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Infinitely many Solutions for
Klein—Gordon—Maxwell System
with Potentials Vanishing at Infinity
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Abstract. In this paper, a nonlinear Klein—-Gordon—-Maxwell system with solitary
waves solution is considered. Using critical point theory, we establish sufficient con-
ditions for the existence of Infinitely many radial solitary waves solutions.
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1. Introduction and main results

Many recent papers show the application of global variational methods to the
study of the interaction between matter and electromagnetic fields. A typical
example is given by the following system of Klein—-Gordon—Maxwell equations

(1)

—Au+[m* — (w+eg)?|u = |ul""*u, z¢eR’

—A¢+ 2o’ = —ewrn®, x € RS,

where m, w and e are real constants, u,¢ : R> — R. Such a system has been

first introduced in [5] as a model describing solitary waves for the nonlinear

stationary Klein—-Gordon equation in the three-dimensional space interacting

with the electrostatic field. Here m and e are the mass and the charge of the

particle respectively, while w denote the phase. The unknowns of the system are

the field u associated to the particle and the electric potential ¢. The presence of

the nonlinear term simulates the interaction between many particles or external
nonlinear perturbations.
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Some existence and nonexistence results for Klein—-Gordon-Maxwell equa-
tions (1) have been proved via modern variational methods under various hy-
potheses on the nonlinear term. We recall some of them as follows.

Benci and Fortunato [4, 5] were pioneered work with this system. They
found the existence of infinitely many radially symmetric solutions for sys-
tem (1) when |m| > |w| and 4 < ¢ < 6. In [8], D’Aprile and Mugnai extended
the interval of definition of the power in nonlinearity for the case ¢ € (2,4]
provided my/Z —1 > w > 0. Later, in [3], Azzollini, Pisani and Pomponio gave
a small improvement with ¢ € (2,4). Under the conditions

c3<g<6and m>w >0,

*2<g<3and my/(¢—2)(4—¢q) >w >0,
they proved that problem (1) adimits a nontrivial solution. In [2] the existence
of a ground state solution (namely for solution which minimizes the action
functional among all the solutions) for problem (1) was got under one of the
conditions

c4<qg<6and m>w,

© 2<qg<4and myq—2>wy6—q,

Soon afterwards, it is improved by the result in [19] provided one of the following
conditions is satisfied:

c4<g<6and m>w>0,

. (4—q)
2<g<4andm 1+4(q_2) > w > 0.

In [9], the nonexistence results for system (1) were obtained for ¢ <2 or ¢ > 6
and m > w > 0 respectively, where also more general nonlinear terms were
considered.

Very recently, Cunha [7], Ding and Li [10], He [12], and Li and Tang [14]
considered the following Klein—-Gordon—-Maxwell system with a non-constant
potential and a general nonlinear terms:

—Au+V(z)u — 2w+ ¢)ou = f(x,u), = €R3 )
—A¢p+ulp = —wu®, xeR3, @)
where w > 0 is a constant, V : R* - R, f: R3 x R — R. Concretely, suppos-
ing that V satisfies some assumptions which contain the coercivity condition:
V(z) — 400 as |z| — oo, [10, 12, 14] established the existence of infinitely
many high-energy solutions for problem (2), while the existence of nontrivial
solution was proved in [7] with periodic potential V. Other related results about
Klein—Gordon-Maxwell system on R? can be found in [6,13,16].
Motivated by the works mentioned above, in this paper we consider the
following Klein-Gordon—-Maxwell system:

{ —Au+V(z)u — (2w + ¢)pu = K(z)|ul’u, z€R?

~A¢ + up = —wu?, r € R?, (KGM)
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where w,p > 0 are constants, V, K : R® — R, are assumed to satisfy the
following assumptions:
(V) V(z) € C(R? R") is radial, smooth, and there exists a € (0,2],a, A > 0

such that
a

<
1+ |z]e =
(K) K(z) € C(R?* R") is radial, smooth, and there exists 3,b > 0 such that

V(z) < A.

b

K< ———.
0< (x)_1—|—|x]5

Before stating our main results, we give several notations. Let C§°(R?)
denote the collection of smooth functions with compact support and

Coo(R?) = {u € C*(R?) | w is radial } .

Denote respectively by DL2(R?) and H}(R3; V) the Hilbert spaces defined as
the completion of C§%.(R?) with respect to the following norms:

lullp = ( / !Vu|2dx) = ( / |VU|2+V(~’17)U2d93) |
R3 R3

For our main result it is convenient to introduce the following quantities:

6-%2 ifo<pf<a,
o =
2, otherwise.

We state the main result.

