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Abstract. In this paper we consider an interior stabilization problem for the wave
equation with dynamic boundary delay. We prove some stability results under the
choice of damping operator. The proof of the main result is based on a frequency
domain method and combines a contradiction argument with the multiplier technique
to carry out a special analysis for the resolvent.
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1. Introduction

We study the interior stabilization of a wave equation in an open bounded
domain 2 of R", n > 2. We denote by 0f2 the boundary of €2 and we assume
that 9 = I'y U Ty, where I'y, T'; are closed subsets of 92 with I'y N T"; = (.
Moreover we assume meas(I'g) > 0. The system is given by:

(uy — Au+au; =0, re, t>0,
u(z,t) =0, x €Ty, t>0,
ou
t) = ——(x,t) — t— I'in, t>0
utt(xv ) ay(x7 ) /'Lut(x7 T) S 1 ) (11)
u(z,0) = ug(x) x € ),
(i, 0) = s (1) reQ,
{ u(z,t — 1) = folz,t —7) xely, te(0,7),
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where v stands for the unit normal vector of 0f2 pointing towards the exterior
of Q2 and is the normal derivative. Moreover, the constant 7 > 0 is the time
delay, a and i are positive numbers and the initial data ug, uy, fy are given
functions belonging to suitable spaces that will be precised later.

Let us first review some results for particular cases which seem to us inter-
esting.

In the absence of the delay term (i.e., 7 = 0) problem (1.1) becomes

(U — Au~+au, =0, reQ t>0,
u(z,t) =0, xely, t>0,
ou
Utt(l',t) = a ( ) — Mut(x,t) x € Fl, t> 0, (12)
u(z,0) = uo(x) T € Q,
L u(z,0) = ug(x) x €.

This type of problems arise (for example) in modelling of longitudinal vi-
brations in a homogeneous bar in which there are viscous effects. The term auy,
indicates that the stress is proportional not only to the strain, but also to the
displacement rate (see [13] for instance). From the mathematical point of view,
these problems do not neglect acceleration terms on the boundary. Such type of
boundary conditions are usually called dynamic boundary conditions. They are
not only important from the theoretical point of view but also arise in several
physical applications. For instance in one space dimension, problem (1.2) can
modelize the dynamic evolution of a viscoelastic rod that is fixed at one end and
has a tip mass attached to its free end. The dynamic boundary conditions rep-
resents the Newton’s law for the attached mass (see [6,12,17] for more details).
In the two dimension space, as showed in [49] and in the references therein, these
boundary conditions arise when we consider the transverse motion of a flexible
membrane €2 whose boundary may be affected by the vibrations only in a re-
gion. Also some dynamic boundary conditions as in problem (1.2) appear when
we assume that () is an exterior domain of R? in which homogeneous fluid is at
rest except for sound waves. Each point of the boundary is subjected to small
normal displacements into the obstacle (see [9] for more details). This type of
dynamic boundary conditions are known as acoustic boundary conditions.

Well-posedness and longtime behavior for analogous equations as (1.1) (with
out delay) on bounded domains have been investigated by many authors in
recent years (see, e.g., [25,26,45,46]).

Among the early results dealing with this type of boundary conditions are
those of Grobbelaar-Van Dalsen [25-27] in which the author has made contri-
butions to this field.

In [25] the author introduced a model which describes the damped longi-
tudinal vibrations of a homogeneous flexible horizontal rod of length L when
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the end x = 0 is rigidly fixed while the other end z = L is free to move with
an attached load. This yields to a system of two second order equations of the
form

(Ut — Ugy — Utgz = 0, z € (0,L), t >0,
u(0,t) = u:(0,t) = 0, t>0,
u (L, t) = — [ugy + we) (L, 1), t>0, (1.3)
u(z,0) =wuo(z), u(x,0)=vy(z) z€(0,L),
X u(L,0)=mn, w(L,0)=p

By rewriting problem (1.3) within the framework of the abstract theories of
the so-called B-evolution theory, an existence of a unique solution in the strong
sense has been shown. An exponential decay result was also proved in [27] for
a problem related to (1.3), which describe the weakly damped vibrations of an
extensible beam. See [27] for more details.

Subsequently, Zang and Hu [51], considered the problem

uy — p (ug),, —q(ug), =0, z e (0,1), t>0,
w(0,t) = 0, t>0,
p(Ua), + q (us) (1,8) + kuy (1,1) = 0, t>0,
u(z,0) =wuy(z), u(z,0)=u(x), z€(0,1)

By using the Nakao inequality, and under appropriate conditions on p and g,
they established both exponential and polynomial decay rates for the energy
depending on the form of the terms p and q.

Similarly, and always in the absence of the delay term, Pellicer and Sol-
Morales [46] considered the one dimensional problem of (1.1) as an alternative
model for the classical spring-mass damper system, and by using the dominant
eigenvalues method, they proved that for small values of the parameter a the
partial differential equations in problem (1.2) has the classical second order
differential equation

myu” (t) + dyu' (t) + ku(t) = 0,

as a limit, where the parameter mq, d; and k; are determined from the values
of the spring-mass damper system. Thus, the asymptotic stability of the model
has been determined as a consequence of this limit. But they did not obtain
any rate of convergence. This result was followed by recent works [45,47]. In
particular in [47], the authors considered a one dimensional nonlocal nonlinear
strongly damped wave equation with dynamical boundary conditions. In other
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words, they looked to the following problem:

(

1.t
Upt — Ugpy — OUpgr + 8f (u(l’t)7 ut( ) >> _ O,

w(0,t) =0,  (1.4)

(1, 1) + € [ug + aug + ruy] (1,t) + ef (u(l,t), uf/l;)) =0,

with z € (0,1), ¢ > 0, r,a > 0 and ¢ > 0. The above system models a
'u,t lt

\

spring-mass-damper system, where the term ¢ f represents a con-
trol acceleration at x = 1. By using the invariant mamfoig theory, the authors
proved that for small values of the parameter ¢, the solutions of (1.4) are at-
tracted to a two dimensional invariant manifold. See [47], for further details.

The main difficulty of the problem considered is related to the non ordinary
boundary conditions defined on I';. Very little attention has been paid to this
type of boundary conditions. We mention only a few particular results in the
one dimensional space [23,29, 32, 46].

A related problem to (1.2) is the following:

uy — Au+ g(ug) = f in Qx(0,7)
% + K(u)uy + h(uy) =0 on 02 x (0,T)
u(z,0) = ug(x) in Q
ur(z,0) = uy(x) in

where the boundary term h(u;) = |us|Pu; arises when one studies flows of gas in
a channel with porous walls. The term wuy; on the boundary appears from the
internal forces, and the nonlinearity K (u)u; on the boundary represents the
internal forces when the density of the medium depends on the displacement.
This problem has been studied in [22,23]: by using the Fadeo—Galerkin approx-
imations and a compactness argument the authors proved the global existence
and the exponential decay of the solution of the problem.

