. Fix z € X. Observe from Lemma 2.2 that

(R 1 q i
P (5) <C (m /B(z,};) I, u32XB(=R) () dﬂ@)) . (23)

Since 1, , 30 is assumed bounded from L, 4.2(X; it) to Lq ¢§.4(X; ), we note from
Lemma 2.1 that o

[ p 32X BRI L

o X S ClixserllL, potxm < CoH(R)™

P
q;
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for all R > 0. Since ¢ € G; and p is a doubling measure, we have

by virtue of (23). Since ¢ is doubling and 1,,, 30 : Ly 42(X; 1) — L
is bounded,

(SRS
Q=

SIS]

q:99;

2
q

(R R\ (5) R\
(3) <08 (3) Mmoo < 0Ty < 0o (5)

for all R > 0. Thus this theorem is proved. O

Proof of Theorem 1.6. As in the proof of Theorem 1.3, we obtain

/r @ dt < Co(r)a .

We shall prove that ||gr||L, ,.(x;u) < C. For the time being, let us estimate J
by setting

1= (o /| e A )

Suppose that x € B(z, %) and r > %. Then

)= (m /B(z,Qr)\B(z,R) ¢(d(z’ y>)p du(y))

By the triangle inequality for LP(u) or the inequality (a + b)% < ar + br, we

have
. 1
J o P
< ; <M(B(z,7“)) /]3(Z72—j+1r)\B(z72_jr) ¢(d(2,y)) M(y))

. 1
Since ¢ is almost decreasing, we have J < C' )7, %qﬁ@_j r). Finally,
w(B(z,r))P

1
P

assuming (9), we conclude

1

J < Cu(B(z,r) / (B(z1)h

as long as « € B(z, &) and r > £.
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Recall that gg is given by (15). We plan to estimate

1 1 / »
g 2(Xu) = SUp P(d(z,y))" d y) :
H RHLP«M(X ®) 2eX. 150 </5(7’) <,u(B(:C,27’)) o NB.R) ( ( )) ﬂ( )

Although z and r runs over X X (0,00) in the above formula, there is no need

to consider the case x € B(z, %) and r < %. Indeed, if = € B(z, %) and r < %,

then B(z,7)\ B(z, R) is an empty set. So, we need to distinguish the following

four cases:

Case 1. x€ B(z, %) and 7> %,

Case 2. x¢ B(z, 2)UB(z,2r+2R) and r > 4R, or equivalently, « ¢ B(z, 2r+2R)
and r >4R,

Case 3. ©€B(z,2r+2R) \ B(z, %) and r >4R,

Case 4. ¢ B(z, %) and r<4R.

Note that Case 1 is covered by (24). Taking into account these four cases, we

obtain

1R L, 4o (x0)

6(r) 1 ( 1 )
<C LAY d(z,y))"d
B zesBl(l,Sg) o(r) " m¢B(Sz>%%2R) o(r) M(B(x:r))/B(z,r)\B(z,R)¢( (2. 9))" du(y)

3=

R
r>5

1 1
rC s ( / o)) duly)
2€B(2,2r+2R)\B(z, &) o(r) \ w(B(z,7)) B(z,r)\B(z,R)

r>4R

3=

o swp ! o=,y du(y)>p

1
¢ B(=2), re(04r) V(1) (M(B(% 7)) /B(x,r)\B(z,R
Here we used our assumption that ¢ € G; to estimate the fourth term. Let
x ¢ B(z,2r +2R), y € B(z,r) and r > 4R. Then a geometric observation
shows that d(z,y) > d(x,z) — d(x,y) > 2r + 2R — r > r. Recall again that
¢ € G1. So, after simplifying the first term and then estimating ¢(d(z,y)) in
the second term and the fourth term, we obtain

||gR||Lp,¢;2(X§#)

1 1
<C+C sup ( / gzﬁrpd,uy)
¢ B(2,2r+2R),r>4R o(r) \u(B(x,r)) B(x,7)\B(z,R) r) )
1 1
+C sw ( / o) duty))
2€B(2,2r+2R)\B(z, &) o(r) \u(B(z,2r)) B(z,4r)\B(z,R)

r>4R

p

RS

1 1
ro s ( / Ry duty))
e¢B(z,B),re(0,4R) o(R) \ u(B(z,7)) B(z,7)\B(z,R)
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As in the estimate of (24), we can handle the third term to conclude

1 2 16(t)
19R|L, 200 <C+C sup T [ Bz t)r == dt
2€B(2,2r+2R)\B(z, 8) ¢(r)pu(B(z,2r))7 Jo
r>4R
R
+C sup M
2¢B(z,8),re(0,4R) ¢<R)
2
<C+C sup 9(2r)
2€B(2,2r+2R)\B(z,%) o(r)
r>4R
<C.

