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Generalized Hardy—Morrey Spaces
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Abstract. This paper is an off-spring of the contribution [Z. Anal. Anwend. 36
(2017)(1), 17-35]. We propose a way to consider the decomposition method of gener-
alized Hardy—Morrey spaces. Generalized Hardy—Morrey spaces emerged from gen-
eralized Morrey spaces. By means of the grand maximal operator and the norm of
generalized Morrey spaces, we can define generalized Hardy—Morrey spaces. With
what we have culminated for the Hardy—Littlewood maximal operator, we can easily
refine the existing results. As an application, we consider bilinear estimates, which is
the “so-called” Olsen inequality. In particular, our results complement the one in the
2014 paper by Iida, the fourth author and Tanaka [Z. Anal. Anwend. 33 (2014)(2),
149-170]; there were two mistakes. One lies in the decomposition result and another
lies in the proof of the Olsen inequality.
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1. Introduction

We are concerned with generalized Hardy—Morrey spaces, which originate from
generalized Morrey spaces, in the present paper. The generalized Morrey space
M, +(R") is equipped with a function ¢ and a positive parameter 0 < p < oo.
The generalized Morrey space M, 4(R") was defined independetly by Mizuhara
in 1991 [20] and Nakai in 1994 [21]. Although we can disprove that the set of all
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compactly supported smooth functions is dense in M, 4(R™), we are still able
to develop a theory of the generalized Hardy—Morrey space HM,, 4,(R™).

Let 0 < p < oo. Denote by G, the set of all the functions ¢ : R x (0, 00) —
(0, 00) decreasing in the second variable such that ¢ € (0,00) — tr(z,t) €
(0,00) is almost increasing uniformly over the first variable z, so that there
exists a constant C' > 0 such that

o(x,r) < d(x,5), Co(x,r)re > ¢(x,s)sr

for all z € R" and 0 < s < r < oco. In this paper we often assume 0 < p < 1.

All “cubes” in R™ are assumed to have their sides parallel to the coordinate
axes. Denote by Q = Q(R") the set of all cubes. For a cube @) € Q, the symbol
(Q) stands for the side-length of the cube Q; £(Q) = |Q|, where |E| denotes
the Lebesgue measure of a measurable set £. When we are given a cube @), we
use the following abuse of notation: ¢(Q) = ¢(c(Q), 4(Q)), where ¢(Q) denotes
the center of Q).

Let 0 < p < oo and ¢ : R" x (0,00) = (0,00) be a function which is not
necessarily in G,. The generalized Morrey space M,, ,(R") is defined as the set
of all measurable functions f for which the quasi-norm

Wl = 30 s (i [ 1 ar)”

is finite. Seemingly the requirement ¢ € G, is superfluous but it turns out that
this condition is natural; see [1, Theorem 2.5]. Note that many function spaces
can be realized as the special case of M, ,(R"); see [1].

One of the primary aims of this paper is to prove the following decom-
position result on the functions in the generalized Morrey space M ,(R™) for

Qb - gli
Theorem 1.1. Assume that ¢,n € Gy satisfy

[ 1)

n(z,s)s = nle,r)

Assume that {Q;}52, C QR™), {a;}52, C My,(R") and {)\;}52, C [0,00)
Fulfill

< 00, (2)

1
j < A\ C )
Ha]HMl,n — n(g(Q])) Supp a] Q] ]XQJ

My g

where xg denotes the indicator function of the set EE. Then

f = Z )\jaj
j=1
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converges absolutely in Ly ,.(R™) and satisfies

Z )\jXQj

j=1

1fllae, <C (3)

Mie

We shall show that (1) can not be replaced by another condition: ¢ = 7 in
general; see Remark 3.2.

The proof of this theorem is not so difficult and it is given in an early
stage of the present paper; see Section 3.1. Unlike the case when p > 1, when
0<p<1, M,,(R") is a nasty space as the following example shows:

Example 1.2. Suppose that £ € G;. Denote by M the Hardy-Littlewood
maximal operator.

