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Abstract. We study the dispersive behavior of waves in linear oscillator chains. We
show that for general general dispersions it is possible to construct an expansion
such that the remainder can be estimated by % unifogmly in space. In particlar we
give precise asymptotics for the cross-over from the ¢~ 2 decay of nondegenerate wave
numbers to the degenerate =3 decay of degenerate wave numbers. This involves a
careful description of the oscillatory integral involving the Airy function.
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1. Introduction

In this work we study the dispersive behavior of waves in linear oscillator chains.
While there is a large body of the analysis in certain regimes of the dispersion
relation there seems to be no general theory providing a uniform estimates.
The main problem derives from the fact that the large-time asymptotics of the
solutions can be estimated along the rays given by the group velocity by the
presentation via oscillatory integrals. The difficulty to obtain uniform estimates
for the remainders of an asymptotic expansion stems from the fact that the
dispersion relation 6 — w(6) necessarily contains degenerate points (i.e. where
w"(f) = 0). While for nondegenerate points the solutions decay like ¢2, the
decay at degenerate points the decay is only of order t~% with k& > 3. Such
separate estimates for dispersive partial differential equations or discrete lattices
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are classical (cf. [4,5,8,10,12,14-16] and the references there), but our aim is
to find a uniform expansion providing also a sharp estimate in the transition
regions, i.e. for nearly degenerate wave numbers. Moreover, for nondegenerate
wave numbers the asymptotic profiles are given in terms of simple trigonometric

functions, the degenerate case with k = 3 (i.e. w” () # 0) leads to fronts with
a profile given in terms of the Airy function, see Figure 1.1.
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Figure 1.1: Green’s function Gy;(¢,j) at t = 2000 for the linear FPU chain.
Lower left: periodic wave trains for nondegenerate group velocities. Lower
right: Airy-type behavior at the degenerate front.

To be more precise we study the general linear oscillator chain

K
.i’j = —QapT; + Zak (.flfj+k — 233]' + .lej_k), j I~ Z, (11)

k=1
where ag > 0 is due a stabilizing background potential and aq,...,ax € R give

the interaction coefficients. With ag = 0, a; = 1, and K = 1 we obtain the
linearized Fermi-Pasta-Ulam (FPU) system (cf. [3]). The dispersion relation is
given via

K
w? = A(0) = ag + Z 2ai [1—cos(kd)] for 0 € S' := R/2xz),

k=1

where we always assume stability in the form A(f) > 0. Thus, we define the
positive branch of the dispersion relation and the group velocity via

w(@) :=+/AB) >0 and ¢(f):=d'(6).
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The oscillatory integrals to be estimated have the form

AO) @D 4 = [ A(9)" O A9 = ga(t,c),
st st
where we always use the relation j = ¢t € Z, which is important to keep the
periodicity of the integrand.

Two of the analytical difficulties in the analysis can be explained at this
point. First, if A(6) = ~2(0—6,)*" + O(|0—6,]*" ") the dispersion relation w(f)
may be nonanalytic. We treat this case by assuming a; = 0, which gives
w(f) = v|0] + O(6%) where we assume v = (Zszl k2a;)z > 0. The second
difficulty arises from degeneracies of the dispersion relation. The group velocity
is given by the relation

¢ = cg(0) = w'(0).

Fixing a 6 with w”(f) # 0 and thus fixing ¢ = w/(#) and assuming that the
support of the A in the definition of g4 is contained in a sufficiently small
neighborhood of 8, we have the expansion

ga(t,c) = cacos|(w(6)+cO)t + sign(w”(@))%] £+ RUN(¢, c)

with R%™(t,¢) = O(t1), see Subsection 4.2. However, for § near a degenerate
case with w”(6) = 0 but w"”(#) # 0, we obtain the expansion

ga(t,¢) = ™9 [caAi(a(c)t )13 + daAl (a()th)t5] + RY(t, )

with RYE(t,¢) = O(t™') and suitable functions a(c) and b(c), see [8] or Sub-
section 4.3. To obtain a uniform error estimate we give quantitative estimates
for the two error terms R%"(t,¢) and RY2(t, ¢) and show that the degenerate
expansion based on the Airy function coincides up to an error O(¢~!) with the
harmonic expansion in an overlapping region.

In summary our main result reads as follows.

Theorem 1.1. Assume that (1.1) satisfies ag = 0 and the dispersion relation
has the form w(0) = sign(0)w(0), where & is smooth and satisfies the

nondegeneracy condition: &"(0) =0 —  &"(0) #0.

Then there exists a constant C (@) such that for all t > 0 the Green’s function
matriz Gi(t) € R*? for (1.1) written for the vectors v = (xj11—x;)jez and
p = (&;),jez satisfies the estimate

t

G,(t) — goran (t, Z)‘ < @ forall j € Z and all t > 0,

where the function G¥P*(t,c) is given in (3.6).
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Using the classical decay estimates for the Green’s functions for group ve-
locities outside the range of &' (see Proposition 2.3), we easily obtain bounds
in /7 spaces, namely for each p > 1 there exists C}, > 0 such that

p—1
1G () — GZP™(t, 2|l < Cpt™ 5 for t > 0.

In particular, this result implies that the dispersive decay estimates for the
Green’s function given in [12] for p € (2,4) U (4, o0)

1Goy(#)[ler < CYPPE for t >0 with a), = min{pQ;p2 : ”3;;}
are sharp. Our hope is that using the specific form of G5 () one can improve
the decay results for nonlinear systems as well, see [6,12,14].

Our analysis was stimulated by the work in [5], which analyzed synchroniza-
tion effects occurring for ¢ = 0, which corresponds to the wave number 6 = £.
The analysis is done for fixed 7 and can be made uniform on parabolic regions
j2 < Ct. The dispersion of the energy was analyzed in [7,11] via the Husimi
and Wigner transform, even in multidimensional cases. The usage of dispersion
in the error control for discretized PDEs is discussed in [9,10].

Another interesting question relates to the two or three-dimensional case,
where only few optimal decay rates are available, see e.g. [2] for an (> estimate
of G, for the two-dimensional square lattice.

Notations. Bold face letters r,p, ... denote elements in ¢?(R) or, with the
common abuse of notation, smooth functions r(-), p(-),...: R — ¢?(R). Capital
letters normally refer to linear operators, e.g. G;(t) : R? — R? and G(¢) :
(P(R?) — (P(R?) or, again, to smooth functions mapping into these spaces.

To simplify the notations we denote bounds in general by C and carry out
the distinction via indices C,Cs, ... only if it is necessary. To highlight the
dependency on parameters we write for instance C' = C'(w,d). For 6 € R the
notation is obvious. For w being a sufficiently smooth function this refers to a
dependency on ||w|[yn.» for suitable n € Ny and p € N.

2. Dispersion in the generalized linear FPU

2.1. The generalized linear FPU. We consider an infinite number of equal
particles with unit mass interacting with a finite number K of neighbors via
linear forces. According to Newton’s law, the equations of motion are

T = Z [ak(xj+k —xj) — ap(z; — mj,k)], jEZ. (2.1)
1<k<K
Here ; € R denote the displacements. We write x := (x;)jez. The sys-

tem (2.1) is Hamiltonian, i.e. (X,p)7 = JeandHy(x,p)? with momentum
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p := %, Hamiltonian function Hx(x,p) = ;s (307 + Y i<k<i o (Tjrn — z;)?)
and J can the canonical Poisson operator defined by ((x, p)?, Jcan (X, P)T ) 2are =
<X, I~)>g2 — <)~(, p>g2.

The system (2.1) exhibits plane waves solution of the form z;(t) = el(%+<t)
if and only if the dispersion relation

@ =A0) = Y 2a;[1— cos(k)] (2.2)

1<k<K

is satisfied. By periodicity, it suffices to take 6 € (—m, 7]. We have A(0) = 0
which is a consequence of Galilean invariance, i.e. for all £, ¢ € R the trans-
formation (x;,p;) — (z;+E+ct, pj+c) leaves (2.1) invariant. Throughout, we
assume the stability condition

Voe (—mnm|\{0}: Af)>0 (2.3)

holds. This certainly holds if all a; are positive, however more general cases
are possible. Thus we are able to define the relevant branch & = w(6) of the
dispersion relation via
w(f) :=+/A(9) > 0. (2.4)
With a slight abuse of notation we simply call w the dispersion relation.
Due to the Galilean invariance it is convenient to use distances instead of the
displacements r := (0 —1)x = (241 —2;)jez as new variables. Then the Hamil-
tonian function turns into H,(r,p) = 5> ez (07 + Yo 1char @kl Docror Tisil?)-

The transformed Hamiltonian system reads as
(£,p)" = Jr dHi(r,p)" = L(x,p)" (2.5a)
with

o 0 0i-1 _ Z|1|<KZ|1|<k§K(k_M)akal 0
Tr = (1—3_1 0 ), d?—[r—( 0 1) (2.5b)

and (0,z); = z;4. The operator J; is a non-canonical Poisson structure arising
from the push-forward of the Poisson tensor [Jcan, that is Jo = T Tean T
where T is the linear map defined by (r,p)? = T(x,p)?.

Using the Fourier transform F : (*(Z,R?) — L*(S',R?) defined by 2(0) =
> ez zje 9% it is possible to solve (2.5) explicitly. Applying F leads to

(-0 I E D). e

W)= > kap+2 > ( > (k:—l)ak) cos(l - 0). (2.7)

0<k<K 0<IKK-1 MI<k<K

where
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Now, solving the linear system (2.6) we obtain the fundamental matrix G, (¢, )
and Green’s functlon of our orlglnal problem is given by inverse Fourier trans-

form, G(t) = F {G,(,0)} = & [ G.(t,0) df with

cos(w(# 1 gin(w(d g
Gilt) = % /S ( 0 iirf(a)ut()e)t) (i)os(wée)(t))t)> e?dd, jeZ (28)

Thus the long time behavior of solutions is determined by oscillatory integrals.
Altogether we proved the following lemma.
Proposition 2.1 (Explicit solution). Given some initial conditions (r°, p°)T €
(%(Z,R?), the unique solution of (v,p)T = L(r,p)T defined in (2.5) is deter-
mined by
(I‘(t), p<t>)T - e ( P ) (29&)

where (e“),cr is a differentiable group of bounded operators on (*(Z, R?) defined
by

(e*! ZGk (rj—k,pjx)" forj €Z (2.9b)

kEZ

with G;(t) defined in (2.8).

