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Abstract. In this paper, we consider the following nonhomogenous fourth order
Kirchhoff equation

A2y — (a + b/ |Vu]2dac> Au+V(x)u = f(z,u) +g(x), zcRY,
RN

where A? := A(A), constants a > 0, b > 0, V € C(RY,R), f € CRY x R,R)
and g € L?(RY). Under more relaxed assumptions on the nonlinear term f that are
much weaker than those in L. Xu and H. Chen, using some new proof techniques
especially the verification of the boundedness of Palais—-Smale sequence, a new result
is obtained.
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1. Introduction and main results

In this paper, we consider the following nonhomogenous Kirchhoff type problem
Ay — (a + b/ |Vu\2d:c> Au+V(2)u= f(r,u) +g(x), zeRY (P)
RN

where A% := A(A), constants @ > 0, b > 0,1 < N < 8 V € C(RY R),
f € C(RY x R,R) and g € L*(RY) satisfy some further conditions.
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Recently, the following Schrodinger—Kirchhoff type problem with noncon-
stant potential

— <a + b/RN |Vu|2dm) Au+V(z)u = f(r,u), xR, (1)

is studied by many mathematicians. As we know, Wu [24] is the first one
consider this type of equation. In that paper, four new existence results for
nontrivial solutions and a sequence of high energy solutions for problem (1) are
obtained by using a symmetric mountain pass theorem. Later, many researchers
generalize his results, see the references [5,6,9,10,13,15-17,28]. The system
case also had been consider by Wu [25] and Zhou et al. [31], respectively.

Very recently, a fourth-order elliptic equation with Kirchhoff type on bound-
ed domain is also been studied by Wang and An [21], firstly. This problem is
related to the stationary analog of the evolution equation of Kirchhoff type

U + APu — <a—|—b/ |Vu|2d:1:) Au = f(z,u).
0

Dimensions one and two are relevant from the point of view of physics and en-
gineering because in those situations model is considered a good approximation
for describing nonlinear vibrations of beams or plates ,see the references [2,4,23].
Later, Wang et al. [22] using the mountain pass techniques and the truncation
method to show the existence of nontrivial solutions for a class of fourth order
elliptic equations of Kirchhoff type. Fourth order equations and fourth order
Kirchhoff type equation on RY had been also studied in [1, 18, 26, 27,29, 30].
Last, using Ricceri’s variational principle, the fourth order elliptic equations of
Kirchhoff type had been studied in [8,11,12].

For the nonhomogenous Kirchhoff type problem (P), there is little known
result of the existence and multiplicity of solutions except for [27]. In [27], by
applying Ekeland’s variational principle and Mountain Pass Theorem, Xu and
Chen studied the problem (P) with the nonlinearity f satisfying the Ambrosetti-
Rabinowitz type condition, and the existence of two solutions was obtained.

Motivated by the works of [6,15], in the present paper, we shall consider
the nonhomogeneous Kirchhoff type problem, and we are interested in looking
for multiple solutions of the problem (P). Under more relaxed assumptions on
the nonlinear term f that are much weaker than those in [27], using some new
proof techniques especially the verification of the boundedness of Palais—Smale
sequence, a new result on multiplicity of nontrivial solutions for the problem (P)
is obtained, which sharply improves the result of [27].

To obtain the multiplicity of solutions for the nonhomogeneous Kirchhoff
type problem (P) in RY, we make the following assumptions:
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(fl) f € CRY x R,R) and

N
8§8>N >4
|f(z,t)] < C(1+[t[P~') for some 4 < p < 2* = {N‘“

400, 1< N <4,

where C' is a positive constant.
(3) % — +00 as [t| — +oo uniformly in z € RY.
(f4) There exists L > 0 and d € [0, 2] such that
4F (z,t) — f(z,t)t < d|t|*, for a.e. v € RY and Vt > L.

Now, we can state our result as follows.

Theorem 1.1. Assume that g € L*(RY), g # 0, (V1) and (f1)—(f4) hold.
Then, there exists a constant go > 0 such that the problem (P) has at least two

different solutions whenever ||g||rz < go, one is negative energy solution, and
the other is positive energy solution.

Xu and Chen [27] assumed the following assumptions:

(V1) V e C(RM R) satisfies infV(z) > V5 > 0 and for each M > 0,

meas{r € RY : V(z) < M} < 400, where Vj is a constant and meas
denotes the Lebesgue measure in RY.