1. Let n : R™ x (0,00) — (0,00) be a function which is independent of the
position x. Define M oq1,, by the following norm (see [33])

Mz rog ., = SUD ! inf{)\>0:/@log(e+m> dr < ]Q|}
Q

Qea N(£(Q)) A
Define &(z,t) = n(t) for x € R™ and ¢ > 0. In [33, Lemma 3.5], we proved
O_1||f||MLlogL,n < ||MfHM1,g < CHf”MLlogL,n (4)

for all f S MLlong(Rn).

2. Let 0 < p < 1. Let £ : R" x (0,00) — (0,00) be a function which is
independent of the position z. Assume { € Gy = Gy N G,. The space
M, ,(R™) is a little easier to handle than M, ,(R") in view of (4) and (5)
below. In [33, Lemma 3.4], we proved

C e < MM fllatye < ClFllans e (5)
for all f € My, (R").

From these examples we see that M, ,(R") with p € (0, 1] is difficult to
handle. Probably, Theorem 1.1 paves the way to deal with such a nasty space.

Another method to handle these nasty spaces to use the grand maximal
operator and define generalized Hardy—Morrey spaces; see (19) for the definition
of the grand maximal operator. Let t > 0 and f € L;(R"). Then define the
heat semigroup by

¢ f(x) = ﬂ) Fludy (xR,

1
Note that e'® maps S(R") to itself continuously. Using the duality, we naturally
extend e'®f to the case when f € S'(R"). Let 0 < p < co and ¢ € G,.
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The generalized Hardy-Morrey space HM,, ,(R") is the set of all f € S'(R")
satisfying sup,. [¢"® ()| € M, 4(R™). We equip HM,, ,(R™) with the following
norm

[l =

sup IetAfIH (f € HM,,(B). 6)
t>0 M

It turns out that M, 4»(R™) and HM,, 4(R") are isomorphic when 1 < p < o0
and ¢ € G,; see Theorem 2.4.

We define d, = b N for 0 < p < 1. In addition to Theorem 1.1, we shall
prove the following two theorems in the present paper:

Theorem 1.3. Let 0 <p <1 and d > d,. Let q satisfy

q € [1,00] N (p, o0]. (7)
Assume that ¢ € G, and n € G, satisfy
o(z,8) o)
/ n(x r) ®)

for x € R™ and v > 0. Assume in addition that {Q;}32, C Q(R"), {a;}52, C
Mn(R") and {A;}32, C [0, 00) fulfill

(Z()‘jXQj)p> < 00
=t Mpwb

and

Ioslve, < oo swbla) €@ [ Sa@dz=0 ()

forallla] < d. Then f =377 Aja; converges in S'(R"), belongs to HM,, 4(R")

and satisfies

1flla,, <€ (Z(/\jXQj)p> p : (10)

Jj=1
Mp«b

Since n(z,r) > n(z,s) for r > s >0 and z € R", (1), (8) and [24, Proposi-
tion 2.7] imply

Srsy oy .
/ - Sps L weR >0 (11)
and - i
/ qﬁ(x,s)?s < Co(xz,r) (xe€eR"r>0). (12)

We now present an example of the couple of functions ¢ and n satisfy-
ing (11).
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Example 1.4. If there exist u and v with v > u such that n(z,s) = s+ and
that ¢(x, s)sv < ¢(x,r)ru for all z € R", s > 0 and 7 > 0 with s > 7, then (11)
is satisfied. This fact generalizes the main results in [14].

Theorem 1.3 will refine [19, p. 100 Theorem] in that we can postulate a
weaker integrability condition on a; in Theorem 1.3. We shall take its advantage
in Section 4.

Theorem 1.5. Let L € NU{0},0<p <1 and ¢ € G,. Assume (12). Then for
any [ € HM, 4(R"), there exists a triplet {\;}32, C [0,00), {Q;}32, C Q(R")
and {a;}32, C Loo(R™) such that

f= i Aja; (13)

in §'(R™), that |aj| < xq,, that [, xaj(x)dz =0 for all multi-indices o with
la| < L and that

(Z(&'X@ﬂv> ” < Coll fllam,, (14)

= Mp.e
for all v > 0. Here the constant C, > 0 1s independent of f.

