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Abstract. This paper presents a study for square-integrability of classical multivari-
ate wave-packets in L2(Rd) via group representation theory. The abstract notions
of multivariate wave-packet groups and multivariate wave-packet representations will
be introduced and as the main result, we prove an admissibility condition on closed
subgroups of GL(d,R), which guarantees the square integrability of classical multi-
variate wave-packet representations on L2(Rd). Finally, we present application of our
results in the case of different admissible subgroups.

Keywords. Multivariate wavelet (Gabor) transforms, multivariate wave-packet rep-
resentations, multivariate wave-packet groups, multivariate wave-packet transforms

Mathematics Subject Classification (2010). Primary 42C15, 43A32, 81R30,
secondary 22E45, 43A25, 43A15

1. Introduction

The mathematical theory of covariant and coherent states transforms is one
of the main building blocks of theoretical physics, modern high frequency ap-
proximation techniques and time-frequency (resp. time-scale) analysis [4, 30,
31,34,35]. Over the last decades, abstract and computational aspects of co-
variant and coherent states transforms have achieved significant popularity in
mathematical and theoretical physics, scientific computing, and computational
engineering, see [6] and references therein. In a nutshell, coherent state trans-
forms are obtained by a given coherent function systems. Then admissibility
conditions on the coherent system imply analyzing of functions with respect to
the system by the inner product evaluation [22]. Such coherent structures are
classically originated from representation theory of locally compact groups, see
[18,22,29,32] and references therein. Commonly used coherent states transforms
in theoretical physics, are wavelet transform [11,30], Gabor transform [20, 21],
wave-packet transform [13,16,17].
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The mathematical theory of Gabor analysis is based on the coherent state
generated by modulations and translations of a given window function. Wavelet
analysis is a time-scale analysis which is based on the continuous affine group
as the group of dilations and translations. Wave packet analysis which is also
well-known as Gabor-wavelet analysis is a shrewd extensions of the two most
prominent coherent states analysis, namely Gabor and wavelet analysis [28,
39,40]. The mathematical theory of wave-packet analysis on the real line is
originated from classical dilations, translations, and modulations of a given
window function. The structure of discrete wave-packet systems over the real
line has been studied for higher dimensions by several authors, see [7].

The following paper consists of nature of multivariate wave-packet trans-
forms over L?(R?). We aim to introduce the notion of multivariate wave-packet
transform over the Hilbert function space L?(IR?) associated to closed subgroups
of the general linear group GL(d, R). We shall address analytic aspects of mul-
tivariate wave-packet transforms over L?(R?) using classical tools in coherent
state analysis. This article contains 6 sections. Section 2 is devoted to fix nota-
tions and a summary of classical Fourier analysis on R? and harmonic analysis
on projective representations and square integrable representations over locally
compact groups. In section 3 we present a brief study of harmonic analysis
over the matrix Lie group GL(d,R). Then we introduce the abstract notion
of multivariate wave-packet groups associated to closed subgroups of GL(d, R).
We shall also show that the group structure of multivariate wave-packet groups
canonically determines an irreducible projective (unitary) group representation
of the group, which is called multivariate wave-packet representation. We then
present an admissibility criterion on closed subgroups of GL(d, R) to guarantee
the square integrablity of the associated multivariate wave-packet representa-
tion on L?(R?). As an application of our results we study analytic aspects of
multivariate wave-packet transforms associated to closed subgroups of GL(d, R).
It is also shown that, if H is a compact subgroup of GL(d, R), for all non-zero
window functions we can continuously reconstruct any L?-function from multi-
variate wave-packet coefficients. Finally, we will illustrate application of these
techniques in the case of well-known compact subgroups of GL(d, R).

2. Preliminaries and notations

Let G be a locally compact group and H be a Hilbert space. Let U(H) be
the multiplicative group of all unitary operators on H. A projective group
representation of G on H is a mapping I' : G — U(H) which satisfies

[(g99') = 2(9,9)T(g)T'(g') forallg,¢g €G

where z(g, ¢') are unimodular numbers. The projective group representation I'
is called irreducible on H, if {0} and H are the only closed I'-invariant
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subspaces of H.
A projective group representation (I',H) is called left square integrable if
there exists a non-zero vector ( € H such that

/G ¢, T(g)C) Pdmelg) < oo,

for some left Haar measure mg of G. Similarly, it is called right square integrable
if there exists a non-zero vector ( € H such that

| 6. (@) Panag) < o,

for some right Haar measure ng of G.