If we integrate (16) over the ball B(z, £), then we have
1 / < p)o(t)

¢(R)s
Thus, Theorem 1.6 is proved. O

L dt < Cllilpuz2grllc » < ClgrllL, o < C.
R q,9 9 (X;p)

3.3. Proof of Theorem 1.8. Theorem 1.8(2) is a direct consequence of (25)
and (28), which will be obtained in the proof of Theorem 1.8(1). So, we con-
centrate on Theorem 1.8(1).

Proof of Theorem 1.8(1). (a) Let f € H,y (X;p). Then, we have an expression

for all € > 0: .
f = Z )\jb]’,
j=1

where each b; is a (p/, ¢)-block and {\;}32, € ¢*(N) which satisfy

(1+ 5)||f”Hp/’¢(X;u) 2 Z |/\j|'

J=1

Then, by the triangle inequality and the Holder inequality, we have

/|f )| du(a <Z|A|/|b )l due <Z|A|||b||mu||g||mw

By (10), the definition of the blocks, we have

9l e cxn
/\f o) du(a <Zm (X <Z|A|Hg|u,,¢m

(B(x;,2r))»(r;)
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Hence,
/X F@)g@) du@) < (1 + ) Fll v 8l e

Since € > 0 is arbitrary, we obtain the desired result:

/X [f(@)g(@)| dpu(e) < W F oy, xm 912y o xom)- (25)
(b) Let 2o € X and r > 0 be fixed. If f € LY (X;pu) is supported on
B(zg,r), then
12,0y < (B0, 2)) > ()| f1] Lo (x30)

by virtue of Lemma 2.10, which implies that the mapping
f € L"(X; 1) = L(xBon f) € C

has the operator norm less than u(B(zo, 27“))%5(7‘) X L3, ,(xm)—C-

Now we unfreeze r. Also, we pass to a discrete variable 7 € N from a
continuous variable 7 > 0. Then, by the duality L” (X; u)-LP(X; ), for each
non-negative integer j € NU {0}, we can find a function gp(,, ) such that

/X 9B(w0.) (X) [ () dp(x) = L(XB(ao.j)(x)f) for all f € LP(X;p)

L )
and that [|gs(wo.) || L (xie) < p(B(x0, 27)) 7 ¢(r)|| Ll ,(xim)—c- Since such gp(, j)
is unique modulo p-null sets,

9B(w0./) (T) = XB(20.j) (T)9B(z0,j+1) (T) (26)
for p-a.e. x € X. Define
9(x) = lim g5 (2),

J]—00
whose limit exists for u-a.e. z € X thanks to (26). Thus, we have a u-measurable
function g such that gp.,.j) = XB(x0,5)9 for p-a.e.
We aim to show that g € L, 4.2(X, it). To this end, for any ball B(x,r) and
any function f € Lp/(X ; ) supported there, we observe

/X 9(2)f (@) dpr(x) = lim [ g(@)Xpen(@) () dulz)

Jj—00 X

= lim 9B(xo,j) (:E)XB(xo,j) (IE)f(ZL‘) d,u(x)

Jj—00 X
= lim L(X5(w0.5)f)

= L(/).
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Hence

| st @ duta) = Li1). 27)
Since L is bounded on H, ,(X; 1), we have

1

(1B, 2r)0(r))

< HLHH o6 (XGH) —>(C||f||Lp (X;p)

/B L I@I@) ()

Since this formula is valid for any f with f € L (X; u) supported on B(z,r),
it follows that

i -1
(1B 2)26)) Nallzrmmnrr < Ll oxmme, (29
so that we obtain g € L, 4.2(X; 1) with the estimate

