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Abstract. Optimal estimates are obtained for the rates of blow up of the norm of the
1 1

embedding By, < Bz;n(5 " with p < q as s — n(% — %)—i—. We also show optimal
limiting embeddings between Besov spaces and Lipschitz spaces.
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1. Introduction

The analysis of the behaviour of the embedding constants associated to embed-
dings of Sobolev type as the smoothness parameters approach critical values
has attracted much recent attention. The motivation comes from the sharp
form of the Sobolev embedding theorem obtained by Bourgain, Brézis and

Mironescu [7]. Namely let @ be a cube in R" and let p > 1,% < s <1
and sp < n. Assume that f is defined on () such that
_ P
/ f=0 and / M dxdy < oo. (1)
Q QJo |z —y[rt

Then )
Hf|L%(Q)||P < CHL/ M dxdy. (2)
QJQ

(n —sp)r-! v — y[rtep
Here the constant ¢, depends only on n. Afterwards, this result was extended
to all values s € (0,1) by Maz’ya and Shaposhnikova [34] (see also [32]). More
precisely, they proved the following sharp inequality: let p > 1,0 < s < 1, and
sp < n. Assume that f satisfies the conditions given in (1). Then

IE5@F < gt [ [ VL )

(n—sp)r~! |z — y|mtep
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where the constant c,, depends only on p and n. A detailed study of related
problems may be found as well in [33, 10.2].

The natural extension of the inequalities (2) and (3) to higher-order smooth-
ness 0 < s < 2 was studied by Karadzhov, Milman and Xiao [30] and Edmunds,
Evans and Karadzhov [16,17] with the help of the Besov spaces B; (R") de-
fined by the modulus of smoothness wi(f,t), of a function f € LP(R™) (see (4)
and (5) below).

Concerning sharp estimates of the norms of embeddings for Besov spaces
when the smoothness parameters are approaching some critical values, we also
refer to the book by Triebel [39, 4.4.2] where certain embeddings into the space
of continuous functions are investigated.

Before we state our main results, we introduce all the function spaces that
we shall use in the paper.

As usual, N denotes the natural numbers, Ny = N U {0}, and T" is an n-
dimensional torus, T = T!. Throughout this paper € denotes a subset of R™ of
one of the following two types: €2 is either R™ or a bounded Lipschitz domain
in R” (see [39, pp. 63-64]). If X and Y are two Banach spaces, then the symbol
X — Y indicates that the embedding is continuous. All unimportant positive
constants will be denoted by ¢, occasionally with subscripts; its value may vary
from line to line.

Let 1 <p<ooandk € N. Let WIf(Q) be the Sobolev space given by the
completion of C§°(€2) with respect to the semi-norm

Hfﬂ”?(QN|=}ag§HDﬁﬂlfGDH-

Here 5 = (64, ..., B,) € Nj stands for some multi-index,

Bl =P+ + P

and D? are classical derivatives, that is,

1Pl

D= — —
al‘ll A axnn

We use the notation sz (T™) to mean the periodic counterpart which is obtained
by replacing LP(2) by LP(T").

In this paper we always work with the Besov spaces B;,q(Q) given by the
modulus of smoothness (see (5) below). However, in the literature one can
find several equivalent approaches to introduce Besov spaces. For instance, us-
ing the Fourier transform, decomposition methods, interpolation, ... but the
equivalence constants may depend on the involved parameters s,p,q and the
dimension n of the underlying domain. As a consequence, studying sharp em-
bedding constants, it is important to fix a natural norm on Besov spaces. Next
we recall the definition of Besov spaces through the modulus of smoothness.



Norms of Embeddings between Besov Spaces 129

Given h € R", welet Q, = {z:x+ph € Q for all 0 < g < 1}. For x € Qyp,
we introduce

st =S (e

=0
and define the k-th order modulus of smoothness of f € LP(£2) by

wi(ft)p = sup [|ALFIL7 (), ¢ > 0. (4)

Ihl<t

In the case k = 1 we simply write w(f,t), instead of wy(f,?),. In the definition
of wi(f,t), for a periodic function f € LP(T"), the norm is taken over all T™.

Let s > 0,0 € Rand 1 < ¢ < co. We take k € N such that £ > s. The
Besov space By¢(§2) consists of all f € LP(Q2) having a finite semi-norm

t

1B (@) = ( [ oge) s m)qﬂ) : (5)

(with the usual modification if ¢ = 00). Any choice of k > s will define the same
space with equivalent norms where the corresponding equivalence constants
depend on s. This justifies the subscript k£ in our notation for Besov semi-
norms (5). The spaces By (€2) have classical smoothness s and an additional
logarithmic smoothness of exponent . In particular, if & = 0 we recover the
classical Besov spaces B, (€2) equipped with the semi-norm || - |B; (€2)]]x-

This approach also allows us to introduce the Besov spaces Bg;g‘(@) involving
only logarithmic smoothness. The space By®(Q) is formed by all f € LP(Q)
such that

1555 @l = ([ (s ogthatr.n,) )’ )

is finite. Here £ € N. These spaces were already investigated by DeVore,
Riemenschneider and Sharpley [14] and are attracting a lot of attention in the
last years as can be seen in the papers [5,9-11,15,40] and the references given
there. Note that the case of interest is when v > —% if g < oo(a>0if g =00),
otherwise it is not hard to check that B):¥(€2) = L?(Q).