To characterize the dispersion relation, from now on, we will assume that,
additionally to the stability condition, the following non-degeneracy condition
is satisfied,

W(0)>0 and VOeS': W(0)=0 = "(0)#£0 (2.10)

These conditions as will be discussed below in connection with (2.15). In fact,
these are not fundamental for the upcoming discussions, but a violation would
lead to different decay rates and necessitate case-by-case analysis. Now we
may highlight important properties of the dispersion relation w in the following
lemma.

Lemma 2.2. For the dispersion relation defined by (2.2) and (2.4) holds

(2

with w, giwen by (2.7). Furthermore, for w, holds
VO eS: w(f) = w(—0) = w(0+27) (2.12a)

w(0) =2 wi(0) (2.11)

and, if additionally the stability and non-degeneracy conditions (2.3) and (2.10)
are satisfied, then

e, >0V0eS: w(d) > e (2.12b)
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Proof. Since the linear equation (2.1) is invariant under the transformation
(01—1), the first statement follows from * = —A(f)r and the fact that (2.6)
implies T = 2(cos §—1)w,(0)?t. The symmetry and periodicity of w, is obvious
from the explicit formula (2.7). To construct ¢, > 0 note first that, in view of
(2.3), it is sufficient to check w;(0) # 0. But this follows from w'(0) = w,(0) and
(2.10). 0

The first factor of w is due to the transformation of the Poisson structure
and arises independently of the actual interactions between the particles. This
is why we carried out the transformation in detail.

Finally, we state a second equivalent representation of Green’s function
which will be used below. It is obtained by rewriting the dispersion relation,

&(f) = 2sin @) w,(0) (2.13)

and using the symmetry of w,, namely

1 itp+(20,c) + N itd+(26,c)
Glt,c) = — / O o (20)° a6
o S1 j:wre(w )elt¢i(29,c) e1t¢i(29,c) (2 14)

where ¢.(0,¢c) =0c+®(0) and c¢= %
The proof as well as further useful representations of GG are given in Appendix A.
Note that @ now is 4m-periodic. The new variable ¢ € R characterizes the rays
J = ct and refers to the the group velocity g () = £w'(0). In view of the fact

that 6 — ¢, () is not injective, it is useful to define
O(c) :={0 €S" | (0) = ¢c}.

Although we often will consider ¢ as a continuous variable, it is to be evaluated
in £. This is crucial in view of the fact that § — e+(2%9) remains 27-periodic
for that choice.

2.2. Critical wave numbers, dispersive decay and finite sonic velocity.
The asymptotic behavior of solutions of (2.5) is dominated by dispersion occur-
ring in such lattices systems. A typical consequence in this context is the decay
of solutions to localized initial conditions: Consider the group (e£!);cg in (2.9)
and assume that the dispersion relation w satisfies the stability condition (2.3)
and the non-degeneracy condition (2.10). Then, for p € [2,4) U (4, oo] there
exists Cj, such that, for all ¢t > 0, we have

p-2 for p € [2,4),

_) 2
where «, = po1

3p

C
e [lerer < L

T (Lt for p € (4, 0.
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Figure 2.1: Dispersion relation and solutions for different times for the linearized

FPU, ie. w(f) = 2|sin(¥)|.

Here we skipped the case p = 4 where an additional logarithmic correction
term occurs, see [12] for details and the proof. Like in PDE theory, this decay
estimate carries over to nonlinear equations if the nonlinearity is weak and the
initial conditions are sufficiently small, see again [12] and also [6, 14].

To obtain these decay rates «y,, which are better than those one gets by
standard Riesz Thorin interpolation based on as = 0 and a,, = %, the local
decay of (e“!);cr needs to be estimated carefully. We will from now on focus on
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Figure 2.2: Dispersion relation and solutions for different times for a system
with second nearest-neighbor interaction with a; = 0.08 and ay = 0.23. The
coefficients are chosen such that the critical group velocities are approximately

1 and %

this local behavior. In the remaining section we summarize important results
concerning upper bounds of solutions. In Section 3 and 4, respectively, we will
derive uniform asymptotic expansions for the solutions. In this context we will
see that these results are optimal - not only in term of the decay rates, but also
in terms of ¢ = <.

t
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The dispersive decay relies on the fact that the behavior of solutions to (2.5)
is determined by oscillatory integrals of the form

ot c) = / A(0)609) d4g (2.15)
Sl

with A(6) standing for 1, ﬁw) or w;(0). According to Lemma 2.2, A is real-

analytic in any case. Thus, oscillations with wave numbers 6 travel along rays
J = cgr(0)t, where the group velocity is defined by the relation dy¢ (6, cg:(6)) = 0,
i.e. cg(f) = £&'(#). The method of stationary phase, see e.g. [15-17] indicates
that the decay along these rays is like ¢ 2 if Dz2p(0,c) = @"(0) # 0 and like
=3 for @"(0) = 0. Weaker decay rates, for instance ¢4, are excluded by the
non-degeneracy condition (2.10). We define the set of critical wave numbers O,
and the maximal wave speed cpax Via

O, = {é es'|@"(0) = 0} and  Cpax = max { |&'(0)|| 6 € S' }.

Note that 0 € O, and, since K in (2.2) is finite, the set O, is discrete. In
this paper we in particular aim to understand the cross-over between the two
different decay rates, i.e. the behavior for ¢ € C.,(¢) with

Cale) = | [cgr(é)—a,cgr(é)—i—s] c R
.

In the upcoming sections two other sets will be relevant. For the sake of com-
pleteness we define these already here, where Us(6) = {6 € S'|[0—6| < 6}

0.(5) = |J Us(d) CS', Oulc.e):= {é €O,

I

‘cgr(é) —c < 5}

The first is analogous to Ce(¢), but in terms of the wave numbers and the
O (c, e) characterizes critical wave numbers corresponding to group velocities
in a neighborhood of a given group velocity c.

In Figures 2.1 and 2.2 we plot two dispersion relations and associated solu-
tions 7;(¢) for different times to display the influence of the critical wave numbers
éj € O.. As a consequence of the Galilean invariance the wave number 6 = 0
is outstanding in two respects (cf. (2.11)). First, as already mentioned above,
0 € O, such that there are always wave fronts traveling with speed ¢ = +@'(0)
and second, since w(0) = 0, these wave front are monotone. We will prove this
monotonicity of the front in Section 4. The latter holds for all ¢ > 0 (not only
in the limit ¢ — oo) if &’(0) = maxges @' () = Cmax, i-€. the sonic velocity,
which is not satisfied in general for K > 1.
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The tool to derive upper bound on (2.15) is van der Corput’s lemma, see
e.g. [15]. It states that if [¢*¥)(6)| > X > 0 for 6 € (6, ) where either k > 2, or
k =1 and ¢’ is monotonic, then

0
/ A(0)e® dg| < C(k, A) (At) "+
0

with C(k, A) = (5:251-2) (maxge[g,g] A0+ f) |A/(9)|d9>. Based on this a
global bound on g(t,c) is straightforward, cf. [12, Lemma 3.5]: There exists a
constant C'(w, A) > 0 depending on the dispersion relation @ and A such that

C(w, A)

Vt>0, ceR: |g(t )] < =,
l9(t: <)l (141)s

Similarly, it is possible to obtain an upper bound of order =2 for ¢ bounded away
from group velocities corresponding to critical wave numbers, i.e. for ¢ ¢ C.,(¢)
with € > 0. But a careful application of van der Corput’s lemma gives an upper
bound for the singularity occurring as ¢ — @' (é), 6 € O. Namely, according
to [12, Lemma 3.6] we can choose ¢ = 73, and there exists again a constant
C(®, A) > 0 such that

C@,A 1
Vi>0VeeR\Calt5): gt c)|< (©, 1) 1+ —————|. (216)
(1) \ o [@'(0)*=c[s
0€O:
Combining both upper bounds suggests that the wave fronts with decay ts
expand like ¢3 (in terms of r;(t)). In Section 3 we will see that this indeed holds
and furthermore that (2.16) is sharp.

The third important decay estimate concerns the exponential decay of g(t, c)
for |¢| > ¢max. Thus, ignoring exponentially small tails, this is equivalent to a
finite sonic velocity. Although we suppose that the result is known we give the
statement and the full proof since we were not able to find a citable reference.
Only in [5] there is a similar statement for the case of pure nearest-neighbor
interaction (with a different proof), but unfortunately this work is unpublished.
For this result we choose v > 0 such that w, can be holomorphically extended
on the comples stripe {# € C|0 < Jm# < 7} such that w.(§) > 0 still holds.

Proposition 2.3. Consider the Green’s function defined in (2.9) with dispersion
relation w satisfying the stability and non-degeneracy condition (2.3) and (2.10),
respectively. Then, for allt >0 and all c = 1 € R\ [~Cmax, Cmax] holds

Wi(c)e =2 1

1 1 e_sign(c%a*(c)
|G(t, )| < ( san(ente 2 )e—“@)t (2.17a)
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with  k(c) :== max (a|c|— max me(29+1a)) > 0, (2.17b)
a€gl0,7] oe[—m,m]
w,(c) = minge—r 7 |wr(204+i0.(c))|, and D.(c) := maxge—x ] |wr(20+i0(c))],

where a,(c) mazimizes the term defining k(c).