19012, o000 < NI, 4 (x0--

Since (27) holds and g € Ly, 4:2(X; ) imply

Ly(f) = L(f)
for all f € L (X; ) with compact support, we see that two continuous linear
functionals L, and L are the same by virtue of Lemma 2.11. m

3.4. Proofs of Theorems 1.9-1.11. To prove Theorems 1.9-1.11, we prepare
the following lemmas:

Lemma 3.1. Let p € Gy and ¢ € G. Assume (4) for some constant C' > 0.
If f is a bounded pr-measurable function with bounded support, then I,, s3f €

,Hp’«b(X; N)-

Proof. We begin with a preliminary observation:

e se[2ky 2k+3y

Z ( sup }p(s)) $(2°r) < oo for all r > 0. (29)

Since p € Gy and ¢ € G and we are assuming (2), we have

sup ) | o(2"7)
2 s€[2kr 2k+3r]

Z ( sup  p(s) + sup p(s) + sup P(3)> o(2"r)

k=2 \SE[2kr2k+1r] SE[2k+1r 2k+2y] SE[2k+2p 2k+37]

IN
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o + or
and > 7, (SUPSG[Q’“ 2’“+3r] p(s)) ¢(2kr) < Codiss <f2k+lkk17" o )¢(2k7“) <
CZk 2 f2k+3k2r p)¢(t) dt < Cf ¢(t) dt < Cp(k'ﬂ“)¢(k?17“) < oo forall > 0.

2k+1kqp
We suppose that f is suppored on a ball B(zg,r). We first claim that
I, ,.33f is a bounded function on B(zy, 8r). In fact, for x € B(xo,8r), we have

pldlz,)
uf @< [ S Wty

pld(.y))
<[ . um 1) duy)

(z,33d(x,y)))

in view of the size of the support. Since f is bounded, we have

huod @) <swlf| [ s duty).

Decompose the integral dyadically and use the condition for Gy to obtain

pld(z,y))
‘ u33f | < Sup |f| Z /(1’ 2i7)\B(x,29~1r) ,u(B(I,33d(xvy>>> dlu(y)

]_OO

<suplf Z sup  p(s)

23 17'<s<2]7‘

ccomin 3 /

]—700 271617‘

16k2r
< Csup|f] /

< OQ.

27 kz’l’

Hence, 1,,,33f is a bounded function on B(zy,8r) and we conclude
XB(xo,8r) (2)
1
(B0, 8r))7 u(B(ao, 16r))+ $(8r)

for all x € X and for some constant D; depending on f.
Let £ =2,3,.... If we go through a similar calculation, then we have

XB(Io,ST)(x>|Ip,u,33f(x)| S Dl

XB($0,2]€+2T)\B(;E0,2’“+17’) (‘r)|]p,,u,33f<x)|

pld(z, )| f(y)]
< d
> XB($072k+2r)\B(270,2k+1r)(-T> /B(wo’r) /L(B(Jf, 33d<I,y))) M(y)

|f(y)l
< . du(y).
< XB(ro,252r)\ B(zo.26+17) (2) sepf:,lﬁw p(s) /B(W) (B, 334(5.9))) w(y)
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Observe that 33d(x,y) > 33d(xg,z) — 33d(xg,y) > 66 - 28y — 33r > 2FFip
whenever y € B(zg,7) and d(xg, z) > 281y, Thus, it follows that

XB(wo,26+2r)\ Bwo,25+1r) (2) [ 1 33.f ()]

B )
< sup ’f’ /JJ(B((SL'(()',T;]C:Z?”)) sup p(S)XB(zo,2k+2r) (.1')

s€[2kr,2k+37]

S sup [ fu(B(xo,7)) ( sup P(3)> ¢(2°r)

s€[2kr,2k+37]
1 X B(zo, 2k+2r)( )

(B0, 25%20))7 p(Blao, 275r)) b 6(22r)

Consequently,

XB(xO,2k+2r)\B(xo,2k+1r)(x)|Ip,u,33f(55)|

g%( sup p<s>) o(2¢r)

1 XB(aco ok+2, )(l‘)
(B (o, 26427))7 p(B(g, 25+37)) §(24+2r)

s€[2kr,2k+37]

for some constant depending on f.
Consequently, if we let

>\1 = D17
1
b1($) = A_IXB(xo,&")(x)lp,,u,33f(‘r)7
1 1
Bi(z) = s XB(:Co,Sr)(x)

p(B(zo,8))¥ p(B(wo, 16r))7 6(8r)

and for £k =2,3,...