Unlike Orlicz spaces and variable exponent Lebesgue spaces, in general we
can take a sequence { f;}322, of functions such that

h>fz-2>f>fipn=-—0, ;Ielgnfj”/vtw > 0. (15)

For example, when 0 < p < a, the functions f;(z) = x(je0)(|2])|z|"a, j =
1,2,... belong to M, = (R") and the sequence {f;}72, satisfies (15). This
makes it more difficult to look for a good dense space of M,,,, = (R™). This
difficulty prevents us from mimicking the proof of the decomposition of Hardy
spaces described in [38]. It is not known that HM,, 4(R")N Ly joc(R") is dense in
HM, s(R™). It seems that HM,, 5(R™) N Ly 1o.(R™) is not dense in HM,, 4,(R")
as the fact that M, 4(R™) N Lo (R™) is not dense in M, 4(R™) implies. Re-
call that in [38], we resorted to density of H,(R™) N Lj,.(R") to obtain the
atomic decomposition of H,(R™). The difficulty will cause a disability; we can
prove Theorem 1.5 only when f € HM,, ,(R™) N Ly 10.(R"). Using a diagonal
argument, we shall circumvent this problem; see (37) and (38).

Before we go further, let us recall some special cases related to generalized
Morrey spaces.
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Example 1.6. 1. Generalized Morrey spaces can cover L. (R"™) spaces by
letting ¢ = 1.
2. [35, Theorem 5.1] Generalized Morrey spaces arise naturally when we
consider the endpoint case of the Sobolev embedding. Let 1 < p < oo and
0 < A <n. Consider the norm

1

1/ »

= sup — pd)
= s (5[ wra

Let a = "P%’\ € (0,00). Then in [35] we showed that there exists a positive
constant C),  such that

/B [F(@)ldz < Cya|BI(1+|B]) > log (6 + L) (1= A)*2 f[|as,, (16)

| B
holds for all f € M,,(R") with (1 — A)2f € M,(R") and for all
balls B and that log in (16) can not be deleted. See [4, Section 5] and

[24, Proposition 7.3| for more related estimates. Meanwhile in view of the
integral kernel of (1 — A)~% (see [37]) and the Adams theorem, we have

(1—=A)"2 : Mua(R") = M, (R (17)

is bounded as long as the parameters p, ¢, A and « satisfy

n—A n-—2A\
l<p<qg<oo, 0<A<n, = — .
q p

However, if o = ”Tj’\, the number ¢ not being finite, the boundedness as-

sertion (17) is no longer true. Hence (16) can be considered as a substitute
of (17).

A passage to the Hardy type space HX from a given function space X is not
a mere quest to generality. Many people have shown that Hardy spaces H,(R")
(0 < p < 00) can be more informative than Lebesgue spaces L,(R") when we
discuss the boundedness of some operators. For example, the Riesz transform
is bounded from H;(R"™) to L;(R™), although they are not bounded on L;(R").
One of the earliest real variable definitions of Hardy spaces was based on the
grand maximal operator, which is discussed in [38] and references therein. One
can also give an equivalent definition for Hardy spaces by using the atomic
decomposition. This definition states that any element of Hardy spaces can be
represented as an infinite linear combination of atoms. An atom is a compactly
supported function which enjoys the size condition and the cancellation moment
condition. One of the advantages of the atomic decompositions in Hardy spaces
is that we can prove the boundedness of some operators by verifying some
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estimates only for atoms. So we expect that H.X is easier to handle than X
itself. We seek to apply this idea when X = M, 4(R™).

The concept of the atomic decomposition in Hardy spaces can be devel-
oped to other function spaces. Some of these works are on the decomposition
of Hardy—Morrey spaces [12,19], on the decomposition of Hardy spaces with
variable exponent [28], and on the atomic decomposition of Morrey spaces [14].
See [10] for the martingale Hardy spaces. Motivated by these advantages that
Hardy spaces enjoy, in our current research, we investigate the atomic decompo-
sition for generalized Hardy—Morrey spaces, where we are based on the definition
by means of the grand maximal operator.

There are many attempts of obtaining non-smooth atomic decompositions
by using the grand maximal operator [2,9,11,14,22,23] and reducing the matters
to the Hardy type spaces, where the authors handled Morrey spaces, Orlicz
spaces and variable exponent Lebesgue spaces.