Putting s = k = 1 and o = 0 in the Besov semi-norm (5), it is clear that
the only functions satisfying that this condition is finite are constant functions.
One can overcome this obstruction with the help of the additional parameter
a. In particular, the logarithmic Lipschitz space Lip&gl_a)(Q) is formed by all
functions f € LP(2) for which

| [LiplL=)(Q)]| = (/O (711 = log ) (f, t)p)(]%)q .
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is finite. See [23,24]. Here, o > % if ¢ < 0o (a > 0 if ¢ = 00). This restriction
is natural as otherwise we obtain trivial spaces.

It is worthwhile to remark that the integral in (6) (respectively, (7)), which
corresponds to the semi-norm on B¢ (Q) (respectively, Lipggl’o‘)(Q)), is defined
on the interval (0,1) in contrast to the integral on the larger interval (0, c0)
which defines the semi-norm on the Besov space By¢(§2) for s > 0 (cf. (5)).
This modification becomes necessary to avoid trivial spaces.

Analogously, one can follow the same approach to introduce the periodic
counterparts B5(T"), B):%(T") and Lipg;]"") (T™) of the above spaces.

The classical Sobolev embedding theorem between Besov spaces (see, e.g.,
(35, 6.3]) claims that

B (Q) = B T(Q) if1<p<g<oo, 1<r< LA NG

o ar <p<q<oo, 1<r<oo, s>n > q) (8)
Before proceeding further, some comments are in order. Working with Fourier-
analytically defined Besov spaces on R", the previous embedding holds for all
s € R (see, e.g., [3, Theorem 6.5.1], [38, Theorem 2.8.1]). Clearly, we need the
restriction s > n(% — é) when we deal with Besov spaces given by the modulus
of smoothness. Furthermore, it was proved recently in [20, Corollary 2.8, (2.20)]
and [11, Theorem 3.7] that if s = n(% - é) then the embedding holds with a loss
of + in the exponent of the logarithmic smoothness of the source space. To
min{g,r} = " . . .
be more precise, the following embedding between Besov spaces of generalized
smoothness holds

oDkt

. 1
By T (R s BYORY), 0> —— (9)
, r

The corresponding result for Besov spaces on T" also holds true. On the other
hand, the order k£ with k > s of the Ilnoldulus of smoothness used in the Besov
semi-norms (5) on B, (£2) and Bg;n(ra)(ﬂ) will also play a role in the embed-
11

ding constant of (8). Then we will refer to the values s = n(; — ) and s = k

as the limiting cases of the embedding given in (8).

The main aim of this paper is to investigate the behaviour of the embedding
constant of the embedding (8) as the smoothness parameter s approaches the
critical values n(% — %) and k. This question was already studied by Kolyada
and Lerner [32, Theorem 1.1] in the case of spaces defined over R™ with indices
1<p<qg<oo,1<r<ooandk=1. Under these assumptions, they stated
that if n(% — %) < 5 < 1 then

(1—s)mactery

(nti-2)

57"(%7%) n s n s n
1 f|Ba.r (R™) [ < cpg,rm TIf1By (R,  feB,, (R") (10)
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where the constant ¢, ., does not depend on s and f (but may depend on
p,q,7 and n). As they showed in [32, Remark 3.2] the exponent — {p i in (10)
is sharp in general. However, there is an inaccuracy in the exponent of the term
s — n(; q). Indeed, we show here that for any f € B; (R"),

: (L~ s)msters .
B2 < chann — 1185, @) (1)

(8 i Tl(]l) . é)) min{q,r}

and the exponent W in (11) is optimal in general. The approach that we

n(i-1)
|f1Bar

follow is completely different from the one in [32] and it is based on ideas of
interpolation theory which work for higher-order Besov spaces defined over R",
as well as on T and bounded Lipschitz domains in R™. In addition, it allows
us to cover the extreme cases when r = oo or ¢ = oo. In this latter case, the
constant in (11) is replaced by ¢, (1 — s)m(s — o)=L

It is known that there exist limiting relationships between Sobolev and
Besov (semi-) norms. In particular, it was proved in [6] that for any f € W (R"),

s—)l—

i (1) / e |n+si' dedy = c|[VfIL/@RYP. (12)

The corresponding result when s — 04 was achieved by Maz’ya and
Shaposhnikova [34], who observed that

. |f(2) = fy) P(R™Y([P
sli>%1+s/n /n |33'— |n+5p d dy_CHflL (R )H (13)

As we shall point out (see Remark 3.4 below), it is a simple consequence
of (12) and (13) that the Sobolev-type inequalities

17n(%7%) n n
/1By (R < e [VFALPR)]]

and oo
[FILYR™)|| < eall fIBpd” " (R™)]l1

can be considered as the limiting cases of (11) when s — 1— and s — n(% - %)4—,
respectively.

