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Abstract. When extending bifurcation theory of dynamical systems to nonauto-
nomous problems, it is a central observation that hyperbolic equilibria persist as
bounded entire solutions under small temporally varying perturbations. In this pa-
per, we abandon the smallness assumption and aim to investigate the global structure
of the entity of all such bounded entire solutions in the situation of nonautonomous
difference equations. Our tools are global implicit function theorems based on an
ambient degree theory for Fredholm operators due to Fitzpatrick, Pejsachowicz and
Rabier. For this we yet have to restrict to so-called homoclinic solutions, whose limit
is 0 in both time directions.
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1. Introduction

The classical local theory of (discrete) dynamical systems deals with the behav-
ior of finite-dimensional autonomous difference equations

Tip1 = g(zy, @) (1.1)

near given reference solutions, which are typically fixed or periodic points. An
elementary application of the implicit function theorem implies that such pe-
riodic solutions persist under variation of the parameter « in (1.1), provided
they are hyperbolic and « is independent of time. Hyperbolicity is a generic
property and means that there are no Floquet multipliers of the linearization
on the unit circle of the complex plane.
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In real-world models, yet, the parameter o describes the influence of the
environment on a system (1.1) and thus it is more realistic and even natural to
allow fluctuations of « in ¢. This leads to nonautonomous equations

Ti41 = 9<xt70ét) (1-2)

and requires an extension of the established textbook theory (cf. [8]), since
aperiodic time-variant problems typically do not possess equilibria or periodic
solutions. Already on this basic level one is confronted with the question to find
adequate substitutes for equilibria under temporal forcing.

An answer can be given when (1.1) possesses a hyperbolic fixed point ¢*
at a reference parameter value o*. Here, ¢* persists as a continuous branch
a — ¢(a) of bounded entire solution to (1.2) with ¢(a*) = ¢* (typically not
fixed points), as long as the parameter sequence oy, t € Z, remains uniformly
close to a* (cf. [16]). The proof of this persistence result is again based on the
implicit function theorem, but now applied to an operator equation between
suitable sequence spaces. The condition yielding invertibility of the derivative
is precisely an exponential dichotomy, which therefore represents the correct
nonautonomous hyperbolicity concept. For general time-dependencies, however,
an exponential dichotomy is not generic anymore.

While this approach yields information in the vicinity of a parameter o*,
it is nonetheless interesting to achieve insight on the global structure of the
solution branch ¢(a). For this two approaches are conceivable:

(1) One works with analytical results guaranteeing (unique) existence over
the whole parameter range (cf., for instance, [20]), which are in the spirit
of the Hadamard-Levy theorem on global invertibility.

(2) One applies a global implicit function theorem obtained from topological
tools like a mapping degree.

In comparison, approach (2) works under significantly weaker assumptions and
for this reason interesting situations, if a feasible topological degree theory is
available. Inspired by the works of [5,10] or [13,14] we employ a Fredholm
degree developed in [6,12]. However, since it relies on mappings having a con-
stant Fredholm index 0, this theory is unfortunately inappropriate for general
bounded perturbations (oy)iez. The resulting global implicit function Theo-
rems A.1 and A.2 only apply to nonlinear Fredholm mappings of index 0. For
bounded perturbations this can be guaranteed only locally. Dealing with so-
lutions decaying to 0, however, allows the argument that the Fredholm index
is invariant under compact perturbations. In conclusion, we rather have to
restrict to parameter sequences which asymptotically vanish in both time di-
rections. Hence, we look for so-called homoclinic solutions and their global
structure under variation of a.



Global Continuation of Homoclinic Solutions 161

1.1. Results and structure. We are interested in the global structure of
branches C' of homoclinic solutions emanating from a hyperbolic fixed point, or
more general, from a hyperbolic bounded entire solution ¢*, when varying the
parameter A not only near some reference value \*, but over its whole range.
We illustrate this using nonautonomous finite-dimensional difference equations

Tip1 = fi(we, A) (Ay)

and roughly establish the following:

e For right-hand sides of (A,) defined on a proper subset of R? x R the
branches run from boundary to boundary, unless C'\ {(¢*, A*)} is con-
nected (alternatives (a) and (b) of Theorem 4.4, cf. Figure 1).

e If the right-hand sides are globally defined on R? x R, then C'\ {(¢*, \*)}
is either connected, or consists of two disjoint and unbounded branches
(alternatives (c) and (d) of Theorem 4.4, cf. Figure 2).

This classification of solution branches in Theorem 4.4 is based on abstract
results taken from [5,7]. Up to our knowledge we present their first applica-
tion to discrete time dynamical systems. Thereto, (A,) is understood as a
parameter-dependent equation in the space of sequences with two-sided limit 0.
Its analysis is based on preparations given in Sections 2 and 3. Yet concepts
and notions from dynamical systems are ubiquitous: In Section 4 we illustrate
that the required Fredholm properties are closely connected to exponential di-
chotomies over the entire time axis 7Z, as well as both half axes. Furthermore, a
sufficient condition for properness is formulated in terms of limit sets for the Be-
butov flow. Our result significantly extends the properness criterion from [13].
These assumptions are particularly easy to verify in case of asymptotically peri-
odic equations (see Section 5.3). We close with various examples illustrating the
main result. For the convenience of the reader, we conclude the paper with three
appendices on our abstract global continuation results, the Bebutov flow/hull
construction and finally sufficient criteria for unique bounded solutions.

Concerning related work, the global behavior of bifurcating solution bran-
ches in % was studied in [13]. Moreover, global continuation of solutions to
boundary value problems for nonautonomous ordinary differential equations on
the nonnegative half-line was considered in the inspiring references [5,10].

1.2. Notation and sequence spaces. A discrete interval I is the intersection
of a real interval with the integers and I' := {t € I: t + 1 € I}. We set Z] :=
{teZ:t>0},Zy :={t €Z: t<0} for the half axes.

For Banach spaces X,Y we denote the space of linear bounded opera-
tors between X and Y by L(X,Y), GL(X,Y) are the invertible elements and
Fo(X,Y) C L(X,Y) the Fredholm operators with index 0. We briefly write
L(X) := L(X, X) (similarly for the other spaces) and Ix for the identity map-
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ping on X. Furthermore, N(T) := T7'({0}) and R(T) := TX are the kernel
resp. the range of an operator T' € L(X,Y).
The cartesian product X x Y is equipped with the norm

1, )|y = max {|z] ., [[ylly }

throughout, and we write || for a fixed norm on R%. Given a subset O C X, O
denotes its closure. When Z is a metric space and B stands for a family of
subsets of X, a continuous f : X — Z is called proper on B, if for every
compact K C Z, also the intersection BN f~1(K) is compact for every B € B
(cf. [10, p. 10, Definition 1.4.6 and p. 11, Property 1.4.8]).

Let £>°(€2) be the set of bounded sequences ¢ = (¢;)icz with values in
and > := (*°(R%) the Banach space of bounded sequences in R? with norm

191 == sup |¢x] .
tez

The set ¢y of sequences with two-sided limit 0 is a closed subspace of £*°. Con-
vexity of € carries over to {y(£2) and so does openness. A sequence (¢"),en
in /> is said to converge pointwise to ¢ € £, if

lim ¢ = ¢, forallteZ

n—oo

holds and we abbreviate ¢" —— ¢ in this case.

n—oo
We introduce two bounded linear operators, namely the left shift

Se€ Lty), (8¢):=d¢1 forallteZ
and the evaluation operator
ev, € L(6g,RY), ev,¢:=¢, forallteZ.

