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Kernel Estimates for Schrodinger Type
Operators with Unbounded Diffusion
and Potential Terms
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Abstract. We prove that the heat kernel associated to the Schrodinger type operator
A= (1+ |z|*)A — |z|? satisfies the estimate
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for t > 0, |z|,|y| > 1, where c;, ¢y are positive constants and b = g;ztg provided that

N >2 a>2and > a—2. We also obtain an estimate of the eigenfunctions of A.
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1. Introduction

In this paper we consider the operator
Au(z) = (1 + |2 Au(x) — |z|’u(r), =€ RY,

for N > 2 a>2and f > a— 2. We propose to study the behaviour of the
associated heat kernel and associated eigenfunctions.

Recently several paper have dealt with elliptic operators with polynomially
growing diffusion coefficients (see for example [3,4,6,7,9-11,13-16]).

In [11] (resp. [3]) it is proved that the realization A, of A in LP(RY) for
1 < p < oo with domain

Dy(A) = {u € WH(RY) | (1 + |o|)[D%u], (1 + o) s Vu, 2w € L7(RY) }
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generates a strongly continuous and analytic semigroup 7,(-) for a € [0, 2] and
B > 0 (resp. @ > 2 and f > a—2). This semigroup is also consistent, irreducible
and ultracontractive. For the case § = 0 we refer to [7,13].

Since the coefficients of the operator A are locally regular it follows that
the semigroup 7,(-) admits an integral representation through a heat kernel

k(t,z,y)
T, (t)u(z) =/ k(t,z,y)u(y)dy, t>0, z€RY,
RN

for all uw € LP(RY) (cf. [2,12]).

In [11] estimates of the kernel k(¢,z,y) for a € [0,2) and 8 > 2 were
obtained. Our contribution in this paper is to show similar upper bounds for
the case @« > 2 and § > a — 2. Our techniques consist in providing upper
and lower estimates for the ground state of A, corresponding to the largest
eigenvalue \g and adapting the arguments used in [5].

The paper is structured as follows. In Section 2 we prove that the eigen-
function ¢ (z) associated to the largest eigenvalue )y can be estimated from
below and above by the function

o T VR for o] > 1,

In Section 3 we introduce the measure du = (1 + |2|*)~'dz for which the
operator A is symmetric and generates an analytic semigroup (which is a Markov
semigroup) with kernel

ku(t,z,y) = (14 [2|*)k(t, 2, y).

Adapting the arguments used in [5,11], we show the following intrinsic ultra-
contractivity

ku(t,z,y) < clekoteczt_bw(a:)w(y), t>0,z,yecRY,

where c1, co are positive constant, b = g;gf;, provided that N > 2, a > 2 and

B > a — 2. So one deduces the heat kernel estimate

N-1_ p—«a
B-o+2 —Nol_ e Boatd
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for t > 0, |z|,|y| > 1. As an application we obtain the behaviour of all eigen-
functions of A, at infinity. With respect to ¢t we prove the following sharp
estimates

2—N 2—N
4

ku(t,x,y) < CE2 (T4 2] 7 (14 [y[*)
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for 0 <t <1and z,y € RY. Here we use the results in [14] and weighted Nash
inequalities introduced in [1]. We end this section by giving a brief description
of how to extend the heat kernel estimates to a more general class of elliptic
operators in divergence form.

In the sequel we denote by Br C RY the open ball, centered at 0 with
radius R > 0.

2. Estimate of the ground state v

We begin by estimating the eigenfunction ¢ corresponding to the largest eigen-
value A\g of A. First we recall some spectral properties obtained in [3,11].

Proposition 2.1. Assume N > 2, a« > 2 and § > o — 2 then
(i) the resolvent of A, is compact in LF(RY);

(i) the spectrum of A, consists of a sequence of negative real eigenvalues which
accumulates at —oo. Moreover, o(A,) is independent of p;

(iii) the semigroup T,(-) is irreducible, the eigenspace corresponding to the
largest eigenvalue Ny of A, is one-dimensional and is spanned by strictly
positive functions ¥, which is radial, belongs to C{ " (RY) N C2(RY) for
any v € (0,1) and tends to 0 when |x| — oo.