We also study the limiting cases of the embedding (8), that is, s =
n(% — %) or s = k = 1. Here, we recall that k denotes the order of the
modulus of smoothness used in the semi-norm (5) on the involved spaces in (8).
As mentioned above, spaces of generalized smoothness arise in a natural way
when we investigate the case s = n(% - %) (see (9)). In this paper, we derive
the corresponding embedding when s = k = 1. This is done with the help

of the spaces Lip}(,i’]_a)(ﬂ) (see (7)) and applying extrapolation methods to the
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inequality (11). In this case, we lose m in the exponent of the logarithmic
smoothness of the target space. More specifically, we obtain that

l—n(l—%),—cx—l— 1

Lip(®(Q) = By Q). (14)

In addition we show that the losses of logarithmic smoothness in (9) and (14)
are indeed necessary because these embeddings are optimal. To get this we rely
on realization results for the modulus of smoothness and integrability theorems
for Fourier series.

The paper is organized as follows. Section 2 contains necessary information
concerning real interpolation and extrapolation that we need in the paper. In
Section 3 we study the ratels 9f blow up of the embedding constant of the
embedding B; (Q2) — B;;”(E_a)

embeddings between smoothness spaces.

(Q),p < q, and we derive some sharp limiting

2. Preliminaries

Let (Ag, A1) be a pair of Banach spaces that are compatible in the sense that
both Ay and A; are continuously embedded in some common Banach space.
The K-functional for (Ag, A;) is defined, for ¢ > 0 and f € Ay + Ay, by

K(t.) = K(t. £ Aoy Ax) = ind (ol Ao+t Al

In some specific situations, it is customary to work with a modified K-functional
in which || - |Ag|| and/or || - |A;|| are semi-norms. All the results of this section
hold as well for such a modification.

For 0 < # <1 and 1 < ¢ < oo, the real interpolation space (Ao, A1)g,, is
the set of all f € Ay + A; such that

1140 gl = [ (K f))q%); (15)

is finite (as usual, the integral should be replaced by the supremum if ¢ = 00).
See [2,3,8,38].

For later use, we recall some properties of the spaces (Ao, A1), Since
K(t, f; Ao, Ay) = tK(t71, f; Ay, Ap), we have that

1F1(Ao; Av)oqll = [[1(A1; Ao)i-o.4ll- (16)

See also [3, Theorem 3.4.1].
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The following sharp reiteration formulas turn out to be an essential key in
the sequel. Let 0 < #,0 < 1 and 1 < p,q < oo. Then, there are positive
constants ¢y, co which are independent of # and f such that

e1(1 = 0) "7 || £|(Ag, At )
< [ f1(Ao, (Aos A1)op)ogll (17)

1

<o (1=0)77 + (1= 0)" 50 ) || £(Ao, A)aog

For the proof we refer to [25, Theorem 3.1 and Remark 3.2] (see also [30, The-
orem 3]).
Real interpolation spaces can also be introduced by using the J-functional

which is defined, for ¢ > 0 and f € Ay N Ay, by

J(t, ) = J(t, f; Ao, A1) = max{]| f| Ao ||, t]| f]Ax ] }.
Let (Ao, A1)s,4.s be the space of all f € Ay + A; for which

1140, Aol = ([ (O rteun)' ) <o, a9

where the infimum is taken over all representations

o dt

f= / u(t)T (convergence in Ag + Aj) (19)
0

with u(t) is a strongly measurable function taking values in Ay N A;. The

equivalence theorem (see [3, Theorem 3.3.1]) yields that

(Ao, A1)o,g = (Ao, A1)o,g (20)

with equivalence of norms. Furthermore, the exact dependence on 6 and ¢ of
the equivalence constants in (20) was studied in [12]. In particular, we have

c1[[ f1(Ao, Av)ogall < 01 = 0)[[fI( Ao, Av)ooll < coll f1( Ao, Ar)ogesll (21)

where the constants ¢; and ¢y are independent of f and 6. The latter estimates
were shown in [12, Corollary 3.4] for the discrete versions of the K- and J-
spaces, but it is readily seen that these discrete norms are equivalent to the
corresponding norms given by (15) and (18) with constants independent of 6.
Hence, (21) holds.