Since R? is an LCA (locally compact Abelian) group, according to the
Schur’s Lemma, all irreducible representations of R? are one-dimensional. Thus
any irreducible unitary representation (7, H,) of R? satisfies H, = C and hence
there exists a continuous homomorphism w of R into the circle group T, such
that for each z = (zy,...,74) € R? and 2z € C we have 7(z)(2) = w(z)z. Such
homomorphisms are called characters of R? and the set of all such characters
of R? is denoted by R, If R equipped with the topology of compact conver-
gence on R? which coincides with the w*-topology that RY inherits as a subset
of L>(R?), then RY with respect to the product of characters is an LCA group
which is called the dual (character) group of R?. The character group @, that
is the multiplicative group of all continuous additive homomorphisms of R?
into the circle group T, can be parametrizes by R? via the following duality
notation RY with R via

w(x) _ <x,w> _ eQwin-x

for each w € R4, The linear map Fga : L'(RY) — C(H@) defined by f —
Fra(f) = f via

-~

Fra(f)(w) = f(w) = f( Jw(s)dmga(s),

is called the Fourier transform on R?. It is a norm-decreasing *-homomorphism
from L'(R?) into Co(R?) with a uniformly dense range in Co(R?). If a Haar
measure mgas on R? is given and fixed then there is a Haar measure Mz On R4,
which is called the normalized Plancherel measure associated to mga, such that
the Fourier transform (2) is an isometric transform on L'(R?) N L?(R?) and
hence it can be extended uniquely to a unitary isomorphism from L?*(R¢) onto
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LQ(]I/@), see [10,25]. Then each f € LY(R?) with f € Ll(ﬂ@) satisfies the

following Fourier inversion formula
f(s) = - f(w)w(s)dmﬂ/@(w) for a.e. s € R%.

For x € R? and f € L*(R?), the translation of f by z is defined by T, f(y) =
f(y—=) for y € R%. The translation T, : L*(R?) — L*(R?) is a unitary operator.
For w € R? and f € L*(R?), the modulation of f by w is defined by M, f(y) =
w(y)f(y) for s € R% The modulation operator M, : L*(RY) — L*(R%) is
unitary as well. The modulation and translation operators are connected via
the Fourier transform by

m = T—w.]?y ]flc\f = Mkﬁ

for all f € L2(R%), w € RY, and k € RY, see [10,24,37).
From now on and in this article, for a fixed Haar (Lebesgue) measure mypa
on R, by P g OF Hga, za We mean the induced product measure on Réx Rd =

R xR, that is dpiy, (2, w) = dmge(z)dmg; (w), where mz; is the normalized

Plancherel measure associate/d\ to mga.

For A = (z,w) € R x R? = R? x R4, the time-frequency shift operator
7(\) 1 L2(RY) — L*(RY) is defined by 7(\) = M,T,. Then, it is well-known as
the Moyal’s formula, that

/Rd . [{f, 7 (N)g) 12wy | Attga, gz (V) = 1F 172 @) 19112y (1)
X

for all f,g € L*(R?), see [11,23] and classical references therein.

3. Harmonic analysis over general linear groups

Throughout this section we briefly present basics of harmonic analysis over
the multiplicative matrix group GL(d,R), for a complete picture of this ma-
trix group we referee the readers to [26,27,33] and the comprehensive list of
references references therein.

For d > 1, the real general linear group GL(d, R), is the multiplicative group
consists of all d x d invertible matrices with real entries, that is

GL(d,R) := {A € Myxq(R) : det(A) # 0}.

It is a d*>-dimensional real Lie group. It is non-compact but unimodular. A
Haar integral (measure) of GL(d,R) is given by

/ H(A)donam(A) = / H(A)| det(4)|dA,
GL(d,R)

ded(R)
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for all ¢ € C.(GL(d,R)), where dA is the Lebesgue measure over the linear
vector space of all d x d matrices with real entries.

