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Averaging of Nonclassical Diffusion
Equations with Memory and
Singularly Oscillating Forces
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Abstract. We consider for p € [0,1) and £ > 0, the following nonclassical diffusion
equation with memory and singularly oscillating external force

& t
up — Aup — Au — / K(8)Au(t — s)ds + f(u) = go(t) +€ "q1 <€> ,
0
together with the averaged equation
up — Auy — Au — / k(s)Au(t — s)ds + f(u) = go(t)
0

formally corresponding to the limiting case € = 0. Under suitable assumptions on the
nonlinearity and on the external force, we prove the uniform (w.r.t. €) boundedness
as well as the convergence of the uniform attractor A° of the first equation to the
uniform attractor A° of the second equation as € — 0%,
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1. Introduction

Let pe0,1) be a fixed parameter, and let 2 be a bounded domain in RY (N >3)
with smooth boundary 9€). For every € € (0, 1] and any given 7 € R, we consider
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for t > 71 the following semilinear nonclassical diffusion equation with memory
and a singularly oscillating external force,

(

—Aut—Au—/Ooo( YAu(t — s)ds + f(u)
u(z,t)

u(z,T)
)

u(z, 7 — s

(1), reQ t>T

red, t>T1 (1)
() z €
(x,8), v€Q, s>0

I
SCER=TEE N

where
G (8) = golt) + gy (

Along with (1), we consider the equation

™ | <+
N———

(1), reQ, t>71

u(z,7) =u(x), x€Q
=q-(z,8), €, s>0

) = 9o

u(x,t) =0, redfd, t>1 (2)
) =u
)

\

without rapid and singular oscillations, which formally corresponds to the case
e =01n (1). The speed of energy dissipation for equations (1) and (2) is faster
than for the usual nonclassical diffusion equation. The conduction of energy is
not only affected by present external forces but also by historic external forces.

In recent years, the existence and long-time behavior of solutions to non-
classical diffusion equations with memory has been addressed by a number of
authors (see [4,10,15,16,28-30]). In the most of existing papers dealing with
the memory relaxation, the function pu(s) := —«/(s) is assumed to satisfy the
inequality

1 (s) +ou(s) <0,

which was introduced in the seminal paper [17] and commonly adopted there-
after, and the nonlinearity is assumed to be locally Lipschitz continuous and
satisfy a Sobolev growth condition

lim mff( w)

|lul—oo U

> =M, |f)] <O+ fuv2),
where A; > 0 is the first eigenvalue of the operator —Ap in Q with the homo-

geneous Dirichlet boundary condition.
In the case Kk = 0, we obtain the so-called nonclassical diffusion equation

— Aup— Aut flu) = golt) + e (é) . (3)
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The nonclassical diffusion equation arises as a model to describe physical phe-
nomena, such as non-Newtonian flows, soil mechanics and heat conduction the-
ory (see, e.g., [1,21,26]). In the past years, the existence and long-time behav-
ior of solutions to nonclassical diffusion equations has been studied extensively,
for both autonomous case [18, 23,24, 27,31, 32, 34] and non-autonomous case
2,3,5,6,24,30], and even in the case with delays [8,9,25,35]. In [6], the authors
proved the uniform boundedness and the upper semicontinuity of uniform at-
tractors for equation (3) with the nonlinearity of Sobolev type and singularly
oscillating external forces. We also refer the reader to [11-13, 19,22, 33] for
some other results for partial differential equations with singularly oscillating
external forces.

To study problem (1), we assume that the initial datum u, € Hg () is given,
the nonlinearity f and the external force g satisfy the following conditions:

(H1) f:R — R is a continuously differentiable function such that

f(u) > —a, (4)
N+2
N -2
We need some dissipation conditions. For p > 1, we assume that

f@l<CQ+uf?), 1<p<

(5)

Fluyu > dolulP™ — Cp, (6)

while if p = 1 (the case of linear growth), in place of (6), we require a
weaker condition

flwu > —pu* —C1, 0<B <A (7)

Here o, 3, dy, C, Cy, C; are positive constants, and A\; > 0 is the first eigen-
value of the operator —A in 2 with the homogeneous Dirichlet boundary
condition.

A typical example of such a nonlinearity is

N +2
N -2

fu) = klulP~tu (k>0,1§p§ ), or f(u)=ksinu.