We recall some results related to the interaction of an elastic medium with
rigid mass. By using the classical semigroup theory, Littman and Markus [35]
established a uniqueness result for a particular Euler—-Bernoulli beam rigid body
structure. They also proved the asymptotic stability of the structure by using
the feedback boundary damping. In [36] the authors considered the Euler—
Bernoulli beam equation which describes the dynamics of clamped elastic beam
in which one segment of the beam is made with viscoelastic material and the
other of elastic material. By combining the frequency domain method with
the multiplier technique, they proved the exponential decay for the transversal
motion but not for the longitudinal motion of the model, when the Kelvin—Voigt
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damping is distributed only on a subinterval of the domain. In relation with
this point, see also the work by Chen et al. [16] concerning the Euler—Bernoulli
beam equation with the global or local Kelvin—Voigt damping. Also models
of vibrating strings with local viscoelasticity and Boltzmann damping, instead
of the Kelvin—Voigt one, were considered in [37] and an exponential energy
decay rate was established. Recently, Grobbelaar-Van Dalsen [28] considered
an extensible thermo-elastic beam which is hanged at one end with rigid body
attached to its free end, i.e., one dimensional hybrid thermoelastic structure,
and showed that the method used in [44] is still valid to establish an uniform
stabilization of the system. Concerning the controllability of the hybrid system
we refer to the work by Castro and Zuazua [14], in which they considered flexible
beams connected by point mass and the model takes account of the rotational
inertia.

The purpose of this paper is to study problem (1.1), in which a delay term
acted in the dynamic boundary conditions. In recent years one very active area
of mathematical control theory has been the investigation of the delay effect
in the stabilization of hyperbolic systems and many authors have shown that
delays can destabilize a system that is asymptotically stable in the absence of
delays (see [2,3,21,39,40,42] for more details).

As it has been proved by Datko [19, Example 3.5], systems of the form

Wy — Way — AWggy = 0, x € (0,1), t >0,
w (0,t) =0, t>0 (1.5)
wy (1,t) = —kwy (L, t —71), t>0,

where a, k and 7 are positive constants become unstable for an arbitrarily small
values of 7 and any values of a and k. In (1.5) and even in the presence of
the strong damping —aw,,;, without any other damping, the overall structure
can be unstable. This was one of the main motivations for considering problem
(1.1)( of course the structure of problem (1.1) and (1.5) are different due to the
nature of the boundary conditions in each problem).

Subsequently, Datko et al. [21] treated the following one dimensional
problem:

Ut (7, 1) — U (7, 1) + 20w (2, 1) + a®u(z,t) =0, 0<x <1, t>0,
u(0,t) =0, t>0, (1.6)
uzr(1,t) + kug(1,t —7) =0, ¢>0,
which models the vibrations of a string clamped at one end and free at the
other end, where u(x,t) is the displacement of the string. Also, the string is

controlled by a boundary control force (with a delay) at the free end. They
showed that, if the positive constants a and k satisfy

€2a+1
e —1

<1,
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then the delayed feedback system (1.6) is stable for all sufficiently small delays.
On the other hand if
62a + 1
e —1
then there exists a dense open set D in (0, 00) such that for each 7 € D, system
(1.6) admits exponentially unstable solutions.
It is well known that in the absence of delay in (1.6), that is for 7 = 0,
system (1.6) is uniformly asymptotically stable under the condition a? + k? > 0
and the total energy of the solution satisfies for all ¢ > 0,

k > 1,

1
Bt u) / (12 + 02 + a2)dz < CE (0, u) e
0

for some positive constant «. See [15] for more details.
Recently, Ammari et al. [5] have treated the N-dimensional wave equation

((uy(z,t) — Au(x, t) + awy(x, t — 7) =0, ref), t>0,
u(z,t) = x €Ty, t>0,
%(m,t)—i—ku(x,t) :0 rely, t>0,
u(z,0) =ug(x) €
u(z,0) = uy (x) x €
\ u(z, t —7) — folo,t —7) = rely, te(0,7)

where €2 is an open bounded domain of RY, N > 2 with boundary 99 = I',UT;
and 'y N Ty = (. Under the usual geometric condition on the domain €2, they
showed an exponential stability result, provided that the delay coefficient a is
sufficiently small.

In [39] the authors examined a system of wave equation with a linear bound-
ary damping term with a delay. Namely, they looked to the following system

( Uy — Au =0, reQ t>0
u(z,t) =0, x€ly, t>0
%(I7t)_ﬂlut(xat)_ﬂ2ut( Jt—T7) = zely, t>0 )
u(z,0) = uo(x) x € '
u(,0) = ul(l‘) z €
L w(z,t —7) — go(x, t —7) = xeQ,Te(0,1)
and proved under the assumption
po < fh (1.8)

(which means that the weight of the feedback with delay is smaller than the
one without delay) that null stationary state is exponentially stable. On the
contrary, if (1.8) does not hold, they found a sequence of delays for which the
corresponding solution of (1.7) will be unstable. The main approach used in [39],
is an observability inequality obtained with a Carleman estimate.
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The case of time-varying delay (i.e., 7 = 7(¢) is a function depending on )
has been studied by Nicaise, Valein and Fridman [43] in one space dimension.
In their work, an exponential stability result was given under the condition:

M2 < Vl_dlfbla

where d is a constant such that
T'(t) <d<1, Vt>D0.

Delay effects arise in many applications and practical problems and it is
well-known that an arbitrarily small delay may destabilize a system which is
uniformly asymptotically stable in absence of delay (see, e.g., [18,21,33,34,52]).

The stability of (1.1) with 7 = 0,a = 0 has been studied in [1] where it has
been shown that the system is stable under some geometric condition on I'; (as
in [7]). Moreover, if ;1 = 0, that is in absence of delay, the above problem for
any a > 0 is exponentially stable even. On the contrary, in presence of a delay
term there are instability phenomena probably, as in [39].

Let us also cite the recent work of Ammari and Nicaise, [4], in which the
authors performed a complete study of the stabilisation of elastic systems by
collocated feedback with or without delay.

In this paper the idea is to contrast the effect of the time delay by using the
dissipative feedback (i.e., by giving the control in the feedback form aw(z,t)
or —alAu(z,t), z € Q, t>0).

In the next section, we will show the global existence of problem (1.1) by
transforming the delay term and by using a semigroup approach. The natural
question is then the stability of problem (1.1). This is the goal of Section 3. We
will show that a “shifted” problem is asymptotically stable with a polynomial
decay rate and we cannot answer the question of the stability of problem (1.1).
In fact, in the last section, numerical experiments in 1D shows that under certain
conditions, problem (1.1) is unstable. To stabilize problem (1.1), we will see
that a Kelvin—Voigt damping is efficient. This is done in Section 4.

Lastly, we will conduct some numerical examples in 1D to illustrate these
stability or instability results.

2. Well-posedness of problem (1.1)

In this section we will first transform the delay boundary conditions by adding
a new unknown. Then we will use a semigroup approach and the Lumer—
Phillips’ theorem to prove the existence and uniqueness of the solution of the
problem (1.1).

We point out that the well-posedness in evolution equations with delay
is not always obtained. Recently, Dreher, Quintilla and Racke have shown
some ill-posedness results for a wide range of evolution equations with a delay
term [24].
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2.1. Setup and notations. We present here some material that we shall use
in order to prove the local existence of the solution of problem (1.1). We denote

HE(Q) = {ue H(Q)|ur, =0} .
We set 7, the trace operator from H} (Q) on L*(T'y) and

H3(Th) = 7 (HE, ().

By (-, -) we denote the scalar product in L*(Q) ,i.e., (u,v)(t)= [, u(x, t)v(x, t)dz.
Also we mean by ||.||, the L(€2) norm for 1 < ¢ < oo, and by ||.||4r, the L¢(I';)
norm.

Let 7> 0 be a real number and X a Banach space endowed with norm |- || x.
LP(0,7;X), 1 < p < oo denotes the space of functions f which are L? over (0, 7))
with values in X, which are measurable and || f||x € L? (0, 7). This space is a
Banach space endowed with the norm

1
T »
nmmwm:(Anm%@.

L> (0, T; X) denotes the space of functions f : |0, 7[ — X which are measurable
and || f|lx € L (0,7T). This space is a Banach space endowed with the norm:

| £l o= (0,7:x) = esssupgoyer || flx -

We recall that if X and Y are two Banach spaces such that X < Y (continuous
embedding), then

LP(0,7;X)— LP(0,T;Y), 1<p<o0.