We can now prove upper and lower estimates for ). We note here that
the proof of [11, Proposition 3.1] cannot be adapted to our situation. So, we
propose to use another technique to estimate .

Proposition 2.2. Let \y < 0 be the largest eigenvalue of A, and ) be the
corresponding eigenfunction. If N > 2, o« > 2 and 8 > o — 2 then

B—a+2 _ B—a+2
il T T el < () < Cyla| TR

for any x € RN\ By and some positive constants Cy, Cs.

Proof. Since the eigenfunction is radial, we have to study the asymptotic be-
havior of the solution of an ordinary differential equation. We follow the idea
of the WKB method (see [17]), but since the error function is not bounded we
need to compute it directly.

Let f, 5. be the function

N1 E ||
fapr(z) = |:p|_2h_4(|m|)exp{—/R h2(s)d8—/R v,\(s)ds},

where A € R, h(r) =
If we set

#, and v, is a smooth function to be chosen later on.

N—-1

w(r) =72 fapa(r), (1)
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then /
w'—w(—E—hé—UA) and w” =w(g+m+h), (2)
where )
5 h/ h// 9 h/ 1 ,
9_1_6<E) —E+U)\+v,\<ﬁ+2h>—v)\—m (3)
nd (N = 1)(N —3)
m(r) == 2 )
On the other hand, taking in mind (1) we also obtain
N-1 N -1 N—-1)(N-3
w'(r) =12 (fg,ﬁ)\ + Tféz,ﬂ)\ + ( 4)7,‘(2 )fa,ﬁ,k) : (4)

Comparing (2) and (4) we get

N -1 re
" !/
+ _— = —Ja + @ .
fa,ﬁ,)\ r fOé,ﬁ,A 1 + Ta f 7/87)‘ gf ’57)‘

That is
|z|”

Afapr(z) — T4

fapa (@) = g(|7]) fasr ().

To evaluate the function g we set £ = B%a + 1, which is positive by the condition
8> a — 2. We have

noo1 1 h” 1
Z = Z(8— Z0(r—® I =
h 7,.(5 Oé) + r (r )7 h r2

Then (3) is reduced to

(5~ a)(8 —a—1)+ 5O().

g(r)

@ 1
:—v’ﬁ% (5—1+O(ra)+2vﬂ/ —1_:Ta>+?f,2\+%+r—2(0(rO‘)+O(7’2“))

(14+72)2 —r$

1 (5)
)+ 22— o)
(14r>)2 reor

:_UA’+U_A<‘L1+O(T“‘>+27”5—27”é
.

o, W ¢ E\O) (=0 2, % 150 a
==l +—= ({1427 + (14700 %) ) o3+ 5+ 50007,

where ¢y = ¢(§) = (5%1)2 + 5 - Mﬂ. So, if we take in (5)
S
un(r) = Zcim, r>1,

=1
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we obtain
k k
r2g(r) = Zci(if + 1)% +(&—-1) Z =T QZC,+1
- 1 k—1 . 1
-+ <Zl Ci?“ -+ Z Cit1 15) _a) + z_:l Ciij “+co + O(T’_a)
k—1 c o