Proposition 3.1. Let d > 1 and mga be the Lebesgue measure on RY. Let mz

be the normalized Plancherel measure associated to mra and A € GL(d,R).
Then

1. dmpa(Az) = | det(A)|dmpa(z).
2. d,uRdX[/RAi(A - A) = dptga, i (A), where A~ X\ = (Az, A7) for A= (z,w) €
R? x R4,
Proof. 1. 1t is a straightforward consequence of the structure of the Lebesgue

measure.
2. Based on our notations, and using 1., we can write

dMRdxﬂ@\i(A ) )\) = d'u]Rdxﬂ/%\d(Ax’ Ailw)
= dde(Aac)dmﬂ@(A_lw)
= |det(A)| - |det(A™)|dmga (:C)dmﬂ@ (w)
= dmpa(z)dmg(w)
= dptga, za(N)- O

For A € GL(d,R), the dilation operator D, : L?(RY) — L*(R?) is given by
Daf(t) == |det A| "2 (A" - 1),

for all f € L?(RY) and t € R%.
The following observations state basic properties of dilation operators.

Proposition 3.2. Let d > 1, A, B € GL(d,R), and f € L*(R%). Then
1. Dy : L*(RY) — L*(RY) is a unitary linear operator.
2. IZA\B = DADE/;\.
3. Daf =Dy f.
4. A~ Dy is a unitary representation of GL(d,R) on the Hilbert function
space L*(RY).

Next proposition summarizes commuting relations of basic operators in mul-
tivariate wave packet analysis.

Proposition 3.3. Let d > 1 and H be a subgroup of the general linear group
GL(d,R). Then,

1. For (A,z) € H x R? we have DT, = Ty, Da.
2. For (A,w) € H x R? we have DaM, = M-1,D 4.
3. For (z,w) € R% x R? we have T,M,, = w(x)M,T,.
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4. Multivariate wave-packet representations

In this section we present the abstract structure of multivariate wave-packet
groups associated to closed subgroups of GL(d,R). Then we introduce the
associated multivariate multivariate wave-packet representation. We shall also
study classical properties of these representations.
For a closed subgroup H of the general linear group GL(d, R), the underlying
manifold -
W(H) := H x R x Rd = H x R? x R¢,

equipped with operations given by
(A, z,w) x (A 2/ w) = (AA A e + 2/, Alw + W),

and
(A, z,w) ™t = (A7 —Ax, — A W),
is a group with the identity element (1,0,0).
We call the group W(H) as multivariate wave-packet group associated to
the subgroup H over R

Remark 4.1. (i) The groups H and R x R? can be considered as closed sub-
groups of W(H).

(ii) Let H be a closed subgroup of GL(d,R) and K be a closed subgroup
of H. Then W(K) is a closed subgroup of W(H).

Then we present the following theorem concerning basic properties of the
group W(H).

Theorem 4.2. Let H be a closed subgroup of the general linear group GL(d, R)
with the modular function Ay and my (resp. ng) be a left (resp. right) Haar
measure for H. Then

1. W(H) is a locally compact group with a left Haar measure given by
dmyra (A, A) = dms(A)dpg,, g2 (M),
and a right Haar measure given by
dnwg (A, A) = dng(A)dpg, 2 (A).

2. The modular function Awgy: W(H) — (0,00) is given by Awmy(A4, N) =
Ag(A). In particular, the multivariate wave-packet group W(H) is uni-
modular if and only if H is unimodular.

3. The closed subgroup H is normal in W(H) if and only if H = {I}.
4. The closed subgroup R® x R? is a normal Abelian subgroup of W (H).
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Proof. 1. It is easy to see that the mapping 7 : H x R% x Rd —5 RY x RY given by
(A, \) — A - X\ is continuous. This automatically implies that the multivariate
wave-packet group W(H) is a locally compact group. Let F' € C.(W(H)) and
g = (A,A) € W(H). Since the Lebesgue measure pu,, = is translation invariant
and also my is a left Haar measure on H, we have

/wam) F(g - g")dmwm(g')
N /]HI/Rd Ra F((A,A) 3 (A X)) dms(A')dpga, ga(N)
_ / / _F((AA A A )i (A) g, 55 (V)