The extensions of the interpolation methods which are obtained by replacing
t=% in the definitions (15) and (18) by more general non-negative measurable
functions g on (0, 00) are also important. We can define the spaces (Ag, A1)
and (Ao, A1)gq. as the sets of all f € Ay + A; for which

g?q

1140, Aol = ([~ (@000 ) < 0 (22)
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and
1/1(Ao, A1)g.q:r || = inf (/OOO (G(t)J(t,u(t)))Q%) "« s

where the infimum is taken over all representations (19), respectively. Our main
interest is when g has the shape

(1) = t=%(1 —logt)® for 0 <t <1,
g t=%(1+logt)*= for 1 <t < oo,

with 0 <6, 60, <1 and ag, as €R. In the particular case g(t) =t=?(1+|logt|)®
(ie, Op = 6 = 0 and oy = s = ), we simply write (Ao, A1)g g0 and
(A(), Al)@,q,a;J~ See []_8, 19, 22]

The modulus of smoothness wy(f,t), given in (4) is intimately connected
to the K-functional associated to the pair (LP(Q2), W} (Q)). In fact, there are
positive constants ¢; and ¢y depending only on p, k and €2 such that

crw(fot), < Kt fiLP(Q), W (Q) < cawn(f,t)y, >0, (23)

See [28, Theorem 1] or [2, page 341] (for 2 = R"). By the definition of the real
interpolation space (15) and (23), we derive that

(LP(), Wy (Q)sq = Byl () (24)

with equivalence constants which are independent of s. More precisely, there
exist positive constants ¢; and ¢ which depend only on p, ¢, k and €2 for which

cr [IFI(LP(Q), Wy () sall < IFIBG (D)l < 2 | FIULP(Q), Wy (Q))sgll- (25)

Since (23) also hold for periodic functions, one can replace 2 by T™ in the
previous estimates.

It turns out that Besov spaces of generalized smoothness can be charac-
terized as interpolation spaces involving logarithmic weights. Indeed, it is an
immediate consequence of (23) and (22) that

(LP(92), Wy (Q))sa = Byl®()- (26)

In the particular case a@ = 0 we recover the formula (24).

Assume now that (Ap, A;) is pair with A; — A;. We shall also need the
following limiting K- and J- spaces. For 7 € R, we define (A, A1)(0,7) as the
collection of all f € Ay for which

17140 Awall = ([ (1= togr K n)F) <00 on)
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and (Ag, A1)(0,r),q;s 1s formed by all f € Ay which admit a representation
dt .
f :/ u(t)7 (convergence in Ay) (28)
0

where u(t) is a strongly measurable function taking values in A; with

/0 ((1 — logt)TJ(t,u(t)))q% < 00.

The norm in (Ao, A1)(0,7),4. i given by

110 Aol =t ([ (1 = 1oy rte ue) )’

where the infimum is taken over all representations (28). See [10,13].

In sharp contrast to classical interpolation, the equivalence result (20) does
not hold true for the spaces (Ao, A1)(0,7) q and (Ao, A1)(0,7),¢s- In fact, it was
proved in [15, Theorem 3.3] that if 7 > —q then

(A(b Al)(O,T),q = (A07 Al)(O,T-}—l),q;J‘ (29)

Let
(1) = (1—logt)™ for0<t<1,
O =9 0 for 1 <t < oo,

where 0 < 0 < 1 and 7 € R. It is not hard to check that

(A07A ) 0,7),q;J — (AO,A )g,q;J (30)

with equivalence of norms.
An example of limiting K-space is the space B (€2) (cf. (6)). To be more
precise, we have

(L7 (Q), W5 () 0,000 = Byg (). (31)

This follows immediately from (27) and (23).

Let us recall the extrapolation constructions of scales formed by real inter-
polation spaces. See [27,29]. Let 1 < ¢ < 00,0 < 0 < 1 and j, € N such
that 6 + 277 < 1 for all j > jo. Let (M;) be a sequence formed by positive
numbers such that Z;ZO(M%)‘]' < 00, where %—i— 5 = 1. The 2@ sum of the
scale {M;(Ag, A1)gs2-i 4} is defined by all elements f € Ay + A; which admit a
representation

f= Zgj, 9j € (Ao, A1)pra-i.4: (32)
J=jo
with N
Z (M;lg51(Ao, Ar)gra-iqll)* < o0 (33)

J=Jjo
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Furthermore, X(@ (M;(Ag, A1)gi2-s4) becomes a Banach space under the norm
given by

LF15'9 (M; (Ao, Av)gsa-s.)|| = inf <Z (Mj||gj|(A07A1)o+2J',q||)q> (34)
j=jo

where the infimum is taken over all possible representations (32) such that
(33) holds. Note that the spaces X(@ (M;(Ag, A1)gya-s4) are independent of jj,
with equivalence of norms. Similarly, one can introduce the constructions
@ (M;(Aog, A1)g12-3 4.7) Which are obtained by using the spaces (Ao, A1)ps0-1.4.7
in (32)—(34).

It turns out that ¥(@-spaces can be characterized as interpolation spaces.
In the special case that (M;) = (2/*) with @ > 0 and 0 < 6 < 6y < 1, the
following formula holds with equivalence of norms [29, Theorem 4.2]

S@(29% (Ao, A1)pra-1.4) = (Ao, A1)ge (35)

where

t79(1 —logt)® for0<t <1,
g(t):{ ( gt) r <

=0 for 1 <t < oo.