(14 1)+ 2¢41 + Z CicCs + (2¢1€ 4 2¢0)r™

J+s=i

1
+ cp(k + 1)ﬁ +2¢; + § (W)g +co+O0(r ?).
i+j>k

We can choose ¢y, ..., c; such that

2c1 +cg =N, 2c1€ +2¢co =0 and

i+ 1)ei+ 2041+ ) cjcsl —0

J+s=i

fori=2,...,k — 1 and obtain

2 CiCj ro
r2g(r) = A+ cpé(k + 1) +ZT(W ).
i+j>k

1 1 A
g9(r) =0 (rk£+2) +0 (T-a+2> + 2

Since & > 0 there exists k£ € N such that k£ +2 — a > 0. So we have

Thus,

o 1+ |a]*
(1+ |2 A fapa(@) = 2] fapa(@) = o(1) fapa(z) + A PE Japa(x). (6)
We prove first the upper bound. For v we know that
|z Ao
Ay — — =0. 7
v 1+‘$’a¢ 1—1—\:16]&1/} (")
Since « —2 > 0 and Ay < 0, for |z| large enough we have o(1) + 2207 1+|x| < Ao-
Then, by (6), it follows that
(14 [2[*)A fapore (@) = 217 fap200 (%) < Ao fa,20-
Thus,
kil Ao
A (0% - T L Ja - T L] 07 8
f 75,2)\0(1‘) 1+ |£L'|af 76,2)\0('1.) 1+ |$|af 75,2)\0(1‘) < ( )
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in RY \ By for some R > 0. Comparing (7) and (8), in RY \ Bg we have

/\0 + |JJ|B

Afapor, — Cib) < 201710
(f 8,2 ¢) 1+|l’|a

(fap2rno — Ct)  for any constant C' > 0.

Since § > 0, we have

)\0 + ’.%"8

1+ |x|«

for |x| large enough. Since both f, g2y, and ¢ tend to 0 as || — oo and since
there exists Cy such that ¢ < Cyf, 52y, on 0Bg, we can apply the maximum
principle to the problem

Ag(x) — W(x)g(x) <0 in RN\ By,
g(z) >0 in OBkg,
lim g(z) =0,

|z| =00

W(z) :=

where g 1= fa 2, — 02_1@0, to obtain ¢ < Cyfq 5.2), I RY \ Bg. Here one has
to note that since lim; o g(x) = 0, one can see that the classical maximum
principle on bounded domains can be applied, cf. [8, Theorem 3.5]. Then,

1 E m
@D(I') < CQ|:E|_NT % —a) exp{ / 1—{—ra dr}exp{ /UQ)\O(T)dT}
5 el [ 8
S CS|I|_NT_%(5_O‘) eXp{—/R 1:—7’0‘ dr},

|| k k

lim un(r)dr = lim R7I& — |g|73¢ G R, 9
dm [t = i 3SR~ ol =35 ©

since

As regards lower bounds of 1, we observe that, from (6), we have

2| o(1) Ao
A o - T i Ja = 7 - Ja > —Ja
f ’g,g(l’) 1+|ZE|O‘f ,570(1’) 1+|$|af 75,0(‘7;) 1+’I|O‘f ,5,0(x>
if |z| > R for some suitable R > 0. Then,
2| Ao
A (63 T L] T L]
f ,5,()( ) 1—|—|I|o‘f ,570(1')4- 1—|—|J,’|O‘f ,5,0<x>
Since 1+/\|—§|a¢ = A¢(x) — 1J‘:“"‘|f|a¢ we have
z|? + A
Mfugo—8) > X205 o)

14 [z
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We can assume that |x|® + )\ is positive for |x| > R and, arguing as above, by
the maximum principle and using (9) we get

_M_l(g_ ) || Tﬁ
(x) = Crfapo(z) = Crlz[~ 2 737 Y exp _/R T @

for |#| > R. Since 0 < ¢ € C(RY), by changing the constants, the above upper
and lower estimates remain valid for 1 < |z| < R. This ends the proof of the
proposition. ]

3. Intrinsic ultracontractivity and heat kernel estimates

Let us now introduce on L7 := L*(RY, dy) the bilinear form

a,(u,v) = /RN Vu-Vudr + /RN Vuvdu, wu,v € D(a,), (10)

Ao E

where V(z) = |z|?, du(z) = (1 + |2|*)~'dz and D(a,) = C=(RN) with H
the Hilbert space