(f1)) f € C(RY x R,R) and
|f(z, )] <C(L+[tP7Y)  for some 2 < p < 2 = 5

where C' is a positive constant.
(f2) f(x,t) = o(|t]) as [t| = O uniformly in z € R".
(f3")

t
inf  F(z,t) >0, where F(z,t) = / f(z,s)ds.
Z€RN [t|=1 0
(f4’) There exists g > 4 and r > 0 such that

pF(z,t) = f(z,t)t <0, VoeRY | >r

We restate the corresponding result in [27] as in the following.

Theorem 1.2 (see [27, Theorem 1.1]). Assume that g € L*(RY), g £ 0, (V1),
(f17), (f2) and (£3’), (f4’) hold. Then there exists a constant my > 0 such that
the equation (P) has at least two different solutions whenever ||g||rz < my.



194 L. Ding and L. Li

Remark 1.3. Theorem 1.1 sharply improves Theorem 1.2. In fact, (£3), (f4)
are much weaker than (f3%), (f4"). To be precise, by (£3’), (f4’), the inequality (2)
in Remark 1.4 holds. Hence,

F(z,t)

14 > cft]*~*

, Vo eRY and [t| > 1,

which implies (f3). Moreover, note that p > 4, then (f4’) and (2) imply
4F($,t> - f(I,t)t = ,uF(x,t) - f(xvt)t + (4 - H)F(‘rat> < (4 - /L)F(I,t) <
(4 — p)c|t|* < 0 < d|t|* for all z € RY and |t| > 1. This shows (f4) holds by
taking L = 1. Consequently, (f3’), (f4’) imply (f3), (f4). Thus, Theorem 1.1
sharply improves Theorem 1.2.

Remark 1.4. (i) Since the problem (P) is defined in RY which is unboun-
ded, the lack of compactness of the Sobolev embedding becomes more
delicate using variational techniques. To overcome the lack of compact-
ness, the condition (V1), which was firstly introduced by Bartsch and
Wang in [3], is always assumed to preserve the compactness of embedding
of the working space.

(ii) It is worth pointing out that the combination of (f3’), (f4’) implies the
range of p in condition (f1’) should be 4 < p < 2*. Precisely, for any
r € RY, z € R, define

h(t) :== F(z,t '2)t", Vt e [l,4+00).
Then, for |z| > 1 and t € [1, |z|], (f4’) implies that
W(t)=t""" [pF (2, t"2) —t 2 f(z,t'2)] <0.

Hence, h(1) > h(]z|). Therefore, (£3’) implies that

Fz,2) > F (x ﬁ) 2]t >z, Vo e RN and |2]>1,  (2)
z

where ¢ = inf, epn =1 F'(2,t) > 0. If p < 4, by (f1’), we have
1 1
|[F(2,1)] < / |f(z, st)t|ds < C/ (1+ [stP~H)[tlds < C(Jt] + [t?)
0 0
for all (z,t) € RN x R, which implies that

F(z,t)
t4

< ' uniformaly in x € RY.

lim sup
[t| =400

This contradicts (2). Hence 4 < p < 2*.
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(iii) We also point out that (f17) in [27], the critical exponent 2* should be 2.

In Theorem 1.1, we consider the case u = 4. For the case p > 4, we also
have the following result about the existence of one negative energy solution, one
positive energy solution for the nonhomogeneous Kirchhoff type problem (P)
in R, which is a corollary of Theorem 1.1 and more general than Theorem A.
To begin with, we need the following assumptions:

(f3”) There exists L' > 0 such that

d= _inf F(z,t)>0.

zERN |¢|=L'

f4”) There exist u > 4 and d' € |0, c/(“,f) such that
( K L

pE(x,t) — f(z,t)t < d'|t]*, for a.e. z € RY and V|t| > L'
Now, we can state the Corollary as follows.

Corollary 1.5. If we replace (£3), (f4) with (£3”), (f4”) in Theorem 1.1, then
the conclusion of Theorem 1.1 remains hold.