In addition to the notation used in [1], we adopt the following notation:

1. Let 0 < a < n. We define the fractional integral operator I, by

Liw= [ A

T — y’nfoz

for all suitable functions f on R".

2. By C*(R™) we denote the set of all compactly supported functions in
C>®(R™).

3. Let d € Ny. Denote by P4(R™) the linear space of polynomials of degree
less than or equal to d.

4. The space Lo (R™) denotes the set of all compactly supported essentially
bounded functions.

5. For an integrable function f, define the Fourier transform and the inverse
Fourier transform by:

FHO=0m2 | fle)e*dr,

F @)= 2m)72 | J(©e de.

Finally, to conclude this section, we briefly describe how we organize the
remaining part of this paper. Sections 2 collects preliminary facts. We prove
the main theorems in Section 3 and apply these main theorems to obtain some
bilinear estimates in Section 4.
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2. Fundamental structure of function spaces

2.1. Structure of generalized Morrey spaces. We start with a quantitative
observation for the norm of M, ,(R™).

Proposition 2.1. 1. Let 0 <p <1 and ¢ € G,. Then there exists a large
integer N such that

L+ € Mpg(R™). (18)
2. Let ¢ € Gi. Then My »(R™) is continously embedded into S'(R™).

Proof. This is a consequence of [1, Proposition 2.6]. O

2.2. Structure of generalized Hardy—Morrey spaces. The grand maxi-
mal operator characterizes Hardy—Morrey spaces defined by the norm (6). To
formulate the result, we recall the following two fundamental notions.

1. Topologize S(R™) by norms {py } yen given by

pr(p) = ) sup(L+[z)V|0%(x)]

| <N z€R™

for each N € N. Define Fy = {¢ € S(R") : pn(p) < 1}
2. Let f € 8/(R™). The grand maximal operator M f is given by

Mf(z) =sup{|t ™"t ") x f(x)| : t >0, ¢ € Fx} (z€R™), (19)

where we choose and fix a large integer N.
In analogy to [22, Section 3], we can prove the following proposition:

Proposition 2.2. Let 0 < p < 1 and ¢ € G,. Suppose that N in (19) is
sufficiently large. Then ||f||am, , ~ IMfllm, , for all f e S'(R™).

From this proposition, we can use the norm | M f| s, , to define the space

Mzw (Rn)

Lemma 2.3. Let 0 <p <1 and ¢ € G,. Suppose that N in (19) is sufficiently
large. Then HM,, ,(R™) is continuously embedded into S'(R™).

Proof. Let N be a fixed large integer. Then there exists a constant C' > 0
such that if |y| < 1 and ¢ € Fy, then Clp(- —y) € Fy. Thus, [(f, )| <
infj, <1 Mf(y) for all ¢ € Fy. This implies [(f, ¢)| < || fllzm,.,, as was to be
shown.

U

Going through the same argument as [22, Lemma 3.1], we obtain the fol-
lowing theorem, whose proof will be omitted.
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Theorem 2.4. Let 1 < p < oo and ¢ € G,. Suppose that N in (19) is suffi-
ciently large. Then HM,y 4(R"™) and M, 4(R") are isomorphic and the norms
are equivalent.

Remark 2.5. When 1 < p < oo and ¢ € G,, M is bounded on M, ,(R")
thanks to [1, Proposition 3.5]. Also, similar to [9], one can show that M,, ,(R™)
is realized as a dual space of a Banach space. By combining these facts, one
can show the following fact for f € S’(R™). The distribution f is represented
by a function in M, ,(R") if and only if M f € M, 4(R").

3. Atomic decomposition

We return to the case where ¢ is independent of x and we prove the remaining

theorems. Write
n+d+1

n
here and below, so that 7p > 1 as long as d > d,,.

(20)

T

3.1. Proof of Theorem 1.1. We use the following geometric observation:
When we are given a dyadic cube R =2""m + [0,27")" for m € Z™ and v € Z,
we let 5R = 27"m + [-2'77,3 x 27¥)".