Proof. According to (2.14) the components of G;(t) are given by

1 (" . - ’
g+(t,c) = / A(0)e ) qp  with ¢ = Z,
o t

in which A(0) = 1, wr(129) e, or w,(20)e . In all cases A(f) is analytic and
2m-periodic.

To prove the statement for ¢ > cpax We consider g (¢,¢) and continue @
and A analytically to [—m, 7] +1[0,7]. Applying Cauchy’s integral theorem we
get for a > 0

—7m+ia T+ia
/ A(Q) it(20c+w(20)) do = (/ / / ) 1t (20c+w(20)) d6.
_ T+Hia THia

Exploiting the symmetry of A(#) we find

—nm+io -
/ A(e)eit(29c+&(29)) d0+/ A(@)eit(200+&(26)) do

T TH+ia

= 2/ A(m+ia) sin(2met)e " eri@@m 2wt g,
0
-0,

since ¢ = % For the remaining integral holds

7r+1a
‘/ 1t (20c+(26)) de‘ 7204015

T+ia

/Tl' A<9+ia)eit(290+£)(29+2ia)) do

—T

< 2me” 2act max |A(0+1a)| tmaxge|_r x) 3m&(29+2ia)‘

oe|—m,x]
Now we choose « such that the overall exponent is minimized and set a, = 2«
to obtain N

A (9+15*) ] (@t

with k(c) defined in (2.17b) which proves (2.17a). To see k(c) > 0 for ¢ > Cpax
note that maxpe_r - IM0(20+ier) = caxax + O(a?) as o — 0.
To prove the statements for ¢ < —c. We consider the representation

1 /’r A(0)e 1200+ qg

‘g+<t7 C)l S max

oc[—m,m]

g-(t,c) = o

with A(0) = 1, me_ie, or wy(20)e’. Thus, the proof follows by the same

arguments. O
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Solving condition (2.17b) locally, the decay of solutions in terms of ¢ — ¢pax
near the wave fronts becomes evident: Consider 0 < c—cpax < cand 0 < a < «y
for €, ap > 0 sufficiently small. Then there exists B = B(@, o) > 0 such that

k(c) > ca — cpaxa — B(Q, ap)a®

= (1=&)(c—Cmax) + (1=E) (c—cmax)a — B(@, ag)®
with 0 < £ < 1. Now we claim (1—&)(c— cmax)a— B(@, ag)a® = 0. This implies

1
a = <%) ’, Thus, for 0 < ¢— cpax < € with € > 0 sufficiently small, there

exists & such that

3
2

Vi>0: |Gt c)| < C, e Femomnd 2t (2.18)

3. Uniform asymptotic behavior

In this section we first state the main results. Namely, the uniform asymptotic
expansions of solutions of (2.5) near wave fronts where the decay rate is ~ 3
and in the inner regions where we have a decay in time ~ t"2. Here the
leading order behavior as well as the Airy-like wave fronts are well known.
Our contribution is to make the dependency on ¢ — cgr(é) for § € O more
explicit. Afterwards we discuss the results, in particular the cross-over between
the different scales and give illustrating examples. The actual proofs are shifted
out to Section 4.

3.1. Asymptotic expansions. Now we are in place to state the main results.
The first concerns the nondegenerate case, namely ¢ € [—Cmax, Cmax] \ Cer(€) for
some € > 0. We emphasize that the obtain we obtain will blow up, since the
expansion becomes singular as ¢ — cgr(é) for § € O,,. It would be interesting
to keep track of the blowup behavior to optimize the overall error. However we
are content with some, not necessarily optimal bound.

Theorem 3.1 (Asymptotic behavior in the nondegenerate case). Consider
Green’s function of the Hamiltonian system (2.5) and assume that the cor-
responding dispersion relation w defined in (2.4) satisfies the non-degeneracy
condition (2.10). Then, for all € > 0 there exists a constant Cpa(e,w) > 0 such
that for all ¢ € [—Cmax, Cmax] \ Cex(€) and t > 0 we have the estimate

|G(t,¢) = Guonlt, )| < Cra(e,w)t™!  with (3.1a)

1 1 —
g —_— "JT(Q) E 1 " -
Gnonlt, €) egg(c) 87r|w”(9)|<wr(9) | )cos (w(8)+ch)t+Z signw(6)]t=.

o=

(3.1b)
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Indeed, for the constant in (3.1a) we will show the upper bound
Cin(g,w) = C1(w) + Cz(w)ef%

as € — 0. Note furthermore that the coefficient in (3.1b) becomes unbounded
in that case. According to Lemma 4.1 holds /[w”(0)] ~ £1 as 6 — 6 € O,.

Concerning the second result, the challenge is that the dispersion relation
degenerates. Thus, in the general case the implicit function theorem is not suf-
ficient. Here a suitable version of Weierstraf3’ preparation theorem is necessary.
In this context a classical statement is the following.

Theorem 3.2 (Method of stationary phase, cf. [8, Theorem 7.7.18]). Let ¢ be
a real-valued C* function of (0,y) € R'™™ near 0 such that

Then there exist C> real-valued functions a(y) and b(y) near 0 such that
a(0) =b(0) =0 and

/A(Q, y)elt?) 4

| o | o, N (3.2)
~ Gith(®) (Ai(a<y>t3)t_3 D uo ()t + AT (a(y)th )t s Y vugy (y)t—ﬂ)

0<j<o0 0<j<o0

provided that A € C5° and supp A is sufficiently close to 0. Here ug ;, uij € Cg°.

Here Ai(-) denotes the Airy function defined by Ai(z) = 1 [o eiFuau) g
see for instance [13] for basic properties. Figure 3.1 show wave fronts together
with the correspondingly scale Airy function.

There remain two questions. First, the result does neither state the func-
tions a, b, up; and wu; ; nor the error bounds in terms explicitly. Second, these
functions are not determined uniquely, i.e. the theorem does not state that the
asymptotic series (3.2) is unique. We will make these functions and the error
estimates for this expansion more explicit in Subsection 4.3. For this we give
a short summary on a suitable version of Weierstra’ preparation theorem and
explain that the functions a and b can be made more explicit. This allows us
to estimate the remainder terms explicitly.

For the following result we recall that that for a degenerate wave number 6.,
there may be other nondegenerate wave numbers ¢ having the same group
velocity, namely cg () = (). Thus, an Airy-type degenerate behavior may
be superimposed by a nondegenerate harmonic wave train. This is expressed
in the following result by the additive structure Gqz + Gy and can be see in the
example displayed in Figure 2.2.
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Figure 3.1: Wave fronts for the linearized FPU chain in comparison with the
corresponding Airy function approximation.

Theorem 3.3 (Asymptotic behavior near degenerate points). Consider Green’s
function of the Hamiltonian system (2.5) and assume that the corresponding dis-
persion relation w defined in (2.4) satisfies the non-degeneracy condition (2.10).
Then, there exists €9 = £o(w) > 0, dg = do(@) > 0 and Cyg(@) > 0 such that for
all c € Ccr<50)

‘G(t, c) — Gag(t, c) — Golt, c)‘ < Cyg(w)t™  with (3.3a)
Gag(t,c) = Z (Aé(c) cos ([w(f)—eh—by(c)]t) Ai (aé(c)t%> 3
0€®@cr(c,e0) (3.3b)

— By(c) sin([w(B) —cl—by(c)]t) AT (aé(c)t%> f%) 7
where ¢ = w'(0), and

g() (ta C)
B 1

- Z // <w
0€®(c) and V 87r|w r

dist(0, @cr (c €0))>00
The scalar-valued functions ag, by as well as the R***-valued functions Ay and By
are real-analytic on [¢—eg, ¢+¢o]. Furthermore, for (c—w'(0))w” (0) > 0 we have

45(c) = (s ()= (©)* = /325 =D + O ((c=¢7)  (34)

by(c) = D(8) — &0 — J[c—(c) + <4 (e)] = 260(c—¢) + O ((¢=¢)?) , (3:5)

) —
where ¢ (c) == @(0+(c)) — cbs(c) and 0,(c),0_(c) € Us,(0) are the two wave
tc=a'(0x(c)) and 0_(c) < 0, (c). Moreover, we have

As(c) = ; ! “rl(é + O(c—¢)
’ Vaer @) \w(9) 1 '

“’r(@)) cos [(w(f#)—ch)t+ 7 signw'(6) t72. (3.3¢)

numbers such tha

~
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Note that the error bound Cge(w) depends on w only. If ¢ is near the sonic
wave speed ¢pax the nondegenerate part Gy vanishes and the sum in (3.3b) re-
duces to one term (or in the degenerated case of several wave numbers traveling
with the same sonic wave speed to just as many terms). Furthermore in case
6 = 0mod 7 we have b; = 0.

3.2. Full approximation and crossover. We are now in the position to
define the full expansion that gives rise to the uniform approximation result
stated in Theorem 1.1. We simply choose the ¢y according to Theorem 3.3 and
define G¥P*" via

gnon(ta C) for c € [_Cmaxa Cmax] \CCT(EO)’
Gt ) = ¢ Gaeg(t, ) + Go(t, ) for c € Cu(eo), (3.6)
0 for ‘C| > Crax T €0-

Combining Proposition 2.3 and the Theorems 3.1 and 3.3 we have established
the main Theorem 1.1 on the uniform approximation of the exact Green’s func-
tion by &P up to a uniform error of order O(3).