Theorem 1.1. Assume that condition (V), (K) hold for o € (0,75). If p €

(4,6)( (0,6), then problem (KGM) has a sequence of solutions {(u,,d,)} C
HYR3; V) x DM?(R3) satisfying

1 1
5/ (|Vun|2—|—V(1:)u721—|qu§n]2—(2w—|—¢n)¢nui) dr — ]—)/ K(z)|u,[Pdz — oo.
R3 R3

Remark 1.2. The condition (V) and (K) were introduced by Ambrosetti, Felli
and Malchiodi in [1] in the frame of nonlinear Schrédinger equations and were
used in [15] where nontrivial solution were obtained for nonlinear Schrodinger—
Poisson systems on RY (N = 3,4,5). To the best of our knowledge, it seems that
Theorem 1.1 is the first result for the Klein-Gordon-Maxwell system (KXGM)
under the assumptions (V) and (K).
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2. The variational framework and the proof of main re-
sults

In order to apply critical point theory, we first state two results on Sobolev
embeddings, then reduce the problem of finding solutions of system (XGM) to
the one of seeking the critical points of a corresponding variational functional.

The first embedding results can be found in [15, Remark 2 and Lemma 2].

Proposition 2.1. Let v := 1 — &, then H}(R* V) is continuously embedded
in LP(R3) for any p € [2 + %, 6]. Furthermore, the embedding is compact for

pE(2+%,6).

We remark that if a € (0, %), it follows that % € (2+ %,6), which is

important to ensure the solvability of the equation —A¢ + u?¢ = —wu? for
ue H'R3 V).
Define for ¢ > 1

LYR* K) = {u R* =R

u 1s measurable and /

R3

bl = ([ )"

The second embedding results can be found in [18].

K(x)|u|tdx < —l—oo} :

with norm

Proposition 2.2. H}(R3;V) is continuously embedded in LP(R3; K) for any
p € |o,6]. Furthermore, the embedding is compact for p € (0,6).

System (KGM) has a variational structure. Indeed we consider the func-
tional
J: H'R* V) x DM(R?) — R

defined by
1 2 2 2 2 1
j(u,¢):§/ (|Vul*+V (2)u*—|Vo|*— 2w+ ¢)pu®) de— = | K(z)|u|’dz. (3)
R3 D JRrs

Evidently, the action functional 7 belongs to C*(H!(R3; V) x D}?(R3), R) and
the partial derivatives in (u, ¢) are given, for ¢ € H}(R?;V),n € D}?*(R3), by

<g_g(“’ 9).¢ > = /R (V- V¢ + V() = (2w + @)gJuC - K () u~uf) de,

N4

<a—¢(u, 5. n> = [ (V6 In= o+ wpin)

Thus, we have the following result:
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Proposition 2.3. The pair (u, ¢) is a weak solution of system (KGM) if and
only if it is a critical point of J in H}(R?; V) x DL(R3).

The functional J is strongly indefinite, i.e. unbounded from below and
from above on infinite dimensional spaces. To avoid this difficulty, we reduce
the study of (3) to the study of a functional in the only variable w.

For any u€ H!(R3;V), let us consider the linear functional T,,: D}»?(R3) —R
defined as

T.(v) = —w/ w*vdz.
R3

From 0 < o < ﬁ, we have % €2+ %,6). So by the Holder inequality, Pro-

position 2.1 and the embedding D}?(R3) — LS(R3) | we get

ITu(0)] < wllullsllvlls = wlulizllvlls < Cllull*vllo,

where [[uly := ([s [u|?dz)? is the norm of the usual Lebesgue space L1(R?),
(1 < g < o). So, T, is continuous on D?(R3). Set

a(w,v) = /Rs(Vw Vo + vPwo)dz, w,v € DM(RY).

Again by the Holder inequality, Proposition 2.1 and the embedding
D;*(R?) — L(R?),

a(w,v) < wllpllvllp + l[u*[[gllwlsllwllse < (1+ Cllullz) [lwlplvlb-

Thus, a(w, v) is a bilinear (i.e. a(w, v) is linear in w and v respectively), bounded
(i.e. there exists a constant C' > 0 such that for any w,v € DM*(R3?), |a(w,v)| <
Cllwl|pl|lv]|p) and coercive (i.e. there exists a constant ¢ > 0 such that for any
w € DY(R3), a(w,w) > o||lw||%). Hence, the Lax—Milgram theorem (see [11])
implies that for every u € H}!(R3; V), there exists a unique ¢, € D}*(R?) such
that