Lemma 3.1. Let Q be a cube. Then there exists a dyadic cube R such that
Q C 5R and that ((Q) > (¢(R). In particular, there exist 5" dyadic cubes
R, Ry, ..., Rsn such that

5’71
UQ) = U(Ry) = L(Ry) =+ =L(Rs), XQ <Y Xr, < Xsn-
j=1
Proof. The proof is a simple observation and we omit the details. O

The first step is a setup: Invoking [24, Proposition 2.7], we have

/00 —‘(biw ds </ o(z,T).

Thus, according to [1, Corollary 4.5],

[ME(|py i) S NE My, s02)- (21)

Next, we do some reductions. Observe that the norm will be equivalent if we
take the supremum over all dyadic cubes. Thus, we need to show

1 e’}
m/@lf(y)ldyi JZIA].XQJ, (22)

Mi g
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for any dyadic cube (). For each j, we consider dyadic cubes R{7 Ré, e ,Rgn
appearing in Lemma 3.1 with @ = Q;. Write

J — .
bk‘ :XRiCL]

for k =1,2,...,5" and j = 1,2,.... Observe that Xgi < (Mxg,)? and also
that |||f|“||M%7¢u = (Ifllm,.,)" for u> 0. Thus

Hb‘;ﬁ”Ml,nSn(g(Ri:))’ Supp b] CR JXR] JXQJ <00

M1,¢ Ml,d;

according to (2) and (21). This justifies that we may assume @); dyadic. We do
another reduction: by replacing a; with |a,| if necessary, we may assume that
each a; is non-negative.

Letusset ={jeN:Q; CQ}and b ={jeN: Q; D Q}. Using the

sets J; and Js, we shall show

1
- Z Aja(y)dy < iXQ; ‘ (23)
¢(Q)|Q| /Qj€J1 Mag
and
;/ Z Aja;(y)dy < f: AiXQ; (24)
¢(Q)’Q| QjeJ2 Jj=1

Mie

Once we prove (23) and (24), then we will have proved (22).
To prove (23), we observe @ fQj aj(z)dr < n(Q;)llajl|am,, < 1 from the
definition of the norm. Hence

. 1
s 5 @\@/ >0 (g7, w08) vatcre
¢(Q)\Qy /Qj;l)\jmj(Z) dz

iXQ;

<

Ml’(’b

To prove (24), we note that there exists an increasing (possibly finite) se-
quence of dyadic cubes Ry, Ry, ... such that {Q; : j € Jo} = {Ry, Rs,...}. By
using this sequence and (1), we have

/\ CLJ ¢ Rm)

]EJ

Y

Z AiXQ;

J=1

Mg
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as was to be shown.
We remark that the conditions on the parameters and the functions ¢ and 7
are essential as the following facts show.

Remark 3.2. 1. It may be interesting to compare Theorem 1.1 in the pre-
sent paper with [14, Theorem 1.1]. One can state [14, Theorem 1.1] in
words of M, \(R") as follows: Suppose that the parameters ¢, t, A, p satisty

t
l<g<oo, 1<t<oo, ¢q<t, q < )
n—\A n—p
Assume that {Q;}52, C Q(R"), {a;}32, C M;,(R") and {);}32, C [0, 00)
fulfill
Haj”Mt,p < ‘Qj’%7 supp a] C Q]> iXQ; < 0. (25)
M

Then f =377, Aja; converges in S'(R") N Ly oc(R™) and satisfies

Z )\jXQj

=1

1l atn S (26)

Mg\

An example in [31, Section 4] shows that we can not let ¢ = ¢. Meanwhile,
when ¢ = 1, Theorem 1.1 shows that we can take t = 1.
2. Let n = 1 and consider X = ML%(R) by observing that o(t) = ||~z
belongs to X. Define
filt)y=t+3 -4

for t € R. Let Ey = [0, 1] and define inductively E; by
EJ+1 E Uf]( )7 ]:Oa1727 (27)

Observe that
1< s x < o (28)

for some constant Cy > 1. Thus, a; = %XEJ' satisfies the requirement of
Theorem 1.1. Note that

J
D2 xpan| S llellx ~ 1 (29)
k=1 X
according to [31, (4.8)] but that 2 _127kay, >f0 _,27%a, )dt:cio,

This implies that we can not assume ¢ =7 in Theorem 1.1.
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3.2. Proof of Theorem 1.3. We start with collecting an auxiliary estimate.