— /H (/Rd@ F((AA A X+ )\’))ddeX[@(X)) dmg(4')

— /H ( /R - F(AA X)duRdXﬂ@(X)) dmp(A’)
_ /R . < /H F(AA, X)de(A’)> dptga za(N)

_ / - ( / F(A’,X)de(A’)) ditg, (V)
RixRe \JH
_ / / (A, V) dmg (A, —(X)
H JRIxRA
= / F(g")dmw (g),
W(H)
which implies that dmwm)(A, A) := dmu(A)dpg, z:(A) is a left Haar measure

for W(H). Similarly, using Proposition 3.1, Fubini’s theorem and also since the
Lebesgue measure pi,, = is translation invariant, we get

/ F(g' - g)dnwm)(g)

W(H)

= [ PN 1 (4 0) )t (V)
H JR4xRd

_ / / F(AA AT X 4 A g (A)dpg, (X)
H JRIxRd

_ / ( / (A4, Al.X+A)duRdX@(X)> dng(A')
H R4 xR4

- / ( / AF(A’A,A’Jr)\)duRdXﬂ@(A-X)) dng(A)
H R4 xR4

_ / ( / AF(A’A,X+>\)duRdXﬂ@(X)) dngs (A
H R

dyRd
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- /H < /R . F(A'AX)dpg, = (X)) dng (A')
— /Rdxﬂ@ (/H F(AA, A’)dnH(A’)) Aty za(N)

_/RdXRd (/ F(A X)dng (A’ )) dptga, (N

= [ [ a0, )
R xRd
— [ P (@)
W (H)
implying that dnwam)(A,A) = dnm(A)dug, za(A) is a right Haar measure
for W(H).
2. Let F' € C.(W(H)) be a non-zero and positive function. Also, let
(A, A) € W(H). Then we can write
Avran (A, 1)L / F(A, N dmg (A, V)
W(H)
_ / F((A',X) 54 (A, A))dmgen (A, X))
_ / / F(AL ) % (A, N dmi(A)dpg, = (X)
R xR
= // _F(AA AT N 4 N)dmg(A)dpg, 2 (V)
RIxR4
:// _ FAAN + N)dmg(A)dpg, z(A-XN)
RIxR4

_ / / F(AA A+ N )dm( A, (V)
Rd x R4

_ / / F(AA, N )dmi(A)dpg, ()
H JRIxRE

— /}R . ( /H F(A'A, X)de(A’)) dptga za(N)

~du( [ ( J A')dem')) Qi (V)
R4 xRd H

= AH(A)_I . / F(A/, )\’)de(H) (A/, /\/),
W(H)

implying that Awm) (A, X) = Ag(A) for all (A, \) € W(H).
3. and 4. are straightforward from structure of the group W(H). O
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Remark 4.3. From now on, once the left (resp. right) Haar measure my
(resp. ng) over H is fixed, we call the associated left (resp. right) Haar mea-
sure on W(H), which is constructed via Theorem 4.2, as left (resp. right) Haar
measure induced by my (resp. ny).

For (A, \) = (A, z,w) € W(H), define the linear operator
Tu(A,N) : LA (RY) — L*(RY) by Ty(A,N) = Dar(\) = DaT,M,,.  (2)

Thus for f € L*(RY) and t € R? we get
Ta(A, z,w)fI(t) = DaT. M, f(t)
= |det A|"2T, M, f(A™'t)
= |det A|"2 M, f(A 't — 2)
= |det A| 2w(z)w(A1E) f(A™ 't — ).

Remark 4.4. Let H be a closed subgroup of the general linear group GL(d, R).
The restriction of I'y to the closed subgroup R?xR? is unitarily equivalent to
the projective Schrodinger representation of the group RYxR? on L2(RY) (see
23] and references therein) and similarly restriction of I'y to the closed subgroup
H x R? is unitarily equivalent to the quasi-regular representation of the group
H x R? on L?(R?), see [2] and references therein.

The following theorem shows that (A, \) — T'y(A4, \) given by (2), defines
an irreducible projective group representation of the multivariate wave-packet
group W(H) on the Hilbert space L?(R?).