The iterates of 8 are denoted by 8, I € Z{. Notice that the shift 8 is invertible
with (§71¢); = ¢;_; and therefore 8’ makes sense for all powers | € Z.

Let us next prepare compactness criteria in £y, which are used to verify
properness of nonlinear operators. We say a sequence (¢"),en in £y vanishes
shiftly at oo, if for any increasing sequence (k,)neny in N and any sequence

($n)nen in Z with lim |s,| = oo, 8¢k —L— ) € £ it follows that 1 = 0.
n—oo n— o0

Remark 1.1. (1) Note that pointwise convergence in £*° does not imply weak
convergence or boundedness. In order to illustrate this, we choose d = 1
and write ¢ = (..., ¢_1, bo, 1, . . .), i.e. mark the index 0 element ¢, of ¢
with a hat. For example, let us take a sequence

¢":=(...,0,1,...,1,n,0,...) €4y forallneN
n times

with pointwise limit (...,0,1,1,...). Nevertheless, (¢")nen is not weakly
convergent and of course unbounded due to ||¢"|| = n for all n € N.
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(2) From the sequential Tychonoff theorem it follows that, if a sequence
(@™ )nen in £ is bounded, then there exists a subsequence (¢"*)en such
that ¢"* kL> ¢ € £ (see [22, p. 119, Proposition 1.8.12]).

—00

This brings us to the desired compactness characterization in fg:

Lemma 1.2 (compactness in {y). For bounded B C {y are equivalent:

(a) B is relatively compact,
(b) there exists a f € Ly(R) such that |¢| < By for allt € Z and ¢ € B,

(c) for sequences (¢™)nen in B and (Sy)nen in Z with lim |s,| = oo satisfying
n—oo
8sngn —L 5 4h € 1 it follows that ¢ = 0.
n—oo

Proof. In [3, Theorem 3] it is shown that the Hausdorff measure of noncompact-
ness on o is given by X (B) := limy, o0 SUP4e g SUP,, |y [¢¢| and evidently B C 4y
is relatively compact, if and only if x(B) = 0 holds.

(a) = (c): Let (¢™)nen be a sequence in a relatively compact set B C 4
and (S, )nen, ¥ € £ be as in the above assertion. As B is relatively compact,
it follows that there exist ¢ € ¢y and a subsequence (¢™ )gen such that

lim ||8°" @™ — 8"« ¢p|| = lim ||¢"™* — ¢|| =0 for all k € N, (1.3)
k—o0 k—o0
since the norm on ¢ is invariant under translations (8 is an isometry). As
St —L 5y and  8%k¢ —— 0,
k—o00 k—o00

it consequently results from (1.3) that ¢» = 0.
(¢) = (b): It suffices to show that

Br, :=supmax {|¢,|, |[¢p_n|} — 0.
¢€B n—oo

By contradiction, assume (En)neN does not converge to 0. Then there exist
e > 0, a sequence (¢")nen in B and a sequence of integers (t,)nen such that

lim [t,| =00 and |[¢]|>¢ forallneN.

n—oo
Now observe ¢ = evo8™¢™. As 8¢" is bounded in the space (>, we may
assume w.l.o.g., in view of Remark 1.1(2), 8'¢" % 1 holds for some 1 € (.
Hence, it follows that » = 0 and, in particular? liol‘;lnﬁoo evg8in¢g" = 0. This
contradicts the fact that ‘¢?n| > ¢ for all n € N.
(b) = (a): Assume that there is 5 € £o(R) so that |¢;| < f; for all t € Z
and ¢ € B. Then one infers x(B) = 0 from

sup sup |¢;| < sup B ——
$EB n<|t| n<|t| n—00

and the proof is complete. O
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2. Nonautonomous difference equations

Suppose that A C R is a nonempty, open interval. This paper addresses
parametrized nonautonomous difference equations

Ti1 = ft(%? )\)7 (AA)

whose right-hand side f,: Q x A — R?, t € Z, is defined on an open, convex
neighborhood 2 C R? of 0 and depends on a parameter A\ € A. The general
solution to (Ay) is given by

57 t:T’

oa(t; 7, €) == {fH(-,)\) oo fr (N6, T <t

as long as the compositions stay in 2. An entire solution to (A)) is a sequence
(Pt)tez in Q with ¢p1 = fi(de, A) on Z. For a fixed \* € A it is assumed
throughout that there exists an entire solution ¢* to (Ay«) satisfying

tlg:noo ¢t =0
Such sequences are denoted as homoclinic solutions with the trivial solution as
immediate example.

In the following, we study the global structure of the set of homoclinic
solutions to (A,) containing the pair (¢*, \*) when \ varies over the complete
parameter space A. Our corresponding results based on functional analytical
tools rely on two pillars, namely the Fredholmness and the properness of certain
nonlinear operators, which we are going to prepare in the subsequent section.
Throughout this requires to impose the standing

Hypothesis. Let A be an open interval, Q C R? an open, convex neighborhood
of 0 and ¢* a homoclinic solution to (Ay«) for some \* € A. Assume that the
continuous mappings fi: Q x A — R?, ¢ € Z, satisfy:

(Ho) For every compact K C R? x R one has

sup  sup [filz, A)| < oo,
teZ (z N)EKN(QUXA)

H,) for every € > 0 and compact KX C R? x R there exists a § > 0 such that
( y p

max{|x2—x1|,|)\2—)\1|} <6 = su£|ft(x2,)\2) _ft(xla)\l)‘ <e€
te

for all (.Tl, )\1), (Zﬂg, )\2) e KN (Q X A),
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(Hy) Difi: Q x A — L(RY) exists as continuous function, for every bounded
B C Q one has

supsup | Dy fi(xz, )| < oo for all A € A
teZ xeB

and for every ¢ > 0, A\g € A there exists a > 0 such that

Ty — 21| <0 = sug | D1 fi(x2, A) — D1 fi(1, Mo)| <€
te
for all x1, 29 € Q, X\ € Bs(\g),

(H3) limyzoo £:(0,)) = 0 for all X € A.

Our preliminaries concerning the linear theory are as follows: For coeffi-
cients A, € L(R?), t € Z, we consider a linear difference equation

Tip1 = Ay (Lo)
in RY with the evolution operator ® 4 : {(t,s) € Z* | s <t} — L(RY),
Ay A, s<t
@A(t,s) Z_{ =l °
[Rdy s =1.

Let T be an unbounded discrete interval. An invariant projector is a sequence
of projections P; € L(RY), t € I, with

Pt+1At = AtPt7 At’N(Pt) : N(Pt) — N(Pt+1) is invertible for all ¢ c ]I/.

Hence, the restriction ®4(t,s) := ®4(t,s)|np,) € GL(N(Ps), N(P,)) is well-
defined for arbitrary ¢,s € 1. One says the equation (Lg) has an exponential
dichotomy (ED for short) on I with invariant projector (P;)r, if there exist
reals K > 1, a € (0,1) such that the exponential estimates

[Du(t, )P < Ko™, |Pa(s,t)[[pe — P]| < Ka'™ foralls <t (2.1)
and s,t € [ hold. The associate dichotomy spectrum is given by
Y1(A) = {fy > 0| 241 =7 A, has no ED on I[} .