Lemma 3.3. Let p,q,n,a;,Q; (j =1,2,...) be the same as Theorem 1.3. Then

1

Ma; M S .
H ] H M n(Q])
Proof. In view of (7) we have to consider two cases: p < 1 and p = 1. When
p < 1, we use the boundedness of the Hardy—Littlewood maximal operator
M : My ,(R") = M, ,(R"); see (5). When p = 1, this can be replaced by the
M., (R"™)-boundedness of M, namely, by using the monotonicity of the Morrey
norm,

(30)

1Majlam,, < 1Majlrg, S lajllmg, (31)
for all f € M,,(R"). Using (5), (9) and (31), we obtain (30). O

Once we obtain (30), we can go through a similar argument as we did for
the proof of [28, Theorem 1.1] using [28, Lemma 4.1].

3.3. Proof of Theorem 1.5.

Proof of Theorem 1.5 when f € Ly 0.(R™). We go through a similar argument
as we did in [22, Theorem 4.5]. In particular, [22, (4.19)] corresponds to [29,
Lemma 4.4]. In [29, Lemma 4.4], we did not assume that ¢ does not depend on
x € R™ but the same argument works. O]

To overcome the shortcoming in the paper [14, Theorem 1.7], we use the
following observation:

Remark 3.4. Let u > 1. Let f € HM, 4(R") N L, (R™). If one reexamines the
above proof, then one learns that the convergence of (13) takes place in L, (R").
See [22, Remark 4.12] for a similar assertion.

Proof of Theorem 1.5 for general cases. Let 7 € N and g; be the good part
obtained from the “Calderén-Zygmund” decomposition as we did in the proof
of [22, Theorem 4.5]. Note that g; is a locally integrable function and it satisfies
gillaam, , S IfllMm,,; see [38, pp. 102-105, pp. 110-111]. Therefore, applying
the above paragraph, we see that each g; has a decomposition; there exist a
collection {Q);;}7°, of cubes, {a;;}°; C Loo(R™), and {\,;}72, C [0,00) such
that

9 =Y Mja, (32)
=1

unconditionally in §'(R"), that |a;;| < xq,,, that [;, a;(x)z* dz = 0 for all
la] < L and that

(Z(Al,jXQz,j)”> < Collgillam,, < Collfllam,, (G=1.2,...). (33)

=1
Mp.6
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We may assume that each @);; is realized as 5Q for some dyadic cube @) ac-
cording to Lemma 3.1. Since v < 1, by using a” + b* > (a + b)" for a,b > 0
and taking into account the case when @Q;; = Qp j for some (l, j) # (I', '), we
have a decomposition there exist a family {ag j}gep C Loo(R™), and a sequence
{Ag.j}oep C [0, 00) such that

97::jE:'XQJaQJ (34)
QeD
in S'(R™), that
lag.il < X5, (35)

that [, ag,;(z)z®dz = 0 for all |a| < L and that

<Z(/\QJXQ)U>1J S CvaHHMp,(;) (.] = 1727 . ) (36)

QeD
Mp,e

Fix Q € D. Since {aq;}32, is a bounded sequence in L. (R") from (35), and
{A.i}321 C [0,00) is a bounded sequence in R from (36), we can choose subse-
quences {aQJk- }Zo:1 and {AQmjk}ZO:l - [07 OO) so that {aQJk- }Zozl and {AQJJC}ZO:I -
[0,00) are convergent to ag and Ag respectively, where the convergence of
{ag ., 172, takes place in the weak-* topology of L., (R™).

