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Gelfand Type Elliptic Problem
Involving Advection

Baishun Lai and Lulu Zhang

Abstract. We consider the following Gelfand type elliptic problem involving advec-
tion

—Au+a(z)-Vu=¢" inRY,
where a(x) is a smooth vector field. According to energy estimates, we obtain the
nonexistence results of stable solution for this equation under some restriction con-
ditions about a(x) for N < 9. On the other hand, combining Liapunov-Schmidt
reduction method, we prove that it possesses a solution for N > 4. Besides, if a is

divergence free and satisfies a smallness condition, then the equation above admits a
stable solution for N > 11.
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1. Introduction

We consider the elliptic problem
~Au+a(zr) - Vu=¢" inRY, (1)

where a(z) is a smooth vector field satisfying some decay condition. If a(x) = 0,
this problem reduces to
~Au=e" inRY, (2)

which called Gelfand problem or Liouville problem. In dimension N = 1,2, 3,
Equation (2) can be derived from the thermal self-ignition model [11]. Besides,
it also describes the diffusion phenomena induced by nonlinear sources [13] or a
ball of isothermal gas in gravitational equilibrium as proposed by lord Kelvin [3].
Equation (2) has been considered by various authors, see [2,7,10,12,16]. One of
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the focus about Equation (2) is the classification of solution. Indeed, for every
N > 10, Equation (2) admits a radial stable solution in the sense that

/ e dxw g/ Vo’ dz ¥ ¢ € C°(RY),
RN RN

and for N < 9, there is no stable C? solution of Equation (2), for details see
[7,10].

Recently, elliptic problems with advection have attracted the interesting of
many researchers. In particular the problem of the form

—Au+a(z) - Vu = Af(u), in Q,
{ u =0, on 0f, (3)

has been studied for various nonlinearities f. Berestycki et al. [1] used this
equation to study the explosion phenomena in a flow, if diva(x) = 0, then
a(z) denotes a prescribed incompressible flow. In [6,14] the authors used the
generalized Hardy inequality from [4] to consider the regularity of the extremal
solution of (3). The first purpose of the present paper is to consider nonexistence
of stable solution of (1). In order to state our results, we first define the notion
of stability as follows:

Definition 1.1. A smooth solution u of (1) is said to be stable if the principle
eigenvalue of the linearized operator —A+a-V — e is nonnegative in C§°(RY),
ie.,
Jon <|V90]2 - e“gp2>dx
inf >0
peCe (RY) [/l z2en)

Obviously, if u is a stable solution of Equation (1), then there is some
smooth positive function E such that

~AE+a-VE—¢"E>0 inR". (4)

Very recently, Cowan in [5] considered the existence of stable solution of
the following equation

—Au+a(z) - Vu=uP, in Q, .
{ u=0, on 0f, (5)

and obtained
(i) Suppose 3 < N < 10 or N > 11 and 1 < p < p, with some positive
critical p,, and suppose a(x) is a smooth divergence free vector field, then
Equation (5) admits no positive stable solution for some small a(z).
(ii) Suppose N > 11,p > p. and a(z) is a smooth divergence free vector field,
then Equation(5) has a positive stable solution for some small a(z).



Gelfand Type Elliptic Problem 285

(iii) Suppose N > 4,p > N +1 and a(x) is a smooth divergence free vector field,
then there exists a p081t1ve solution of Equation (5) for some small a(z).

In the present paper, using the techniques from [5,7,10], we extend the
above results to Equation (5) and obtain

Theorem 1.2. Suppose that a(x) is a smooth divergence free vector (i.e.,
diva(x) = 0) and satisfies
0

alz)| <
@) < 157

with 0 < 0 sufficiently small. (6)

Then there is no stable solution of Equation (1) for N < 9.

The second purpose of this paper is to use the approach developed in [8,9] to
obtain the existence of the solution of Equation (1). Before stating our results,
we sketch the ideas of the arguments. Indeed, because of smallness condition on
advection a, we use the perturbation analysis (for details see [8,15]) to look for
a solution u close to a radial solution w of (2) with w(r) = —log 2(]:{2_2) +o(1) as
r — +oo and w(0) = 0. Precisely, we will look a solution of the form u = w+ ¢,
where ¢ is a lower order correction. This approach is valid, since the linearized
operator —A+e" is inverse in a weighted L™ space, for details see [9], and then
we can use a fixed point argument to solve ¢, which yields the desired solution.