Consequently, since g(t) < ct=%(1 + |logt|)®, ¢t > 0, we get the embedding
(Ao, A1)pga = S9(27%(Ag, Ar)pra-iq)- (36)

Working with extrapolation of J-spaces, the corresponding formula (35)
with # = 0 reads

E(q)<2ja(A0= Al)Q*qu;J) - (AO, Al)g,q;J (37)

where
(1) = (1 —logt)® for0<t <1,
=9 % for 1 <t < 0.
See [29, Remark 2.6].
Suppose that 3 72 M < co. Let 0<6 <1 and jo €N such that 0—277>0

for j > jo. The A space of the scale {M;(Ag, A1)g_o-i 4} is formed by all
elements f € 5o, (Ao, A1)g_o-s 4 satisfying that

/1A (M;( Ao, Ar)g—2-i.q) || = (Z (ij|f|(A0,A1)9_2j,qH)q> (38)
J=Jo

is finite. It is readily seen that the spaces A@ (Mj(AO, Al)g_gfj’q) are indepen-
dent of jy, in the sense of equivalent norms.
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The corresponding characterization of A@-spaces as K-spaces reads as fol-
lows

AW (M;(Ag, Ar)p—2-3.4) = (Ao, A1)gq (39)
where 0 1
Jj=Jo

The proof of (39) can easily be obtained by using Fubini and the definition of
the K-space (22).

3. Sharp embedding constant for Besov spaces and limit-
ing embeddings

Let1§p<q§oo,1Srgoo,kENandv:n(%—%) < s < k. We are
concerned with the embedding By (€2) < B;7(€2), as well as its periodic coun-
terpart. First, we study the asymptotic behaviour of the embedding constant
as s —» k— and s — y+.

Theorem 3.1. Let s > 0,1 <p<g<oo and 1 <r < oo. Put’y:n(%—é).
Take any k € N such that s < k. Assume that v < s, then there exists a positive

constant cp qrkn Which depends only on p,q,r,k and n such that

(k — s)mctr?
(5 — 7yt
forall f € B, .(Q). The same result holds for periodic functions defined on T".

1F1Bg" (Dlk < cpgorkn 1B ()l (41)

Proof. Let 0 be given by the equation s = kf + v(1 — 6). We interpolate by the
real interpolation method the well-known embeddings

B} ,(Q) = LYQ) and W} (Q) < B () (42)
(see [4,36]) which imply that
IFI(LA(R), By, (0))oull < el FI(B], (), Wy (€2))o.| (43)

where ¢ is a positive constant that is independent of  and f (but may depend
on p,q,r, k and n). Using (24), (16) and (17), we derive

LF1(B7 4 (€2), Wy (0o | < ca L FI(LP(2), W (2)) 3.4, Wy (D)) orl
=l | F1(W5 (), (W (), L (2))1-7 ) 1-0
k

m((”)ﬁ g w5t | W), LA @)r-oy1—
er((3) "0 ) [ FI(LPQ), W () |
es(() 07T (11183, @)l

Qe

A
R T2 |
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where in the last equivalence we have used (25). To characterize the interpola-
tion norm on the left-hand side in (43) we can proceed similarly to derive

(1= 0) ==GT || f| B (Dl < eall FIL(R), By (o

where the constant ¢4 > 0 does not depend on 6.
Finally, it is not hard to check that there is ¢5 > 0, which is independent of
s with v < s < k, such that

1 1

_1
(1—wﬁﬁﬁﬂ(%)q+ﬂﬁmﬁﬁ>Scﬂk—@ﬁﬂﬂus—yrﬁmﬁ

which yields the desired estimate (41).
The proof in the case that we work with periodic functions can be carried
out in a similar way. O

Remark 3.2. The previous result is also true in the limiting case p = 1 with
k = 1 if we work with Besov spaces defined over R" with n > 2 because the

embedding W, (R") < B, "(R") holds (see [31]).

Remark 3.3. The corresponding result to Theorem 3.1 when ¢ = oo reads as
follows: Let s > 0,1 <p <o0,1 <7 <ooandk €N with £ > s. Putyzg
If v < s, then there exists a positive constant ¢, , r, depending only on p,r, k
and n such that

(k_gmm}

1f1Bso (Dl < Cprn 1By (DI, f € By, ().

3|

The proof is similar to that given in Theorem 3.1, but now we interpolate
between the well-known embedding

BIL(Q) = L¥(Q) and WHQ) = Bif (Q)

(see [26,31]).