Theorem 4.5. Let H be a closed subgroup of the general linear group GL(d, R)
and W(H) be the multivariate wave-packet group associated to H. Then I'y :
W(H) —=U(L*(RY)) given by (A, \)—Tw(A, ) is an irreducible projective group
representation of the locally compact group W(H) on the Hilbert space L*(R?).

Proof. Tt is evident to check that I'g(1,0,0) = I. Then the operator I'y(A, z,w)
is a unitary operator on L2(R?) for all (A4,z,w) € W(H), because it is the
composition of three unitary operators, namely Dy, T, and M,. Now let
(A, z,w), (A, 2',w') € W(H). Then we have
DanTy1yy s Mooy = DA(Da/Tar-12) Tor Moro Moy

= Du(TyD )T Moy, M,y

— DATw Do (Ty Moar) My

= W(A,]?/)DAT:BDA/ (MA/me/)Mw/
W(A'2")D 4 Ty(Dar M) Ty M.,
W(A' T YD AT, (M,D g ) Tor My
W(A'ZY(DAT, M) (Da Ty M,y).
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Thus invoking the group law of the wave packet group W(H), we get

Ty (A, z,w) x (A, 2/,0)) = T(AA, A e + 2/, Alw + o)
- DAA/TA’71m+x’MA/w+w/
= w(A,JI/)(DAT:CMUJ)(DA/T:C/MMI)
= w(A'2\Tr(A, z,w)Ty(A 2/, W),

which implies that T'g: W(H) —U(L?*(R?)) is a unitary projective group repre-
sentation of the locally compact group W(H) on the Hilbert space L?(R?). Using
Remark 4.4 and since the projective Schrodinger representation of R? x R is
irreducible on L?(R?), we deduce that I'y is a unitary irreducible projective
group representation of the locally compact group W(H) on the Hilbert space
L*(RY) as well. O

5. Multivariate wave-packet transforms

Throughout this section, we still assume that H is a closed subgroup of the
multiplicative matrix group GL(d,R).

Let ¢ € L*(R?) be a window function. The multivariate wave-packet trans-
form of f € L?(R%) with respect to the window function v is given by the voice
transform associated to the multivariate wave-packet representation, that is

Vo f(A z,w) = (f,Tu(A, 2, w)V) r2@ay = (f, DaATe M) 12 (ray, (3)
for (A, z,w) € H x R? x Rd.

Remark 5.1. (i) The restriction of the multivariate wave-packet transform
to the closed subgroup R? x R? is the continuous Gabor (short-time Fourier)
transform over L?(R?), see [21] and references therein.

(ii) Let H be a closed subgroup of the general linear group GL(d,R). Then
the restriction of the multivariate wave-packet transform to the closed subgroup
H x R? is the wavelet transform induced by the action of the multiplicative
group H, see [2].

The following theorem can be considered as a constructive criterion on
the subgroup H, which guarantees the square integrability of the associated
multivariate wave-packet representation I'y on L*(R?).

Theorem 5.2. Let H be a closed subgroup of the multiplicative matriz group
GL(d,R) and W(H) be the associated multivariate wave-packet group. Then, the
multivariate wave-packet representation Uy is left (resp. right) square integrable
over W(H) if and only if H is compact. In this case, all non-zero functions in
L*(RY) are square integrable over W(H) with respect to T'y.
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Proof. Let myg be a left Haar measure for H. Then by Theorem 4.2, the pos-
itive Radon measure my ) given by dmwm) (A4, A) = dmm(A)dpg, z2(A) is a
left Haar measure for W(H). Now, suppose that the multivariate wave-packet
representation I'y be left square integrable over W(H). Then there exists a
non-zero function ¢ € L*(R?) such that

[ 100 (@) e P ) < .
W(H)
Using Fubini’s theorem and also the Moyal’s formula (1), we get
[ 100 (@) 3 P )
W (IH)
— [ 10Tl 0 g Pl A g, 55 )
H JR9xRd
= [ (10T )0 0 Pl ) ) (1)
H R4 xR4
= [ ([ 10 Dm0 P ) ) ()
H RIx R4
— [ ([ 050 7000 P ) ) ()
H R4 xR4
= [ (D30 qma 113 2e) dms()
~ 168 ([ 1050 etma())