(H2) The external forces gg, g1 € Li(R; L*(£2)), the space of translation bounded
functions in L2 (R; L?(Q)), that is,

loc

t+1
Jonllz =sup [ lon(w)ldy = Mo
t

teR

t+1
lovli; = sup [ llon () Py = 211, (®)
t

teR
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for some My, My > 0. A straightforward consequence of (8) is

t+1 N tl 1
[l (O dv=c [ taiPay < (14 1) o < 2,
t t

so that
lgr(2)N172 < 2Mi, Ve € (0,1].

Hence
||ga||ig < 2||90||%g + 25_2’)”91(;)”%5 < 2My + 4Me~ 2,

The memory kernel x is a nonnegative summable function of total mass

I, K(s)ds = kg having the explicit form

K(s) = /:o 1(y)dy,

where p € L'(R) is a nonincreasing (hence nonnegative) piecewise ab-
solutely continuous function allowed to exhibit (infinitely many) jumps.
Moreover, we assume the existence of § > 0 such that

p(s) + op(s) <0, (9)

for almost everywhere s > 0.

It is noticed that the above condition of the memory term is slightly
weaker than the usual condition in [10,17,28-30] in the sense that u can
be weakly singular at the origin. For instance, we can take

/JJ<5> — kefasslfb

with £ > 0 and a > 0,0 > 1.

The paper is organized as follows. In Section 2, for convenience of the
reader, we recall some preliminary results which will be used later. Section 3
is devoted to proving the uniform boundedness of the uniform attractors A,
with respect to e. The convergence of the uniform attractors A, as e — 0 is
investigated in the last section.

Remark 1.1. It is noticed that all results obtained in the present paper are
still true in the cases N = 1,2, with a simpler proof, and we do not need any
restriction on the growth exponent p > 1 of the nonlinearity in (5) due to the
Sobolev embbeding HJ(2) < L"(€2) for all r > 1 in these cases. However, for
the coherence of the presentation, in what follows we only deal with the case
N > 3.
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2. Notations and preliminaries

In this section, we recall some notations about function spaces and preliminary
results.

As in [7,17], a new variable which reflects the past history of equation (1)
is introduced, that is to be,

n'(z,s) =n(z,t,s) = / w(z,t —r)dr, s>0,
0
then we can check that
om'(z,s) = u(z,t) — Om'(x,s), s>0.

Since p(s) = —rk'(s), the first equation of (1) can be transformed into the
following system

up — Auy — Au — /OOO u(s)An'(s)ds + f(u) = go(t) + e g <§) )

n, = —ni+u.
The associated initial-boundary conditions are
( u(z,t) =0, x e, t>r,
n'(z,s) =0, (2,8) € X R ¢t >,
u(z, 7) = U, x € (),
\ N (z,s) =n.(z,s) := /S ¢ (z, 7 —r)dr, (x,5) € QxR
0

Denoting
2(t) = (ut),n'), 2 = (ur,n").

Let (-,-) and || - || denote the L?*(Q)-inner product and L?*(€2)-norm, re-
spectively. In view of (9), let L2 (R*; Hj(2)) be the Hilbert space of functions
o: RT — L?(Q) endowed with the inner product

(rvah = [ (6 (Vea(s) V(s s,
and let ||¢||1,, denote the corresponding norm. We introduce the Hilbert space
My = Hy(Q) x L(R; Hy (2)),
which is endowed with the inner product

(w1, w2)4,, = (Vb1, Viby) + (1, S02>1M>
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where w; = (¢, p;) € Hy for i = 1,2. The norm induced on H; is

1,03, = 11730 +/0 pu(s)[Vep(s) | ds.

Integrating by parts and using (H3), we have

1> d , 1 L6
0= [ WO s = =5 [ @I s > S, (10)
for any n* € C([r,T]; L.(R*, Hy(Q))).

If g is translation bounded in L? (R; L2(2)), we denote by H,,(g) the closure

loc

of the set {g(- + h)|h € Q} in L? (R; L*(Q2)) with the weak topology. Under

loc

the assumptions (H1)—(H3) above, the following result was proved in [30].

Theorem 2.1. Assume that conditions (H1)-(H3) hold. Then for any fized
positive number €, the family of processes {UZ(t,T)}oema(ge) generated by prob-
lem (1) possesses a uniform attractor A® in the space Hy. Moreover,

A = U K.(s), VseR, (11)
o€Hw(9°)
where K& (s) is the kernel section at time s of the process US.