Now we discuss the cross-over between the three different regions of defi-
nition for the function G®*P*". We first look at the expansions for |¢| > ¢pax.
For all such ¢ we have exponential decay for ¢ — oo, by Proposition 2.3. Thus,
replacing this function by 0 will certainly keep the error order O(%)

Second we look at the overlap between the degenerate and the nondegen-
erate case inside (—Cpax, Cmax). Certainly we can make g for the degenerate as
large as possible and make ¢ for the nondegenerate much smaller. Then we have
an overlap of the two domains where the expansions are valid. Since both ap-
proximations decay slower that %, the theory can only be consistent if the error
between the two approximations is at most O(%) To understand the cross-over

between these to regimes explicitly, we consider § € O, with & (é) >0, ie. a

wave front traveling to j — 400 as t — 0o. The leading order term of (3.3b) is
Gaeg(t,¢) = Ay(c) - cos <[w(é) — 0 — bé(c)]t> - Ai <aé(c)t%> 73,

We fix ¢ € @'(S') such that —gp < ¢— ¢ < 0 and aim to determine the behavior
as t — 0o. Recall the asymptotic behavior of Airy’s function,
. I 1 9 3 _
Ai(z) ~ ﬁz 1 (cos (522 — Z) +0 (z )) as  z — —00.

Now, z = a;(c)t5 and (3.4) imply 22

[N

2 =1 () —ci(c)]. With (3.5) we find

1
2

(NI

cos([w(é)—éé—bé(c)]t) Cos <2z

251 — ) = doos (6 ()1—5) + Jeos (o () +7).
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Since the saddle point of order two in 0 splits up into the two saddle points
0. (c) of order one, we have two oscillating terms; each corresponding to one
term in (3.1Db). )

Concerning the amplitude we expand @”(#) and ¢ = &'() in 6, which implies
&"(0) = 25" (0)(¢ —¢) + O ((é - c)%> Thus, using the second representation
of a, from (3.4) yields

. 1 I A
Laartrie——L (1 S@) ity oo
NG a(c)z V27" ()] (wrw) 1 > (c—=¢)

Combining this with the oscillating terms we obtain two terms of (3.1b).

4. Asymptotic expansions - proofs

This section is dedicated to the proofs of the asymptotic expansions stated in
the last section, namely to Theorem 3.3 and 3.1. Before starting the actual
work, we outline the general strategy followed in Subsections 4.2 and 4.3 to
derive the asymptotic expansions.

4.1. General strategy for the proofs. Consider an oscillatory integral of
the form

g(t,c) = /31 A(6)el**?) dg (4.1)

We aim to derive an asymptotic expansion which holds (locally) uniformly with
respect to ¢, for instance for ¢ € [c,—¢,c,+e]. The procedure splits into the
following four steps.

Localization principle. As mentioned in Subsection 2.2, the asymptotic be-
havior of (4.1) for ¢ — oo is dominated by the wave numbers {6,...,0k} =
©(c.) which fulfill the condition 9p¢(0k, c.) = 0. This is due to fact to which
[15, Chap. VIII] refers as the first principle of oscillatory integrals, namely the lo-
calization principle. Here the underlying idea is that, if 9@ (0, ¢)| is uniformly
bounded from below on [, §], we may apply partial integration to obtain

0 9
o A(H) ite(0,c)
. /9 % (itam(e,c)) el

If the boundary terms cancel due to periodicity or compact support we may
iterate the argument to obtain bounds ~ t=%. To utilize this fact for (4.1) we
use a partition of unity {1, ..., %, 1— >, ¥} on 8! with ¢y, € C§(Us(0y)) for

A(6)
it89¢<9, C)

= <

9
/ A(6) 609 dg %
0
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some J; > 0 which in general might depend on k. Then asymptotic behavior is
dominated by terms of the form

9k+6
Lt ) = / A(0)be(0)e440) dg. (4.2)
0

k—0

For the localization error holds

| Rioc(t, )| = |/ [1 - Zwk } 00 4

< C’(w € m1n5k>

for some N € N. The bound C(w, £, miny, ;) depends on 0y via |||l wn.e.

Local coordinate transformation. The next step consists in rewriting (4.2)
using a suitable coordinate transform u = U(6,c¢). In the simplest case with
10200k, c)| = |w"(0x)| # 0, we may use the implicit function theorem to see
that locally we can achieve ¢(6,c) = +(u® + ¢(0,c)). This applies in case of
the inner regions, cf. Subsection 4.2. At the wave fronts the dispersion rela-
tion degenerates: For § € O and é = ¢y (A) holds |03¢(8, &) = |w"(6)] = 0
but |936(0,c)] = |w"(0)] # 0 for arbitrary ¢ (in a sufficiently small neigh-
borhood) if 6 # 6. In that case we may apply a suitable version of Weier-
stra3’ preparation theorem which is derived in Appendix B. For instance, if
056(0k, c)| = |w"” (Bk)| # 0 we obtain ¢(6,c) = $u’® + a(c, Ox)u + b(c, f),). The
asymptotic behavior of (4.1) in this case is discussed in detail in Subsection 4.3.
Since the preparation theorems are quite general the theory also applies for
higher order of degeneracy.
In any case we may substitute § = O(u, c) := U (u,¢) in (4.2) such that

B
I, (t, C) _ / f(u, C) eitp(u,cﬂk) du
B

with f(u) = AcO(u, c) - Y,0O(u,c) - ,0(u, c) and p(-, ¢, bx) is a polynomial in

a suitable normal form.

Actual decay rate. In this step the actual leading order term of the asymp-
totic expansion is derived by tracing back I(t,c) to special functions. In the
non-degenerated case we obtain integral of Fresnel-type, in the degenerated case
we obtain Airy’s function. In any case we basically obtain

Ii(t,c) = G(t,c) £+ Ri(t,c) with n =2 or 3.
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Estimation of the error terms. It remains to estimate the error term. We
will prove that
|Ri(t,c)| < C(w,e)t™t

In general, this might not be optimal with respect to the decay in t. But we
focus on the dependency which actually is more complicated. In fact, in the
non-degenerated case C, as well as G, becomes singular as € — 0. In this step
we finally fix d; = d(¢). Thus, combining all estimates we end up with

g(t7 C) - g(t7 C) t_% < C(wv 5) t_l'

4.2. Asymptotic expansion in the nondegenerate case. In this section we
proof Theorem 3.1. We follow the strategy outlined in Subsection 4.1. The proof
splits into two parts. First we apply standard method of stationary state, cf. for
instance [15,17] to derive the leading order term if the asymptotic expansion.
Second we derive a uniform upper bound on the error term when the expansion
becomes singular as € — 0.

We consider the Green’s function represented by (2.14) and choose a para-
metrization of S' on (27, 27], i.e. the components of G(¢,c) are given by

1o . :
g(t,c) = — / A(0) "9 dg with  ¢(0,¢) =l —@(0), c= %

A | o

and A(9) = 1, ﬁ(me%, or w(f)e 2.
Assume £ > 0 and ¢ € w'(S')\Cer(g). We implicitly exclude the degenerated
case W' (S')\Cer(€) = 0 where the statement becomes meaningless, i.e. we assume

£ < 2Cmax. Assume O(c) = {0y,...,0k}.

Localization. For localization to the relevant wave numbers consider § > 0
such that
\V/kl 7é k?g . U(S(le) QZ/[5(Q;€2) = @ (43)

Without loss of generality we may assume Us(6r) C (—2m,2n] for all k =
1,...,K. Otherwise we simply may shift the parametrization of S'. We
choose a smooth partition of unity {¢1,...,¥xk,1 — > ¢} on (=27, 27| with
Y € C2(Us(0y)) and 1/)k’u5/2(9k) = 1. For later use we record that there exist

C1,Cy > 0 such that

/ C "
1Ykl =1, Nlbplloc = 71 [Vl

Now, the components of Green’s function read as

Cy

-2 (4.4)

1 ‘9k+6 )
o) =3 /9 URB)AB) 0 38+ Rt )
.
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with .
Rioe(t ) = — / [1—2% } ¢it#(0.0) 4. (4.5)

Obviously, the localization error is O(¢t™V) for all N € N. But here we want
to point out the dependency of the bound on €. We postpone the discussion.
First we derive the leading order asymptotic behavior. To do so we consider

Or+6
I(t,6;) = / Ui (0) A(6)el¢0), (4.6)
Ok

The discussion for [ 0‘9:_ 5 Works analogous. Since from now on we will focus on on
single integral of the this form, we omit the index k in v, to simplify notation.

Local coordinate transform. We introduce a new variable u by

¢(0,c) = —sign@” (Op)u” + ¢ (O, )

which defines the coordinate transform

=/~ sign @ (6) (6(6. ) — B(B1. ).

The function U(6) is smooth and monotone on [, 0;+1) For later use we intro-
duce

—2sign " (0x) (00, ¢) — (6, )

h(0,0x) = 10 — |&" (O]
= 2sign@”(0) ; %(9 0r,)"
such that we may write
U(0) = 20 — 0:) /10" ()] + h(0, 01). (4.7)

Here, the analyticity of & carries over to h. Moreover, note that h(6,6;) =

O(0—0) as 0 — 6, and U'(0;,) = adGHy

2

Using the implicit function theorem we invert the coordinate transform U,
i.e. = O(u) := U~!(u) and substitute the integration variable in (4.6). Since 1
is compactly supported we may replace the upper bound U(6x+dJ) by oo such
that

~ll

I(t,9k> _ 1t31gnw Gk)¢>(c,€k)/ f(u)eitu2 du (48)
0
with f(u) = Ao®(u) - 10O (u)-O'(u). Note that, via © and ¢, f depends on 0.
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Actual decay rate. To derive the actual asymptotic expansion we use argu-
ments based on partial integration. We basically follow the procedure presented
in [17, Section I1.3]. We define

u+oo0ei™/4
Ko(u) = ¢ and Ky (u) = — / K, (@) di.
Thus, applying partial integration to (4.8) leads to
e itsien ") (¢ 0,) = f(u)K;(u —/ () Ky (u) du
0

|
— J(O0)K.(0) / " P () K () du

Using f(0) = ¢(6x) A(61)0'(0) = A(6) /=P and

iw/4

ooe . 00 ei% .
Ki(0) = —/ e duy = —/ e 2% du - = VT Qite
0 0

we obtain the first order term of the asymptotic expansion,

I(t,0;) = e Ooeo) A(g,) [ 20 F 475 + Rt ).

in which, after a second partial integration we find

e—it sign @ (0)¢(c, 9k t ek / f Kl du

— —F(0)K(0) + / J () Ky () du

for the error term. Thus we get

ol <5 (1701 [T e (19)

Here the right hand side depends on ) and via A and the coordinate transform ©
on the dispersion relation @ on [0y, 0x+4].