Let us set
g = Z )\QCLQ. (37)

QeD

Then according to Theorem 1.3, we have g € HM,, 4(R"). By the Fatou lemma,
we can conclude the proof once we show that

f=g9 (38)

To this end, we take a test function ¢ € S(R™). Observe that g; tends to f
in §'(R™) as J — oo; see [29, Lemma 5.7] for the case where ¢ is independent
of x. The same proof again works in our current setting. If we insert (32) to gy,
we obtain
(fre) = lim {g7,0) = lim >~ Ag.s{ag.r ).
QeD

If we can change the order of lim;_,, and Zer in the most right-hand side of
the above formula, we have

{frp)= lim > Noslag.s @) Z lim Ag,s(aq.s,¢)= = Aolag, ©)=(g,¢),
QeD QED QED

showing f = g. Thus, we are left with the task of justifying the change of the
order of lim;_, ., and Zer . Let ¢ € C®(R") satisfy xXB@1) < ol < XB(2)- Since
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¢ € S(R™), by decomposing ¢ = pp'(R7!) + ¢(1 — ¢T(R7!)), and using the
fact that HM,, ,(R™) (defined via the grand maximal operator) is continuously
embedded in §’(R™) as well as Theorem 1.3, we see that the contribution of the
function (1 — pT(R1.)) can be made as small as we wish. In fact,

Z Na.r(ag.r, (1 — ' (R71)| = O(R™),
QeD

where the implicit constants do not depend on J. This implies that we may
assume that ¢ is supported in a compact set K.

Let A € N be fixed. Suppose that K is contained in Q(2%) for some N > 0.
Let us set

I =sup Z |Aq,7(aq,7, ),
7 QepgnKA00Q)<2-4
II = sup Z |Ag.s(ag,.r — ag, @)l
7 Qep.onK#02-1<u(@)<24
IIT = 51:1]p Z \Aq,7(aq,7, 0

QED,QNK#0,24<4(Q)

where A > N. Then

sup » _ [Aqu{ag.s, )| < 21+ 11+ 2111 (39)
7 Qep

For | € Z, denote by D; the set of all dyadic cubes ) such that |Q] =27, As
for 1, we use

{ag.r, )l SUQ™ ™ (Q € D), (40)
which is a consequence of [8, Appendix]. If | > A, we deduce from (14)

in
Ao 2» in
qb(O 2—l) < ¢(0 2_1) Z A@,JX@ 5 27 Hf”HMp,qs' (41)
’ - lleen Ly(Q)

Hence assuming L large enough and inserting (41) into the definition of I, we
have

IS Y s0uQuQt =0 (274 )

QED,QNK#D,((Q)<2~4

as A — oo.
Next we estimate III. In view of (12), we have

$(0,2Y) 50 (A — o0) (43)
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Assuming A > N, we learn that [0,24]" is the only cube in D_4 that inter-
sects K. Since 0 < p < 1, we can refine (41) to obtain
1
P
I)

> adls <2An Lo

QED,QNK#0,4(Q)>24

Z [Aq.rxe(

QeD

Z RYeRIPe)

QeD

< ¢([0,24™)

Mp,o

Recall also that HM, 4(R") is continuously embedded into S’(R™), so that
[{ag.7, )| S1(Q € D). As a consequence,

I < > Ao.s| < ¢(0,2%)
QED,QNK#0,£(Q)>24

Z 1Aq.7lxq

QeD

Mp,o

which implies
LS 60,21 fll s, (44)

In view of (42)-(44), we see that I and III contribute little to the sum (39).
With this in mind we use the weak-* convergence to conclude that the finite
sum IT converges to 0, which yields (38). O

Finally, we state a corollary to conclude this section.

Corollary 3.5. If ¢ € G; satisfies (12), then HM; 4(R™) is embedded into
M 4 (R™).

Proof. Let f € HM, 4»(R™). We apply HM; 4,(R") to decompose f. Under the
notation of Theorem 1.5, we have

Z Ajlaj] < Z AiXQ;-
j=1 j=1

Inequality (14) with v = 1 guarantees that the right-hand side belongs to
My 4(R"). Hence F(z) = >°72 Aja;(x) converges for almost all z € R". Ob-

serve also
@,(ZMW”) dw</ 1+ al) 2’“(2% ) da
j=1
1+l —ane 1/ Z)\]aj )| dz,
\x|<l

l 1
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where the implicit constant depend on x. By the definition of the norm, we
have

/|/£ (Z/\ | ( )d:c<2¢ YU+~
Mi Mg

Thus, f is represented by an L 1. (]R")—function F and belongs to M1,¢(]R"). O

JXQ ]XQ]

With the proof above in mind, we point out a mistake in our earlier result
(14, Theorem 1.3].