T.(v) = a(¢y,v), for any v € DF*(R?),

that is, —w [ps v’vdz = [4s (Vo - Vo + u*@,v) dz. Using integration by parts,
we get
—w/ wvdr = / (—Adyv + u’¢yv) dx, for any v € DV*(R?),
R3 R3
therefore,
—Ag¢, + Uz(bu = _wu27 (4)

in a weak sense.
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Multiplying (4) by ¢ := max{¢,, 0} and using integration by parts, we get
/ <|V¢j|2 + u? (¢j)2> dr = —w/ w ¢ dr <0,
R3 R3

so that ¢} = 0. if we multiply (4) by (w+ ¢,)~ use integration by parts, which
is an admissable test function since w > 0, we have

/ Voo |*dx = —w/ u?(w + ¢y)*dz <0,
Pu<—w Pu<—w

so that (w + ¢,)~ = 0 where u # 0. Thus, we have —w < ¢, < 0 on the set

{|u(z) # 0}.
We take inner product of (4) with ¢, and integrating by parts,

/ \V¢u|2dx:—/ w¢uu2dx—/ P2udx. (5
R3 R3 R3

Since —w < ¢, < 0, we have

~—

[ 1ePar<w [ Joutide = wlulislouls < Clulis oo
R3 R3 5 5

Therefore,
I$ullp < Cllulliz < Cluf®, and /3 [Gulu® < Cllullzz < Cllul™
R

We have proved the following technical results.

Proposition 2.4. For any fized u € H}(R3; V) be a radial function, there exists
a unique ¢ = ¢, € DM*(R3) which solves the second equation of (KGM) in a
weak sense. Moreover,

(i) —w < ¢y, <0 on the set {x|u(z) # 0};
(i) [|pullp < Cllull* and [ [pulu? < Cllull®.

Remark 2.5. The proof is essentially contained on pages 5 and 6, and the
result were already proved for a more general system in [17].

Using (5), we can rewrite J as a C! functional Z : H!(R?; V) — R given by

1 1
Z(u) = T (u, ) = 5/ (|Vu|2 + V(z)u? — w¢uu2) dr — ]—)/ K(z)|ulPdz,
R3 R3
while for Z we have

(Z'(u),v) = /R3 (Vu- Vv + V(z)uv — (2w + ¢y)duv — K (z)[ulP~w) da,
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for all v € H}(R? V). Now we will look for its critical points since, as in [5],
(u,9) € H} (R V) x DF(R?) is a critical point for 7, if and only if u is a
critical point for Z with ¢ = ¢,, that is , a weak solution of

—Au+V(z)u — (2w + ¢u)puu = K(z)|[ufP?u, =z € R>

In order to obtain infinitely many solutions of (KXGM), we shall use the
following critical point theorem (see [20]).

Theorem 2.6 (Fountain Theorem). Let X be a Banach space with the norm
| - || and let X; be a sequence of subspace of X with dim X; < oo for each
J € N. Further X = GBJeNX the closure of the direct sum of all X;. Set
Y. = & _OX 7, = 69]: X Consider an even functional ® € Cl(X, R)
(i.e. ®(—u) = ®(u) for allu € X). If, for every k € N, there exist py, > ry > 0
such that

(i) ar = MaXyeyy,||ull=pk p(u) <0,

(ii) bp == infuez, |u)=r, P(v) = +00 as k — oo,

(iii) the Palais—Smale condition holds above 0, i.e. any sequence {u,} in X
which satisfies ®(u,) — ¢ > 0 and ®'(u,) — 0 contains a convergent
subsequence,

then ® has an unbounded sequence of critical values.

We choose an orthogonal basis {e;} of X := H!R?*V) and define
Yy = span{ey,...,er}, Zi := Y;t,. To complete the proof of our theorems,
we need the following lemma.

Lemma 2.7. For any o < q < 2*, we have that

By(k): = sup |ull,x — 0, as k — .
UGZka”U”:l
Proof. 1t is clear that 0<j,(k+1) <f,(k). Suppose that limsup g,(k)=5,>0
as k — oo. Then for any k sufficiently large, there exists uy, € Z; with |Jug|| =1
and

el > 20 ()

For any v € H}(R3; V), since {e;} is an orthogonal basis of H!(R3; V), there
exists a sequence {a;} C R satisfying u = Y77, a;e;, thus by the Schwartz
inequality and the Parseval equality we have

o0 oo [e.9]

— 2
E ajej, ug || = E ajej, ug || < E aj; — 0,
j=1 =k j=k =k

as k — oo, where (-,-) denotes the inner product in H}(R3; V). Using the
Riesz—Fréchet representation theorem, we obtain that uy — 0 in H}(R3; V) and
thus up — 0 in LY(R3; K') by Proposition 2.2. This is a contradiction to (6). [

|(u, ur)[ = 5| luwll =
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Consider @ : H!(R3; V) — R defined by

1 w 1
Bu) = Z(0) = gl =5 [ oaide =l

Evidently, ® is even. First we show that under the condition (V) and (K), the
functional ® satisfies the geometric condition of Theorem 2.6. We have the
following Lemma.