Remark 3.4. Assume that 0 < s <1 and 1 < p < oo. In [32, Proposition 2.3]
it is shown that

. f(x )P v
(nva)$2"2| £| BS (R™) ||1_(/n/n‘|$_y|n+sp’ dxdy

< ((n+ p)va)# || £1B3, (R

Here v,, denotes the volume of the unit ball in R®. Hence our semi-norm
|- 1B ,(R™)[]1 is uniformly equivalent with respect to s to that used in [6,7,34].
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Taking limits when s — v+ with 7 = ¢ in the inequality (41) and applying (13),
we get that
IFILAR™)) < el f1By 4(R")lx (44)

for any f € B) (R"). Analogously, when s — 1—, it follows from (12) that
1f1B;," (R")[lx < e[V FILP(R™)]] (45)

for any f € W, (R"). Then, we have shown that the embeddings (44) and (45)
are simple consequences of the inequality (41) using the limits of Besov norms
given by (12) and (13). Conversely, the proof of Theorem 3.1 exhibits that (41)
follows from (44) and (45) (cf. (42)) together with the sharp reiteration formula
(17). Hence, in some sense, the sharp inequality (41) turns out to be equivalent
to the classical embeddings (44) and (45).

In the rest of the paper we study the limiting cases of the embedding (8)
when s = n(% 5) and s = k = 1. First, we investigate the case s = n(— — 5)
Let us recall that the following embedding holds (see (9))

—_

lfl),oﬂr

B;L,Sp q min{q,r} (Tn) SN B;):g(v]rn)

Here 1 < p<qg<oo0,1 <r <ooanda > —%. Note that there is a loss of
logarithmic smoothness in order to have f € By(T"). This result is the best
possible in general as we state next.

Proposition 3.5. Let 1< p <qg<r<ooanda>—=. For any ¢ > 0 there
is a function f € B’pgr_E ot ( ) such that f & BJ&(T )

In order to show Proposition 3.5 we will need the technical results given
in Lemmas 3.6 and 3.7 below. Lemma 3.6 is due to Askey and Wainger [1]
and consists of a generalization of the well-known Hardy-Littlewood theorem
for Fourier series with monotone coefficients (cf. [41, Chapter XII, (6.6)]). On
the other hand, Lemma 3.7 is a realization result of the modulus of smoothness
in terms of the partial Fourier series. See [37].

As usual, [-] denotes the greatest integer function, S;f stands for the [-th
partial sum of the Fourier series f and S| f is its first derivative.

Lemma 3.6. Let 1 < p < oo and let 3 7 a;cos(jz) be the Fourier series of
an integrable function f.

(i) If the sequences (a;) and ()\;) are such that 3707 i |a, —a,1] < c)j,j €N,
for some ¢ > 0 which is independent of j, then there is Ky > 0 for which

AP (D[P < Ky Y 57720

J=1
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(ii) If (a;) is a nonnegative sequence, then there is Ko > 0 such that

p

> Z 72 < Kol 1P (T)P.

=1 \w=(3]
Lemma 3.7. Let 1 < p < oco. Assume f € LP(T). Then,

er (If = Suf|[LP(T)[| + 17|18, fILP(T)))
<w (f,lfl)p
< (|f = SifILP(T)|| + IS fILP(T)|)  for alll € N.

Proof of Proposition 3.5. Take 8 € R such that

1 1 ) 1 1 1
— ———a<f<mn{——-—a+e,—— ;.
q T q T q

We consider the Fourier series f(x) ~ 377, ajcos(jz), » € T, with a; =

j_i(l + logj)?, j € N. Since the sequence (a;) is monotonically decreasing
to zero we have ZZC’:] |a, — ay41| < ca;. Then, applying Lemma 3.6(i) we derive

e} (o)

L g— N
I fFILY(T)] < K, Z ( 7 (1+logj) ) jI? = K, Z(l + log])ﬁq} < 00
=1 j=1
since +% < 0. Hence, f € LY(T).
We proceed to estimate w(f,t), with the help of Lemma 3.7. We have for
[ € N that

w(fa l_l)q
> c([lf = SufILAT) |+ I SLAZAT)I)

3 7(1+1og j) cos(jz)| LAT)

j=1+1

l
> j 7 (1+1og §) cos(jx)| LYT)

Jj=1

>c +elt

where we have used the boundedness of the conjugate function in the last in-
equality (see, e.g., [21, Theorem 3.5.6]). Using now Lemma 3.6(ii), we get

[e's) % ! %
w(fi ™= C(Z (i7" (1+1og)?) jq-2> +cz—1<z (j1?(1+1ogj)5)qj‘f2)
j=21 j=1

1 . L
1 ! ql
1—Hogj el g 1+logj) )
Jj=2l ‘7 7=1 ‘]

c( 1—|—logl o b (1+logl) )
(

>
>c 1+logl)ﬂ+
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because [ + % < 0. By monotonicity, we derive w(f,t), > ¢(1 — log t)ﬁﬁ for
0 <t < 1. Consequently,