Remark 3.6. The function A;; in [14, p. 162] is not in L. (R") unless f €
L110c(R™). Thus, the proof of [14, Theorem 1.3] is valid when f € HM?(R"™) N
L (R") for example, where HMDP(R") = HM, 4(R") with ¢(t) = ¢t ». The gap
was closed by the technique described above.

3.4. Applications to the boundedness of the singular integral opera-
tors. Going through the same argument as [22, Theorem 5.5] and [23, Theo-
rem 5.5, we can prove the following theorem:

Theorem 3.7. Let 0 < p < 1. Let ¢ € G, satisfy (12). Let k € S(R™). Write
Ay, = sup |z|"TV"k(z)]  (m € NU{0}).

r€eR™

Define a convolution operator T by

Tfx)=kxf(z) (f€SR").

Then, T, restricted to HM,, »(R™), is an HM,, 4(R™)-bounded operator and the
norm depends only on ||Fk| .. and a finite number of collections Ay, As, ..., An
with N depending only on ¢.

Once Theorem 3.7 is proved, we can obtain the Littlewood-Paley decompo-
sition in the same way as [22, Theorem 5.7] and [23, Theorem 5.10].

Theorem 3.8. Let 0 < p < 1. Let ¢ € G, satisfy (12). Let ¢ € S(R™) be a
function which is supported on B(0,4) \ B(0, 4) and satisfies

Z [ (§)I

j=—o00

for & € R*"\{0}. Then the following norm is an equivalent norm of H M, 4(R"):

1

£ 1o, <Z |0(D f|2> , feSR). (45)
I Mp,¢
Once we obtain Theorem 3.8, we can prove the wavelet decomposition and
the atomic decomposition as in [27,34] or develop a theory of wavelets as we
did in [15-18,27].
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4. Applications to the Olsen inequality

This is a bilinear estimate of I,, which is nowadays called the Olsen inequal-
ity [25]. It is the inequality of the form

lg - Lafllz S I Fllxglly

where XY, Z are suitable quasi-Banach spaces. There is a vast amount of lit-
eratures on Olsen inequalities; see [3,13,31-33,36,39-42] for theoretical aspects
and [5-7,26] for applications to PDEs.

Here we will prove the following theorem:

Theorem 4.1. Let 0 < p <1 and 0 < a < n and define q by

Then
o fllzmg s S 1 M, A

for all f € HM, x(R™). In particular, if ¢ > 1, then
Hafll o S I 1, 5
for all f € HM, »(R™).
Proof. Argue as we did in [30] using Theorems 2.4 and 3.8. O

Theorem 4.2. Let 0 <p<1,0< A <n and 0 < a <n and define q by

Assume that ¢ > 1. Assume in addition that

n
l<u<—.
«Q

Let g € Myy—o(R™). Then I,f € HM (R"™) and then there exists a constant
C' > 0 such that

g Lafllamys S N9IMy o - 1 1M, A

for all f € HM, \(R")NL,(R™), where the implicit constant is independent of u.
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Proof. Expand f according to Theorem 1.5. As we have noticed in Remark 3.4,
the convergence of (13) takes place in L, (R™). Thus,

Lf =Y Alaaj, (46)
j=1

since I, is bounded from L, (R") to L,(R™) according to the Hardy—Littlewood—
Sobolev theorem, where

SRS
|
3o

1
o=

Once we obtain (46), we can go through a similar argument as we did in
(14, Theorem 1.7]. O

We conclude this section by giving a remedy of the mistake in the proof of
(14, Theorem 1.7].

Remark 4.3. The shortcoming in the proof of [14, Theorem 1.7] is that there
is no guarantee that (46) is true under the condition f € MP(R"), where
ME(R™) is the Morrey space in [14], Despite the mistake made in the proof
of [14, Theorem 1.7], its conclusion is correct. In fact, one can assume that
f € Lo (R™) due to the Fatou property of Morrey spaces, since the integral
kernel of I, is positive and ME°(R") is solid in the sense that |f| € MI°(R")
whenever f € MP(R"). Therefore, thanks to Remark 3.4 and the Hardy-
Littlewood—-Sobolev theorem, one still has (46).
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