2. Preliminaries

Now, we give some notations. Define the function space
H?*RY) = {u € L*(RY) : Vu € L*(RY), Au € L*(R")}

with the norm

follar = ( Q1?4 19+
RN
Denote
E= {u c H*RY): / (|Au)?® + a|Vul* + V(2)u?)dz < +oo}
RN
with the inner product and the norm
(u,v)p = / (AulAv + aVu- Vo + V(z)uw)de, ||u|g = (u,u)g.
RN

Obviously, the following embedding £ < L*(RY), 2 < s < 2* is continuous.
Hence, for any s € [2,2*], there is a constant a5 > 0 such that

[ullzs < asllullz. (3)
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It is well known that a weak solution for the problem (P) is a critical point of
the following functional I defined on E by

1 b 2
I(u) = §/RN(|AU|2 + a|Vu|*)dz + 1 (/RN |Vu\2dx)

N % /R Vil - /R Pl uyds - /R g(eyuds

for all u € E. We say that a weak solution u € E for the problem (P) is a
negative energy solution if the energy I(u) < 0, and a weak solution v € E for
the problem (P) is a positive energy solution if the energy I(v) > 0.

To apply variational techniques, we first state the key compactness result.

(4)

Lemma 2.1 ([14, Lemma 1.1)). Under the assumption (V1), the embedding
E— L*RY), 2<s<?2*
18 compact.

The following lemma can be obtained by a similar argument as [24,
Lemma 1].

Lemma 2.2. Assume that g € L*(RY), (V1) and (f1), (f2) hold. Then I is
well defined on E, I € C'(E,R) and for any u, v € E,

(I'(u),v) = / AulAvdzx + (a + b/ |Vu|2dx> Vu - Vudzdz
RN RN RN

+ /RN V(z)uv — . f(z, u)vdr — /RN o(x)vdz (5)

Moreover, W' : E — E* is compact, where ¥(u) = [y F(z,u)dz— [pn g(z)udz.

Ekeland’s variational principle is the tool to obtain a negative energy solu-
tion, we give it here for readers’ convenience.

Theorem 2.3 ([19, Theorem 4.1]). Let M be a complete metric space with
metric d and let I : M — (—o0,+00] be a lower semicontinuous function,
bounded from below and not identical to +o0o. Let € > 0 be given and uw € M be
such that

I(u) < i&f[—i—e.

Then there exists v € M such that
I(v) <I(w), d(u,v) <1,
and for each w € M, one has

I(v) < I(w) + ed(v,w).
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Recall that, we say [ satisfies the (PS) condition at the level ¢ € R ((PS).
condition for short) if any sequence {u,} C F along with I(u,) — ¢ and
I(u,) — 0 as n — oo possesses a convergent subsequence. If I satisfies (PS),.
condition for each ¢ € R, then we say that I satisfies the (PS) condition.

Here, we recall the classical Mountain Pass Theorem.

Theorem 2.4 ([20, Theorem 2.2]). Let X be a real Banach space and I €
CH(X,R) satisfying (PS) condition. Suppose I(0) =0 and

(I1) there are constants p, o > 0 such that I|pp, > «,

(12) there is uy € X \ B, such that I(u;) <O0.

Then I possesses a critical value ¢ > a. Moreover, ¢ can be characterized as

c=inf max I(u),
vl uer([0,1])

where I' = { € C([0,1], X) : v(0) = 0, (1) = u1 }.

3. Proof of the main results

Lemma 3.1. Assume that g € L*(RY) and (f1), (f2) hold. Then there exist
some constants p, o and f > 0 such that I(u) > o whenever ||ullg = p and

lgllz2 < B.
Proof. For any € > 0, by (f1), (f2), there exists C(¢) > 0 such that

|[f (@, )] < elt] + Cle)tl", V(@,t) ERY xR, (6)

|F(z,t)] < /01 |f(z, st)t|ds < e|t]* + C(e)|t]P, ¥(z,t) e RN xR.  (7)

By (3), (4), (7) and the Hélder inequality,

1 b S
I(u) = —/ (|Aul® + a|Vul|*)dz + ~ / \Vul?dr | + —/ V(z)u?dx
2 RN 4 RN 2 RN
—/ F(z,u)dx —/ g(x)udx
RN RN

1
z—wm%—/ F@mﬂw—/ g(@)udz
2 RN RN
1
> 2l — (ellullfs + COull) — lglla
1
> 2 uly ~ adellully — abC(e)ulls — aallgl szl

1 -1
~luls | (5 - e ) Iulle = GCENul ™ ~ aallgl
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Choose € = 4% > 0, and take
]

1
h(t) = i abC(e)t"™"', Vit > 0.

Note that 4 < p < 2*, we can conclude that there exists a constant p > 0 such
that h(p) = max;>o h(t) > 0. Therefore, take g = ﬁh(p) > 0, it follows that

I(u) > %ph(p) =a>0

whenever ||u||g = p and ||g||z2 < 8. This completes the proof. O

Lemma 3.2. Let assumptions (f1)—(f3) hold. Then there exists a functione € E
with ||e||g > p such that I(e) < 0.