In this paper, we will prove the following facts concerning the family of
uniform attractors {A®}.cp,1 of the processes generated by (1) and (2):

(i) The family A° is uniformly (w.r.t. €) bounded in H;:

sup || A[[3, < oo
€€(0,1]

(i) The uniform attractor A° converges to A’ as ¢ — 0% in the standard
Hausdorff semi-distance in H;:

lir(%{distyl(fle, A%} =0.

3. Uniform boundedness of the uniform attractors

We now give a sufficient condition to ensure that the family A. is bounded
in ‘H; uniformly with respect to ¢ € (0,1]. Such a condition only involves the
function g, which introduces singular oscillations in the external force. To this
end, setting G(t,7) = [ gi(s)ds,t > 7, we assume that

41
sup <HG(S,7’)H%{1 —i—/ HG(S,T)H2d8> < 2. (12)
¢

t>7,7TER
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Remark 3.1. Condition (12) takes place, for instance, when

g € LR, H1(Q)NL; (R, L*(Q))

loc

is a time periodic function of period 7" > 0 with zero mean, that is,

/OT 91(s)ds = 0.

Other examples of quasiperiodic and almost periodic in time functions satisfy-
ing (12) can be found in [14].

Proposition 3.2. Assume that g; € L (R; L*(Q)) satisfies (12). Then, the
solution (v,n%) to the problem

) o0 t
vy — Avy — Av — / (1(s)Ani(s)ds = gy (g) ;
0
Ay = =0 + v, (13)

v]aa =0, nilaa =0,
(v(1),n7) = (0,0),

with € € (0,1], satisfies the inequality
o) + InLllT, < CC, V>, (14)
where C' is a constant independent of g .

Proof. Without loss of generality, we may assume 7 = 0. Denoting

t

vin= [ oy and = [ aitsian

0

Integrating (13) in time from 0 to ¢, we see that the function V(t) solves the
problem

Vi _ AV — AV — / () AT (8)ds = Go(t), Vpa =0, Vo =0, (15)
0

where

G.(t) :/Otg1 (g) ds:s/ozgl(s)ds:sG (éo)

It follows from (12) that
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and

t+1
sup/ |G.(s)|ds < 207
t

>0
Indeed, (16) is straightforward, whereas

t+1 e 1 t+1
[ 6okt e 0P <=1 s [l o) <o
t t tZO t

Multiplying (15) by V in L?(£2), then using Young’s inequality and (10), we get
d 2
—y(t t) < —||G-(1)]|?
0(0) + anylt) < G

where y(t) = |[V|* 4+ |[VV|* + [[7']13,,, 0 < a1 < min{1,6,3}. Hence by the
Gronwall inequality, we deduce that

t
VI 4+ IVVIE + [0, < © [ e 96u(o)lPas
0
where we have used the fact that V(0) = 0 and 7;° = 0. Since
t
/ eI G(s)||ds
0
t t—1
= [ e Pds + [ e G s -
t—1 t—2

t t—1
g/ HGE(S)szs—i—eal/ |G (s)||%ds + - - - (17)
t—1 t—2

1 t+1 )
— s G. d
< [ IG)s
< O,
SO
IVIZ+ IVVIP+ 170, < ¢, (15)

On the other hand, multiplying (15) by V;, we obtain

IV + IVViI? < {Ge(t), Vi) s | + KVV. V)] +

| uo et wvias|.
0
Applying the Holder and Cauchy inequalities, we have

Vel + (IVViI* < Cleo)IG-(0) 17— + eollVill + ol VVAI* + Cleo) [VV

TR, e | n(e)ds IV
0
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Choosing gy small enough, then using (16), (18), and noting that p € L'(RT),
we deduce that

IVl + (IVVi* < O, ie., |u]l* + [|Vo]|* < O, (19)

Multiplying the second equation in (13) by 7} in L2 (R*; Hj(€2)), then using (10)
and the Cauchy inequality, we get

d 4] 2
SR+ SR, < Slloly g < O
Hence using the Gronwall inequality we obtain
I3, < Cee”. (20)
Combining (19) and (20), we get (14) as desired. O