Since dilation operators are unitary on L?*(R?), we deduce that

16 ( / de) e ( / Hw;(Rd)de(A))
— [l e ( / HDzwu;(W)dmmm)
- / (8, Tan(g)0) 12y P () < 0.
W(H)

Thus myg(H) < oo and hence H is compact. Conversely, let H be a compact
subgroup of GL(d, R) with the normalized Haar measure oy, that is the unique
positive Radon measure oy which is both left and right Haar measure of H with
ou(H) = 1. Then, each non-zero function 1 € L?(RY) satisfies

/W 0 (A )0 Pl (A, ) = Wl (8
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which implies the square integrabilty of the multivariate wave-packet represen-
tation I'y over W(H). O

As a consequence of Theorem 5.2, we deduce the following orthogonality
relation concerning the multivariate wave-packet transforms.

Corollary 5.3. Let H be a compact subgroup of the multiplicative matrix group
GL(d,R) with the normalized (probability) Haar measure oy and W(H) be the
multivariate wave-packet group associated to H with the induced Haar mea-

sure m ) by om. Also, let ¥, p € L*(RY) be non-zero window functions and
f,g € L*(RY). Then

Vi Vog) 2o m) = (05 9) 2@y (f, 9) 12(wo)- (5)
Proof. The same argument used in Theorem 5.2 implies that
HwaH%Q(W(H),mW(H)) = HwH%2(Rd)HfH%2(Rd)- (6)

Then (6) and also twice applying the polarization identity guarantees (5). [

Next result is an inversion (reconstruction) formula for the multivariate
wave-packet transform defined by (3).

Theorem 5.4. Let H be a compact subgroup of the multiplicative matriz group
GL(d,R) with the normalized Haar measure oy and W(H) be the multivariate
wave-packet group associated to H with the induced Haar measure myywy by on.
Also, let ¢ € L*(R?) be a non-zero window function. Then each f € L*(RY) can
be recovered continuously in the weak sense of the Hilbert space L?(R?), from
multivariate wave-packet coefficients generated by 1, via

F= Wl [ [, VoFANTHAN® doa(di, 0 ()
Proof. Let ¢ € L*(RY) be a non-zero window function. For f € L*(R?), define

fori= [ [, [ VeFANTS(A N0 dos(Adigs, ()

in the weak sense of the Hilbert space L?(R?). Using (5), for all g € L?(R%)
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we have

G = [ [ Vel (AN TalA N, sy doa(Atgs )

_ /H /R s Vo (A 0T Tl 06 sy Ao (A)dtg, 53 (N

_ / / Ve f (AN Veg(A ) dow(A)duy, =(\)
H JR4xR4

= (VoS Vog) r2 (w(s),mp)
= ‘|¢Hi2(ugd)<f> 9) L2

Then f(y) € L*(R?) and fry) = H@bH%Q(Rd)f in L?(R%), which equivalently implies
the reconstruction formula (7) in the weak sens of the Hilbert space L*(R%). [

Then we can present the following reproducing property for the multivariate
wave-packet representations.

Corollary 5.5. Let H be a compact subgroup of the multiplicative matriz group
GL(d,R) with the normalized Haar measure oy and W(H) be the multivari-
ate wave-packet group associated to H with the induced Haar measure mwyymm
by om. Let 1 € L*(RY) be a non-zero window function and Hy be range of the
multivariate transform Vy : L*(R?) — L*(W(H), myw)). Then
1. Hy is a closed subspace of L*(W(H), mwm)).
2. Hy is the unique reproducing kernel Hilbert space (RKHS) over W(H)
associated to the positive definite kernel K, : W(H) x W(H) — C given
by

Ky[(A,N), (A, XN)] = (Dam (M), Dam(N)) 2y,
for all (A, \), (A", N) € W(H).

Next corollary summarizes our recent results in terms of continuous frame
theory [5,38].

Corollary 5.6. Let H be a compact subgroup of the multiplicative matrixz group

GL(d,R) and ) € L*(R?) be a non-zero window function. Then the multivariate
wave-packet system

AUH, ) = {Tu(A, A\ - (A,A) € WH) L,

is a continuous tight frame for the Hilbert space L?(R?).
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6. Analysis of multivariate wave-packet representations
over compact subgroups of GL(d,R)

Throughout this section, we study analytic aspects of compact subgroups of the
multiplicative matrix group GL(d,R) in the framework of multivariate wave-
packet analysis.