2. y/% 2 2/ mN\\N
H:{ueL#.V we L2, Vu e (LARY)) }
endowed with the inner product
(u,v) g = / (14 V)uvdu + Vu - Vudz.
RN RN

Since a,, is a closed, symmetric and accretive form, to a, we associate the self-
adjoint operator A, defined by

D(A,) = {u € D(a,) :3g € Li s.t. ay(u,v) = —/ gudu, Yv € D(au)} :
RN

Anu =g,

see e.g., [18, Proposition 1.24]. By general results on positive self-adjoint oper-
ators induced by nonnegative quadratic forms in Hilbert spaces (see e.g., [18,
Proposition 1.51, Theorems 1.52, 2.6, 2.13]) A, generates a positive analytic
semigroup (e#);>q in L2.

We need to show that the semigroup e coincides with the semigroup 7, ()
generated by A, in L?(RY) on LP(RY) N L2.
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Lemma 3.1. We have

D(A,) = {u € D(a,) N W22(RN) (1+|z|Y)Au — V(x)u € Li}

loc

and Ayu = (1 + |z|*)Au — V(z)u for u € D(A,). Moreover, if X > 0 and
felP(RN)N L2, then

O‘ - Au)ilf = ()‘ - Ap)ilf-

Proof. The inclusion “C” is obtained, taking v € C°(R”) in (10), by local ellip-
tic regularity. As regards the inclusion “>” we consider u € D(a,) W2 (RY)

such that g := (1+|z|*)Au—V (z)u € L? and consider v € C*(RY). Integrating
by parts we obtain

a,(u,v) = —/gvd,u. (11)

By the density of C2°(R”Y) in D(a,) we have equation (11) for every v € D(a,).
This implies that u € D(A,,).

To show the coherence of the resolvent, we consider f € C>*(RY) and
let u = (A— A)"1f. Since f € L2(RM) N Cy(RY), by [3, Theorem 3.7] and
[3, Theorem 4.4], it follows that u € Dy(A). So, we have Vu € L*(RY) and
Vu € L*(RY). Moreover, it is clear that u € L7, and

||V%U||%2 S/ V(z)u?dx S/ u?dx —{—/ V(@) ulrdr < ||lull3 + ||[Vul3. (12)
"oJRN B(1) RN/B(1)

This yields u € H. Since C°(RY) is dense in Dy(A), see [3, Lemma 4.3],
we can find a sequence (u,) C C®(RY) such that u, converges to u in the
operator norm. Then, u, converges to u in L*(R"Y) and hence in L. By
3, Lemma 4.2] Vu, converges to Vu, in Lz(RN ) and hence in L2. Finally
replacing u with u, — u in (12) we have that V2u, converges to Vzu in L.
Thus we have proved that u € D(a,). Integration by parts we obtain

a(u,v) = —(Au— f,v)Lz

That is u € D(A,) and Au — A,u = f. Therefore, (A — A,)'f=(N\—A4,)"'f
for all f € C®(RY) and so by density the last statement follows. O

The previous Lemma implies in particular that
dhf=T,(0)f = | k(t,z,y)f(y)dy, feLPRY)NL].
RN

By density we obtain that the semigroup et4r admits the integral representation
e f(w) = fon ku(t,2,y) f(y)du(y) for all f € L2, where

ku(tz,y) = (1+ |y|)k(t, z,y), t>0,2,y€R".
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Let us now give the first application of Proposition 2.2. The proof is similar
to the one given in [11, Proposition 3.4] and is based on the semigroup law and
the symmetry of k,(t, -, ) for ¢ > 0.

Proposition 3.2. If N > 2, a>2 and > o — 2, then
—8 2 — 2
k(t,z,x) > Me! <|x|4_265a+2|x ? ) (1+ [z, t>0,

for all x € RN \ By and some constant M > 0.
We now give the main result of this section.