Theorem 3.3. Let conditions (H1)-(H3) and (12) hold. Then the uniform
attractors A° are uniformly (w.r.t. €) bounded in Hy, that is,

sup || A"||, < oo.
€€(0,1]

Proof. Let z(t) = (u,n") be the solution to (1) with the initial datum z, € H;.
For € > 0, we consider the problem

(

& t
vy — Avg — Av — / wu(s)Ani(s)ds = e *q, (—) :

0 €

Oy = =05y + v, (21)
U’aﬂ - 07 77“89 - 07
X (v(7),n7) = (0,0).
Proposition 3.2 provides the estimate

o) + 0L, < CEEP, v > 7, (22)

Then, the function (w(t),n) = 2(t) — —(v(t),nt) clearly satisfies the problem

QM_AW_Aw_A u(s)Ant(s)ds + f(w) = —(f(u) — F(w)) + golt),
815773 = —85773 +w,
wlpa = 0, nhlan =0,

_ T __
\ w|t:7’ = Ur, 772 = 1.
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Multiplying the first equation by w, then using (10) and the second equation,
we obtain

1d
2dt

:_/Q(f(u)—f(w))wdx—i—/ggo(t)wdw.

(lwll® + IVwll® + I2lli ) + [ Vwll* + ||?72||1u /f Jwdz

We consider two cases:
Case 1: p > 1. Using the dissipation condition (6) and the Cauchy inequality,
we have

1d
2t {

< eoflw|l* + /If w)|[w|dz + C(z0) 9o (t)II*.

1
wl* + [[Vel* + [Ins]I3 u) +[IVel® + H??élliu + dolwl7; — C

We estimate the second term on the right-hand side as follows

[ 17w = )l

sc/u+mw*+mwwwwm

Q

< Cllw|o] + Cllwlfypir ol + Clol 1] o
< eollwll? + Cleo)loll® + sollwlid + Cleo) ol
< eollwl + eolwllfit + Cleo) (Il + ol

where we have used the Holder and Young inequalities, and the embeddding
Hi () < LPT() due to the condition p < ¥£2. Therefore,

d
Z (ol + Vel +linllz,.) + Vel + (= 220)llw]® + dllnellz,,

+2(do — o) w754 (23)

C (1+ g2 + lolZ + o)

Case 2: p = 1. Using the dissipation condition (7), we have

1d
2dt

< Bllwll* + C11Q] + eof|w|* + 0/ [o[[wldz + C(z0) 9o (1) [I*
Q
< (B4 2z0)[w]]* + C11Q] + C(e) [v]* + C(eo) llgo ()],

(el + 1Vwl* + Il ) + Vel + Hni\liu
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where we have used the fact that p — 1 = 0 in the second line of the above
estimate of [, |f(u) — f(w)||w|dz and the Holder inequality. Hence
7 (Ul l” + [Vl + fIl,.)
+ 220 [ Vw||* + 2(M (1 — €0) — B — 2¢0) [w]]* + 8[| I3, (24)
<C (1+llgo®I + ol )

From (23) and (24), by choosing ¢y small enough and using (22), in both cases
we have for some ay, > 0 and for all t > 7,

d
TU) +ay(t) < C (L+ go(t)| + Ce200) 4 o100,

where y(t) = [|w]]* 4 [|[Vwl|]* 4 [|n3]|7 .- Hence, by the Gronwall inequality, we
obtain

y(t) < Ce*!m(t*T)y(T) +C (1 + M(? + 5282(1%) 4 gp+1€(p+1)(1fp)) ’

where we have used the fact that (see (17) for a similar proof)

t
[ eI ants) s <

= m”goﬂig-

Recalling that z(t) = (w,nt) + (v, %) and using (22) once again, we have for all
t>,

JZ@IP < Ce2C 2|2 4 C (14 Mg + G200 4 (-0 - (5

Hence, the processes {U.(t,7)} have a bounded absorbing set B*, which is
independent of e (because p < 1). Since A° C B*, the proof is complete. H

4. Convergence of the uniform attractors

The main result of this section is to establish the upper semicontinuity of the
uniform attractors A° at ¢ = 0.