Ae = Do ( [ sup P(S)) ¢(2"r),

s€[2kr 2k+3y]
1
bk(x) = /\_kXB(m0,2k+2r)\B(xo,2k+l'r) (x)Ip,,u,33f<x>7
1 X B(wo,24+2r )(93)

Bk(m) = T
p(B(wo, 22r)) o i B(g, 25437)) o (2542r)

then we are in the position of using Lemma 2.12 thanks to by (29) and in
particular we conclude 1, , 33 f belongs to H, 4(X; p). O

Lemma 3.2. Let 7 > 1 and f, g be positive ji-measurable functions. Then

[ Do) sl o) < [ @) Dyrrgle) duto)
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Proof. Just compare the integral kernels. We have

p(B(x, 7d(x,y))) = p(B(y, (1 — d(z,y))). H

Proof of Theorem 1.9. The proof parallels, so that we deal with (1) and (2)
simultaneously. Let f € ’Hq/ i (X5 ).

Let us suppose for a while that f has bounded support and that f €
L>(X;p). By Lemma 3.1 at least, we can say that I, ,33f is in Hy (X, ).
The Hahn-Banach theorem gives us a functional L € B(H,y ,(X;p), C) with
norm 1 such that

H u33f||7-t oo (X)) — L(Ip,u,33f>-

By Theorem 1.8, we can find g € L, 42(X; p) with norm 1 such that L = L,.
Thus,

||]p,u,33f||Hp,,¢(X;u) = Ly(Ippussf) = /X Lypssf(z)g(z) du(z).

Keeping in mind that the integral kernel of I, 33 is positive, we deduce

My sl e < /X Lowasl F1)(@) g() | dpa(x).

If we use Lemma 3.2, then ||1,,3f %, o < Jx [F(@)|Lpu32llgll(2) du().
< 1 by virtue of Theorem 1.2 and Theo-

~Y

Recall that ||Z,,32[|9]]llz g (Xs)

34
rem 1.5. Finally, if we use Theorem 1.8 again, we conclude

v e Sl »oew (30)
q q 99

33 f g i < Sl o pszllglllle 2,
q, 3

q'é
for all f € L*(X; ) with bounded support.
Let us consider the general case; just assume that f € 7-[ %(X ). Then

we have an expression:

F=3 N ST o
j=1 Jj=1

q',¢

where {);}52, € ¢'(N) and each b; is a (¢’ Y )-block. As we did in Lemma 2.11,
by changmg b; slightly, we can assume that b; € L>®(X;pu). If necessary, by
removing j such that A; = 0 and then replacing \; with |\;| and b; with By ‘bj,
we can assume that each ); is positive. Thus, if we set

N
v = Aby,
j=1
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then, we conclude that { fx }%_, is convergent in f in H g(X; ) and from (30)

7,
{1, 33fn}%—1 is convergent to a function g in H, 4(X;p). In fact, from (30),
we see that {1, ,33fn}%_; is a Cauchy sequence.

If we set

f+_2)\ max(b;, 0), Z)\ min(b;, 0)

and argue as above. But we need to be careful because we need to justify the
definition of I, 33f; there is no guarantee of the absolute convergence of the
integral defining I, 33 f. Observe first that

[ max(b;, 0)[l7,, ,(xy + [l min(b;, 0)|la, ,xm < 2005l ,ox <2 < o0
thanks to Lemma 2.12. Since b; is bounded, as we have seen above,
[11p,p1,33[max(by, O)]HHPW(X;H) + [ Lp,.33[min (b, 0)]||Hp/,¢(X;u) < C <o,

where the constant C' is depends on p. Hence,

ZA (1M 38 max(bs, 00y, + L salmin(;, 0)]lg, i)

i \ (31)

j=1

‘f‘?—[ p (X;u)-
X

N

AN

Since the integral kernel is positive, we have

Lypasfr = Y Ailppasmax(by, 0)],  Luasf- =Y Al ussmin(b;, 0)]

j=1 j=1

and (31) shows that the convergence takes place in the topology of H,s 4(X; 1)
as well as in the sense of the pointwise convergence. Thus, we have