As it is proved in Theorem 5.2, just compact subgroups of the matrix group
GL(d,R) are interesting from the L?-theory and reproducing property of mul-
tivariate wave-packet representations. Roughly speaking, compact subgroups
of GL(d,R) are highly important in the framework of multivariate covariant
transforms and coherent state analysis over the Hilbert space L?(R?), since
they guarantee that the multivariate coherent state and voice transforms over
L?(R?) satisfy resolution of the identity formulas which are valid in the sense
of the Hilbert function space L%(R?).

6.1. Wave packet transforms on R. Let d = 1. Then GL(d,R) = R\ {0}.
It is easy to check that the only compact subgroups of the multiplicative group
R\ {0} are {+1} and {—1,+1}. Thus in this case, the classical wave-packet
theory does not reproduce really a different analysis rather than the Gabor
analysis, see also [19].

6.2. Wave packet transforms on R? with d > 1. The subgroup H = O(d, R)
is the most significant compact subgroup of GL(d,R). The compact subgroup
O(d,R), or simply just O(d), is the multiplicative matrix group consists of all
d x d-orthogonal matrices. That is,

O(d, ]R) = {A S ded(R) : ATA = IdXd}-

The compact group O(d) is a dd=1) dimensional real Lie group and it is non-
connected. The probability (normahzed Haar) measure over O(d) is given by

/O oo (@)= [ S

gd-1

where A\y_; is the normalized surface measure on Sé-1 , that is the standard unit
sphere in R?, and the function ¢ S4-1 — C is given by ¢(Aac) = ¢(A) for all
A€ 0(d) and a fixed point x € S41.

Let K be a compact subgroup of GL(d, R) with the probability Haar mea-
sure k. Then (-, )k : R? x R? — R given by

(r,y) = (z,y)x = /}((Aa:,Ay)daK(A),

for all z,y € RY, is a positive and symmetric bilinear from on R?. Also, it is a
K-invariant form, that is

<A$, Ay>K = <I7 y>7
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for all z,y € R? and A € K. Thus there exists a positive definite matrix
D € Myx4(R) such that

<xuy>K = <$7Dy>7 vxuy € Rd’

Let D = BTB be the Cholesky factorization of D with B invertible. Then
we deduce that BKB™! € O(d), or equivalently K C B~'O(d)B. This implies
that, up to conjugation, O(d) is the maximal compact subgroup of GL(d, R).

6.2.1. The orthogonal group. By the above argument and theoretical moti-
vation, first we shall focus on analytic and constructive analysis of multivariate
wave-packet representations over the compact subgroup H = O(d).

In this case, the associated multivariate wave-packet group W(H) has the
underlying manifold

O(d) x R? x Ré = O(d) x R? x RY,
which is equipped with the following group law
(A, z,w) x (A, 2 ) = (AA, A e+ 2/ Alw + W),

for all (A, z,w), (A", 2/,w') € W(H) = O(d) x (R? x R?). Then dmya(A,\) =
doo)(A)dpig,, za(A) is a Haar measure for the wave packet group W(H). The
multivariate wave-packet representation

Ty : W(H) = O(d) x (R x RY) — U(L*(R?))

is given by I'y(A, z,w) = DAT, M, for all (A, z,w) € W(H).
The multivariate wave-packet transform of f € L?(R?) with respect to the
window function v, is given by

Vd}f(A? Z, w) = <f7 FH(A’ €, w)¢>L2(Rd) = <f’ DATxMw¢>L2(]Rd)7
for all (A, z,w) € W(H). In integral terms we have
Vol (A z,w) =w(x) [ fly)e?™ 4 Vh(ATTy — 2)dpga(y).
R
Corollary 5.3 guarantees the following Plancherel formula

Lo 100 T, 000 e i At ) = 191 e

which is equivalent to the following reconstruction formula in the sense of the
Hilbert space L*(RY);

F= Wl | ., [, L ver(ANTs(a 00 doow (g, (0
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6.2.2. The special orthogonal group. For d > 2, the special orthogonal
SO(d,R) or just SO(d) is given by

SO(d) :={A € 0(d) : det A =1}.
It is a connected and compact real Lie group.