Theorem 3.3. If N >2, o> 2 and > a — 2 then

N—-1 pB—«a
- N—1 B—a _ _ V2 B=a+2 — T3 T 2 Y B—a+2
k(t,z,y) < cretottet b|g;|_T S e el 2 \y|—€ 2l 2
1+ [y[*

N N _ B—a+2
fort >0, x,y € RY\ By, where ¢y, cy are positive constants and b = oz
Proof. Let us prove first

N—-1 B—«o
b, _N-1_f-a __ 2 B8R |y|7Te 1 _ e Beg2
k‘(t,x,y)gcleczt |$| 2 i e 5*a+2|x‘ H—e 73,a+2|y| (13)
1+ |yl

for 0 <t <1, z,y € RY\ B;. By adapting the arguments used in [5, Subsec-
tions 4.4 and 4.5], we have only to show the following estimates

N
[ oluPdu< Clgl yauww). we D). geLi, (9
R n
and
/ Clogluldp < cau(uu) + (Cre + Co)[ul2,. e D). (15)
RN "

To prove (14) we observe that using Holder and Sobolev inequality we obtain

N-—-2
N 9 N
( L. |u|w”2du)

I
<
<
T
oW
=
[\
Q
VRS
T
2
=)
oW
=
~~_
2

< Cligll 5 IVl
I

S CHgHL%a#(U,U), u € D(a#>‘
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To show (15), we apply the lower estimate of ¢ obtained in Proposition 2.2

B—a+2
|z

2 2N —2 —
—1ogws—(1ogcl— ) +h-o

1
5 aio 1 og |z| + 3

—a+2

for |x| > 1. Hence, there are positive constants C, Cy such that

B—a+2

—logy < Cylz| 2 +Cy, xR

Since £ = B%a +1 < B we have |z|* < g|z|® + Cere = eV (z) + Ce? for all
€ > 0. Thus,
—log1) < eV + e + ¢

Taking into account that [,y Vlu|*du < a,(u,u) for all u € D(a,), we ob-
tain (15). This ends the proof of (13).

It remains to prove that
N-1_f-a vz Bt |y|_¥‘ﬁ% va Bt
2 e —

k(t,xz,y) < CeM|z|~ 2 5t e praralal -
e . L+ [yl

e~ Fatalyl

for t > 1, 7,y € RV \ By and some constant C' > 0. To this purpose we use the
semigroup law and the symmetry of k,(¢, -, ) to infer that

1 1 1
ku(t,z,y) = / k, (t - =, T, z) k, (—,y, z) du(z), t> =, z,y e R,
o 2 2 2
By (13), the function k’u(%,y, -) belongs to Li. Hence,

1 1
ku<t7$7y) = <€(t_é)Auku <§ayv )) (Z’), t> 57 T,y € RN'

Using again the semigroup law and the symmetry we deduce that

t
ku(t7x7$> :/ k,u <_Jx7y>
RN 2
>\ _ 1
< MeMUD g (—x)
>~ °w 27 3

= MMV, (1, 2, ).

du(y)

2

2
Ly

So, by applying (13) to k,(1,z,2) and using the inequality

NI

bt ,y) < (ku(t, 2, 2))2 (K, (1 y, )2,

one obtains (3). O
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Remark 3.4. It follows from Proposition 3.2 that the estimates obtained for
the heat kernel k£ in Theorem 3.3 could be sharp in the space variables but
certainly not in the time variable as we will prove in Proposition 3.8.

Remark 3.5. In the above proof we use the Sobolev inequality
lull2 < C|1Vul}

which holds in D(a,) but not in H (consider for example the case where
a>pf+Nandu=1).

As a consequence of Theorem 3.3 we deduce some estimates for the eigen-
functions.

Corollary 3.6. If the assumptions of Theorem 3.3 hold, then all normalized
etgenfunctions ; of As satisfy

— — B—a+2
()] < Gyl T e mwmled T

for allz € RN\ By, j € N and a constant C; > 0.