2.2. Semigroup formulation of the problem. In this section, we will prove
the global existence and the uniqueness of the solution of problem (1.1). We will
first transform the problem (1.1) to the problem (2.2) by making the change of
variables (2.1), and then we use the semigroup approach to prove the existence
of the unique solution of problem (2.2).

To overcome the problem of the boundary delay, we introduce the new
variable:

z(x,p,t) =u (x,t —7p), €y, pe(0,1), t>0. (2.1)

Then, we have

Tz (2, p,t) + 2, (x,p,t) =0, in 'y x (0,1) x (0,4+00).
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Therefore, problem (1.1) is equivalent to:

( uy — Au+au, =0, re, t>0
u(z,t) =0, xely, t>0
0
ug(z, t) + a—z(x,t) + pz(z,1,t) =0, zrely, t>0
) Tz(x, p,t) + z,(x, p, t) =0, xel,pe(0,1), t>0 (2.2)

2(2,0,t) = w(z,t) xe€ly, t>0

u(z,0) =up(x) z€

ur(z,0) =up(x) x €9

2(z, p,0) = folx,—7p) =0 rely, pe(0,1).

\

The first natural question is the existence of solutions of the problem (2.2).
In this section we will give a sufficient condition that guarantees that this prob-
lem is well-posed.

For this purpose we will use a semigroup formulation of the initial-boundary
value problem (2.2). If we denote V := (u, us, 1 (u), z)", we define the energy
space:

A = HI () x L* (Q) x L*(T'y) x L*(T'y x (0,1)).

Clearly, 7 is a Hilbert space with respect to the inner product

1
(Vl,Vg)jf:/Vul.Vququ/ vlvgdx+/ wlwgda—l—f/ / 2129dpdo (2.3)
Q Q r r: Jo

for Vi = (uy, vy, w1, 21)7, Vo = (ug, ve, ws, 22)T and € > 0 a nonnegative real
number defined later.
Therefore, if V € 5 and V' € S, the problem (2.2) is formally equivalent
to the following abstract evolution equation in the Hilbert space .77
{ V'(t) =V (t), t>0,

V(0) = Vi, (2.4)

where ” denotes the derivative with respect to time ¢,

‘/0 = (Uo, ur, ’71(u1)7 fO('7 _'T))T

and the operator o7 is defined by:

U )
v Au—av
EQ{ - ou
w —S4 —pz (1)
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The domain of & is the set of V' = (u,v,w, z)” such that:

(u,v,w,2)" € (HE (QNH?(Q)) x Hf () x L*(I'y) x L* (I'y; H(0,1)),
w="(v)=2(.,0) onlj. (2.5)
Let us finally define {* = p7. For all £ > &£*, we also define iy = 3 + § and

2
Ay = o — pa 1
The well—posedness of problem (2.2) is ensured by:

Theorem 2.1. Let Vy € S, then there ezists a unique solution V- € C (Ry; )
of problem (2.4). Moreover, if Vo € 9 (), then

VeCRyD(H)NCHRy; ).

Proof. To prove Theorem 2.1, we first prove that there exists a unique solution
V € C(Ry; ) of the shifted problem:

V() = AV (D), t>0,
{v (0) = Vi, (2:6)

Then as & =7+ 1, there will exist V & C’(RJr; %) solution of problem (2.4).
In order to prove the existence and uniqueness of the solution of problem
(2.6) we use the semigroup approach and the Lumer—Phillips’ theorem.
Indeed, let V = (u,v,w, 2)T € 2 (o). By definition of the operator &7 and
the scalar product of 77, we have:

(V. V), /Vu Vvdx+/vAudx—/a|v( )da

Q
+/w<—%—,uzal) J——//zzpdpda
Iy ov Iy

By Green’s formula we obtain:

1
(AV, V), = —/Qa|v(:v)|2da: — u/rl z(0,1)wdo — é /1“1/0 zpzdpdx.  (2.7)

But we have:

§/ /%Z 2(o, p)dpdo = é/ 1222(0 p)dpdo = < (2%(0,1)—2%(0,0))do.
Trlop ’ QTploap ’ 2TF ’ ’

1

Thus from the compatibility condition (2.5), we get —*% I, fol zzdpdo =
= Jr, W* = 2*(0,1)) do. Therefore equation (2.7) becomes:

(V) V), = /a|v )Pdx — / / (o,1)d
Q N1

ti [ oo~ [ (oo
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To treat the last term in the preceding equation, Young’s inequality gives:

_/Flv(o)z(a,l)da < %/F 22 (a,l)da+%/r1 (0)do.

Therefore, we firstly get:

(AV, V)jf%—/ga\v(x)|2dx—(%+g>/rllv(a)|2da+(%—g)/ﬂzz(a, 1)do

<0

which writes

(V. V), +/Qalv(:c)]2dx — ul/r [v(0)|?do + (% - g) /r 2*(o,1)do < 0.

From the preceding inequality, we get:

(o= mn)vv) < —/Qayv(x)ﬁdx - (% - %) /F 20, )do. (2.8)

As (% — %) > 0 for all £ > &*, we finally get:

<<JZ/—,[L1]>V,V>% <0.

Thus the operator o7; = o — puy I is dissipative.
Now we want to show that VA > 0, V& > &, A\ — 7 is surjective. To prove
that, it is clear that it suffices to show that A\ — &7 is surjective for all A > 0.
For F = (f1, fo, f3, fo)T € 2, 1let V = (u,v,w, 2)T € 9 (&) solution of

(M — o)V =F,
which is:
Au—v = f17 (29)
A — Au+ av = fo, (2.10)
ou
Aw + Em + uz(l, 1) = fs, (2.11)
A+ =2, = fa. (2.12)
T

To find V = (u,v,w, 2)T € 2 (&) solution of the system (2.9)—(2.12), we
suppose u is determined with the appropriate regularity. Then from (2.9), we
get:

v=Au— fi. (2.13)
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Therefore, from the compatibility condition on I'y, (2.5), we determine z(., 0) by:
2(z,0) = v(x) = du(x) — fi(z), forxzel;.

Thus, from (2.12), z is the solution of the linear Cauchy problem:

{ 2p = T(f4(3:) — Az(x,p)), forx €Ty, pe(0,1), (2.14)
2(z,0) = Au(x) — fi(z).
The solution of the Cauchy problem (2.14) is given by:
o
2(z, p) = Mu(z)e ™" — fre M + 7'6’\’”/ falz, 0)er do (2.15)
0
for z € T'y, p € (0,1). So, we have at the point p =1,
2(z,1) = Mu(2)e™ + 2z (z), forx el (2.16)

with )
z(x) = —fre™ + Te_)‘T/ fa(z,0)e*7do, for x €T,
0

Since f1 € Hp () and f; € L*(T'y x (0,1)), then 2 € L*(I'y).

Consequently, knowing u, we may deduce v by (2.13), z by (2.15) and using
(2.16), we deduce w by (2.11). We recall that since V = (u,v,w, 2)T € 2 ()
we automatically get w = v, (v).

From equations (2.10), (2.11), and (2.13), v must satisfy:

AMA+a)u—Au=fo+(A+a)f;, inQ (2.17)
with the boundary conditions

u =0, on I'y (2.18)
ou

5 = f3 - )\Z(,O) - IUZ(., 1) on Fl'

Using the preceding expression of z(., 1) and the expression of v given by (2.13),
we have: 5
8_u =—(N+pre M) u+ f(z), forzel (2.19)
v
with
flz) = fs(x) + Mfi(x) — pzi(x), for z € I'y.