Proof. For every M > 0, by (f1)—(f3), there exists C(M) > 0 such that
F(x,t) > M|t|* — C(M)|t]*, V(z,t) € RY x R. (8)

Choose ¢ € E with ||¢||z« = 1, then (4), (8) and the Hélder inequality imply
that

2

4 2
100) = 5 [ (80F +avop 4 vy + - ( [ 1voPa)
— / F(x,to)dr — t/ g(x)pdx
RN

RN

t? b
< Gl + 1ol = Mlollat! + CONIGIEe —¢ [ aaona

IN

b 1 ?
(a1 = S0l ) ¢+ | 3100 + NI | -+ Igliololoat

which implies I(t¢) — —oco as t — 400 by taking M > 2[|¢||%,. Hence, there
exists e = to¢ with to large enough such that ||e||g > p and I(e) < 0. The proof
is completed. O

Lemma 3.3. Let assumptions (V1), (f1), (£2) hold. Then any bounded Palais—
Smale sequence of I has a strongly convergent subsequence in E.

Proof. Let {u,} C E be any bounded Palais—Smale sequence of I. Then, up to
a subsequence, there exists ¢; € R such that

I(u,) = c1, I'(u,) =0 and  sup ||u,llp < +o0. 9)

Since the embedding £ — L*(RY), 2 < s < 2* is compact, going if necessary
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to a subsequence, we can assume that there is a © € E such that

Up — U, weakly in E; (10)
Up, — U, strongly in L*(R™); (11)
Un (1) — u(z), a.e. in RY, (12)

In view of (5), it has
<I,<un) - ]/(u), Up — )
_ /RN[(Aun — Au)? + V() |u, — ul?]dz

+ <a + b/RN ]Vun|2dx) /RN Vu, - V(u, —u)dz
- (a + b/RN ]Vu]zda:) - Vu - V(u, —u)dz
= [ ) = S, s

_ /RN[(Aun — AW + V(@) |un — uf?)da

+ <a+b/ ]Vun|2d.7c) / IV (u, — u)|*dz
RN RN

_ (/RN |Vul*dx — /RN |Vun|2dx> » Vi -V (un — u)de
‘iéNV@ﬂm%—ﬂaunwn—umx

> ||ty — ul|2 —b (/ |Vul?dz — / |Vun|2dx>
RN RN

- /RN V- V(up — u)dz — / ) — f (o, 0)] (un — u)da.

RN

(13)

Then, (13) implies that

lun = wllf < (' (un) = I'(w), un — w)
+0b / |Vul*dz —/ |Vu,|*dx / Vu - V(u, —u)dz
RN RN RN (14)
s [ ) = S0l — w)ds
RN
Define the functional h, : E — R by

hy(v) = Vu-Vudz, YveE.

RN
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Obviously, h, is a linear functional on E. Furthermore,
|hu(0)] S/ [Vu - Volde < [[u]|g|v]|e,
RN

which implies h, is bounded on E. Hence h, € E*. Since u, — u in FE, it
has limy, e Ay (Un) = hy(u), that is, [ox Vu - V(u, — u)de — 0 as n — oo.
Consequently, by (10) and the boundedness of {u,}, it has

b </ |Vul?dz —/ ]Vun\zda:) Vu-V(u,—u)dr — 0, n— +oo. (15)
RN RN RN

By (6), using the Holder inequality, we can conclude

[ e =), —u)da

<[e+C(O] | [lun|+lul+lun "+l Jun —uldz
RN

<[e+C @) Nlunllzz+llullz2) 1w —ul 2+ e+ Cle)] (lunllEe '+ lullZe ) 1w —ull o

Therefore, it follows from (10) that

/RN[f(x,un) — f(z,uw)](u, — u)de — 0, asn — oo. (16)

Moreover, combining (9) with (10), then
(I'(up) — I'(u),uy, —u) — 0, asn— oo. (17)
Consequently, (14)—(17) imply that
U, — u, strongly in £ as n — oo.

This completes the proof. n

Firstly, we will get a negative energy solution for the problem (P) using the
Ekeland’s variational principle. We consider a minimization of I constrained in
a neighborhood of zero and find a critical point of I which achieves the local
minimum of /. Furthermore, the level of this local minimum is negative.