Proof. Let A\; be an eigenvalue of Ay and denote by v; any normalized (i.e.
|45l L2y = 1) eigenfunction associated to A;. Then, as in the proof of Theo-
rem 3.3, we have

ey ()] = /RN ku(t, 2, y)¥;(y) du(y)’
3
< ([ mttatantn) 1ol
RN
= (ku(2t, 2,3))?,
for t > 0 and z € RY. So, the estimates follow from Theorem 3.3. O

Remark 3.7. It is possible to obtain better estimates of the kernels k& with
respect to the time variable ¢ for small ¢. In fact if we denote by S(:) the
semigroup generated by (1 + |z|*)A in C,(RY), which is given by a kernel p,
then by domination we have 0 < k(¢,z,y) < p(t,z,y) for t > 0 and z,y € RY.
So, by [14, Theorems 2.6 and 2.14], it follows that

k(t,z,y) < Ot (1+ |a) 2N (1 + [y)> N, a >4,

2-N
=N

2 (16)
k(to,y) < CEF(L+]af) T (14T ! 2<a<4

for 0 <t <1, z,ycRV.
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Using a domination argument and [14, Proposition 2.10] we can improve
the estimate (16).

Proposition 3.8. If « > 2, 8> a —2 and N > 2, then the kernel k,, satisfies

N 2-N 2-N
2 1

ku(t,,y) < O 2 (14 [2]%) 5 (1+ [y|)
for0<t<1andx,ycRY.

Proof. 1t suffices to consider the case a > 4.

By domination one sees that weighted Nash inequalities given in [14, Propo-
sition 2.10] hold for the quadratic form a,. Hence, by [1, Corollary 2.8], the

2—N

results is proved provided that the function ¢(x) = (1+ |z|%)"2 is a Lyapunov
function in the sense of [14, Definition 2.1]. A simple computation yields

a— oa— xa
Ap = (0¥ = 2lel" 450 = el o)
~ N -2 e o)
| 1+ |z|* 1+ |z«
< v+ -2 2 ot
— | 1+ |z|> ’
a(2-N)

where 7y 1= = ). We note that v < 2 — N, since o > 4. Now, using the fact
that 0 > a — 2, we deduce that

|‘,L.|20172

v(y+N-2) <y(y+N=2)[z]** < |z’ + &

1+ |x|«

for some £ > 0. Thus, Ap < kKp. Using the same arguments as in [14,
Lemma 2.13] we obtain that ¢ is Lyapunov function for A. m

As in [11] heat kernel estimates can be also obtained for a more general
class of elliptic operators.

Let us consider the operator B, defined on smooth functions u by
N
Bu= (1+[x|*) ) Dilag;Dju) — Wu,

J,k=1

under the following set of assumptions:
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Hypotheses 1.
1. the coefficients a; = a;; belong to Co(RY) N W.L2(RY) for any j,k =

loc
1,..., N and there exists a positive constant 7 such that

N
e < S ay@)&d;, .6 €RY;

7,k=1

2. W e LL (RY) satisfies W (z) > |z|? for any z € RY and some 8 > a — 2;
B—a

loc

3. a>2and Djagj(z) =o(|z| 2 ) as |z| = oo.

On Li we define the bilinear form

N
b(u,v) = Z /RN arjDyuD;vdx + » Wuwvodp, u,ve D(b,),

jk=1
where D(b,) = CgO(RN)”.HH with # the Hilbert space
H= {u €L2:Wiue L’ Vue (L2(RN))N} .

Since b, is a symmetric, accretive and closable form, we can associate a pos-
itive strongly continuous semigroup S,(-) in Li. The same arguments as in
the beginning of this section show that the infinitesimal generator B, of this
semigroup is the realization in L? of the operator B with domain D(B,) =
{u € D(b,) N W22(RN) : Bu € L2}. Let us denotes by p, the heat kernel

associated to S,(-).
We will also need the bilinear form

au0(u,v) = - Vu - Vodr + 6 . Vuwodp, wu,v € D(aup) = D(a,).