From the regularity of f3, fo, 21, we get f € L*(T).
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The variational formulation of problem (2.17), (2.18),(2.19) is to find u €
HY}, (2) such that:

/ AA + a)uw + VuVwdz + / (A + pre™7) u(o)w(o)do,
¢ b (2.20)
= /Q (fo+ (AN+a)f)wde + A f(o)w(o)do,

for any w € Hp, (€2). Since A > 0, p > 0, the left hand side of (2.20) defines a
coercive bilinear form on H}O(Q). Thus by applying the Lax-Milgram theorem,
there exists a unique u € Hy, () solution of (2.20). Now, choosing w € €.°, u is
a solution of (2.17) in the sense of distribution and therefore u € H?*(Q)NH} ().
Thus using the Green’s formula and exploiting the equation (2.17) on 2, we
obtain finally:

/Fl(AQ + pre M u(o)w(o)do +<%;w>r1 :/Flf(a)w(a)da Vw € H, ().

Sou € H*(Q)NH] () verifies (2.19) and we recover u and v and thus by (2.15),
we obtain z and finally setting w =", (v), we have found V = (u, v, w, 2)T € 2()
solution of (I — &)V = F.

Thus from the Lumer—Phillips’ theorem, there exists a unique solution
V € C(Ry; ) of the shifted problem (2.6). This completes the proof of
Theorem 2.1. O

Remark 2.2. According to the above the operator 7 generates a Cy semigroup
of contractions e*’? on JZ.

3. Asymptotic behavior

In this section, we show that if £ > &£*, the semigroup e*“* decays to the null
steady state with a polynomial decay rate for regular initial data. To obtain
this, our technique is based on a frequency domain method and combines a
contradiction argument with the multiplier technique to carry out a special
analysis for the resolvent.

Theorem 3.1. Let & > £*. Denote p; = % + 5 and oy = o — p1 1. Then
there exists a constant C' > 0 such that, for all Vo € D(y), the semigroup e
satisfies the following estimate

C
Hew‘i%H% < % Vol gy VE>0. (3.1)



310 K. Ammari and S. Gerbi

Remark 3.2. Let us notice that although the semigroup e*“¢ generates a poly-
nomial stability, we cannot conclude on the stability of the semigroup e*.

Indeed let us consider Vy € Z(.«7) and Vo = Vo— 11 Vp, and the two following
problems:

{v' =V V! _dd
VZ:O:VE) Vto—Vo

Given Vo = (ug, u1,v1(u1), 20)T € P(), the second problem writes in term of
V = <u7 U, N1 (ut)7 Z)T:

( 1 a+ fi
— A =0, €0, t>0
Ut 1+M1 u 1+N1 Ut xr
w(z,t) =0, xz€lo,t>0
0
w(x, t) + a—u(a:,t) + pz(z,1,t) — pug(z,t) =0, xzel'1,t>0
v
T2z, pt) + 2,(, p,t) + put2(w, p,t) =0, €, pe(0,1),t>0 (3.2)
2(2,0,t) —ug(z,t) =0, zel'1,t>0
w(z,0) — (1 — pp)up(z) =0, xz€)
ur(z,0) — (1 — pp)us(z) =0, x€f
\ 2(z,p,0) — (1 — 1) fo(z, —mp) = 0, z€T,pe(0,1).

We call this problem the “shifted” problem.
By Duhamel’s formula, we get:

—eHt V(t
Vi + () M
L+ m L+ 14w

t
Y (1) — / =) T (s)ds, Wt > 0. (3.3)
0

The first two terms of the right hand side of equation (3.3) tends to zero as ¢
tends to infinity. So we obtain:

V(t) ~ /O s T (s)ds.

1

We only know at this stage that HV(S)H@(%) tends to zero at least as s™2, and
thus ||V (t)||¢ () may tend to zero or blow-up in infinite time. We will illustrate
this behavior by numerical examples in 1D in the last section of this work.

Proof of Theorem 3.1. We will use the following frequency domain theorem for
polynomial stability from [10] (see also [8,38] for weaker variants) of a Cj semi-
group of contractions on a Hilbert space:
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Lemma 3.3. A Cy semigroup e** of contractions on a Hilbert space H satisfies
C
eVl < t—%HUoHD(ﬁ)

for some constant C > 0 and for 6 > 0 if and only if

p(L) D{iB | B € R} =R,

and .
lim sup @H(zﬂl — E)’IHHH) < 00, (3.4)

|Bl—o00
where p(L) denotes the resolvent set of the operator L.

Remark 3.4. In view of this theorem we need to identify the spectrum of 7, ly-
ing on the imaginary axis. Unfortunately, as the embedding of L? (T'y, H'(0, 1))
into L? (T'; x (0, 1)) is not compact, <7 has not a compact resolvent. Therefore
its spectrum o(e7;) does not consist only of eigenvalues of <7;. We have then to
show that :

1. if £ is a real number, then 51 — o7, is injective and
2. if B is a real number, then ¢8I — o7, is surjective.

It is the objective of the two following lemmas.
First we look at the point spectrum of ..

Lemma 3.5. If 5 is a real number, then i is not an eigenvalue of <.

Proof. We will show that the equation
Ayl =137 (3.5)

with Z = (u,v,w,2)" € 9(,;) and B € R has only the trivial solution.
Equation (3.5) writes :

(18 + p)u — v =0, (3.6)
(18 4 p1)v — Au+av =0,
9
(88 + p)w + 5 + pz(., 1) = 0,
(i + )= + %z,, _o. (3.7)

By taking the inner product of (3.5) with Z and using (2.8), we get:

R (< AyZ, 2 >5) < —/a o(2)[? dz — (i - ﬁ) =G D))? do.  (3.8)

Q 2T 2
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Thus we firstly obtain that:
v=0 and z(.,1)=0.

Next, according to (3.6), we have v = (i + p1) u. Thus we have u = 0; since
w="(v)=2z(.,0), we obtain also w=0 and z(.,0) =0. Moreover as z satisfies
(3.7) by integration, we obtain:

2(sp) = 2(, 0) e T,

But as z(.,0) = 0, we finally have z = 0. Thus the only solution of (3.5) is the
trivial one. ]

Next, we show that .o; has no continuous spectrum on the imaginary axis.

Lemma 3.6. Let £ > &*. If B is a real number, then i3 belongs to the resolvent
set p(sth) of .

Proof. In view of Lemma 3.5 it is enough to show that ¢4 — <7, is surjective.
For F = (f1, fo, f3, fo)T € 2, 1let V = (u,v,w, 2)T € 9 () solution of

(iBI — )V = F,

which is:
(i + pm)u—v=fi, (3.9)
(B + p)v — Au+ av = fy, (3.10)
(i5+u1)w+%+uz(.,1) = f3, (3.11)
(i 4 m)z + %zp = fu. (3.12)

To find V = (u, v, w, 2)T € D () solution of system (3.9)—(3.12), we suppose u
is determined with the appropriate regularity. Then from (3.9), we get:

v= (i + p1)u— fi. (3.13)

Therefore, from the compatibility condition on I'y, equation (2.5), we determine
z(.,0) by:

2(2,0) =v(x) = (if + p)u(z) — fi(z), forzely.
Thus, from (3.12), z is the solution of the linear Cauchy problem:

{Z( zp =7 (fa(z) = (iB+ m)z(z,p)), forzeTy, pe(0,1), (3.14)

x,0) = (i8 + p1)u(x) — fi(z).
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The solution of the Cauchy problem (3.14) is given by: for x € 'y, p € (0,1)

Z(l’,p) = (Z/B + M1)U<l’)€_(w+”1)m— — fle—(iﬁ'i-m)PT

+ 1o (iB+p)pr /p fale, a)e(iﬁﬂ“)‘”da. (3.15)
0
So, we have at the point p =1,
2(2,1) = (i + p)u(x)e” BT 42 (), forz €Ty (3.16)

with
1
2 () = — fre” BT 4 Te_(iBJ“’“)T/ falz,0)e 1T d  for x e Ty,
0

Since f; € Hp, () and fy € L*(I'y) x L*(0,1), then z; € L*(Ty).