It remains to determine how the right-hand side depends on &, which will
take the larger part of the proof. Preliminary for that consider first the simplest
example, namely the case of pure nearest neighbor interaction. In that case we

have @(0) = 1 sin(%) and ¢ = +1 which implies |©"(0)| = /¢ — ¢ ~ /e. The

next basic lemma states that this holds in general.
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Lemma 4.1. Consider the dispersion relation & defined in (2.13) and assume
that the non-degeneracy condition (2.10) is satisfied. Then there exists 6y > 0
and constants C(w), C(@) > 0 such that with ¢ = &'(0) we have

voe | Us(0): C@)e—é? <12"(0)] < T(@)|e — &, (4.10)

I

Proof. According to the non degeneracy condition we have " (é) = 0 for all
0 € ©. We define o := = s ming g |0"(0 ))| and @ := maxgeg: |@" (0)]. Since O,
is finite, there exists dg > 0 such that

voe |J Us,(0): a<|@”(®)<a.

D>

As from now we assume 6 € Us, (0) for some 6 € O,. Due to @"(f) = 0 it is

straight forward that
al0 — 0] < |&"(0)] < alo —4].

Now we consider ¢ — ¢ = &'(f) — &'(8) and find |c — ¢ < |@”(F)| - |# — ]. Thus
we obtain |c — ¢z < L \”’( )| which proves the first estimate of (4.10) with
C(@) = /a. To prove the second estimate note that, possibly after decreas-
ing 8, | —¢&| > ta|f — 0)? again holds for all § € Us, (). Thus we get | (0)| <

%\c — ¢|2 which proves the second estimate in (4.10) with C(&) = ‘%a O

Estimation of the error term |R(t,6)|. Now we are able to prove the
second statement of Theorem 3.1. At first we determine a uniform bound on
|R(t, 6)| for € small where the asymptotic expansion becomes singular. To do so
we first provide some formulas to express f'(u) and f”(u) in (4.9), respectively,
in terms of the dispersion relation w. Obviously we have

fl=1A0" + (A +1pAg) O,
"= hAO" + 3 (1hpA + 1 Ag) ©'O" + (Vg A + 1 Ags + 209 A) O, (4.11)

and, with § = ©(u), for the coordinate transform holds

@/(u) _ 1 7 @//(u) _ U”(@)

we y 3UT(0) = U'(O)U"(6)
0 , 0"(u) = )

U'(0)° U'(0)°

(4.12)
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Finally we express the derivatives of U in terms of @ and h. According to (4.7)
we find

- 2(|0" (6) [+-hi) + (6—0k) Ry,
2v/2(|" (1) | +hi)
(4hi + 205 (0—0)) (10" (00 |+ D) — B> (0—6)
421" (1) | +hi) 3
(12hf 4Ry (0—0,)) (16" (Ok) |+ )?
BV2(|&" (05 [+1s) 3
— (61548 i (0—0)) (6" (O0)| +u) + 3R (0—0k)
8V 2(|@" (05)|+hi) 3
Now we consider the first term on the right hand side of (4.9). Using (4.12),
(4.13), (4.7) and 9/(©(0)) = ¢'(6x) = 0 we find 1, A0”| _ =0, pA,O”| _ =

|21‘}/ Or) 2nd 0 A@"| 0= 251gn3“|’:,(,(zk))‘;”(9’“ Thus we have

I

U/l —

I

(4.13)

" o__

F(0)] 2A"(0r)  2sign@”(6y) " (6k)
— [ 1w (0n)] 3|w” (6x) 12

Concerning the second term on the right hand side of (4.9), due to the compact
support of ¢ and fo 64+0) A(Q(u))@'(u) du = eiﬁé A(0)do, (4.11) leads to

—: B,(0)). (4.14)

// dU

’ ’ @I//

< [1Allw21(6,.80+5) <

L>>(0,U(0r+9))

+ 3(1+I|¢'I|Lw(ek,ek+a)> 16| Lo (0,u (B +8))
2
+ (1420 e o)1 =000 ) 1] ||Loo<o,U<ek+a»)-

Using (4.4) and (4.12) this implies

3(?,5) N B4(§§75)) o (415)

l\')l»—l

R(t,0,)] (31 Ox) + Ba(0x, 8) +

with
3 U//2 —uu"
Ut

BQ(Qk,(s) — ||A||W2,1(Sl) y
L (0y,0,+6)
Bg(@k, (S) - C”AHWZvl(Sl) (416)

U Lo (0,0 +9) 7
1
W

’ U//

By(Ok,0) = Cl|Allw21s1)

)

Lo (05,0 +4-9)
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and B; defined in (4.14).

Now recall the assumptions of the first part of the proof: ¢ > 0, ¢ €
&' (SY)\ Cer(e), O €01, ...,0K}=0O(c) and § >0 such that Us(0x,) N Us(Ok,) #0
if k1 # ko (cf. (4.3)) is fulfilled. We aim to prove that the bound on R(t,6y) is
uniform with respect to ¢ € @'(S')\ Ce:(¢). To do so we express the dependency
on ¢ in terms of ;. Since &’ is continuous and O, finite, there exists §. > 0 such
that @& (©¢(d:)) C Cer(€). For later use we choose d. maximal in the sense that
there exists 6 € O, such that |&'(0+0.) — &' (A)| = € or |&' (A—0.) — &' (0)| = e.
Thus, proving the assertion for 6, € ©%.(d.) = S\ O (d.) is sufficient since,
due to @'(S') \ Cr(e) C @' (O, (8:)), this includes all demanded cases.

According to Lemma 4.1 there exists g > 0 such that (4.10) holds. By

eventually decreasing dy we may ensure furthermore that ©.(do) = Ujco,, Us(6)

is a disjoint union. Note that this choice of Jy only depends on @w. Now, to
provide an upper bound on the right hand side of (4.15), we distinguish two
cases.

First we consider 0, € ©¢.(d.) \ O (dp). An upper bound on B; defined in
(4.14) is provided by Bj(#;) < max {Bl(e)]e € m} := B; which only
depends on @. To provide an upper bound on Bs, Bs and B, we fix § < g, e.g.
§ := %. This is consistent with condition (4.3) since dist(fx, ©) > and the
fact that there always exists 8 € @, such that 6, < 6 < 6;,;. We again have
B(0),9) < max {B (6, 50)!9 € m} := B,. Thus, in case we proved
the statement with a bound independently of ¢,

YOk € O (0:) \ Ou(do) :  [R(t,00) < Cl@)t™

In the second case, 0 € OF (d:) N O (dy), the singularity as ¢ — 0 comes

into play. The choice of §y implies —; L Thus we obtain
[0 (Or)| — C(w)gg

Q\A’(Gk)\ 210" (0)]  C(@)
S C@et  3C%@)e - e
For B,, B3 and B4 we have to provide lower bounds on the denominators on
the right hand side of (4.16). To do so note that according to Lemma 4.1 holds
&"(6,)] > C(@)ez. We introduce v(6,6;) := h(0,0)) + $011(0,0;)(0 — 0y).
Claiming that

VO, € ©L(0:) N O (do) VO € [0, 0x+0] : .
o601 < SC@ and oo < c@e

Bi(6k) <

we obtain
& (01)] + h(0,6;) > L C(@)e?  and
2(|&" (By)| + (8, 6%)) + D1 (B, 6,)(8—6;) > C(&) €3,
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To see that it is possible to choose 6 > 0 such that (4.17) holds consider

h(A8,0r) = h(0k+A0,0;) on [0,0.] X ©%(d:) N O (dp). Since the domain is

compact, h continuous and h(0, ;) = 0 holds for all 0, there exists d; € (0, J]
such that

[SIES

C(@)ex.

1
2

VA €[0,8] : I%axm(Ae,ekn <

k
We choose §; maximal in the sense that maxg, |h(A8, 6;)] > 1C0(w) 2 for Af €
[01, 51) with some &; > 0 or §; = 6.. Repeating the arguments for 0(A, 6) :=

v(0,0;) leads to 62 > 0. Choosing 0 := min{dy, d2} provides (4.17). Now, using
(4.13) and ¢ < 2maxyest [@'(0)| we obtain

3U"(0)2 — U'(0)U™ (0) . C@)
/ 4 - 2
u'(0) L% (04 04 +6) €
U”(0) L@ H 1| _CWw)
=~ 3 / — 1
U/(e)g L (03,05 +6) £2 U (0) Lo°(6y,,05+96) €2

with constants C'(©) > 0 depending only on @.