Lemma 3.4. Assume that g € L>(RY), g # 0 and (f1)—(f3) hold. Then
—oo < inf{I(u):u € B,} <0,

where B, == {u € E : ||lu|lg <1}
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Proof. By (f1)—(£3), it follows from the proof of Lemma 3.2 that
F(x,t) > O1|t]* — Colt]? V(x,t) € RY x R,

where C; and Cy are positive constants. Since g(z) € L*(RY) and g # 0, we
can choose a function v € E such that

/RN g(z)v(z)dx > 0.

Thus,
2 ) ) bt o\ )
I(tv) = — [ (JAv|* + a|Vv|7)dx + — |\Voul“dz | + — V(z)vidx
2 RN 4 RN RN

2
—/ F(:L',tv)das—t/ g(x)vdx
RN RN

t? b
< Glolls+ 10l = Cullll! + Calllfof =t [ g(e)oda

<0

for t > 0 small enough, which implies inf{I(u) : u € B,} < 0. In addition, by
(3), (4), (7) and the Holder inequality,

1 b !
I(u) = §/RN<|AU|2 + a|Vul|*)dz + 1 (/RN |Vu|2dx) + §/sz V(z)u’dx

_ /R P,y /R g(euds
- /R Pl u)de - /]R glwpuda

> (ellullZ: + COullZy) — llgllzellul 2
>

—azel|ully — apC (&)l — azllgllz [lull .

v

which implies [ is bounded below in Ep. Therefore, we obtain
—oo < inf{I(u):u € B,} < 0.
This completes the proof. O

Now, we could give the result of negative energy solution for the prob-
lem (P).

Theorem 3.5. Assume that g € L>(RY), g # 0, (V1) and (f1)—(f3) hold. Then
there exists a constant go > 0 such that the problem (P) has a negative energy

solution whenever ||g||zz < go, that is, there exists a function uy € E such that
I'(up) =0 and I(ug) < 0.
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Proof. The proof is almost the same as [7], we give it here for the completeness.
By Lemmas 3.1 and 3.4, taking go = 5 > 0, we know that

—oco<inflI <0< a<infl
B, 9B,
whenever ||g|[r2 < go. Set £ € (O,infaBpI — infg I) , n € N. Then, there is
U, € Ep such that

1
I(uy) < inf I+ —. (18)

B, N

By Ekelands’s variational principle, it follows that
I(uy,) < I(u) + %Hu —up||lg, Vu € B,. (19)
Note that I(u,) < iIleP I+ % <infpp, I. Thus u, € B,. Define M,: E — R by
M, (u) = I(u) + %Hu — up |-
By (19), we have u, € B, minimizes M, on B,. Therefore, for all ¢ € F

with [|¢||z = 1, taking ¢ > 0 small enough such that u, + t¢ € B,, then
M"(“"Hq;)_M"(“") > 0, which implies that

I(uy, +to) — I(u,) 1

— > 0.
t * n
Thus, (I'(un), ¢) > —+. Hence,
, 1
1" (un) || £ < o (20)

Passing to the limit in (18) and (20), we conclude that

I(u,) = inf I and ||I'(u,)||g — 0, asn — oc. (21)

B,

Note that ||u,||z <p, hence {u,} C E is a bounded Palais—Smale sequence of I.
By Lemma 3.3, {u,} has a strongly convergent subsequence, still denoted by
{u,} and u,, = vy € B,, as n — oco. Consequently, it follows from (21) that

I(ug) =inf I <0 and I'(up) =0.

P

This completes the proof. n

Secondly, we get a positive energy solution for the problem (P) with the
aid of Mountain Pass Theorem.
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Lemma 3.6. Let assumptions (V1) and (f1)—(f4) hold. Then any Palais-Smale
sequence of I is bounded.

Proof. Let {u,} C E be any Palais-Smale sequence of I. Then, up to a subse-
quence, there exists ¢; € R such that

I(up) = ¢1, and I'(u,) — 0. (22)

The combination of (3), (4), (5), (22), (V1) with (f4) implies

1
a+1+ullp > I(uy,) — 1(1/(un),un)

1 1 N
= —/ (|Au, | + a|Vu,|?)dx + —/ V(2)uldr +/ F(x,u,)dx
4 RN 4 RN

RN
— §/ g(x)updz
4 RN

1 d
> —/ (|Au, * + a|Vu,)? )da:—l— V( Juidx — —/ u?dx
4 4 Jr 4 Jr

N

~ 3
ﬁ/Fﬁmme—ZMMﬂwwm
An

1 1 1
> —/ (|Au, |* + a|Vu,|?)dz + —/ V(z)uldr — _/ Vouldz
4 RN 4 RN 8 RN
= 3
+/ F(z,up)de — Zasl|g||r2llunl e
An