In general, ¥5(A) C (0,00) is the union of up to d (closed) spectral intervals
(for this, cf. [1, Theorem 4]), which degenerate to points e.g. in the setting of

Example 2.1 (periodic linear equations). Let p € N. In case (L) is p-periodic,
i.e. Ay, = A; holds for all t € Z, then ¥5(A) = {/|o(Pa(p,0))|\ {0} is discrete.
In particular, for autonomous equations (Lg) the dichotomy spectrum is given
by the moduli of the nonzero eigenvalues ¥1(A) = |o(A)| \ {0}.
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It proves advantageous to introduce
ST(A) = Xg0(A), TT(A)=35:(4), X(A) = Xz(4)

as forward, backward resp. all time spectrum of (Lo); it is ¥ (A) C X(A).
On the sequence space ¢y and for a bounded sequence (A;)cz we introduce
the bounded operator

LA S L(EQ), <£’A¢)t = ¢t - At—1¢t—1 for all ¢ € Z,
whose Fredholm properties are as follows:

Lemma 2.2 (Fredholmness of £4). The following statements are equivalent:
(a) 1€ XM (A) and 1 & X7 (A) with corresponding projectors Pt resp. P,
(b) L4 is Fredholm with ind £ 4 = rk Py" — tk P

Proof. (a) = (b) : See [2, Theorem 8 and Cor. 17].
(b) = (a) : See [9, Theorem 1.6]. O

3. Substitution operators on {;

Our overall approach is functional analytic and recursions (A ) are understood
as abstract equations in ambient sequence spaces. This initially requires a
careful analysis of the operators Fy, Go : £o(2) — ¢y defined by

Fo(@)e == fil@r),  Go(@): := bry1 — fi(oy) forallt € Z,

where the mappings f;: Q@ — RY, t € 7Z, are assumed to satisfy (Ho)—(Hs)
(without dependence on A). As a result of [16, Proposition 2.4, Theorem 2.5]
both operators Fy, Gy are well-defined.

At this point we remind the reader to some basic notions from topological
dynamics (see Appendix B, though). The hull of a difference equation

Tev1 = fo(xt) (A)

is denoted by $(f) and equipped with the metric d given in (B.3). Notice that

in order to apply the results from Appendix B one has to define f(¢,z) := f,(x).

From (Hp) we see that f is bounded, while (H;) yields the uniform continuity

of f on every compact K C R? Hence, Lemma B.1 implies that both the

hull $(f), as well as the limit sets a(f),w(f) are nonempty compact sets.
Moreover, we say a subset G C $(f) is admissible, provided

{p €| dps1 = g(dy) on Z} = {0} forall g € G.

This means that for every right-hand side ¢, : Q — R%, t € Z, the only bounded
entire solution to z;.1 = g;(x;) is the trivial one.
In what follows, we will need the next
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Lemma 3.1. If (sp)nen @5 a sequence of integers with lim, . |s,| = 0o and
¢ € Ly, then the sequence (¢™)nen in o pointwise given by

o) = Qrys, forallt €Z
fulfills " —2— 0.
n—oo
Proof. The implications

Qb € é() = ¢t+sn —— 0 forallteZ
n—o00

& gt ——0 forallteZ < ¢"—L>0

n—o0 n—oo

guarantee the assertion. O

Lemma 3.2 (properness). If a(f),w(f) are admissible, then Gy : £o(2) — £y
is proper on all bounded, closed B C {y(€2).

Proof. Above all, note that in view of Lemma 1.2 it suffices to show that any
bounded sequence (¢"),en in £(€2) satisfying

1S0(¢") — ¢|| —— 0 with some ¢ € £,
n—oo

vanishes shiftly at co. Take any increasing sequence (kj)neny in N and any
sequence (S, )nen in Z satisfying lim |s,| = oo such that
n—oo

8k —2 5 4p  with some ¢ € (. (3.1)

n—o0

We must show that ¢ = 0. For this purpose, observe
85 So(6t) — 8] = [|9o(6*") — ]| —= 0 32

and put " := f(- + s,,-) € H(f). Because H(f) is compact, we can deduce
that there exists a subsequence (s, );en such that

Sp, >0 and d(f™, f1) ——0 for some f* € w(f) C H(f) (3.3)
or

Sp, <0 and  d(f™, f7) — 0 for some f~ € a(f) € H(f). (3.4)

In case (3.3) we introduce the following limit operators

Frily =Ly, FHP) = fi (¢n),
GF by = Lo, G (D)t = der1 — fiT (dr).
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Since w(f) is admissible, it suffices to prove that G+ (1)) = 0 and we proceed as
follows: First, (3.3) implies that f(t + sn,, %) —— f; () for all ¢ € Z and
1—00

(3.1) with (B.2) leads to

Ft+ sn, O ) — f(t+ 8p,, %) —— 0 for all t € Z.
7 71— 00

Second, (3.2) leads to
(Ghrsa, = f (t+ 5000000 ) ) = Presn, — 0 forallt€Z,
B v ' 1—00

while Lemma 3.1 and (3.1) guarantee ¢;,,, — 0 and gbfil vs, — Y for
v =00 i j—o0
all t € Z. Finally from the above we deduce that

(bﬁ—l—&-sni - f(t + Sn;s wt) —0

1—00

and

Brirrs, — F(E+ 50,101 —— i — [ ().

Hence, we infer that Go(¢)) = 0. Since the dual case (3.4) can be treated
similarly, the admissibility of «(f) completes the proof. O]

Our further analysis is based on the substitution operators
F(d, N := fild, N),  F(d, Ny := DI fi(¢p, N) forall t € Z, (3.5)
¢ € 4p(2), A € A and indices j € {0, 1}, whose properties are as follows:

Proposition 3.3. The operator F : {y(Q2) x A — {y is well-defined with the
following properties for every ¢, ¢ € £o(2), X € A:

(a) F7: 6o(Q) x A — L;(by) is continuous for j € {0,1},

(b) D1F : £y(Q) x A — L(4y) exists with D1 F(p, \) = F(p, N),

(¢) D1F (¢, \) — D1F (¢, ) € L(fy) is compact.

Proof. (a) and (b) are due to [16, Proposition 2.4], so is the well-definedness
of .

(c): Since linear combinations of compact operators are compact (see
23, p. 278, Theorem (i)]) it suffices to show that DF(¢p,\) — D1F(¢, \) is
compact for all ¢ € £5(2) and A € A. Due to the representation (cf. (3.5))

[(D1F (¢, N) — D1F (), \)Y)e = (D1 filpe, A) — Dy fi(de, \)) by forall t € Z

~ i

::At
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and sequences ¢ € £y we see that D1 F(é, \) — D1F(¢, \) is a multiplication
operator M € L({y), (M), := Apby. To establish its compactness, let € > 0.
Thanks to (Hz) there exists a 6 > 0 such that | — y| < ¢ implies

|Dy fe(x,\) — Dy fi(y, )| < e forallteZ.
Hence, because of ¢ € (4(2) we find a T' € Z with |¢;| < ¢ and therefore
|A¢| = | D1fe(de, ) — Difelde, A)| < e for all T < ¢,

which implies that lim; ,4., A, = 0. It remains to show that M € L(¢) is
compact. Thereto, consider the sequence of compact operators My, € L(¢y),

Ay, te€[—k,k|NZ,
0, else

(M), = { for all k € N

satisfying [(M — My )]y = supyy A < supgopy [Ad [¢] for all ¢ € Z. This
yields that limg_,o |M — Mg|| = 0, M is the uniform limit of a sequence of
compact operators and thus compact (cf. [23, p. 278, Theorem (iii)]). O

4. Entire hyperbolic solutions

Let us consider the linear difference equation

Tiy1 = let(QS:? )\)xta (V)\)

with dichotomy spectra denoted by ¥(\) and X7 (\), X7 (\) for A € A. Since ¢*
needs not to be a solution to (A)), note that in general only (V)+) is a variational
equation.