Consequently, knowing u, we may deduce v by (3.13), z by (3.15) and using
(3.16), we deduce w by (3.11). We recall that since V = (u,v,w, 2)T € 2 ()
we automatically get w = v, (v).

From equations (3.10) and (3.11), w must satisfy:

(i8+p)(@f 4+ +a)u—Au= fo+ (if+ 1 +a)fi, inQ (3.17)
with the boundary conditions

u=0, on [y (3.18)
ou ,
By = f3— (i + p1)2(.,0) — pz(.,1), onT}y.

Using the preceding expression of z(., 1) and the expression of v given by (3.13),
we have:

@
ov
with

= —((iB 4 m)* + p(ip + ul)e’(w*‘“ﬁ) u+ f(x), forzely (3.19)

F(2) = fo() + (B + m) fi (@) — pr(a), forw €Ty,

From the regularity of f3, fo, 21, we get f € L*(T).
The variational formulation of problem (3.17), (3.18), (3.19) is to find
u € Hf () such that for any w € Hy (Q):

/Q ((zﬁ + 1) (@8 + p1 + a)uw + VchD) dx
+ /F ((iB + m1)” + p(iB + m)e” T u(o)w(o)do (3.20)

:A(f2+(iﬂ+u1+a)f1)wdx+ A flo)w(o)do.
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Multiplying the preceding equation by —if8 + u; leads to, for any w € H%O(Q):

/ (Iiﬁ + u [2(3B + py + a)uw + (=i + ,ul)VchD) dx
Q

+ [ [iB 4 ml* (iB + 1 + pe” FHITVu(0)w(o)do (3.21)
- /Q (=i + p)(fo + (B + i + @) fr)iode + / (=i + ) (0) (o) do.

Since p; > p > 0, the left hand side of (3.21) defines a coercive sesquilinear
form on H} (Q). Thus by applying the Lax-Milgram theorem, there exists a
unique u € H} () solution of (3.20). Now, choosing w € €:°, u is a solution of
(3.17) in the sense of distribution. Using the regularity of f; and fs, we finally
have u € H*() N Hy, (Q). Thus using the Green’s formula and exploiting the
equation (3.17) on €, we obtain finally: Yw € Hy, (),

/F (6B + p1)* + p(iB + p)e” P (o )w(o)do +<%; cu>F = f(o)w(o)do.

So u € H*(Q) N Hf () verifies (3.19). Then we recover v by equation (3.9)
and by equation (3.15), we obtain z. Finally setting w = v;(v), we have found
V = (u,v,w, 2)T € P () solution of (il — )V = F. O

The following lemma shows that (3.4) holds with £ = .o7; and 6 = 2.
Lemma 3.7. The resolvent operator of <, satisfies condition (3.4) for 6 = 2.

Proof. Suppose that condition (3.4) is false with § = 2. By the Banach-
Steinhaus Theorem (see [11]), there exist a sequence of real numbers 3, — +oo
and a sequence of vectors Z, = (Up, Up, Wy, 2,)" € D(oZy) with || Z,]|» = 1 such
that

182(iBpl — y) Zp||w — 0 asn — oo, (3.22)

ie.,
B (1B + 1) — vy) = fr = 0 in H (),
Br (iBntn — Aty + (1 + a)vp) = g, — 0 in L),

Otin

Bn ((zﬁn + p)wy, + 5  puzn(,1) ) = h, — 0 in LA(T), (3.23)

14

Bn, ((zﬂn + p1)zn + %@,zn) =k, —0 in L*T; x (0,1)) (3.24)

since 3, < 32.
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Our goal is to derive from (3.22) that || Z,||» converges to zero, thus there
is a contradiction.
We first notice that we have

B2 (i8] — 2q) Znl| e > |R ((Ba(iBn] — Ha) Zn, Zn) ) |-
Then, by (3.8) and (3.22),
Buvp — 0in L*(Q),  Bnza(., 1) — 0in L*(Ty),

and
u, — 0, Au, — 0in L*(Q) = wu, — 0 in H} (Q).

This further leads, by (3.23) and the trace theorem, to
w, — 01in L*(Ty). (3.25)

Moreover, since Z,, € D(47,;), we have, by (3.25),

2u(.,0) = 0in L*(Ty). (3.26)
We have
2n(ep) = 2n (., 0) e”WPnti)Te / it )(o-s) %(3) ds. (3.27)
0 n
This implies, according to (3.27), (3.26) and (3.24), that z, — 0in L*(T'; x (0, 1))
and clearly contradicts ||Z,] ,, = 1. O

The two hypotheses of Lemma 3.3 are proved by Lemma 3.7 and Lemma 3.6.
Then (3.1) holds. The proof of Theorem 3.1 is then finished. O

4. Changing the damping law

Let us consider now the same system as (1.1) but with a Kelvin—Voigt damping.
The system is given by:

( Uy — Au—alAu; =0, z€Q, t>0
u(z,t) =0, x€Tly, t>0

ou ouy
utt(x,t)—I—%(x,t)—FaE—k,uut x,t—7)=0, ze€l'y, t>0

(4.1)
—up(z) =0, z€Q

( )=0

0) )=0
ur(z,0) —up(x) =0, z€f
( )=0, xze€Tly, te(0,7).
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Which, as above, is equivalent to:

( Uy —Au—alu; =0, x€Q,t>0
u(z,t) =0, z€l(,t>0

it Yo, t)+pz(z,1,t) =0, zely,t>0

Y, )+
x a—
’ ov

0, z€l'y,pe(0,1),t>0

0
ug(, t)—i-%

T2z, p,t)+2,(x, p,t

)= (4.2)
2(x,0,t)—uy(x,t) =0, z€l,t>0
u(z,0)—up(z) =0, €
ur(z,0)—uy(z) =0, €
\ 2(x, p,0)— fo(x,—Tp) =0, x€ly,pe(0,1)

Let the operator 7, defined by:

U v
v Au+aAv
fdkv - 9
w —Gu 20—z (-, 1)
z —;Zp

The domain of @, is the set of V = (u,v,w, z)T such that:
(u,v,w,2)" € (HE, (Q) N H*(Q)) x HE (Q) x L*(Ty) x L* (T'1; H'(0,1)) (4.3)

g—v € L*(I')
w="(v)= 2(-,0) onT}y. (4.4)

Notations: For ¢ € R, we define:

RPN . R L1

(4.5)
ueH} (9) [ wl|3

Cq(c) is the first eigenvalue of the operator —A under the Dirichlet—Robin
boundary conditions:
u(z) =0 zely
0 4.6
83()+Cu(>_0 rel. (4.6)

From Kato’s perturbation theory [30] (see also [31, Theorem 1.3.1]), Cq(c) is a
continuous increasing function. From Poincaré inequality and the continuity of
the trace operator 7, we have Cq(0) > 0 and Cq(c) — —oo as ¢ — —oo. Thus
it exists a unique ¢* < 0 such that:

Co(c*) = 0. (4.7)

In the following, we fix £ = p7 in the norm (2.3). We will see in the next
result why this choice is well adapted.
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Theorem 4.1. Suppose that a and p satisfy the following assumption:
pw < |cla. (4.8)

Then, the operator <, generates a Cy semigroup of contractions on J€. If,
in particular, Vo € J, then there exists a unique solution V € C(Ry; ) of
problem (4.1). Moreover, if Vo € D (<), then

Vel Ry; 2 () NCH (R ).