1 1 1
> —/ (|Au, |* + a|Vu,|?)dz + —/ V(z)uldr — _/ Vouldz
4 R 4 RN 8 RN

~ 3
+ [ Flaaun)ds = Joalgliz ol
A

~ 3
iy + 55 [ Viehidde + [ P u)ds = aalgliz ol s,

RN

where F(z,u,) = 1f (@, up)uy — F(z,u,) and A, = {z € R : |u,| < L}. Hence

3 1 1 ~
c1H1+ 1+ —az|g|| 2 HunHEZ—Hun||2E+—/ V(x)uidxjt/ F(x,u,)dz. (23)
4 16 16 RN RN

For x € RN and |u,| < L, by (6) and (7), it has |F(z,u,)| < 3| f(z, u,)|[ua] +
()| < Seltn P+ 3O tal? = & e+ CLO) il i €3 [+ O] [
Take A > max{20[e + C(€)LP~%],V;}, then

~ A
F(z,u,) > ——|un|2 Vo € RY |u,| < L. (24)
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Let A= {z € RV :V(z) < A}. By (V1) and (24), we can conclude

i/ V(z)uldz +/ F(z,u,)dz > 1 (V(z) — A)|u,*dz
16 Jr~ A, 16 Jyu, <z
> L (V(z) — A)Ldx
16 Ana, (25)
> 16 (Vg A)L*meas(AN A,)
. B -
> 16(% A)L*meas(A).

Note that meas(A) < oo due to (V1), it follows from (23) and (25) that

(VO — A)L2meas(f1),

3
vt 1+ (14 Zaalalle ) lunlle > lunll +

which implies {u,} C F is bounded in E. Hence, the proof is completed. O

Theorem 3.7. Assume that g(x) € L*(RY), g # 0, (V1) and (f1)-(f4) hold.

Then the problem (P) has a positive energy solution whenever ||g||rz < go, that
is, there exists a function uy € E such that I(uy) =0 and I(uy) > 0.

Proof. We will apply Theorem 2.4 to prove Theorem 3.7. Next, we shall ver-
ify that I satisfies all the conditions of Theorem 2.4. By Theorem 3.5, we
know go = f > 0. Then I satisfies (I1) whenever ||g||z2 < go by Lemma 3.1.
Lemma 3.2 implies that I satisfies (12), and [ satisfies (PS) condition by virtue
of Lemmas 3.3 and 3.6. Evidently, I € C'(E,R) and I(0) = 0. Hence, ap-
plying Theorem 2.4, there exists a function u; € E such that I(u;) = 0 and
I(uy) > a > 0. The proof is completed. O

Proof of Theorem 1.1. The desired conclusion directly follows from Theo-
rems 3.5 and 3.7. O

Proof of Corollary 1.5. It is sufficient to prove that (£3”), (f4”) imply (£3), (f4)
by applying Theorem 1.1. In fact, For any (z,z) € RY x R, define

k(t) = F (:z: %) th, Wt € [1,+00).

Then for |z| > L' and t € [1, ILZJ}, (f4”) implies that

K(t) = f(z, %) (—t%) th 4 R (1’ %) 1

2
o (a3) 1 (53) 3] < a0 [ v
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Thus,

*/ */ 4 I / 2
L 1 1 (M —2)Lm=2 p—2

Hence, for any z € RN and |z| > L, by (£3), one has

U 2 ! n
Flo,2) = k(1) > & I O
L pu—2  (p—2)Lr=2

: 2| d'|z|? d|z|* d d
f F — > - — w
LER}J}“:L, v )KD T R Py e Rl i sy ey A

By ' € [0 5/22)) set Oy = o — Mﬁ > 0, it has F(z,z) > Cy|z|*, for

all z € RY and |z| > L. Hence,

> Cylz|**, Vo e RY and |2| > L. (26)

F(zx,z)

Note that p > 4, then (26) implies (f3). Furthermore, it follows from (26)
and (f4”) that

4F (2,2)— f(z,2)2 = pF(2,2) — f(2,2) 2+ (4—2)F (2, 2) < d|2]* = (n—4)Cy|2|*

for all x € RY and |z] > L'. This, together with u > 4, shows there exists
L > 0 such that

AF(z,2) — f(2,2)2 <0 VYo € RY and |z| > L,

which implies (f4). Hence, the proof is completed. O
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