In case 1 ¢ 3(\*) it follows from the usual local implicit function theorem
that there is a neighborhood Ag C A of A* and a continuous function ¢ : Ay — ¢
(the local branch) such that ¢(\) is the unique homoclinic solution to (Ay) (for
this, see [16, Theorem 2.17]) in a neighborhood of (¢*, A*). In the following, we
are interested in the global structure of the component

C CH{(d,A) € () X A| ppy1 = fi(e, \) on Z}

containing the pair (¢*, A*). A continuation result for homoclinic solutions to
(A,) relies on an immediate but crucial tool for our overall approach:

Lemma 4.1. Let A € A. A sequence ¢ € {y(Q2) solves the difference equation
(Ay) if and only if ¢ satisfies the nonlinear operator equation

5(¢,A) =0 (Ox)
with the operator G : £y(2) x A — £y given by G(p, \) := 8¢ — F(p, \).



170 C. Potzsche and R. Skiba

Proof. The well-definedness of § immediately follows from Proposition 3.3. The
equivalence statement is clear. O

By means of Proposition 3.3 our assumptions imply that the partial deriva-
tive

DG fo(Q) X A — L(ﬁo)

exists as a continuous function of the form

D1G(p, Ny = 8¢ — D1F(p, \)yp for all ¢ € £,
and possesses the following properties:

Lemma 4.2. For all ¢ € (4(Q2) and X\ € A one has:
(a) DiS(6%, X) € GL(6y) & 1 & S(X°),
(b) 1 Q Z()\*) = D19<¢, )\*) € F0<£0);
(C) Dlg(qb*, )\) € F()(Eo) =4 D19(§Z§, )\) S FO(EO)

Proof. (a): For fixed A € A this is a consequence of [1, Theorem 2, Corollary 3].

(b): Due to (a) one has D1G(¢*, \*) € GL({y). This obviously guarantees
D,G(¢*, \*) € Fo({p) and combining

D1§(¢,X*) = D15(¢", X*) + D1G(¢, A") — D15(9", A7)
= D1G(¢", \*) + D1F(6", A*) — DiF (¢, \)  for all ¢ € ()

with Proposition 3.3(c) shows that D;G(¢, A*) is a compact perturbation of a
Fredholm operator with index 0. Since compact perturbations do not affect the
index (see [11, p. 161, Theorem 16]), we obtain D1G(¢, \*) € Fy(ly).

(c): Assuming D1G(¢*, \) € Fo({y) and writing
D19(¢7 )‘) = D19(¢*7 /\) + Dlg(qs*’ /\) - leF(Qb, /\) for all ¢ € 60(9)7 AEA

represents D1G(¢, \) as compact perturbation of D;G(¢*, ). The claim follows
as in the proof of (b). O

While this already settles our required Fredholm theory, we continue with
a general criterion for the properness for G. It is based on concepts from topo-
logical dynamics introduced in Appendix B. In particular, slightly modifying
the notation there, rather than a(f(-,A)) and w(f(-,A)), in order to emphasize
the parameter dependence, we write a() resp. w(\) to denote the limit sets of
the right-hand side to (Ay) for A € A.

Proposition 4.3 (properness). If a(\),w(\) are admissible for all A € A, then
G: lo(R2) x A — Ly is proper on every product B x Ay with B C () bounded,
closed and Ay C A compact.
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Proof. By Proposition 3.3 the function G : £4(2) x A — £ is continuous. Let
B C 1(22) be closed, bounded and suppose Ay C A is compact. Then G is proper
on such B x Ay, if and only if, for all compact K C ¢y the set 1K) N (B x Ag)
is compact. This is equivalent to the fact that for all such K C ¢y, any sequence
in §71(K) N (B x Ag) admits a convergent subsequence. Thus, take a compact
subset K C £y and let ((¢™, \,,))nen be a sequence in G~ (K)N(Bx Ay). Since K
is compact, there exists a 1) € {y and a subsequence ((¢", \,,))ien such that

i

19(6™ An) = @ — 0. (4.1

Because Ay is compact, one finds a convergent subsequence ()\nij )jen with limit

Ao € Ap. Using Lemma 3.2, G(-, \g) is proper on the bounded, closed subsets
of ¢y and we are about to prove

156, %) — ] —0.
Thereto, we have from the triangle inequality and Lemma 4.1 that
19(6"5, 20) — wll < ||9(6™5, M) = S(8"™5, Ay )| + 1|56 M) = o
= |[ 76" 20) = F(6™ )| |+ |56 ) —
for all j € N and with a view to (4.1) it remains to establish

7675 20) = T8, 0,

— 0. (4.2)

Jj—00

Ingeed, since B C /y is bounded, it follows that there exists M > 0 such that
|, 7| < M for all t € Z and j € N. Consequently, (H;) implies that

il ) = Filér” 5 M)

—— 0 uniformly in ¢t € Z,

j—0o0

and (3.5) leads to (4.2). Finally, since G(-, A\g) is proper, it follows that also
(¢™);en has a convergent subsequence, which guarantees a convergent subse-
quence of ((¢™, An,))ien. This completes the proof. O

We arrive at our main result, which supplements the local continuation
property of [16, Theorem 2.17], but requires a real parameter \.

Theorem 4.4 (global continuation in ¢y). Beyond (Hg)—(Hs) let us assume for
all parameters A € A:

(i) The linear equations (V) satisfy
1Y\, 137\, 13X\ (4.3)

with corresponding invariant projectors such that vk Byf(\) = rk Py ()),
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(ii) a(N),w(N) are admissible.
If C C 4y(Q) x A denotes the component of homoclinic solutions to (Ay) con-
taining (¢*, \*) and

Coi= {6 N €CIASNY, Cpi={(d.N) €C|N <A},

then (at least) one the following alternatives applies (cf. Figure 1):
(a) C-NCL# {(¢" A"},
(b) the branches C and C_ are connected and

(b1) Cy is unbounded or at least one of the following sets is nonempty:

1,(Cy) N96(Q), Th(Cy) N oA,

(be) C_ is unbounded or at least one of the following sets is nonempty:

I1,(C2) N 06o(Q), T,(C_) N A,

where 111,11y are the projection of (x, ) onto the first resp. second component.
For Q =R, A =R (exactly) one of the next cases occurs (cf. Figure 2):

(c) C={(¢*, \)} UT' L UT'_ with unbounded disjoint sets ', T,

(d) C\A{(¢*,\")} is connected.

Figure 1: Alternatives from Theorem 4.4, where the grey shaded area symbolizes
lo(2) x A: (a) The intersection C_NCY is larger than just {(¢*, \*)} or, (by) C

is unbounded (here C_ touches the boundary of ¢y(2)) or, (by) C_ touches the
boundary of A (while C; touches the boundary of £y(£2))

Remark 4.5. (1) Compared to the local result [16, Theorem 2.17] preceding
Theorem 4.4, we assume slightly weaker differentiability, but stronger con-
tinuity assumptions on the right-hand sides f;. Thus, locally near (¢*, \*)
the component C' is in general merely graph of a continuous function
over A, and no longer of class C*.
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(2) The admissibility assumption (ii) can be verified using the criteria from
Appendix C for the unique existence of bounded entire solutions to (A)).