1521 ([ (0togtrotr ) ) s [oserseir @Y o

smcea—l—ﬁ—l— + 1 >0. Then, f ¢ BJ2(T).
On the other hand using again Lemma 3.6(i), we obtain

o0 o0

|F1EP (D)7 < Ko > (577 (1-+10g §)7) 57 K@(’-<i-é><1+1ogj>ﬁ)”§<oo7

j=1 7j=1

which implies that f € LP(T). We proceed to estimate its modulus of smooth-
ness of first order with respect to the LP(T)-norm. We have

w(f, 1)y < e(Ilf = SUfILP(T)[| + 7S fFILP(T))
< cl_(%_%)(l +logl)? 4 ¢ ( i (™ i’(l + log j) ) ]p2>

j=1+1

=

z ’
el (Z (17 (1 + log 1)) 7~ 2)
j=1
< c(z—<%-%>(1 +logl)? + 171 (1 + 1ogl)ﬂzl-%)
<cl" G (1 + logl)?
and then .
w(f,t), <ctr a(l—logt)’, 0<t<1.

Therefore,

(/000 (t*(%’é)(l + |10gt|)a+§ w(f,t), )”it)
<aswmi+ ([ 6Pa gy, Y

1
<clipmi+e( [ a-togoerie Cf)

< o0

1_14

—€

since a+——8+5+ <0. Hence, feBE, @ *a (T). The proof is complete. [J
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Remark 3.8. We claim that the exponent m in Theorem 3.1 is sharp in

general. Indeed, assume that ¢ < r and that there exists ¢ satisfying that
q < qo and

S_(%_%) 1 s s
1B ™ (T [ls < ¢ — 1B, (Dlls,  f e B, (T),  (46)
0

(s=(—3))

where ¢ is uniform with respect to s — (% — %)—i—. Note that k > }D — %. We
observe that (46) can be rewritten in terms of interpolation spaces via (25).
Namely, we have

LFIEAT). WA oy ]| < e [ I(LP(T), WE(T))

(= G- .

Ed [

for all f € B, (T) and s — ( 1)4—. In particular, for all j € N it holds that

1_
1 (EACT), W) o 1| < e 28 | FI(LP (D), WED) 1 _tyria . (47)

Suppose first that go <r. Let a>—2. Multiplying both sides of (47) by 27
and using the X("-extrapolation approach (see (34)), we derive that

i(a+-L r e
20")(2“ +ao)(LP(T),W;C(T))(%,é)k_lﬁ_j’)%z< (2%(LUTYWE(T))yms ). (48)

T

Since a > —qio, it follows from (36) that

E(r) (23( +qo)(LP(']F)7W;(T))(%_%)k—l_kgfj,r)
Vo (49)

1
T
= (L(T), WET) 3 ayis s = B " 0 (T)

P

where in the last equivalence we have used (26).
Next we deal with the right-hand side space in (48). Let

(t) = (1 —logt)*™ for 0 <t <1,
B =9 ¢ for 1 <t < oo,

for any 0 < ap < 1. Applying (21), (37), (29)-(31), we get

S0 (27(L(T), WS(T))a—r,) = SO (7D (LUT), WEHT)) s 135)

)
)(0,a+1),r;J (50)
)
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Then, by (48)—(50), we get the embedding

1_1 1

Bp, " ™ (T) = Byy(T)
which contradicts the statement of Proposition 3.5. Hence, (46) is not true.

If qo >, the proof follows from the fact that (s—(%_%))’% < (3_(]_1)_%))*%

whenever s — (% — %)+ and the case given above.

Next we deal with the limiting case s = k = 1 in the embedding (8) with
the help of the logarithmic Lipschitz spaces Lipz(,%{a)(Q) (cf. (7)).

Theorem 3.9. Let 1 < p < q<oo,1 <r < o0 and a > % Assume that

v:n(z—lj—%) < 1. Then

1—y,—a+—b
Lip; (@) = By T (Q).
The periodic counterpart of the previous embedding also holds true.

Proof. A similar argument used to get (47) from (46) can be applied to obtain
from (41) the inequality
j -
2w o || F|(LH QW D)1z o | el FILP DWW Q)12 [, 5> o- (51)

p

Here, jj is chosen so that 277 < 1—+ and ¢ is constant which is independent of f
and j. Multiplying both sides of the previous inequality by 277 and applying
the A(M-extrapolation approach (cf. (38)), we arrive at

AT (2771 (), W ()1—0-i 1)

S (52)
— AP (277w ) (L9(Q), WH)) 125,

Next we deal only with the case r < co. The modifications for the case
r = oo are usual. According to (39) and (40) we have

AD (279%(LP(Q), WH) 1 _g-5,) = (LP(Q), WHDQ))g.r (53)

1

with g(t) = (ZOO 2—j"""t2_j7“>rt_1. For 0 < t < 1, by monotonicity, the

J=Jjo
function g(t) can be estimated by

2—170 2790
/ o=t gy < ¢ / emor(1-lost) g e gy
0 0

27J0(1-og t) o (04_%)7" do
= c/ e‘”"( )
0 1—logt 1—logt

2790 (1—log t)