Proof. To prove Theorem 4.1, we use again the semigroup approach and the
Lumer—Phillips’ theorem.

For this purpose, we show firstly that the operator %, is dissipative. In-
deed, let V = (u,v,w,2)T € 9 (,). By definition of the operator .2, and
the scalar product of 77, we have:

(A V. V) = [ VuVude + [,v(Au+ aAv) dx
+ Jpw (=5 — a8t — pz(0,1)) do fr fo zz,dpdo.

Applying Green’s formula and the compatibility condition w = 7;(v), we obtain:

(MWV,V>%:—M/ z(a,l)wda—a/ Vol dm——/ / z,zdpdr. (4.9)
I Q r,

But we have:

A //
= 2,2(0,p)dpdo = = (g, p) dpdo
T Jr, Jo P( ) IRt 8p

27_ . ( (0,1) — 2*(o, 0))d

Thus from the compatibility condition (4.4), we get:

1
—é/ / zpzdpdazi (v* = 2*(0,1)) do
T Jr, Jo 27 Jr,

Therefore equation (4.9) becomes:

£

2d0

(s V, V) ——a/|Vv] dw~|—

z;/ (0, 1)dor — Al<)(@mda

To treat the last term in the preceding equation, Young’s inequality gives:

_ﬁprwﬂmgg%Af%@nm+%£fﬂ@w.
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Therefore, we firstly get:

20 (S L 2 & _n 2 <
(;zf;wV,V)yf—l—a/Q]Vv\ dx <27_+2>/Flv d0+(27_ 2)/1“12 (0,1)do <0

At this point, as £ = ut, the previous inequality becomes:

(s V, V) + a/ \Vol|* dz — u/ v?do < 0.
E Q r,
Denoting now ¢ = —£, we get (#,,V,V) , +a (fQ \Vo|* dz + ¢ fr, v2d0) <0.
By definition (4.5), we thus get:

(V. V) o+ aCal0)||v]5 < 0. (4.10)

From assumption (4.8), Cq(c) > 0. This inequality proves that the operator
is dissipative. To show that Al — @7, is surjective for all A > 0, we easily
adapt the proof of Theorem 2.1.

The proof of Theorem 4.1, follows from the Lumer—Phillips’ theorem. [

Moreover the semigroup operator e*“v is exponential stable on J#. We
have the following result.

Theorem 4.2. Suppose that the assumption (4.8) is satisfied. Then, there
exists C,w > 0 such that for all t > 0 we have

i

e < Ce v,
[ )

L
Remark 4.3. We note here that, in this case where the damping operator is
sufficiently unbounded for controlling the delay one, we obtain the exponential
stability result.

Note that without internal damping (i.e., if a =0, the previous model is
destabilized for arbitrarily small delays for every value p1> 0, see [20]. Thus, the
internal damping —aAwu,; makes the system robust with respect to time delays in
the boundary condition if the coefficient a is sufficiently large with respect to pu.

Remark 4.4. In the recent work of Nicaise and Pignotti, [41], they studied
the existence and stability of a problem closely related to problem (4.1). They
obtain a slightly different condition to ensure the existence and the stability.
Namely, let us define Cp, a sort of Poincaré constant, by:

2
u

Cre ap 1Bry

ueH} (2) Vul3
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By using the semigroup approach and the Lumer—Phillips’ theorem they proved
the global existence of the solution and by using an observability inequality they
proved the exponential stability under the condition:

uCp < a.

A simple argument shows that C—IP > |¢*|. Thus the bound for the damping
coefficient a obtained in this work is of the same type that the one obtained by

Nicaise and Pignotti.

Proof of Theorem 4.2. We will employ the following frequency domain theorem
for exponential stability from [48] of a C semigroup of contractions on a Hilbert
space:

Lemma 4.5. A Cy semigroup e'* of contractions on a Hilbert space H satisfies,
for allt >0,
| ey < Ce™!

for some constant C,w > 0 if and only if

p(L) D{iB | B € R} =R,

and
limsup ||(i8] — £) | 2@ < 00, (4.11)

|B]—00
where p(L) denotes the resolvent set of the operator L.

The proof of Theorem 4.2 is based on the following lemmas. For the same
reason as before (see Remark 3.4), we have to show that there is no eigenvalue
lying on the imaginary axis and that .27, has no continuous spectrum on the
imaginary axis.

We first look at the point spectrum.

Lemma 4.6. If (8 is a real number, then i3 is not an eigenvalue of <y, .

Proof. We will show that the equation
Ayl = i 7 (4.12)

with Z = (u,v,w, 2)T € 9(,) and B € R has only the trivial solution. System
(4.12) writes:

v =1ifu (4.13)
Au+aAv =ifv (4.14)
ou ov ,
~5, " g, ~H? (1, 1) =ifw (4.15)
——z, =1ifz. (4.16)
-
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Let us firstly treat the case where § = 0. From (4.13), we deduce that v = 0 and
from the compatibility condition (4.4), we deduce that w = 0 and z(.,0) = 0.
From (4.16), we obtain that z(., p) = 0. Replacing v and z in (4.15) by 0 and
using (4.14) with v = 0, since u € H{ () N H*(Q), we finally deduce that
u = 0. Thus in the case where = 0, the only solution of (4.12) is the trivial
one.

Let us suppose now that 3 # 0. Denoting now ¢ = —£, by taking the inner
product of (4.12) with Z, using the inequality (4.10) we get:

R(< A2, Z >0) < —aColc)||v]2- (4.17)

From assumption (4.8), Cq(c) > 0 and thus we obtain that v = 0. Thus from
(4.13), we deduce that u = 0.

Next, since we have w = v;(v), we also have w = 0. Moreover as we have
w = z(.,0), we get: z(.,0) = 0. From (4.15) we also have z(.,1) = 0. As z
satisfies (4.16), we get the following identity:

2(.,p) = e PP4(.,0).
Thus the only solution of (4.12) is the trivial one. O

By the same way, as in Lemma 3.6, we show that %, has no continuous
spectrum on the imaginary axis.

Lemma 4.7. If X is a real number, then i\ belongs to the resolvent set p(2y.,)

of ey
Lemma 4.8. The resolvent operator of <., satisfies condition (4.11).
Proof. Suppose that condition (4.11) is false. By the Banach—Steinhaus Theo-

rem (see [11]), there exist a sequence of real numbers 5, — +o0 and a sequence
of vectors Z,, = (Up, Vp, W, 2n)T € D () with || Z,||» = 1 such that

(180l — o) Zu|| 0 — 0 as n — oo, (4.18)
ie.,
(iBpun — vy) = fo — 0 in Hp (), (4.19)
(iBavn — Au, — alv,) = g, — 0 in L*(Q), (4.20)
, ou, ov,, _ . o
(zﬁnwn + B + ap + pzn (., 1)) =h, -0 in L*(I'y), (4.21)

1
(iﬂnzn + —apzn) =l =0 in L3Iy x (0,1)).  (4.22)
T
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Our goal is to derive from (4.18) that || Z,||» converges to zero, thus there
is a contradiction. We first notice that we have

||(Zﬂn1_ 'kav)ZnHe)?” > |%(<<Zﬁnl - "Q{kv)vaanf) |

Thus by (4.17) and (4.18), v, — 0in L*(Q2). From (4.19), u, — 0 in L*(Q).
But we also have,

Au, — 0in L*(Q) and Av, — 0in L*().
Thus we firstly obtain:
u, — 0in Hp () and v, — 0 in Hf (). (4.23)
By the trace theorem, we have:
w, =y(v,) =0 in L*(Ty). (4.24)
Moreover, since Z,, € D(Hy), Wy = z,(.,0). Thus we get:
20(.,0) = 0 in L*(I'y). (4.25)
Now from (4.21), we also have:
Zu(.,1) = 0 in L*(Iy).