Theorem 1.3. (i) Suppose a(x) satisfies (6), then Equation (1), for N > 4,
admits a solution u such that

2(N —2
u(zr) = log% +0(1) as|z] = .

(ii) Suppose a(z) satisfies diva(x) = 0 and (6), then Equation (1) has a stable
solution u for N > 11.

The rest of the paper is organized as follows. In the next section we give
the proof of Theorem 1.2. In the third section , we will consider the existence
of solution and devote to proving Theorem 1.3.

2. Proof of Theorem 1.2

We now give the following generalized Hardy inequality from [4] as follows.

Lemma 2.1. Suppose E is a smooth positive function on €2 and fix a constant 3
with 5 < 8 < 1. Then, for all ¢ € C3°(Q) we have

8 / “EE e+ (5 57) / AEIP / Volda. (7)
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Combining the techniques developed in [5,7,10] with the above generalized
Hardy inequality, we obtain the following energy estimate, which is a key start-
ing point for our proof of Theorem 1.2. In the rest of this paper, by [--- we
always denote [o ---dz.

Proposition 2.2. Suppose u is a smooth stable solution of Equation (1) and
let a(z) be smooth vector field such that diva(x) = 0. Then for any t € (0,2)
and 0 < € C§°(RY) we have

/6(2t+1)u¢2 < O(t)/€2m(|v¢|2 + |A¢2|) (8)

Proof. Step 1. For any t,0 > 0 we claim:

/€2tu’vu’2w2
< i a2w262tu_‘_l/’v¢’262tu+l/e(?t—i—l)uw?_{_i/eZtquZ
4¢3 ot 2t 42 ’

where 0 < ¥ € CE(RY). Indeed, multiplying Equation (1) by e and
integrating by parts, we see

1
Qt/ €2tu|VU|2’¢2 2t/,¢2 2tu /6(2t+1)u¢2 2t/ 2tuA¢2 ( )

Since div a(z) = 0, an integration by parts again and an application of Young’s
inequality with , we have

/¢ 2tu _2/¢62tu V@/J < 5/a2,¢)262tu+%/|vw|262tu.

Putting this equality into (10), we obtain the desired results.

9)

Step 2. End of the Proof. Using the generalized Hardy inequality (7) and
the fact F satisfies (4), we have, taking ¢ = e,

VE|?
ﬁ/e(2t+1)uw2+(ﬁ_52) | E2| 2tuw2 /|V tuw

T E
STt2 €2tu¢2|vu|2+E/e2tuA¢2+T/e2tu|v¢|2+B/a EV e2tuw2

for some T' > 1. Since by the application of Young’s inequality with e

ﬁ/a'VEe2tuw2<ﬁ€ |VE|2 2tu¢ + B/ 2 2tu
E >~
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then by using (9), we see

T(S ﬁ 2 2tu t / 2tu 2 3T/ 2tu 2
< .
<4t+4€>/ Y24+ T 1+45 VY| + pr A

We also note that, by Hardy’s inequality,

2tu,/,2 492
Jaemp <o [0 < 2 [ivenop

Putting this into (11) gives

2
(5 _ %) / (P2 4 B(1— B — ) / @zﬂ +C / V()

<0 / e ([Ty[ + |AG?)),

(11)

where

01=(T—1)—L22)(T5 3 63T}.

5, 5) e max [T
(N —2)2 4t+4e> 2= T e

Now for fixed ¢ € (0,2), we first choose 0 < 8 < 1,T > 1 sufficiently close to 1

such that T
—— >0,
b 2
and then we pick € > 0 small enough such that 1 — 5 — € > 0, and finally we
choose ¢ > 0 sufficiently small such that C; > 0. Then we get the desired

estimate and complete our proof. O

Proof of Theorem 1.2. Suppose to contrary that Equation (1) admits a stable
solution for N < 9. Fix ¢t € (0,2) such that N —2(2t + 1) < 0, we will
obtain a contradiction by proving [ et v — 0. We now consider the function
¢ € C°(RY) such that