In this case, the associated multivariate wave-packet group W(H) has the
underlying manifold

SO(d) x R% x R = SO(d) x R? x RY,
which is equipped with the following group law
(A, z,w) x (A, 2, ) = (AA, Az + 2/, Alw + o),
for all (A, z,w), (A, 2/,w’) € W(H) = SO(d) x (R? x R?). Then dmym)(A, \) =

doso(a)(A)dpg., za(A) is a Haar measure for the multivariate wave-packet
group W(H). The wave packet representation

Iy : W(H) = SO(d) x (R x RY) — U(L*(RY))
is given by T'y(A, z,w) = DAT, M, for all (A, z,w) € W(H).

The multivariate wave-packet transform of f € L?(R?) with respect to the
window function ¢, is given by

VT/’f(‘A’ Z, w) = <f7 FH<A7 T, w)w>L2(Rd) = <f7 DATa:quvZ)>L2(]Rd)7

for all (A, z,w) € W(H). In integral terms we have

Vol (A z,w) =w(@) | f (y)e*™ ATV ATy — ) dga(y).
Corollary 5.3 guarantees the following Plancherel formula
Lo L o0 000 e P (AN ) = 16V

which is equivalent to the following reconstruction formula in the sense of the
Hilbert space L?(R%);

f= 105 g /S o /R ) /RA Vo f (A, NTa(A, N doso (A)dpg, = ().
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6.2.3. The maximal tori. A circle group is a linear (matrix) group isomorphic
to S'. A torus (tori) is a direct sum of circle groups. Thus any torus is a
compact connected Abelian Lie group. A maximal torus (tori) is a torus in a
linear (matrix) group which is not contained in any other torus. The rank of a
maximal tori T is the number 7 such that T = @7]7:181.

The following proposition [26,27] characterizes structure of a maximal tori
of the special orthogonal group SO(d).

Proposition 6.1. Let d > 2 and T be a mazimal tori of SO(d). Then
L. Ifd=2n withn € N, then T = ©}_,50(2).
2. If d =2n+1 withn € N, then T = (&7_,50(2)) & {1}.

In this case, the associated multivariate wave-packet group W(T) has the
underlying manifold
TxRIxRI=T x R x RY,
which is equipped with the following group law
(A, z,w) x (A, 2!\ w') = (AA A e + 2/, Alw + W),

for all (A, z,w), (A',2/,0') € WH) = T x (R* x R?). Then dmwq(A4,\) =
dor(A)dpg, za(A) is a Haar measure for the multivariate wave-packet
group W(H). The multivariate wave-packet representation

Iy : WH) = T x (RY x RY) — U(L*(RY))

is given by I'n(A, z,w) = DAT, M, for all (A, x,w) € W(T).
The multivariate wave-packet transform of f € L?*(R?) with respect to the
window function v, is given by

V’L/Jf(Aa x, (.U) = <f7 FT<A7 T, w)w>L2(Rd) = <f7 DATzMww>L2(Rd)>
for all (A, z,w) € W(T). In integral terms we have
Vpf(A,z,0) = w(z) | f ()™ ATV (A Ty — 2)dpga(y).
R
Corollary 5.3 guarantees the following Plancherel formula

L, Tr(A, ) 2 [Pdor (A)dpga g3 (A) = (01172 @) | 112 ey,
T JRe JRE

which is equivalent to the following reconstruction formula in the sense of the
Hilbert space L%(RY);

Pl [ [ Vel AN, 0)6 dor(A)dng, ()
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Concluding remarks. The main purpose of this article was dedicated to pre-
senting a constructive admissibility criterion on closed subgroups of the general
liner group GL(d,R) which guarantees square integrability of the associated
multivariate wave-packet representations and hence a valid resolution of the
identity operator in the sense of the Hilbert function space L?(R?).

Invoking topological and geometric structure of the real Lie group GL(d, R),
there is a high degree of freedom in selecting an admissible subgroup H of
GL(d,R). Among all closed subgroups of GL(d,R), just compact ones are
admissible and hence they guarantee a square-integrable multivariate wave-
packet representation and valid reconstruction formula.
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