As the following identity z,(.,p) = 2z,(.,0)e™ " 4 7 [P ™=k, () ds
holds, according to (4.22), (4.25) we finally have:

z, — 0 in L*(Ty x (0,1)). (4.26)

Identities (4.23), (4.24) and (4.26) clearly contradicts the fact that, for all n € N,
1Znll o = 1. =

The two hypotheses of Lemma 4.5 are proved. The proof of Theorem 4.2 is
then finished. O

5. Comments and numerical illustrations

To illustrate numerically the results presented in this paper, we present numer-
ical simulations for problem (1.1) and for the Kelvin—Voigt damping, namely
problem (4.1), in 1D. So let us consider 2 = (0,1), I'y = {0}, I'; = {1}.

To solve numerically problem (1.1) (resp. problem (4.1)), we have to con-
sider its equivalent formulation, namely problem (2.2) (resp. problem (4.2)),
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which writes in the present case:

( Uy — Uggy +auy =0, ze€(0,1), t>0
u(0, ) :o, >0
(1, 8) + ur(1,t) + pz(z, 1,t) = t>0
T2(1, p, 1) + 25(1, p, t) = 0, pe(0,1), t>0,
< 2(1,0,t) = w(1,¢t) t>0
u(z,0) =up(x) x€(0,1)
u(z,0) =uy(x) x€(0,1)
\ 2(1,p,0) = fo(1,=7p) = 0 pe(0,1).

A 1D formulation of the “shifted” problem (3.2) as well as the Kelvin—Voigt
damping problem, problem (4.2) is of the same type.

As the stability result that we have presented in this work, namely Theo-
rem 3.1, is a stability result for the “shifted” problem (3.2), we have to perform
numerical simulations for both problems: the original one, problem (1.1) and
the “shifted” problem (3.2).

For this sake, to avoid a CFL condition between the mesh size and the time
step, we decided to discretize the different problems by implicit first order in
time, and finite difference method in space. For every simulations the numerical
parameters are the following:

T=2 £=2", Ax—QO, Ap = 2 3, At=0.1
up(r) = uy(x) = 2™, fo(1, p) = erel®.

For every time ¢ > 0, we denote E(t) = H(u(.,t),ut(.,t),ut(Lt),z(l, .,t))TH

The choice of ug, uy, fo ensures a large initial energy.

In Figure 1 and Figure 2, we present the resulting simulation for the original
problem and the “shifted” one.

Let us first notice that the convergence rate for the shifted problem is bet-
ter than the one expected: we have proved a polynomial decay rate whereas
numerically, we observe an exponential decay rate. This is probably due two
facts:

1. the particular case of the dimension 1 as proved recently by G. Q. Xu,
S. P. Yung and L. Kwan Li [50].
2. the numerical diffusion participates to the exponential stability as for the
Kelvin—Voigt damping.
Moreover, as it was conjectured in Remark 3.2, the “shifted” problem con-
verges for a large set of parameters a and p whereas the original problem does
not and even worse, it exhibits an exponential growth.
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Figure 1: Energy (in -log scale) versus time: influence of p.
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Figure 2: Energy (in -log scale) versus time: influence of a.

In Figure 3, we present the simulations for the case of the Kelvin—Voigt
damping for which we have proved that under the condition u < |¢*|a, we have
an exponential decay rate.

From equations (4.6) and (4.7), the constant ¢* must satisfy:

Ugy = Oa

u(0) =0,

Thus we obtain ¢*

x € (0,1),
uz (1) + c*u(l) = 0.

—1. Let us first notice that even though the condition

between a and p is not fulfilled, we have an exponential decay of the solution.
This is also probably due to the particular case of the dimension 1 as well.
Secondly it seems that numerically the convergence rate does not depend on
the parameter pu.



324

Kelvin-Voigt damping. p = 1.00, 7 = 2.00 Kelvin-Voigt damping. a = 1.00, 7 = 2.00

K. Ammari and S. Gerbi

Vs
0oL LoD
BRI == OO0
OO~ ITBOO~IUTD)|
NN

1

1

=

==

COoOOOOOOOO

© 00T U LN — O

-l
yd 224

_ 150t
by

]

S

" 100

L L L L L , _50 L L L L L ,
50 100 150 200 250 300 0 50 100 150 200 250 300
Time t Time t

(a) Influence of a (b) Influence of

Figure 3: Energy (in -log scale) versus time.

Acknowledgement. The authors wish to thank Région Rhone-Alpes for the
financial support COOPERA-CMIRA. We thank the anonymous reviewers for
their careful reading of our manuscript and their many insightful comments and
suggestions.

References

1]

Abbas, Z., Ammari, K. and Mercier, D., Remarks on stabilization of second-
order evolution equations by unbounded dynamic feedbacks. J. Fvol. Equ. 16
(2016), 95 — 130.

Ait Benhassi, E. M., Ammari, K., Boulite, S. and Maniar, L., Feedback sta-
bilization of a class of evolution equations with delay. J. Evol. Equ. 9 (2009),
103 — 121.

Ait Benhassi, E. M., Ammari, K., Boulite, S. and Maniar, L., Exponential en-
ergy decay of some coupled second order systems. Semigroup Forum 86 (2013),
362 — 382.

Ammari, K. and Nicaise, S., Stabilization of elastic systems by collocated feed-
back. Lect. Notes Math. 2124. Cham: Springer 2015.

Ammari, K., Nicaise, S. and Pignotti, C., Feedback boundary stabilization of
wave equations with interior delay. Systems Control Lett. 59 (2010), 623 — 628.

Andrews, K. T., Kuttler, K. L. and Shillor, M., Second order evolution equa-
tions with dynamic boundary conditions. J. Math. Anal. Appl. 197 (1996),
781 — 795.

Bardos, C., Lebeau, G. and Rauch, J., Sharp sufficient conditions for the obser-
vation, control, and stabilization of waves from the boundary. SIAM J. Control
Optim. 30 (1992), 1024 — 1065.



8]
[9]

[10]

[16]

[17]

[18]

Interior Feedback Stabilization of Wave Equations 325

Batty, C. J. K. and Duyckaerts, T., Non-uniform stability for bounded semi-
groups on Banach spaces. J. Evol. Equ. 8 (2008), 765 — 780.

Beale, J. T., Spectral properties of an acoustic boundary condition. Indiana
Univ. Math. J. 25 (1976), 895 — 917.

Borichev A. and Tomilov, Y., Optimal polynomial decay of functions and op-
erator semigroups. Math. Ann. 347 (2010), 455 — 478.

Brezis, H., Analyse Fonctionnelle. Théorie et Applications (in French).
Collect. Math. Appl. Maitrise. Paris: Masson 1983.