(3) Note that Theorem 4.4 applies to hyperbolic fixed points z* = g(x*, a*)
of (1.1) under time-dependent forcing of the form oy = o* + Ay, where
(11¢)iez is decaying to 0 and A € R controls the magnitude of the pertur-
bation. For this, consider the trivial solution ¢* = 0 of (A)) with the
right-hand side

ft(xa )‘) = g(ZE + LU*,Oé* + )‘/Lt> - g(LU*,Oé* + )‘/Lt>

and the parameter value A* = 0. This idea extends to periodic (and more
general) hyperbolic solutions to (1.1).

(C) ﬁ é() (d) ﬁ é()

G

Figure 2: Alternatives from Theorem 4.4: (c¢) Two disjoint unbounded

sets I'_, "y meet at (¢*, \*) or, (d) the difference C'\ {(¢*, \*)} is connected

Proof. Because the openness of Q) extends to ¢y(£2), we can apply the abstract
Theorems A.1 and A2 to G: O x A — {, from Lemma 4.1 with O := £,(Q).
Since 8 is a bounded linear operator, it results from Proposition 3.3(a) that G is
continuous. Moreover, due to Proposition 3.3(b) the derivative D1F : O x A —
L({y) exists as a continuous function and it results that also D;G exists with
D1S(¢*, X ) = 8¢ — D1F(¢*, X\ )y for all ¢ € 4.

ad (A.1): Thanks to Lemma 4.1 it is clear that §(¢*, \*) = 0 holds.

ad (A.2): Because of the first inclusion in (4.3) the derivative D;G(¢*, \*)
is invertible due to Lemma 4.2(a).

ad (A.3): Let A € A. The remaining inclusions of (4.3) guarantee that (V)
has EDs on both ZJ and Z;, . The assumptions on the corresponding projectors
thus imply D1G(¢*,\) € Fy({y) due to Lemma 2.2. Finally, Lemma 4.2(c)
ensures that also D;G(¢, A) is Fredholm of index 0 for all ¢ € .

ad (A.4): We derive from Proposition 4.3 that G is proper on every B x Ag
with bounded, closed B C £y(2) and compact Ay C A.

Now the assertions (a), (b) result from Theorem A.2, while Theorem A.1
applied to (O,) ensures the two alternatives (c), (d). O
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5. Applications

In this section, we collect several types of nonautonomous difference equations
(A,) with properties in the scope our main Theorem 4.4.

=Y
K

N0 Moo N0

Figure 3: The schematic sets G~1(0) C £y(R?) x R of homoclinic solutions to
(A,) and I'_, Iy for the examples from Section 5.1

5.1. Piecewise constant equations. Let us illuminate Theorem 4.4 in the
light of concrete examples from bifurcation theory of [15]. They allow to deter-
mine the homoclinic solutions, and particularly the branch C' explicitly.
Suppose that o € (—1,1) is a fixed nonzero real and A € R serves as
continuation parameter. We consider the linear homogeneous equation

Tip1 = fr(z, A) = (l;f g) Ty (5.1)

t

with asymptotically constant sequences

&_1, t < O, a) t < 07
by = cp = )
a, t>0, a ", t>0.

On the one hand, since (5.1) is triangular, the dichotomy spectra reads as

’ m )

_ [’a’>|31\]7 A=0, _ 1
Z(A)_{{|a| 1} L0 Zi()\)—{|a|,m} forall \€R.  (5.2)

It is easily seen that (5.1) fulfills (Hy)—(H3) with Q = R? and the trivial solution
¢* = 0. For \* # 0 the assumption (i) holds. Moreover, the limit sets of (5.1)
are singletons given by the limit equations

a0 a 0
Ti41 = N o Ty, Tyl = A ol Tt
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Both are hyperbolic with a 1-dimensional stable subspace and hence a()), w(\)
are admissible yielding (ii). On the other hand, the triangular structure of (5.1)
allows to compute the general solution ¢,(+;0,¢) for arbitrary initial values
¢ € R?. The first component ¢} is

L (t;0,6) = allle, forallt € Z, € € R (5.3)

and consequently ¢3}(+;0,&) € fy. For the second component this yields

t—1
ZS:O #asgb t 2 07
S athaTE, <0

S=

¢ﬂt&@=ﬂf“&+k{

and we arrive at the asymptotic representation

a (& — 2%6) +o(1), t— oo,
of (&+ 2%&) +o(1), t— —oo.

@3(t:0,8) = {

Thus, for A # 0 the inclusion ¢, (+;0,£) € £ holds if and only if {& = %51 and
& = —%fl, i.e. £ = (0,0). In conclusion, 0 is the unique homoclinic solution
to (5.1) for A # 0, while in case A = 0 the trivial solution ¢* = 0 is embedded
into a 1-parameter family of homoclinic solutions. This means for every A\* # 0
we are in the situation of Theorem 4.4(c) shown in Figure 3 (left).

Example 5.1 (transcritical bifurcation). Let § € R\ {0} and consider the
nonlinear difference equation

T = fe(x, A) = (l;f 2) zi+0 ((xil)>2)

with general solution ¢,. Again (Ho)—-(Hs) hold with ¢* = 0. Since (5.2) is
satisfied, we confirm assumption (i). As autonomous limit systems one gets

10 0 0 0
Tir1 = (Oé)\ a> Tt + 5 ((ml)Q) y Tir1 = (i a1> Tt + 5 ((ml)z) , resp.
t t

The first component of their general solutions ¢y (+; 7,€) and ) (+; 7,€) is boun-
ded on Z, if and only if & = 0 holds, and plugging this into the second equations
shows that the only bounded solution to the limit equations is the trivial one.
Hence, a(A),w(\) are admissible and Theorem 4.4 applies for \* # 0. More
detailed, while the first component of ¢,(+;0,&) given by (5.3) is homoclinic,
the second component fulfills

! (52 - agilé:% - a;\glgl) + 0(1)’ i — o0,

2
t707€ = 2
Al ) o (§2 + aagoilff + a’z\fﬁl) +o(1), t— —o0;
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in summary, we see that ¢,(-;0,&) is homoclinic if and only if £ = 0 or

a?+a+1 ale® +a+1)

f= 25 b=

2
d(a+1)2 A

Hence, besides the zero solution we have a unique nontrivial entire solution
passing through the initial point & = (£1,&>) at time ¢ = 0 for A # 0. We are
again in the setting of Theorem 4.4(c) shown in Figure 3 (center).

Example 5.2 (pitchfork bifurcation). Let us suppose § # 0 in the nonlinear
difference equation

oot = fulan \) = (b; g) 0+ 0 ((:3)3) . (5.4)

As above we observe that assumption (i) holds. Moreover, the limit equations

a0 0 a 0 0
Ty = ( A\ a) ) <(x%)3) y o Tyl = ()\ ofl) T+ 0 ((@)3)

possess no nontrivial bounded entire solutions, which results as in Example 5.1.
Therefore, the admissible limit sets a/(\),w(\) allow to apply Theorem 4.4. In
order to get a more detailed picture, note that the first component of the general
solution to (5.4) is given by (5.3) and the second component reads as

Oéit (52 - agilgf - a;\glé-l) + 0(1)7 L — 00,

o (& + Z56 + 246) +o(l). ¢ —oo.