The same arguments as in the proof of Theorem 3.3 can be used to show that the
kernel k, ¢ of the analytic semigroup associated to the form a, ¢ in L? satisfies

0 < kuo(t,r,y) < ngko,efeéet‘bng(x)ng(y), t>0,z,y€RY, (17)

where ¢y and Ky are positive constants, gy is the largest (negative) eigenvalue
of the minimal realization of operator Ay := (1 + |x|*)A — 6?|z|? in L?*(RY),
and 1y is a corresponding positive and bounded eigenfunction. Moreover, there
exist Cy 9, Ca9 > 0 such that
o N ol [P
Cro < ’J;|BT+¥€9L v Ty (1) < Chy,

for any z € RV \ By.

Using Theorem 3.3 and arguing as in [19] and [11, Theorem 3.9] we obtain
the following heat kernel estimate.
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Theorem 3.9. Assume that Hypotheses 1 are satisfied and let

N
A= sup [€172) ) ak(@)6g;.
I,EGRN\{O} ],kil

Then, for any 0 € (0, A_%), we have

P B-at -
Pult, 2,y) < MpeXooteo™ ([g||y|) 7= 50 imlel T 0l

foranyt > 0 and x,y € RN\ By, where My, cp are positive constants, b = %,

and N g is the largest eigenvalue of the operator (1 + |z|*)A — 6%|x|?.

Proof. For the reader’s convenience, we give the main ideas of the proof.
Proving the above estimate is equivalent to showing that

(bg(x)’lp#(t,x,y)qﬁg(y)’l < Mge’\ov“’tec@tfb, t>0, z,y€RY, (18)

where ¢y is any smooth function satisfying

— — || B
do(z) = || T T e N Vimd 4 e RV B,

If we denote by T, : Ligu — L2 the isometry defined by Ty, f = ¢gf, then the
left hand side of (18) is the kernel of the semigroup (7, LetBuTy )iso in LiQM. It
- 0

is clear that this semigroup is associated with the form b, (u,v) = b,(deu, dev)

for u,v € D(b,) :={u € LQﬁu : ppu € D(b,)}.

As in the proof of Theorem 3.3, it suffices to establish (18) for ¢ € (0, 1]. To
this purpose one has to prove, as in the proof of [11, Theorem 3.9], the following
assertions:

(i) min{u,1} € D(aug) (resp. D(b,)) for any nonnegative u € D(d,g)
(resp. D(by.));

(ii) the semigroup (Tq;etB#T%)tzo and the semigroup (Td)_eletAWT%)tZO, asso-
ciated to the form a, 9 = a, (¢g-, Po-) with domain D(a, ) = D(b,), are
positive, they map L>°(RY) into itself and satisfy the estimates

~1_tB Cht —1_tA Cht
HT¢9 e #Td)QHL(LOO(RN)) <e HT¢€ e ”’9T¢9||L(Loo(RN)) <e 't >0,
for some positive constant C1;

(iii) the Log-Sobolev inequality

/Ug(logu)cbgdﬂﬁféu(%U)+||U||%22 log [lullr2, +co(14e7")||ull72 (19)
R oZn dgu oZu

N

holds true for any nonnegative u € D(b,) N L;QM N L>*(RY), where cq is
0
the constant in (18).



Kernel Estimates for Schrodinger Type Operators 391

So, applying (19) and combining [5, Lemma 2.1.2, Corollary 2.2.8 and Exam-
ple 2.3.4], estimate (18) follows with ¢ € (0, 1].

The proof of (i)—(iii) is similar to the one in [11, Theorem 3.9]. The proof
of (iii) is based on the estimate by, (u, u) > min{u, 6}, (u, u) which holds for

any u € D(b,) C D(ayp), and (17). O
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