It remains to express 0 in terms of €. To do so we distinguish three
cases, namely 6 = 0; < J., 0 = 0y < 0. and 0 = J.. In the first case
we consider ; := argmax|h(d,6;)|. In view of (4.7) and the fact that &
is real-analytic h in fact is well defined and smooth on a compact domain
which is a superset of [0, .| x ©%.(6:) N Oc:(dy) and independent of ¢, for in-
stance [0, 7] x [—m,7|. On this set there exists a global Lipschitz constant
Lj, = Lj(@) only depending on @. We obtain § C(@) ez = |h(6,0,)] < L; (@),
ie. 0 > %8% = ﬁe%. In the second case we again repeat the argu-
ments for 6 = Jy and 9(A6,0;). For the third case recall that there exists
0 € O, such that [@(0+6.) — ©(A)| = e. According to Lemma 4.1 we have
e = |@(0£0.) — @(0)| < maxye 4,5, 1@"(0)| 0. < C(@) 2 8., which leads to the
same order of decay as in the first two cases, i.e. we have

3
5>
— CWw)

To summarize, the terms on the right-hand side of (4.15) are bounded as
5

follows, By(6,) < C(@)e™3, By(f) < C(@)e2, 2P < (@)= and H44) <
C(@)e2. Thus we proved
VO € ©°.(0.) N Ou(60) :  |R(t,6,)] < C(@)e 2t

Combining all bounds we obtain

. (4.18)

|R(t,0;)| < % (Cl(ofz) + 02(@) tt (4.19)
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Estimation of the error term |R)..(t,c)|. Finally we consider the localiza-
tion error given in (4.5). Using the notation Or < 01 < 0. the right-hand side

of (4.5) decomposes into terms of the form fe L5 [1—1(0)] A(9) €< df. Note
that |gb’(9 c)| strictly monotone on [0, 6] Usmg Lemma 4.1 and (4.18) we find
60, 0)] > |¢/ (0xt35.¢)| > Mingegn @, (5 [0 (6)] 2 > min {C1(@), Ca(@) e}
Thus, applying partial integration we find

‘ hts [1— ¥4 (0)] A(9) 000 d@‘ < <Cl(d)) 1 @) i1

This decay rate is already covered by (4.19), which completes the proof of (3.1).

4.3. Asymptotic expansion at the wave fronts. This section is dedicated
to the proof of Theorem 3.3. Arguments presented in [1,8,17] are underlying
the following considerations.

Consider again Green’s function represented by (2.14). We choose a para-
metrization of S' on (-2, 27], i.e. the components of G(t,c) are given by

27 .
ot c) = 41 / A0 with 9(6,c) = 8- 5(0), o=
T
and A(0) =1, (e)e 3, or wr(ﬁ)e_ig.

Localization. We aim to determine the asymptotic behavior of ¢(¢,c) as
t — oo for group velocities ¢ near caustics, i.e. |c — ¢| = e with é = &/(0),
€ O,. Here, in general, the asymptotic behavior splits up into two compo-
nents. One contribution ~ ¢~ 5 1s made by a neighborhood of the actual critical
wave number 6 and one ~ 2 by further wave numbers 6 € O(c) which are
bounded away from that. The latter vanishes if we are close to the sonic wave
speeds +Cpax = + maxgee,, &’ (é) To formalize this define

do :=1 min 0, — 0,] and e := min {2 ’w - @’(9150)‘}.
017#02€Oc; 0EO
Note that both are uniquely determined by @, i.e. bounds depending beside @
on dg or gy are according to our convention denoted by C(@).
Now consider ¢ € Ce(g9) and {él, . ,éK} = O (c,e0). To simplify no-
tation we assume Uas, () C (—2m,2n] for all k. For localization we use v, €
C° (Unsy (0x)) with | | = 1 and obtain

[0x—60,0k+00
1 ) )
o(t0)= 3 / A(0) ™09 40 4+ Ro(t,c) + Rue(t,c)  (4.20)
br—b0
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with
Gk—50 0260 '
Ro(t,c) = (0)A(6) @) dh  and
Op— 250 Gr+00
1 01-80 Bl r0,.1-8 ™ (6.0
Rioe(t, c) = / + / + / 1= ¥(0) | A(6) ") dg.
47T kz:; 0r+60 b +30 [ Zk: }

First we treat the error term Ry. In view of our choice of dy, |¢ — &' (0)] is
monotonically increasing on [0, ék+250] Utilizing the definition of £y we find
that [9p0(0,c)| > —|¢ — ¢| + |¢ — &'(0)] > & for 6 € [0x+00, 0,+25,]. Since the
same estimate holds on [Gk 200, Qk] integration by parts leads to

|Ro(t,c)| < C(@)t!

Introducing Ry(t, ¢) would actually not have been necessary to determine the
asymptotic expansion since the upcoming steps also do the job if it is merged
with the remaining integral on the right hand side of (4.20), cf. [8]. But by doing
so we may treat the remaining integral in an analytic setting which makes it
more easy to determine the leading order error terms explicitly. Here the pay-off
are error terms ~ t~! at the boundary 6+5,. But this is what we get anyway
from Rj,.. We also could have used a simple cut-off, but we introduced v to
highlight the origin of the contribution.

Concerning the localization error R, we may distinguish two cases. First,
assume there exists 0 € O(c) \ {0 | dist(Oc;(c,£0),0) < dp}. Since we are again
uniformly bounded away from other critical wave numbers, we may use the
theory presented in Subsection 4.2 to prove

Rioe(t,¢) = Guon(t,e)t 2| < C(@) ¢!

Here Guon(t,¢) is defined in (3.1b), where in this case we only sum over
O(c)\ O (dp). In the second case, if § € O(c)\ {0 | dist(Oc(c,&0),0) < 0o} = 0,
we are obviously near the sonic wave speed. We again have |0yp| > ¢¢ but this
time iterative application of partial integration leads to

|Rioe(t, )| < Cy(@)t™ forall N € N

since the boundary terms cancel due to periodicity and the compact support
of iy, respectively.

Local coordinate transform. Since from now on we will consider only one
single integral fo k+5°A (0) ci9(?<) 4 we skip the indices k and 6. Using the
nondegeneracy condltlon w”(0 ) # 0 we can use the following proposition sum-
marizing all the necessary results concerning the local coordinate transform,

cf. [1,17] for a similar procedure.
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Proposition 4.2 (Coordinate change for wave front). Assume that 6 — w(0)
1s real-analytic near 0 and that

~ ~

¢=uw'(0), w"0)=0, and ") #0.

Then, for the function ¢(0,¢) = cl —w(0) there exists a unique local, analytical

A

coordinate change u = U(0,c) near (0,¢) with inverse 8 = O(u,c) satisfying
U(#,¢) =0, 0pU(0,¢) >0 and

$(0,c) = p(0(u,c),c) = —%uS —a(c)u+blc)  with
o :=sign(w”(0)) € {~1,1}, a(¢)=0, od(¢)>0, b)) =¢(b,0).

The functions a and b can explicitly be constructed as follows. For 0 < a(c—éA)
< 1 the equation 0 = 0pp(0,¢) = ¢ — W' (0) has exactly two solutions near 0,
namely 6_(c) <04 (c). Now, for 0<o(c—¢) <1 the functions a and b are given

by

[6(0-(c), ) + ¢(0-(c), c)]-

DN | —

o(0) = o (X [o10-10.0) — 600-00]) . 3(0) =

In particular, if ¢ is odd in 0 (i.e. p(—0,c) = —p(0,¢c)), then b = 0.

Remark 4.3. Before we give the proof of this result, we show how the result
looks like for the FPU chain with w(f) = 2sin(£) with 0 = 0, where ¢ = 1 and
w”(0) = —3. We find 04 (c) = £2arccos(c) for 0 < ¢ < ¢ = 1. By symmetry
we have b = 0 and find a(c) = (3[vI—¢® — carccosc])5. This function can be
extended analytically into a neighborhood of ¢ as follows. With a = arccosc
we have

2

5 = a%g(a?)s,

a(c) = (3[sina — acos )

where ¢ is analytic around 0 with ¢(0) = 1 by using that 3[sina — acosa] =

(1 4+ > 72, o). Now defining T as the inverse of C(r) = Y22, %

(i.e. C(r?) = cosr and C(—r2) = coshr) we find a(c) = T(c)g(T(c))3, which is
real analytic for ¢ € (=1, ¢,) with ¢, ~ 44.7, see Figure 4.1.

~

the proof for the case that &’ takes a local maximum at 6, i.e. @ (0) < 0.
We introduce € := ¢ — c¢. Due to ¢ = &'(#) we have ¢ > 0 in the considered
neighborhood of . For

Proof of Proposition 4.2. Without loss of generality we carry out the details of

A~

B(0,¢) == ¢(0,6—e) — ¢(6, ) = —0 — @(0) + @(0) + &' (A)(6 — 6)
holds

~

$(0,0) = 9p6(0,0) = 92(0,0) =0 and  I3(6,0) > 0.
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a(c)

~

Figure 4.1: Function a(c) for FPU dispersion relation w(f) = 2sin(%) at 6 = 0.

Thus we are able to apply the suitable version of Weierstrafl’ preparation theo-
rem yielding a normal form for ¢. According to Theorem B.5, in a neighborhood
of the critical point @, there exists a coordinate transform

u="U(f,¢) or § =O(u,e) such that

P(O(u,¢€),e) = ®(u,e) == tu® — ale)u + b(e).

(4.21)

The transform U(6,¢) as well as a(e) and b(e) are real-analytic. Furthermore
we have a(0) = b(0) = 0.

In case ¢ is symmetric in §, we have b(e) = 0 such that the oscillatory
contribution depends on 6 only.

To make a and b explicit we use that, for 6 # é, the saddle point of order 2
splits up into two saddle points of order 1. Thus, for € > 0 there exist 6. (¢)
such that ¢ — &' (éi(e)) — ¢, which means dyp(04(),e) = 0 for all e. We now
set ug(€) :==U(O+(g),e) and observe

(us(2)” = a(e) = 0, D(us(e).2) = po(b(€),€) DuO(us(e),€) = 0.
Hence, we find u = ++/a(e), and using the definition of ® in (4.21) gives

a(e) = (% [é(eJr(E)? g) - (5(9* (€), E)}) ' , ble) = % [$(9+(€)7 8) + $(67(6)7 8)]

Expanding 64 (¢) in powers of £2 we obtain

e+ O(e2). (4.22)

Inserting this into (A (), e) leads to the expansions

./ 2 2 — 90 2
a(e) = 1/@,,,(é)e%—(’)(e), b(e) =20+ O(e7).
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We derived these identities for € € [0,e0]. But since a and b are real-analytic
this actually holds at least for € € [—¢¢, o).