=c(1—-logt)™" / e 7ol o
0

=c(1-logt)™"
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since [ e "ol Irdo = [ u " (logu)@~ )’”%“ < 00. On the other hand, if
t > 1 we have the elementary estimates

grioary2i0r < N " grjar2 I < 20T N R gdar < o2,
J=Jo J=Jjo
Hence g can be estimated from above by h where
b(t) = t71(1 —logt)™ for 0 <t <1,
T a2 for t > 1,
and then,

Lipfi® () < (LP(Q), W, () > (LP(Q), W, (2))gr (54)

P

where the left-hand side embedding is clear by (23).
Analogously, we treat the right-hand side space in (52). Then,

A0 (27wl (L1(Q), W)y -2s,) = (L), WHQ));,

q q

where )
H(t) = t=0=0(1 = log t) ™" meGrT for 0 <t < 1,
R ) for t > 1.

In particular,

1—vy,—a+

Al (2—j<a—m)<ﬁ(ﬂ), W;(Q))l_v_Q—j,r) o By, () (s5)
because t~(=7)(1 + log t)_"”“max%p,r} < et=(1=727) for ¢ > 1. Finally, the
desired result follows from (52)—(55). O

Next we show the optimality in general of the previous result.

Proposition 3.10. Let 1 <r < p < g < oo and a > —. Given any € > 0, there

exists f € Lipg;n_“) (T) such that f & qu;ﬁ oty +6(T).
Proof. Take § € R satisfying that
1 1 1 1
max{qo—— — — — g, —— ¢ <d<a——-—~—
r.p p ro.p

and we consider the Fourier series f(x) ~ > °°

7=1
a; = 52 (1 +1ogj), j € N. By Lemma 3.6(i),

ajcos(jz), x € T, where

o

-l
117D < K Y (777 (1+10g j)°) KZ] (1+log j)* 7<%

j=1
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Therefore, f € LP(T). We shall estimate w(f,t), by using Lemmas 3.7
and 3.6(i), then

w(f, 1), < c(Hf — SUfILP(T)|| + 1S fIZP (T

Z 7779 (1 + log )’ cos(jz)|L7(T)

j=l+1
l
+el 7[S9 (1 4+ log j)° cos(ja) | LF(T)
=1
J 1
1 P
<l 1(1—|—logl (Zj 1+logj >
J
=i+

z ’
1
+ el (E (1+logj)5p—,>

j=1 J
<cl™H1 +logl)’*

since 6 > —=. So,

w(f, ), < ct(l —logt)™s, 0<t<l. (56)

Further, the function f also belongs to L?(T) because

o0

1
IFIZAT) < KLY (5% ) (1+1og 5)) %4 2= Klz 1+10gj))] 00,

J=1

and applying Lemma 3.6(ii) we can estimate its first L(T)-modulus of smooth-
ness,

w(fa lil)Q
> c(Ilf = SfILU T+ IS FILA(T)]])

[ % l
> c(Z (j_(Q_;)(l—Hogj)é)qjq_Q) +el™t (Z 1+logj) ) jq_2>

Jj=2l 7j=1

1
q

1
q

:C<Z (i7" (1+1og 5)°) q1->q+cl 1(2 v (1+1log j)%)" ;)

j=21 j=1

> clf(lf?r%)(l—l—logl)‘;.

Then,
w(f,t), > ct' vt (1 —logt)®, 0<t<1. (57)
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By (56) we derive that

! 1
/ (71 (1 —log ) w(f, 1),)" ﬁ < C/ (1 —1ogt)(‘°‘+5+i”"% < o0,
0

0

since —a + 0 + % + % < 0. Consequently, f € Lip](;,:_o‘) (T). On the other hand,
by (57) we have

L li1 —atlie rdt
/ (0D log t]) 3 w(f, 1))
0

! rdt
> / (05D (1~ logt) T w(f,),) =
0
1
dt
> C/ (1 . 10gt>( at Lietd)r - 50
0 t
1-1i4+1 —atg Lie
because —a + L +e+0+2>0. This implies that f & By,” (T). The
proof is ﬁnlshed O

Remark 3.11. The exponent in Theorem 3.1 is sharp in general. This

fact was already shown in [32, R:;n;rk 3.2] for k = 1. We can also show it
from the extrapolation argument given in the proof of Theorem 3.9 together
with Proposition 3.10. Indeed, assume that r < p and that there exists py < p
such that ||f|Bq;;+E( T < (1 - s)%0||f|B;’T(T)||1 for all f € B, (T), where
the constant c is independent of s with s — 1—. Then, starting from the sharp

estimate (51) but now with the exponent 10 on its left- hand 51de one can follow

1 1
the proof of Theorem 3.9 to arrive at Llp(1 ~(T) — qu O pO(T), which

contradicts the statement of Proposition 3.10.
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