Lypssf = Loussfv +1pussf- =9 € Hys(Xip),

as was to be shown. O

Proofs of Theorems 1.10 and 1.11. Under the assumptions of these theorems

we see that [, 32 is bounded from L, 42(X; ) to Lq i 4(X w). Indeed, for
g € L, 42(X; 1), by virtue of the duality 7-[ g(X, i)- Lq 2.4 (X; u), we have

pru32g||L p (Xip) — "Llp,u,32g||B(H p (X;1),C)
q,¢9:4 q 9

¢
= Sup{|Lr, ,00(F) 2 fEH 2 (Xip), ”fH?—t o = 1}.
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Thus, we can find f € ”Hq/ 42 (X; ) with norm 2 such that

)

||Ip7u7329||L 4(X;u) < |Lf(]p,u,329)| =
q

P
b9

[ F@uango) duo) .
X
If we invoke Lemma 3.2, then we have

ey o < [ TonnllFD@lote)] dita).

Since 1,31 is bounded from H
rem 1.8 that

o (X5 p) to Hy o(X; 1), we see from Theo-

Mopsoglle o, < Mppsrllflll, socmllglle, sacxam < Cllglle, warxm-
q

4
P (Xsp

This implies that I, 30 is bounded from Ly 4.2(X; 1) to Lq ¢§_4(X;,u). So, we

can use Theorems 1.3 and 1.6 to conclude that (6) holds in Theorem 1.10 and
that (8) holds in Theorem 1.11. O

3.5. Proof of Theorem 1.13. As in Lemmas 2.2, 2.4 and 2.5, we can prove
the following lemmas:

Lemma 3.3. Let p be a doubling measure and let p € G. Fix z € X. Then
there exists a constant C' > 0 such that p(%) < CI, . axp(,r)(x) holds whenever
z € B(z,%) and R > 0.

Lemma 3.4. Let i be a doubling measure and ¢ € G. Fix z € X. Define gr(y)
by (15) fory € X and R > 0. Let ky be a constant appearing in (2). Then there
exists a constant C' > 0 such that, for every R > 0 and p € Gy,

L agn(z) < C / T o),

kiR t

t

holds, whenever x € B(z, %).

Lemma 3.5. Let p be a doubling measure and, letp € G and ¢ € G. Fixz € X.
Define gr(y) by (15) fory € X and R > 0. Then, there ezists a constant C' > 0
such that, for every R > 0,

loagnla) = C [P0 o (32)

holds, whenever x € B(z, £).
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Proof of Theorem 1.13. Fix z € X. Observe from Lemma 3.3 that

(R 1
P (5) < Om /B(Z’g) Ip,u,4XB(z,R)<x)d:u(x) (33)

Since 1, ,, 4 is assumed to be a bounded from Ly .2(X; pt) to Ly y,4(X; pt), we note
from Lemma 2.1 that ||Ip,u,4XB(z,R) ||L1,w;4(X§M) S OHXB(Z,R) ||L1,¢;2(X;M) S C¢(R)_l
for all R > 0. Since ¢ € G; and p is a doubling measure, we have by (33)

R 1
(2 <ot I d
p(2) =BG R) /B<z,§> X3t () (2]
R

3
)

IN

VR

) H'[puu‘»4XB(Z7R) ||L1,w;4(X§M)

< <

(
(
(

=

C

IN

< o
I

<C
9

NIl

)

for all R > 0. Hence, we obtain ¢(r) f[; @ dt < Cy(r).
As in the proof of Theorem 1.6, we can prove that ||grl[z, ,.cxw < C. If

we integrate (32) over the ball B(z, %), then we have

L [=p(t)e(t)
U(R) /

Thus, Theorem 1.13 is proved. [

dt < C||]p,ﬂ74gR||Ll,'¢);4(X§,U«) < O||9R||L1,¢;2(X;M) <C.

R t
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