Budak, B. M., Samarskii, A. A. and Tikhonov, A. N.; A Collection of Prob-
lems on Mathematical Physics. Translated by A. R. M. Robson. New York:
Macmillan 1964.

Carroll R. W. and Showalter, R. E., Singular and Degenerate Cauchy Problems.
Math. Sci. Engrg. 127. New York: Academic Press 1976.

Castro, C. and Zuazua, E., Boundary controllability of a hybrid system consist-
ing in two flexible beams connected by a point mass. SIAM J. Control Optim.
36 (1998), 1576 — 1595.

Chen, G., Energy decay estimates and exact boundary value controllability for
the wave equation in a bounded domain. J. Math. Pures Appl. (9) 58 (1979),
249 — 273.

Chen, S., Liu, K. and Liu, Z., Spectrum and stability for elastic systems
with global or local Kelvin—Voigt damping. SIAM J. Appl. Math. 59 (1999),
651 — 668.

Conrad, F. and Morgiil, O., On the stabilization of a flexible beam with a tip
mass. SIAM J. Control Optim. 36 (1998), 1962 — 1986.

Datko, R., Not all feedback stabilized hyperbolic systems are robust with re-
spect to small time delays in their feedbacks. SIAM J. Conitrol Optim. 26
(1988), 697 — 713.

Datko, R., Two questions concerning the boundary control of certain elastic
systems. J. Diff. Equ. 92 (1991), 27 — 44.

Datko, R., Two examples of ill-posedness with respect to time delays revisited.
IEEE Trans. Automat. Control 42 (1997), 511 — 515.

Datko, R., Lagnese, J. and Polis, M. P., An example on the effect of time delays
in boundary feedback stabilization of wave equations. STAM J. Control Optim.
24 (1986), 152 — 156.

Doronin, G., Larkin, N. and Souza, A., A hyperbolic problem with nonlinear
second-order boundary damping. Electron. J. Diff. Equ. (1998), No. 28, 10 pp.

Doronin, G. and Larkin, N. A., Global solvability for the quasilinear damped
wave equation with nonlinear second-order boundary conditions. Nonlinear
Anal. 50 (2002), 1119 — 1134.

Dreher, M., Quintanilla, R. and Racke, R., Ill-posed problems in thermome-
chanics. Appl. Math. Lett. 22 (2009), 1374 — 1379.



326

[25]

[26]

[27]

K. Ammari and S. Gerbi

Grobbelaar-Van Dalsen, M., On fractional powers of a closed pair of operators
and a damped wave equation with dynamic boundary conditions. Appl. Anal.
53 (1994), 41 — 54.

Grobbelaar-Van Dalsen, M., On the solvability of the boundary-value problem
for the elastic beam with attached load. Math. Models Meth. Appl. Sci. 4
(1994), 89 — 105.

Grobbelaar-Van Dalsen, M., On the initial-boundary-value problem for the
extensible beam with attached load. Math. Methods Appl. Sci. 19 (1996),
943 — 957.

Grobbelaar-Van Dalsen, M., Uniform stabilization of a one-dimensional hybrid
thermo-elastic structure. Math. Methods Appl. Sci. 26 (2003), 1223 — 1240.

Grobbelaar-Van Dalsen, M. and Van Der Merwe, A., Boundary stabilization
for the extensible beam with attached load. Math. Models Methods Appl. Sci.
9 (1999), 379 — 394.

Kato, T., Perturbation Theory for Linear Operators. Classics Math. Berlin:
Springer 1995.

Kennedy, J. B., On the isoperimetric problem for the Laplacian with Robin
and Wentzell boundary bonditions. PhD thesis, School of Mathematics and
Statistics, Univ. of Sydney (2010).

Kirane, M., Blow-up for some equations with semilinear dynamical boundary
conditions of parabolic and hyperbolic type. Hokkaido Math. J. 21 (1992),
221 — 229.

Lagnese, J., Decay of solutions of wave equations in a bounded region with
boundary dissipation. J. Diff. Equ. 50 (1983), 163 — 182.

Lagnese, J. E., Note on boundary stabilization of wave equations. SIAM
J. Control Optim. 26 (1988), 1250 — 1256.

Littman, W. and Markus, L., Stabilization of a hybrid system of elasticity by
feedback boundary damping. Ann. Mat. Pure Appl. (4) 152 (1988), 281 — 330.

Liu, K. and Liu, Z., Exponential decay of energy of the Euler-Bernoulli beam
with locally distributed Kelvin—Voigt damping. SIAM J. Control Optim. 36
(1998), 1086 — 1098.

Liu, K. and Liu, Z., Exponential decay of energy of vibrating strings with local
viscoelasticity. Z. Angew. Math. Phys. 53 (2002), 265 — 280.

Liu, Z. and Rao, B., Characterization of polynomial decay rate for the solution
of linear evolution equation. Z. Angew. Math. Phys. 56 (2005), 630 — 644.

Nicaise, S. and Pignotti, C., Stability and instability results of the wave equa-
tion with a delay term in the boundary or internal feedbacks. SIAM J. Control
Optim. 45 (2006), 1561 — 1585.

Nicaise, S. and Pignotti, C., Stabilization of the wave equation with boundary
or internal distributed delay. Diff. Int. Equ. 21 (2008), 935 — 958.



Interior Feedback Stabilization of Wave Equations 327

[41] Nicaise, S. and Pignotti, C., Exponential stability of second-order evolution
equations with structural damping and dynamic boundary delay feedback. IMA
J. Math. Control Inform. 28 (2011), 417 — 446.

[42] Nicaise, S. and Valein, J., Stabilization of second order evolution equations
with unbounded feedback with delay. ESAIM Control Optim. Calc. Var. 16
(2010), 420 — 456.

[43] Nicaise, S., Valein, J. and Fridman, E., Stability of the heat and of the
wave equations with boundary time-varying delays. Discrete Contin. Dyn.
Syst. Ser. S 2 (2009), 559 — 581.

[44] Omo, K., On global existence, asymptotic stability and blowing up of solutions
for some degenerate nonlinear wave equations of Kirchhoff type. Math. Methods
Appl. Sci. 20 (1997), 151 — 177.

[45] Pellicer, M., Large time dynamics of a nonlinear spring-mass-damper model.
Nonlin. Anal. 69 (2008), 3110 — 3127.

[46] Pellicer, M. and Sola-Morales, S., Analysis of a viscoelastic spring-mass model.
J. Math. Anal. Appl. 294 (2004), 687 — 698.

[47] Pellicer, M. and Sola-Morales, S., Spectral analysis and limit behaviours in a
spring-mass system. Comm. Pure Appl. Anal. 7 (2008), 563 — 577.

[48] Priiss, J., On the spectrum of Cy-semigroups. Trans. Amer. Math. Soc. 284
(1984), 847 — 857.

[49] Ruiz Goldstein, G., Derivation and physical interpretation of general boundary
conditions. Adv. Diff. Equ. 11 (2006), 457 — 480.

[50] Xu, G. Q., Yung, S. P. and Li, L. K., Stabilization of wave systems with input
delay in the boundary control. ESAIM Control Optim. Calc. Var. 12 (2006),
770 — 785.

[51] Zhang, H. and Hu, Q., Energy decay for a nonlinear viscoelastic rod equa-
tions with dynamic boundary conditions. Math. Methods Appl. Sci. 30 (2007),
249 — 256.

[52] Zuazua, E., Exponential decay for the semilinear wave equation with locally
distributed damping. Comm. Partial Diff. Equ. 15 (1990), 205 — 235.

Received February 9, 2016; revised September 26, 2016