3(t:0,8) =

This asymptotic representation shows us that ¢,(+;0,&) € ¢ holds if and only

if £ =0or & =—2:\and & = —2m(50‘2§—3’\+5)/\2. Again, the assertion of

Theorem 4.4(c) holds and Figure 3 (right) gives a description of the sets I'_, T",.

5.2. Semilinear equations. It is well-known that linear-inhomogeneous dif-
ference equations x4 = Az, + Aby with 1 & X(A) and b € ¢y possess unique
homoclinic solutions
¢ =AY Gt s+ 1)b,
SEZL

continuing the trivial one for parameters A # 0, where G is the Green’s func-
tion defined in (C.3). As a natural generalization of this setting, we consider
semilinear difference equations

T = Awry + Fi(z4, A) (Sx)

with a nonlinearity F} : R¢x A — R? ¢ € Z, satisfying (Hg)—(Hy). In particular,
in order to guarantee the admissibility assumption (ii), let us suppose that the
following assumptions hold for all A € A:
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H(5.2), (Lo) has an ED on Z with constants a, K,
H(5.2), D{F;(0,\*) =0 on Z and limy_, 1., D] F;(0,\) = 0 for j € {0, 1},
H(5.2), There exist functions F* : R* x A — R? such that F*(0,\) = 0,

lim sup |Fy(z,A) — F*(z,A)| =0 for all bounded B C R?

t—+00 1B

and lip F*(-, \) < £

Here it is Q = R? (for simplicity) and fi(z,\) = Az + Fy(x,\). With the
reference parameter \* = 0, due to assumption H(5.2), one can choose ¢* = 0
as homoclinic solution to (Sp). Now keep an arbitrary A € A fixed:

ad (i): From D;fi(0,\) = A; + Bi(\) with By(\) := D1 Fi(0,\) we first
obtain 1 ¢ ¥(0) by assumption H(5.2),. Moreover, the limit relation in H(5.2),
for the derivative ensures that £ 4, p(x) is a compact perturbation of £ 4 (cf. proof
of Proposition 3.3(c)). Hence, also £ 445y is a Fredholm operator with index 0
and Lemma 2.2 ensures that 1 ¢ %*(\) holds, i.e. (4.3) is fulfilled.

ad (ii): Thanks to H(5.2), the limit sets of (Sy) consist of the respective
semilinear equations

Toy1 = Agry + F7 (xt, /\)7 Tep1 = Ay + F+($ta )\) (5-5)

having the trivial solution. In addition, Proposition C.5 guarantees that they are
the unique bounded entire solutions to (5.5) and thus a(X),w(\) are admissible.

5.3. Asymptotically periodic equations. The ED assumptions (i) of The-
orem 4.4 simplify and are easier to verify, when we restrict to asymptotically
periodic equations, which can have different forward and backward periods:

Beyond (Hp)—(H3) we assume there exist p_, p; € N so that the following
holds for all A € A:

H(5.3), There exist functions f;* = fi,, : @ x A — R? for all t € Z such that,

lim sup|fi(z,\) — f(z,A\)| =0 for all bounded B C €,
t—=o0 zEB
H(5.3), 1 ¢ %(X\*), there exist p*-periodic sequences (AF(\))iez such that
D1 f,(¢F, \*), AF()) are invertible,
liInt—>:|:c>o |D1ft(¢>tk7 )‘) - A;I:()\) - Oa
the period matrices ITF()\) := &% (ps, 0) satisfy o(IT*(\))NS! = 0,
the stable subspaces in forward and backward time fulfill

dim @ Eigyo( (\) =dim P Eig,o(II"(})),
Ao (IT~(N)) Ao (ITT(N))
[Al<1 [Al<1
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H(5.3), the trivial one is the only bounded entire solution to the limit equations

Tiy1 = ft+(xt? A, T = fy (@, A).

In order to verify that Theorem 4.4 applies, we keep A € A fixed.

ad (i): It results from Example 2.1 and H(5.3), that 1 ¢ ¥*(A%()\)). On
both half-lines ZJ and Z, the equation (V) is an {y-perturbation of the re-
spective limit equations

Tir1 = A;()\)l’t, Tir1 = A;r()\)l't

and therefore [17, Corollary 3.26] implies 1*()\) = XE(AE(N)).
ad (ii): From assumption H(5.3), we obtain the finite limit sets

s<p_},

aA) = {7, Zx Q=R 0<
O<s<p+},

w\) = {fF,(,N):ZxQ— R

which consists of the pi-periodic limit functions, and their time translates. Due
to H(5.3), these limit equations, in turn, merely have the trivial one, as bounded
entire solution. Thus, the limit sets a(\), w(A) are admissible.

As a concretization we eventually arrive at:

Example 5.3 (perturbed Beverton-Holt equation). Let p_,p, € N and (a;)sez
be a positive sequence such that there exit p,- resp. p_-periodic sequences
(a;)iez, (a7 )tez in R with limg_,4 ‘at — af‘ = 0. The nonlinear scalar differ-
ence equation

ATt
=———+ X 5.6
Tiy1 1+ [z + Aby (5.6)
with right-hand side fi(z, A) := e T Aby satisfies (Ho)—(Hs), provided (b)iez

is a real sequence in ¢, and ¢; = 0. For A\* = 0 the variational equation of
(5.6) along ¢* becomes z;11 = a;x; and [18, Example 2.6(4)] guarantees the
dichotomy spectrum [min {c_,c;},max{c_, c; }], where

= P~ e qs R cooqf
o= "yfa, y-ag, cp = Ay, 1" Ay -

If 1 <min{c_,c;} or max {c_,cy} <1, then the variational equation (V4) has
an ED on Z, while (V) possess EDs on half-lines with P*(\) = 1. In order
to apply Theorem 4.4 with A* = 0 it remains to ensure admissible limit sets
of (5.6). Thereto, notice that the limit equations of (5.6) are

B a?—l’t
1+ |z

a; Ty

i - —_
t+1 1+|f[,'t|

= fi(x), a4

=: fy (1)

and lip f£ = aif holds for all t € Z. Hence, by Example C.4 the assumption
c_,cq €10,1) implies that a(A),w(\) are admissible for all A € R.
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6. Outlook

Rather than working with difference equations (A ), similar results can be ob-
tained in continuous time for finite-dimensional nonautonomous ordinary dif-
ferential equations

:t:f(t7xv)‘>‘ (DA)

Indeed, both approaches are largely parallel: Heteroclinic solutions are charac-
terized as solutions to a nonlinear equation (O,) between the ambient function
spaces G} and €. This infinite-dimensional equation is tackled using the ab-
stract global implicit function Theorems A.1 and A.2, whose assumptions in
turn rely on Fredholm and properness criteria. Despite of these similarities, as
discrepancy one has to mention that the counterpart to the operator G, namely

G:Cyx A= €y G(dA)(E) = () — f(t,0(t), N)

acts between different spaces and that the compactness conditions in Lemma 1.2
required for properness have to be adjusted.

A further alternative is to deal with Carathéodory differential equations
(Dy). Such problems naturally occur as pathwise realization of random differ-
ential equations or in control theory. Here, an ambient spatial setting consists
of the spaces Wy and £ of absolutely continuous resp. essentially bounded
functions vanishing at +o0o. These sets replace G} resp. €y in our above studies.
Corresponding compactness or properness conditions can be found in [19, The-
orem 11, Lemma 12(ii)].