Lemma 2.8. Assume that (V), (K) and p € (4,6)( (c,6) hold. Then for every
k € N, there exists pp > 11, > 0, such that

(1) ar 1= maxuey, fjuj=p, ®(u) < 0;

(ii) by, == inquZk,HuH:rk <I>(u) — 400 as k — oo.

Proof. Due to Proposition 2.4(ii), we have

C

1 1
@) < 5l + 5l = el

Since, on the finitely dimensional space Y} all norms are equivalent, we have
that ®(u) < 1jul® + $|lul|* — C|lul|P. Since p > 4, it follows that

ar:= max D(u) <0
u€Yy,||lull=pr

for some p; > 0 large enough.
We prove that ® satisfies (ii). By Lemma 2.7, we have

Bp(k) — 0, as k — oo.

For each k£ > 1, taking
_1
= ()7
one has r, — 400 as k — oo since p > 4. Now, due to (i), Proposition 2.4, and

the definition of ,(k), we have

by = inf  O(u)

UEZy,||ull=rs

1 1
> inf — 2_C p
- uEZk17||UH:7‘k {2 HUH p Hu}ch’K}

1o Bk
gl = =2 2l

in
UEZ,||lul|=ry D

11\,

This proves (ii). O
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Lemma 2.9. Assume that (V), (K) and p € (4,6)()(0,6) hold. Then the
functional ® satisfies the Palais—Smale condition at any level ¢ > 0.

Proof. We suppose that {u,} is a Palais-Smale sequence, that is for some c€ R*
®(u,) — ¢, and P(u,) =0 (n— ).

By Proposition 2.4(i),

1 1 1 1 2 1
D (uy,) —— (D' (uy), uy, :(—-—) U, 2_<__—)/wgbunuida7—l——/ ¢i uid:ﬁ
(1) = 4@ ) w) = (5= sl = (5= | o] g

Hence, {u,} is bounded. Now we shall prove {u,} contains a convergent subse-
quence. Without loss of generality, passing to a subsequence if necessary, there
exists a u € H!(R3; V) such that u, — u in H}(R3;V), by Proposition 2.2,
u, — u in LP(R3; K). So we can get

/R3 (K (@) un | *up — K(z)|ulP~?u) (u, — u) dx

p—1 1 p=1 1
< [ (K@) ™ K (@) ) K (@) g — ulde
RS
-1 -1
< [l + el 2] lln — ull? 5

< C [flunlP~ + [JulP~"] [ — ull? o =0, asn — oo.

We observe that

and we have

/ (2w + @u,, ) Pu, tun — (2w + ) Ouu] (U, — u)dz
]R3
Qw/Rg(ng LU — Ouu) (U, — u) x—i—/Rg(gb U — pu) (Uy — w)dr — 0

as n — oo. Actually, by the Holder inequality, the Sobolev inequality, and
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Proposition 2.4(ii), we have

[ (@t = 600~ )

< +

/ (Pu,, — Pu)tn(uy — u)dx Gu(ty, — u)?de
R3 RS

< 6w, = dullsllwn(un = wlls + [[du, sl (wn —u)?[|e
< 16w, — bullsllumlliz |l — wllsz + 6w, llo|un — ulli
< Clldu, = dullpllunllllun — ullrz + Cligu, I pllun — ull%
< Clllunll® + lull®) lnl e — ullz + Cllun]* i — 3.

From the boundedness of {u,} in H}(R3; V) and Proposition 2.1, we know
/ (Pu, Un — Guu) (U, — u)dz — 0, asn — 0.
R3

Observe that the sequence {¢2 u,} is bounded in L?(R?), since
6z, wnlls < 16w, llsllunlls < Clldu, IHllunll < Cllunll,

SO

< (162, — @2ulls 1w — ulls

[ G000 =)

< (95, unlls + ll@ulls)lun — ulls = 0
Now, we can get
[tn = ullz = (P (un) — ' (u), up — u)
[ 20+ 0u)n,, - 20+ 6.)00)(un — u)do
+ / (K (2)|un|"?u, — K(2)|ulP"?u) (u, — u)da
— 0, Rdas n — o0.
That is u,, — u in H}(R3; V) and the proof is complete. O

Proof of Theorem 1.1. By Lemma 2.8, the functional ® satisfies the geometric
conditions of Theorem 2.6. Lemma 2.9 implies that ® satisfies the Palais—Smale

condition. Hence, problem (KGM) has infinitely many nontrivial solutions
(tn, Pn) € HY(R? V) x DL(R3). This completes the proof. O
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