Concerning the symmetric case where we have b = 0 note that ¢(0—AM, ¢) =
—p(6+A0, ¢) implies 20¢ = ©(0+AF) + ©(6—AF). Keeping in mind that ¢ = 1
and that fact that we actually consider e*® we find that the last identity needs
to be valid mod 27” L.e. since c is arbitrary, we have b = 0 if f = 0mod .

Thus, Proposition 4.2 is established. ]

~

Actual decay rate. Obviously, Us,(0) x [—eo, 0] is included in the neigh-
borhood where the statement holds. Introducing the new variable u we may
rewrite the integral on the right hand side of (4.20) as follows,

é—|—50
I(t,e) = / A(6) 0¢=2) qg
0

00 (4.23)

X U(0+60,¢)
= ¢ltb(e)=9(0.9)] / A(@(u, 5)) 0,0 (u, ) eit(gu=al@)w) gy,
U(é—éo,a)

To calculate the actual decay rate we again apply a version of Weierstrafl’ divi-
sion theorem. Regarding f(u,¢) := A(O(u,¢)) 9,0(u,e), Theorem B.2 yields

flu,e) = q(u,e) [u* — a(e)] + Ble)u+ ale) (4.24)
with real-analytic functions ¢, 5 and «. Thus, (4.23) takes the form

U (6+60,¢)

I(t,e) = eit[b(a)_¢(é’é)]/ [5(5)u+a(5)]eit(%US_“(E)“) du+ Ri(t,e) (4.25)
U(6—80,¢)
with
. _ pU(6+60.) o
Rt c) = clBE)-9(0.0) / au,2) [ — a(e)] MO qy  (4.26)
U(6—80,¢)
_ —71 it () (60.5)]
. U(8+60,¢) U(6+60.¢) .
% (q(u, €) elt(%“g’_“(g)“)’ o —/ ) Ouq(u, €) et —al)u) du).
U(0—bo.e) U(6—60,¢)

The first two terms on the right hand side of (4.25) bear the leading order
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asymptotic behavior. We have

U(6+do.e) 13 2
/ eit(zu’—ale)u) 1, — 9 Ai(—a(e)ts) - 5 4 Ry(t,e) and
U(éf(S(),E)

vi0too.2) it(2u—a(e)u) N 2y ,-2
ue's du = 2mi Ai'(—a(e)ts) 3+R3(t e),
U(6—60,¢)

/ W2 G —a@u gy, for ] =2,3.
R\[U(0—30,¢),U(6+0.€)]
Here Ai(-) denotes Airy’s function Ai(z) = 5= [, ei(zu* =)y,

Before estimating the error terms we want to make the last two functions
on the right hand side of (4.24) explicit to determine the leading order terms.

To do so note that

where R;(t,e) =

f(£Vale),e) = £6()Va(e) + ale)

which implies

o(e) = 5 [7(Vale). ) + 1 (~Val).9)]
96 = 5 (1 (Ve e) ~ 1 (- a<s>,s)] ,

and q(u, e) = L AEwale) " The firgt factor of f(£+/a(e), ) we have at hand

u?—af(e)
explicitly. We either have A = 1 or, in view of (4.22), ( (£+/a( )
A(6+A9i) = A(6) + Aje? + Aye £+ Ase? + O(e2) Wlth AB) +# 0. For the
second multiplier we start from identity (4.21) and apply 1’'Hopital’s rule to

0,0 = 89¢ . This leads to

[ I

(8@i\/_ )

Thus, we obtain

__#2//a@ :< 2A>3+O<8 \

u=tr/ae) —wW"(0+A0L) w"(0)

9¢

a(e) = AB) §/ g + OL6),

which holds for € € [—&g, £9]. Note that the leadmg order term is always nonzero.

Concerning 8 we know by Theorem B.2 that the singularity in ¢ = 0 is
removable. Indeed, we have § = 0,f(0,0). Here we do not determine the
leading order term explicitly. But note that in general this is not nonzero. For
instance, in case ¢ and with it U are symmetric (cf. special case of Theorem B.5)
we have 020(0,0) = 0. Thus for the first component of G (i.e. A = 1) holds
9.f(0,0) = A’(0)(0,0(0,0))* + A(0)926(0,0) = 0.
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Estimation of the error terms. Now we turn to estimate the error terms.
We will prove that R, as well as Ry and R3 are at least O(t_l). To shorten the
notion we introduce u. := U (68, £).

For estimating R, again partial integration does the trick:

/ eit(%u‘r’fa(s)u)du _ - 1 _'_/ 2u . eit(%u:afa(s)u)du.
R\[u— ] t[u*—a(e)] R

uy \lu—uy] t[u2—ale)]
Recall that ‘89425(9:&50, 5)! > 0. Since 9y 9,0 = u* — a(e) and the fact that
0,0] is uniformly bounded from below on [#—6,0+8] x [0,e0] we conclude
[u2 — a(e)| > C(@)gp. Obviously, the remaining integral on the right hand
side also is uniformly bounded. Since the same arguments apply to Rs(t,c) we
obtain

IRyt e)| < C(@)t" and |Rs(t,e)] < C(@)t~

with C(@) only depending on @.
It remains to determine an upper bound on R;. Using (4.26) we easily find

|R1(t76)| S (|q(u+7€)| + |q(u—75)| + ||@uQ(‘,5)||L1(u,,u+)) t_l S O((D> t_l

which completes the proof.

We comment the proof with two final remarks. First, one cannot expect
that the error bounds going to 0 as € — 0. The reason is that Ry and Rjs,
which represent the deviation from Airy’s function due to the bounded domain
of integration, as well as R;, which represents the higher order terms of the
asymptotic expansion, remain in case of a pointwise expansion for ¢ = 0. Sec-
ond, the bounds ~ ¢t~! of the error terms are again due to the cut-off. Using
a smooth partition of unity Ry and Rs would behave like ¢t~V for all N € N
(cf. Rjoc) and Ry like the next term of the asymptotic expansion, namely ~ 3,

A. Representations of Green’s function

Recall the formulas of the dispersion relation,

(2

with w, € C¥(S') and (2.12), i.e.

w(f) =2

we(0) and  &(0) == 2sin (g) we(6)

Je,>0V0eS: ¢ <w(h) = w(—0) = w(0+27).

The following five representations of the Green’s function (2.8) are equivalent:

6y0=L /S< cos(w(0)t) <5t Sm@(@)t)) 10 dp: (A1)

=20 sin(w(f)t)  cos(w(A)t)

elf —1
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oL cos@(O)) L sin(@(0)) ) wo gp.
Gilt) 27T/§1<ie_ Ewr(ﬁ) sin(w(0)t) (ec):os(@(ﬁ)t) ) 40 (4-2)

. 1
a,i=={" h@h  gighe(0.0572) a6
i\l)=— 1 )
= ox ), wr(e)h_(e,t, J‘T> he(6,,4)

where hy(6,t,¢) = cos(t(w(f)+0c)) £ cos(t(w(d)—0bc));

1 ™ . +3p
Gilt) =+ CPS(W(@)t:EQ]) L E® cos(w(0)t+0(j+3)) a0; (AA)
2 ) _\Fw:(0)3 cos(w(8)t£0(j—5)) cos(wyt£07)
1 eit¢i(29,c) 4_e” el? 1t¢i(29,c)
. I wr (20 .
G] (t) - 27T/Sl <:|: wr(je) eltd+(20,c) ( 1t)¢>i (20,c) ) do; (A5)

where §p =sign(d) and ¢4 (0,c) =0c£w(0).

Proof. We only give the equivalence proof for the two components Gjlfl(t) and
G;’Z(t). The proof for G?’l(t) is analogous to that of Gjl-’z(t).

(A.1) & (A.2). The result for the first component is obvious by cos(w(#)t) =
cos(w(0)t). For the second component we use sin(w(6)t) = sign 0 sin(w(0)t), and

2sin Q = —je 2 (¢l i ¢~ 1 o sign 0
2) 00 T we) e

(A.1) & (A.3). For the first component we use

T 0 1 [T, . o
| costwne s = 5 [ [eterion g etteon] ag
0 0

NI
—
CD»—I
S
|
—_
N—
—
@
I

0 v
. 1 . ) ) )
[ costonerian= 1 [y o] ap
0

—T7
and for the second we use

)

T .if T iZ
/ i sin(wt)e!” dg :/ e ,l_[ei(wtwj) o—i(wt=0) } a0
0 0

w wy 21

_ l/ﬂi[ej(wt-iﬂ(j—i-é)) _e—i(wt—e(j—i-%))] a6,
2 )y wr

0 .if 0 - i@
/ ¢ - 1 Sln(wt)elej de = / —1ez . l |:ei(wt+9j) e wt 9] :| de

w W e W 2i

1 / 1 [e—i<wt+9(j+%>> _ ei(wt—9(j+%))} 40,
2 )y wr
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(A.3) & (A.4). The proof for the first component is again straight forward
using [ cos(wtFhj) do = fir cos(wt£07) df. With [ L cos(wtF0(j+3)) df =
fir wir cos(wt£0(j+3)) df for the second component, we conclude

|| [eostetorot+4) — costuto)e—o(-+4)] as

Wr

= [ costutoyotiehan = - [T cos(uio)-oi+4) a0

Wr e Wy

(A.2) & (A.5). Because of @(2m+6) = —@(0) we have [ e/(FOHH0) g =
e!Ft407) 49, Thus, using the 4m-periodicity of & we get