1 for|z|<R
o) = { 0 for |z| > 2R,

and |V¢| < & 5 |A¢] < £, where C' is independent of R. Putting 1) = ¢™ (m is
large 1nteger) into (8) gives

/6(2t+1)u¢2m SCm/th“¢2m_2(|V¢|2+|A¢|)

<o [ammmgm=e=) T [owor s aope)
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(m—1)(2t+1)

. > 2m for sufficiently large m, we have

Since
/ 6(2t—|—1)u S /€(2t+1)u¢2m S C/(|V¢|2 + |A¢|)2t+1 S CRN—Q(QH—I) N 0’
Br

as R — oo, which is a contradiction to fact that e?**t1)* > 0. Then the proof of
Theorem 1.2 is complete. [

3. Proof of Theorem 1.3

To fix ideas, we consider the radial solution of the problem
—Au=¢", inR"Y. (12)

It is well known that Equation (12) possess a positive radially symmetric solu-
tion w(r) with w(0) = 0 for N > 1 and the asymptotic of w as r — oo is given
as follows (for details see [9]):

e if 3< N <9 w(r)= logM + O(r*¥);

7‘2
e if N =10, there exist a € R and b < 0 such that
2(N —2)

— +ar~* +br~*logr + o(r~*logr);
,

w(r) = log

e If N > 10, there exist a € R and b < 0 such that

2(N —2
w(r) = log —< = ) + ar™ + br'"™?logr + o(r™* logr),
where

N —2 N —2)(N — 10

o N2+ -1

2 (13)

V(N =2)(N —10) — (N —2)

meo = 9 < 0.

Besides, by simple calculation, log 2(1\:—2_2) is a singular solution of Equation(12).

Since we impose a smallness condition on a, then a(z) - Vu in Equation(1)
be considered as a small perturbation of term. Following the idea of [8,9], we
consider w(r) as a first approximation for a solution of Equation(1), i.e., we
look for a solution to Equation (1) of the form u = w + ¢, where ¢ is “small ”
compared to w at infinity. We will use a fixed point argument to find ¢ in the
weighted L> space. In order to use the fixed point theory, we first consider the
linear equation in a suitable weighted L*° space

—Ap+e¥p=f, inRY. (14)
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For given 1 < 0 < 2 and

1, <N<
0<f< { min{—m,1}, 10 < N, (15)

where m; is defined as in (13), we define

9]l % := sup [¢] + sup []7|¢] and || flly := sup [2]”|f] + sup [2[**7| f].
>1 |lz|<1 |z[>1

lz|<1 ||

Let X and Y denote the completion of C5°(RN \ {0}) under the appropriate
norms. In the following, the authors (see [9]) give solvability of Equation (14)
and estimates for the solution in the weighted L norm given as above.

Lemma 3.1. Suppose N > 4, for any f € Y, there exists a solution of Equa-
tion (14)
¢ =T(f),

which defines a linear operator of f such that

ez < CllFlly, (16)

where C' is a fized constant independent of ¢, f.

However, our problem involves advection term, we don’t work directly
with X, and need some revisions for norm || - || x. And so we define the norm

I9]lx = sup (|| + 2|Ve]) + sup (|z|°|¢] + ||V e]),

lz]<1 z[>1
and let X denote the completion of C$°(RY \ {0}) with respect to this norm.

Lemma 3.2. Suppose N > 4, for any f € Y, there exists a solution of Equa-
tion (14)
o =T(f),
such that
[ollx < Cliflly, (17)

where C' is a fized constant independent of ¢, f.
Proof. Suppose f € Y and let ¢ € X be such that

—Ag— e = f.