In the end, our methods also apply to spaces W' and LP, p € (1,00), in
continuous time, or /7 in discrete time. This requires ambient growth conditions
on the right-hand side of (A)) for the sake of well-defined substitution operators.
Yet, such conditions might lack a physical motivation.

A. Global continuation

Let X, Y denote Banach spaces. Global implicit function theorems describe the
branch of zeros for a continuous mapping G : O x A — Y containing a pair

(x*,\*) € X x A such that
G(xz*,\") =0, (A.1)

where O C X is an open nonempty subset of X with z* € O and A # ()
denotes an open interval containing A*. Throughout, suppose that the derivative
DG : 0 x A — L(X,Y) exists as a continuous function satisfying

DG (z*, \*) € GL(X,Y). (A.2)
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Therefore, the (local) implicit function theorem (cf. [7, p. 7, Theorem 1.1.1])
applies and yields a local C%-solution branch A — z(\) to

G(z,\) = 0.

We define C' C O x A as maximal connected component of G71(0) N (O x A)
containing the local solution branch through (z*, \*). In order to obtain some
information on the global structure of C, two further assumptions are due.
First, suppose Fredholmness

D\G(z,\) € Fo(X,Y) forall (z,\) € O x A (A.3)
and second, we require
G|Bxa, is proper on closed, bounded sets B C O and compact Ag C A. (A.4)

For globally defined G one establishes

Theorem A.1 (global implicit function theorem). If (A.1)—(A.4) hold with
O =X, A =R, then exactly one of the following alternatives applies:

(a) C ={(z*, )} UT L UT_ with unbounded disjoint sets T _, T,

(b) C\ {(z*, A*)} is connected.

Proof. The proof follows [7, pp. 231-232, Theorem I1.6.1], using the mod 2
reduction of the degree for proper C'-Fredholm mappings of index zero, con-
structed by Fitzpatrick, Pejsachowicz and Rabier [6,12]. O

Figure 4: Situations ruled out
by Theorem A.1: The set I'_
is a curve having a finite limit
as A — —oo, while the other :
branch I'; is bounded )\*

Note that Theorem A.1 rules out a situation as depicted in Figure 4. A
variant of Theorem A.1 for “local” parameter spaces allows solution branches
to end at the boundary of O or A and reads as

Theorem A.2 (Evéquoz’s implicit function theorem). If (A.1)—~(A.4) hold and
C_:={(z,\) e C| A< )N}, Cp = {(x,\) € C'| \* < A}, then at least one of
the subsequent alternatives applies:
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(a) C-NCy # {27, A7)},

(b) the branches Cy and C_ are connected and

(b1) C4 is unbounded or at least one of the following sets is nonempty:

I, (C5) N0, TIy(Cy) NIA,

(be) C_ is unbounded or at least one of the following sets is nonempty:

IL(C)No0, TL(C_)NoA,

where I1; : X x A — X, IIy : X x A — A stand for the projection of (x, \)
onto the first resp. second component.

Proof. In [5, Theorem 2.2] it is shown that

(a7) CpnCo={(z" A")}
yields (b). Since this implication (a’) = (b) is equivalent to —(a’) V (b) we
obtain the assertion. ]

B. Topological dynamics

This appendix collects some required preliminaries from topological dynamics
(cf. [4,21]) and particular properties of the Bebutov flow.

Let 2 C R? be open. Given a continuous function f: Z x 2 — R% we define
its hull by

) ={f(-+5-):ZxQ—RiscZ}CCZxQRY.
This allows to introduce the Bebutov flow
8:9(f) = 9H(f), Sg:==g(-+s,:) foralseZ (B.1)

induced by f. The closure in the above definition of $(f) is chosen w.r.t. an
ambient topology such that (s,g) — 8¢ becomes continuous (cf. [4]). Thus,
(B.1) defines a dynamical system on $(f). Given a compact subset K C R?, it
is convenient to write Ko := K N and to denote f as

e bounded on K, if f(Z x Kq) C R? is bounded

e uniformly continuous on K, if for every € > 0 there is a § > 0 with

lz—y| <o = sup|f(t,z)— f(t,y)| <e forallz,ye Kq. (B.2)
teZ

For instance, if (¢,x) — g¢(t,z) is bounded on bounded sets (uniformly in
t € Z), then

lgl, = sup lg(t, )|
(t,x)EZX (B (0)NN)
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are semi-norms yielding the compact-open topology, i.e. the topology of uniform
convergence on compact sets induced by the metric
- 1 -
d(g,9) == Zg lg—3l;- (B.3)
=1

This construction of the Bebutov flow equips us with tools from dynamical
systems in a natural way. For instance,

W(f) = {g eﬁ(f)‘ﬂsn oo lim d(f(- + sny ), g) = o}

n—oo

defines the w-limit set of f and the a-limit set is

alf) = {gEYJ(f)‘EIsn—)oo: lim d(f(- — 8n,),9) :0}.

n—oo

Lemma B.1. If f is bounded and uniformly continuous on any compact subset
of Q, then H(f) # 0 is compact and the following holds

(a) alg),w(g) # 0 are compact for all g € H(f),
(b) the elements of a(f) and w(f) are bounded and uniformly continuous on
any compact subset of §2.

Proof. Due to [4, Theorem 2.7, Remark 2.8(ii)] the hull $(f) # 0 is compact.
(a): Since the Bebutov flow is continuous (see also [4, Theorem 2.7 and
Remark 2.8(ii)]), the assertion is standard (see e.g. [8, p. 11]).
(b): Let K C R? be compact and g € w(f). Hence, there exists a sequence
(Sp)nen in Z with lim,,_,, s, = oo such that

lim J(fn,g) =0, where f,(t,z):= f.(t + sp, ).
n—oo

Boundedness of g(Z x Kg) readily follows from the corresponding property of
the image f(Z x Kg). In order to show that g is uniformly continuous on K,
we choose ¢ > 0. First, g € w(f) in the compact open topology guarantees that
there exists a N € N with

lg(t,z) — fult,2)| < 5, |fult,y) —g(t,y)| <5 foralln>N,tcZ

and z,y € Kq. Second, by (B.2) there is a 6 > 0 such that |x — y| < § implies
|f(t,z) — f(t,y)| < 5 forallt € Z and x,y € Kq. Combining this with the
triangle inequality and n > N leads to

lg(t, ) — g(t, )| < gt @) — fult, 2)| + [fult, 2) — fult,y)| + | fult,y) — g(t, )]
<s+st+s=¢ forallte€Z, x,yc Kq

such that |z — y| < §. Passing to the supremum over ¢ € Z implies (B.2), i.e. g
is uniformly continuous on K. The proof for g € a(f) follows analogously, when
sp is replaced by —s,,. O
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Example B.2. Almost periodic and almost automorphic functions f yield a
compact hull $(f) (see [4, Proposition 3.9]) and thus compact limit sets.

Example B.3 (asymptotically periodic equations). A function f as above is
called asymptotically periodic, if there exist p,,p_ € N and limit functions
7 x Q — R? satisfying f£(t,2) = f£(t + ps, ) and

lim sup|f(t,z) — A, z)| =0 for all B C Q bounded.
t—+oo z€B

This implies finite limit sets

w(f)={8'ft:ZxQ— R’
alf)={8'f :ZxQ— R

<p+}7

0<t
0<t<p,}

with p, resp. p_ elements.