-7
—3m

" 05 U™
/ COS((I)t)ele] d@ = 5/' [el(wt+0])+e1(—&Jt+9])]d0

_ l/w S(EBLH0) g9 /7T (i(£5(20)t4205) g
2 —37 -
which proves the result for the first component. For the second component we

use [T+ el(FOIH0G+3)) 4 = — o = el(E81H0G+3)) 49 such that

20
T s i2 o 1 ™1 o . L .
[y m@eneiao=g [ 2 [ueae -] a
T [™ 1 ioevoiint
— 4= _e1( wt+0(3+3)) do
2 —37 Wr

:i/7T 1 ica@ori2eG+1) g9
—TT wr(29)

—T

Finally, since t¢ (0427, ¢) = t¢+ (0, ¢)+4nk, the integrand is well defined on S'
and we actually have [, ---df instead of [7 ---dé. O

Remark A.1. We make the following observations.

e In case of w, =1 the components of G,(t) are Bessel functions (cf. [5]).

e The function w is 2m-periodic, but @ is only 4m-periodic.

e For all n € N and k € Z we have the relations w®™(0) = 0, w®*)(+71) =0,
and &M (2kT) = 0.

e The first term of h in (A.3) corresponds to wave numbers ¢ < 0, while the
second corrensponds to ¢ > 0.

e The kernel of (A.4) is only 4m-periodic, i.e. it is not € C*(S') anymore and
we really have [" -..df instead of [, ---df. In contrast to that, the kernel
of (A.5) is C¥(Sh).

e In passing to the representation (A.5) the number of critical wave numbers
doubles: While the sin and cos terms for each wavenumber 6 always involve
two group velocities £w’(6), the exponential terms necessitates two different
wave numbers.
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B. Preparation theorems

In Section 4 we derive uniform asymptotic expansions of integrals

5

I(t,y) = / A(@)eit¢(9’y) de. (B.1)
-5

To do so we are faced with two challenges. First, it is necessary to rewrite the

phase function ¢ in a suitable normal form, which is not straight forward if ¢

is degenerated. For instance in Subsection 4.3 we have ¢(f,y) analytic with

¢(0,0) = 9p¢(0,0) = 956(0,0) = 0,  95¢(0,0) > 0 (B2)

but 93¢(0,y) # 0 for (6,y) # 0 in a neighborhood on (0,0). Second, at one
point we want to rewrite A in a suitable factorized form to be able to separate
leading order terms, cf. (4.24) and (4.25). In both cases the key ingredients are
the preparation theorems of Weierstrafl and Malgrange, respectively.

To avoid confusion due to the non-uniform labeling we first recall the dif-
ferent versions of the preparation theorems according to [8]. Then we state and
proof a special version to be applied in Subsection 4.3.

Preparation theorems of Weierstraf3 and Malgrange. The first two the-
orems are the classical version in the analytic setting.

Theorem B.1 (Weierstrafl’ preparation theorem, [8, Theorem 7.5.1]). Let g be
an analytic function of (0,z) € C*™ in a neighborhood of (0,0) such that

Then there exists a unique factorization
9(0,2) = h(0,2) (0" + ar_1(2)0" " + -+ + ag(2))

where a; and h are analytic in a neighborhood of 0 and (0,0) respectively,

h(0,0) # 0 and a;(0) = 0.

Sometimes the following division theorem is also referred to as Weierstrafy’
preparation theorem. It is a generalization of the last result and also known as
Weierstraf3” formula.

Theorem B.2 (Weierstral’ division theorem, [8, Theorem 7.5.2]). Let g and f
be analytic functions of (0,2) € C'*" in a neighborhood of (0,0) and g satisfy
(B.3). Then, we have the decomposition

£(0,2) = q(0,2)g(0, 2) + ri_1(2)0" " + -+ ro(2),

where r; and q are uniquely determined and analytic in a neighborhood of 0
and (0,0).
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Theorem B.1 is a special case of Theorem B.2 with f(6,2) = 6% where
q(0,2) = h(O;,z) and 7;(z) = —a;(2).

The C* counterparts of the last two results are due to Malgrange. The ana-
log of Theorem B.1, namely the Malgrange preparation theorem is again stated
and proven in [8]. Here we only state the second result which is sometimes also

referred to as Malgrange’s preparation theorem or Mather’s division theorem.

Theorem B.3 (Malgrange division theorem, [8, Theorem 7.5.6]). Let g and f
be C* functions of (0,x) € R'™™ in a neighborhood of (0,0) and g satisfy (B.3).
Then, we have the representation

fO,2) = q(0,w)g(0, ) + 11 (2)0" " + - + 1o (),
where r; and q are C* functions in a neighborhood of 0 and (0, 0).

The proof can be deduced from the Weierstrafl’ preparation theorem by
decomposing a smooth function as a sum of analytic functions. But note that
waiving the analyticity leads to a loss of uniqueness.

Essential in deriving a suitable normal for ¢ to rewrite (B.1) is that the
normal form can also be achieved by a change of variables instead of a multi-
plication.

Theorem B.4 ([8, Theorem 7.5.13]). Let ¢ be a C™ function of (6,y) € R**"
in a neighborhood of (0,0) that satisfies

¢(0,0) = 9p$(0,0) = --- = 957'$(0,0) =0 and 9;¢(0,0) > 0.

Then one can find a real-valued C* function U = U(6,w) with U(0,0) = 0,
0pU(0,0) > 0 and C* functions a;(y) with a;(0) = 0 such that for u = U(0,y)
holds

3(0,y) = $u* + a2 (y)u* 7 4+ + ao(y).

Real-analytic coordinate transform. In view of (B.2) we may apply Theo-
rem B.4 to introduce a new coordinate u = U (6, y) such that

o(0,y) = 3u’ + a(y)u + b(y).

The functions U, a and b are C*> and U(0,0) = a(0) = b(0) = 0. But this result
is insufficient in two ways. First it does not yield a real-analytic coordinate
change. Second we claim to have b(y) = 0 in a special case. Concerning this
note that the 3rd power mixes even and odd powers of 6 such that U(—0,y) =
—U(0,y), which would imply b(y) = 0, it is not obvious. Here we give a modified
version of Theorem B.4 which accounts for these two aspects.
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Theorem B.5. Let ¢ be real-analytic a function of (6,y) € R? in a neighborhood
of (0,0) which satisfies

$(0,0) = 9pp(0,0) = --- = 05 '¢(0,0) = 0, 9F»(0,0) > 0. (B.4)

Then one can find a real-analytic coordinate transform u = U(0,y) and real-
analytic functions a;(y) such that

0(0,y) = +u* + ap_a(y)u" >+ + ar(y)u + ao(y)

Here U(0,0) =0, 0,U(0,0) > 0 and a;(0) = 0.
Furthermore if ¢ is odd with respect to 0, i.e. p(—0,y) = —¢(0,y), then so
is U and ap(y) = as(y) = -+ = ar_3(y) = 0.

Proof. For the general case the proof can be copied from that of Theorem B.4,
see [8, Theorem 7.5.13], using Weierstrafy’ instead of Malgrange’s division the-
orem. Here we only give the proof for the specialization to the case where ¢ is
odd.

Due to (B.4) there exists a function ¢y such that ¢(6,0) = £0%¢¢(0) with
¢0(0) > 0 in a sufficiently small neighborhood of 0. Now we may introduce the
new coordinate ¢ := 0¢f(0), i.e. § = O((), such that ¢(0((),0) = % holds.
Note that since ¢ odd with respect to 6, k = 2J+1 with J € N. We will use
the notation ¢(,y) := ¢(O(C),y). Here the symmetry of ¢ carries over to that
of © and ¢ with respect to .

We define

F(¢,y,a) = (¢, y) +Z s

Then we have in particular F(C, y,0) = ¢(0((), ) Now we want to let ¢ = ((y)
and a = a(y) vary such that F(¢,y, a) remains constant. Then din = (0 would

lead to 3
(a¢ + Z 2j +1) Jg%) Z o, g%“ . (B.5)
§=0

Now we apply Welerstraﬁ’ preparation theorem to justify the last equation.

To do so we utilize the the symmetry of ¢. Note first that the function 2 is

¢
even with respect to . Thus, the function defined via
J—1

oF

A&y, a) = —| 42+
S g ©
7=0
is real-analytic and satisfies (B.3) with £ = J and w = (y,«). For the same
reason g—z’ is odd with respect to (. Thus f(0,y) = %8—? is again real-

analytic. Applying Theorem B.2 to A and f leads to

7 J
%g—j =q(¢%y,a ( + Z 2j+1)ay¢? ) +er(y,a)62j-
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In view of this relation (B.5) holds, if the relations

j_zi:—(q(@,y,a) and %:‘ﬁ(y,a) for j=0,....J -1

do as well. Solving these ODE’s with initial conditions ((0) = v and a;(0) = q;
with u and a; sufficiently close to 0 leads to ¢ = ((u,y,a) and a; = a;(y, a;).
These functions are again real-analytic in a neighborhood of 0.

Since %F = (0 in a neighborhood of 0, we conclude

F(G,0) = 6(O(C(, ), ) + 3 ) C (0, )

= ¢(@(<(ua O? a))v 0) + i & (07 aj)[C(uv Oa a>]2j+1

] J-1
= —uF 4+ Y au
k J
Jj=0

Because of %aj(o,aj) = 1 and %C(U,O,a) = 1 we can locally invert the
functions a; = «;(y,a;) and ¢ = ((u,y,a). Hence a; = a;(y,a;) and v =
u(C,y, ), where the dependence is again real-analytic. Thus we get

P(C) = Gl + 3 oty )

J=0

Using the definition of F' and setting @ = 0 leads to the desired normal form
and U(0,y) := u(©71(),y,0) is the corresponding coordinate transformation.
Finally, the conditions on U and a; in 0 as well as the symmetry of U with
respect to 6 are easily checked. Thus, Theorem B.5 is established. O
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