Now define the re-scaled functions ¢,,(x) = ¢(x,, + rnx), where |x,,| > 0,
Tm = %. Then ¢,,(x) satisfies

— Ay () = riew(bm(aj) + 7fnf(%n + TmT) =1 g (),
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for |z| <1. According to Lemma 3.1, we have

191l o= B0y + sup [#°lo] < CIIflly-

Then if |x,,| > 1, we see that

Xz
ol = 7 2 Yo+ )
m m
2|7 B+2
o P ()
m m

<ClAly,

for all |z| < 1. Then by the elliptic estimates, for p > N there is some C' such
that

IVo(@m) - rm| = [Vm(0)]

gc(ﬂmwmmwﬂéaﬂmwawm:

< Clflly - lzml ™,

here we have used the fact that ¢, (z)| < C||flly - |zm|™? for |z] < 1. And then
we have for |z,,| > 1
|2 T V()] < Ol flly. (18)

By the same argument as above, we see that
2| [Vep(zm)| < Cllflly - for [zm| <1 (19)

From (18) and (19), we immediately have

[6llx < Cllflly
where C' is independent of f and ¢. O

Combining Lemma 3.2, we are in a position to give the proof of
Theorem 1.3(i) as follows.

Proof of Theorem 1.3(i). We look for a solution to problem (1) of the form
u = w + ¢, which yields the following equation for ¢

~Ap—e"p=—a-Vo—a-Vw+e“(e —1—09).
Letting T be defined as in Lemma 3.1, we are looking for a ¢ € X such that

¢=—T(a-Vw)—T(a-Ve)+T(e" (e —1—¢)) = J().
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We will use fixed point argument to find such a ¢. For small p > 0, we define
F:={¢:R" = R|[l¢]x < p}.

We will prove that choosing p > 0 small enough, J has a fixed point in F.

Step 1. For any ¢ € F and small p > 0, we have J(¢) € F. Indeed, from
Lemma 3.2, there is some C' > 0 such that

17@)llx < Clla- Vuwlly + Clla- Vélly + Clle”(e? = 1= ¢)lly,

we now estimate each term on the right hand side of the above inequality as
follows

la- Vwlly < supla| sup [Vwl||z|” + sup |2||a] - sup || [Vw(z)|
z o Jal<l @ j2|>1

< sup((1 + |z)]al) - [Jw]lx,

where we have used the fact that 1 < ¢ < 2. By the same argument, we
have ||a - Vo|ly < sup,((1+ |z])|a])||¢|lx. On the other hand, by the identity
e =1+xz+ [;e'(x—1t)dt,V ¢ € R, we have

e(e” = 1= ¢)| < Ce - ¢* - el
Additionally,

sup |z]7eV¢%el?l + sup |z]*TPe? p%el?!
|z|<1 lz|>1

< Cllglxex + ¢ sup |z [2e - |sl‘1>pl(|x|ﬂ¢)2 - elléllx
< Cl|g|% - el¥lx
< Cp*e’.

If a satisfies C'sup, (1 + |z])|a| + sup,((1 + |z|)|a])p < {5 and p > 0 is fixed
suitable small, we arrive at

17()llx < Csup(1 + |z[)]al + sup((1 + |z[)]al)p + Cp*e” < p,

This proves J(F) C F.

Step 2. J is a contraction mapping on F' for a suitable p. Now let us take
¢1,¢2 € F, Then

17(61) = J(d2)llx < Clla- V(g1 — da)lly + Clle”(e” — e — (¢1 — ¢a)lv

< Clla- V(61 = ¢o)lly + Clle”(e? = 1)(¢1 — d2)|ly
=. Il + IQ,
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where ¢ € (¢1, d2) U (¢2, ¢1). One easily sees that
I < Csup(1 + [z)lal - 61 — ballx. (20)
Since |ew(e¢_’ —1)(p1 — 9o)| < C’ew|qz_5|e¢_’|¢1 — ¢9|, we have
I < C sup [z|7e”|g]e? |1 — du| + C sup |z|**7e”|]e?|¢1— o]

|z]<1 |z[>1
655 w I
< Cpe’||gr— ol x + Cel 'X-lsm'lplxlze -ls?pleﬁlcbl-‘s?plsvlﬁlczﬁl—@l (21)
z|>1 x|>1 z[>1

< Cpe’||pr—dal|x.
Combining (20) with (21), we obtain

17(91) = J(¢2)llx < [Csup(l + |z[)]a] + pe’] - [[¢1 = ¢2|.