Lemma B.4. If f is bounded and uniformly continuous on any compact subset
of R?, then every sequence (Sn)nen in Z with lim,,_, |$,| = 00 has a subsequence
(Sny )ken such that (8 f)ren converges.

Proof. Let us suppose w.l.o.g. that [s,| > 1 holds for all n € N, define the sets
Cn:=7Z x (2N B,(0)) and the restrictions

fu:CL—=RY fo(t,z) = f(t+s,,2) forallneN.

First, the boundedness of f on B,,(0) shows that (f,)nen is a bounded sequence.
Second, by the uniform continuity of f on B;(0) we see from (B.1) that for every
€ > 0 there exists a 6 > 0 such that

lr—yl <o = [fult, ) = fulb, )] = [f(E+ 80, 2) = f(E+s0,9)] <e

holds for all n € N and t € Z, x,y € Cy; thus, the set {f,},cy of functions on
Z x C} is equicontinuous. By the Arzela-Ascoli theorem (see [23, p. 85]) there
is a subsequence (fn1 Jmen of (fn)nen with }sn}n { > 1 having a continuous limit
g1:7Z x Cp = RY,

Iterating this construction, for every integer k£ > 2 one extracts a subse-
quence (nf),.en from (n¥-1),,en with ‘sn;% } > k such that the sequence (f,x )men
of restrictions f,r : Z X C — R, fuk (t, 1) := f(t+ s,k , ) converges uniformly
to a continuous function gy, : Z x Cj, — R?. By construction, each gy (¢, ) is an
extension of gi(t,-) to the compact set Cj.1, since passing to a subsequence has
no effect on the values in C;, C Cyy;. This allows us to define the continuous
function

g:ZxQ—=RY g(t,x) = gi(t,x) if (t,z) € Cy

and we claim that g is the limit of the diagonal sequence (8°# f),,cn. Indeed,
for every compact C C R? there exists a n € N such that Cq C C,. Thus,
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(8% f)men converges to g uniformly on Z x Cq. Moreover, the remainder of
the diagonal sequence (8°# f),,en is a subsequence of (8§ f),,cn and converges
uniformly to gx on Z x Cq. Since g and g have the same values on Z x Clg,
this concludes our argument. O]

A rather similar construction as in case of nonlinear functions f is possible
for bounded sequences A: Z — L(R?): Indeed, one defines the hull

H(A) = {A( +5):Z — L(RY)[s € Z},

on which the Bebutov flow reads as
8 :9H(A) = nH(A4), 8(B):=B(-+s) forallselZ.
The closure in this definition of $)(A) is again taken in the uniform topology
induced by the metric
d(A, A) == sup |A(t) — A(t)]

teZ

and the limit sets now become

W(A) == {B c 53(/1)‘ s, — 00 : lim d(A( + s,), B) = o} ,

n—oo

a(A) = {B c ﬁ(A)‘ 35, — 00 : lim d(A(- — 5,), B) = o} .
Lemma B.5. If A: Z — L(R?) is bounded, then $(A) # 0 and the limit sets
a(A), w(A) are nonempty and compact.

Proof. The function f : ZxR? — RY, f(t,x) := A(t)z is bounded and uniformly
continuous on every set Zx K with a compact K C R?. Accordingly, Lemma B.1
applies and implies the claim. O

C. Bounded solutions

In order to verify that a subset of the hull H(f) is admissible and hence being
able to apply Theorem 4.4, it is crucial to have criteria for the existence and
uniqueness of bounded entire solutions at hand. For this purpose, let us consider
nonautonomous difference equations (A) and begin with a folklore

Lemma C.1. Let X be a complete metric space. If a mapping F : X — X has
a contractive iterate IP, p € N, then F possesses a unique fixed point.

Proof. Thanks to the contraction mapping principle, F? has a unique fixed
point z*. In order to see that z* is also a fixed point of F, we observe that
any fixed point y* of F satisfies FP(y*) = y* and thus y* = x*. Moreover,
F(z*) = F(FP(2*)) = FP(F(z*)) guarantees that F(x*) is a fixed point of FP
and consequently z* = F(z*) by uniqueness. O
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Proposition C.2 (contractive equations). If f; : R — R%, t € Z, are globally
Lipschitz and satisfy

(i) fi is bounded uniformly in t € Z, i.e. SUp,cySup,cp |fi(x)| < oo for all
bounded B C R¢,
(i) there exists a n € N with

t+n—1

sup H lip fs < 1, (C.1)

teZ oy
then (A) has a unique bounded entire solution.

Remark C.3 (expansive equations). The same conclusion as in Proposition C.2
holds for expansive difference equations (A). Here, f; : R? — R? t € Z, are
assumed to be bijective with Lipschitzian inverses satisfying conditions corre-
sponding to (i) and (ii).

Proof. Notice that ¢ = (¢)iez € €°° is an entire solution to (A), if and only
if ¢ is a fixed point of the mapping F : £ — (>, F(¢p); := fi_1(¢—1) for all
t € Z, which is well-defined due to (i). Using mathematical induction it is not
difficult to show that the iterates of F allow the representation

T (@) = ficr10...0 fi_n(pr—n) forallt € Z, ¢ € £,

which guarantees

t—1 t+n—1
|F"(¢): — F(9) (H hpfs> |$t—n — Grn| < sup< H hpfs> 6 —o||

s=t—n

for all t € Z, n € N. This leads us to the Lipschitz estimate
t+n—1

157(¢) = F"(9)]| < sup( H hpf3> |6 — ¢ forall ,¢ € £,

Thus, F" is a contraction by (C.1) and Lemma C.1 with X = ¢* implies a
unique fixed point ¢, which in turn is a bounded entire solution to (A). O

Example C.4 (asymptotically periodic equations). We return to Example B.3
and its terminology. If the pi-periodic limit functions f* : R? — RY, ¢ € Z, are
globally Lipschitz with

p+—1

[[ipff<1 ffHO)=0 onz,
=0
then the limit sets a(f),w(f) are admissible. Indeed, Proposition C.2 implies

unique bounded solutions ¢, ¢~ to the respective limit equations

Ti41 = f;r(l"t)a Ter1 = f; (1)

and finally, by uniqueness, #* = 0. So the limit sets are admissible.



186 C. Potzsche and R. Skiba

The following criteria address semilinear equations (A), where

fi(x) == Ayx + () (C.2)
with A; € L(R?) and 7, : R? — R9, t € Z. They require the Green’s function
Du(t,s)Ps, < t,
G(t,s) == a(t,s) ° (C.3)
—Du(t,s)[Iga — Ps], s>t

where P, € L(R?), t € Z, is an invariant projector for (Lg).

Proposition C.5 (semilinear equations). If f; : RY — R? t € Z, are of the
form (C.2) with globally Lipschitzian r, : R — R, t € 7, satisfying

(i) 1¢X(A)

(ii) supezlipry < 2= (with the constants K, a from (2.1)),
then (A) has a unique bounded entire solution.

Proof. We just sketch the argument and point out that the entire solutions
¢ € £ to (A)) can be characterized as solutions to the equation

6= G(t.s+1)r,(¢) forallteZ.

SEZ

Thanks to the dichotomy estimates (2.1) and assumption (i), a contraction
mapping argument applies, provided the inequality (ii) holds. O
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