Now we let a be such that C'sup,(1 + |z])|a] < % and fix p sufficiently small
such that C'pef < %, we have J is a contraction mapping on F' in X, and hence

it has a unique fixed point in this set, i.e., there is ¢ € F such that
~A(w+¢)+a-V(w+¢) =e“". O

In order to complete the details for the proof of Theorem 1.3(ii), we need
to show the following

Lemma 3.3. Let N > 10, then
2(N —2)

w(r) < log ——;
"

, Vre(0,+00).

Proof. Tt is worth to mentioning that the semilinear equation with power-type
nonlinearity possess the similar result, see [16, Proposition 3.7]. Using their
arguments, we can prove this Lemma. Here, we provide a simple way to prove
this result.

Let s =logr,v(s) = w(r) + 2s — log2(N — 2), then v(s) satisfies

—(0"(s) + (N = 2)v'(s)) = 2(N = 2)(e" — 1) 2 2(N = 2)(v — 1),

then the above ODE can be factorized as follows

(05 —myq)(0s — ma)v(s) <0, (22)
where my, my is defined as in (13). By the definition of v, we have
. —mas, (i) — : —mas, (i) — ) —
SEr_nooe vW(s) =0, Sgr_nooe vW(s)=0, i=0,L. (23)

Multiplying (22) by e~™'* and integrating over (—oo, s), we get, by (23)
(05 —ma)u(s) <0,

i.e., (e7™*v(s)) < 0. Using (23) again, we obtain v(s) < 0, which is the desired
result. [
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Proof Theorem 1.3(ii). Let m > 2 be an integer, B,, be a ball with radius m

and F = E,, , satisfies
—AE+a-VE —-e"E =, ,F in B, o
E=0 on 0B,,, (24)

where E,, ,, ftm,, denote the first eigenfunction, first eigenvalue respectively and
u, =w+ ¢ such that ||¢||x < p.
Multiply the above equation by E and integrate over B,,, we have
me(]VE|2 — e E?)dx
Hm.p = i) B, E?dx '

Step 1. We claim that fi,,, , > 0 for suitably small p and lim,, e ftm,, = 0.
Indeed, for r > 0, there is a fixed € > 0 such that

(N —2)?
4r2

and from Hardy’s inequality and Lemma 3.3, we see that
/ |\VE|*dz > (1 + 6)/ e’ E?dr.
On the other hand, u, = w+ ¢ and ||¢||x < p, we have

/ e B?dy = /ew ce®Fdr < ep/ e’ E2dz.

From these facts, we see, by taking p small enough,
(I+e—ef) [p e“E?dr

(1+e)e” <

Hm,p = > 0.
) p, Prdz
Now we remain to prove lim,, oo fm,, — 0. Now let ¢ € C§°(B,,) be such that
C

m
m

where C' is independent of m. Putting £ = E,, , into (7) with g = %, we have,
for all ¢ € C§°(B,),

1 E|?
/ " 2 dx + fim, 2 dr + = / uzﬁdm
Bm

- B, 2 E?
-VE
gz/ |w|2dx+/ ©VE 2,
B Bn E
E|? 1
§2/ \V¢|2d:c—|—e/ VE] w2d:c+—/ |la|*¢*dx
m B. E? e /s,

E 2
< C(e)/ |Vw]2d$—l—6/ |VE—2|w2dx.
Bm Bm
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For the last inequality, we have used Hardy s inequality and the fact |a|* < ——
with 6 small. Now taking 0 < € < 5, we see that

[ IVY|*dx
me P2dx

Step 2. End of the proof. Fix p > 0, we, by suitably scaling F,,, can assume
E.,(0) = 1. Obviously, E,,, ftm,, satisfy

(1+\ ?

0 < pm < Cle) — 0, asm — oo.

—AE, +a-VE, —e“E, = lim, L, in B,
{ Homp (25>

E,=0 on 0B,,,

Now fix k£ > 0 and let m > k + 2, by Harnack’s inequality there is a Cy > 0
such that
sup B, < C}, 1nfE < Cy,

By,

for all m > k + 2. Using the elliptic regularity and a diagonal argument,

En,—E>0 inCYRY) asm — oo,

loc

for some § > 0 and E(0) = 1. And E satisfies
~AE+a(r)-VE =e"E inRY.

By the strong maximum principle, one see that £ > 0. This, by (4), shows
that wu, is a stable solution of (1) which is the desired result. O
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