Theorem 4.1. Let (H1)—-(H3) and (12) hold. Then, for every p € [0,1), the
uniform attractor A° converges to A° with respect to the Hausdorff semidistance
inHy ase — 0", i.e.,

lim {disty, (A%, A°)} = 0.

e—0t
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In order to prove this theorem, we make a comparison between some par-
ticular solutions to (1) corresponding to £ > 0 and ¢ = 0, respectively, starting
from the same initial data. We denote

u(t) = U(t, 7)u,,

with wu, belonging to the absorbing set B* found in the previous section.
From (25), we have the uniform bound:

||u5(t)||?{ol < R} for some R; > 0. (26)
In particular, for € = 0, since u, € B*, we get
I ()13 < B2, (27)

for some Ry > 0.
On the other hand, to prove the convergence of the uniform attractors, we
actually need consider whole family of equations

G — AT — A+ f(3) — / " u(s) AT (s)ds = F°(2), (28)

with the external force § = g5 € H,(¢°). To this end, we observe that every
function g, € H,(g1) fulfills the inequality (12).
For any ¢ € [0, 1], we denote

wE(t) = Uge(t, 7)uy,
where u, belongs to the absorbing set B* found in the previous section. Then
Z=(t) = (@ (1), 1) = Ug(t, 7)%r,
is the solution to (28) with the external force g° = go + e *q1(2) € Huwl(g®).
Due to Theorem 3.3, along with the estimate of Theorem 2.1 to handle the case
e = 0, we have the uniform bound

sup [|Z°(t) ||, < C, VE>T.
€€[0,1]

Next, we define the deviation
Z(t) =2 (t) = 2°(t) = (r(t),¢).
Lemma 4.2. For every € € (0,1], we have the estimate
12(1)]|? < (6’6252(1_”) + Ryle' ") €T > 1

for some positive constant C' independent of €,7,9°.
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Proof. Let (v(t),n!) be the solution to the auxiliary problem (21) with null
initial datum (v,,n7) = (0,0).
The difference (w(t),n) = z(t) — (v(t),nt) clearly satisfies the equations
we— B dw = [ u(s)Angls)ds + ) = £ =0,
0
81‘/77; = _85775 +w,

with initial condition (w(7),n7) = (0,0). Taking the scalar product the first
equation by w, we obtain

d
7 Ul P + IVl + lmell,,) + 20 Vel® + 0l +2(f () = (), w + )
< 2|(f(u) = f(u’),0)],

thus

& (Lol + IVl + 51R,) + 219wl + 81l + 2 | F©)w+vide
<2 [ (1#(u)| + £ ODleld

Exploiting conditions (4) and (5), we readily obtain
& (ol + IVl + 1R,) < 2allw+ ol +C [ (14 1P + WP)lolde

where we have used the fact that |f(u)] < C(1 + |u|P). Using the Holder
inequality, we get

7 (ll® + [IVwl* + lIn1z,.)

< Calw|* + Callvll* + Cllvll* + (lu G + [u’Fp) vl o
Exploiting the embedding HJ () — LPT(Q), (22), (26) and (27), we have

d
(1) < Cy(t) + Cr2*1=P) 1 Ryt =*,

where
y(t) = llwl® + [Vwl* + n3l[T,, and Ry = C(Rf + RY).
Since (w(7),n5) = (0,0), the Gronwall inequality leads to
[w]? + [ Vw|]® + 3]l < (CCP2P 4 Rate'~P) 7 vt > 7.

The desired conclusion follows then by comparison. O]
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Proof of Theorem 4.1. For € > 0, let 2 € A®. Thus, in view of (11), there
exists a complete bounded trajectory z=(t) of (28), with the external force

=90+ q1(2) € Hu(g®), where go € Hul(g), 91 € Hulg),

such that 2z5(0) = 2~.
By Lemma 4.2 with t = 0,

25— Uz (0, 7)25(7) ||, < (Cle~" + Réf%el% e“T, VY1 <O.
go 1 3

On the other hand, it is known (see, e.g., [14]) that the set A° attracts
Us, (t, 7) B*, uniformly not only with respect to 7 € R, but also with respect to
Go € Hw(g®). Then, for every 6 > 0, there is 7 = 7(§) < 0 independent of &
such that

disty, (U@O(O, )25 (1), AO) <.
Using the triangle inequality we get

1—p

1
disty,, <z5, AO> < (C’Eel_” + R§655?> eCT + 6.
Because z¢ € A° is arbitrary, we reach the conclusion

lim sup{disty, (A%, A°)} < 4.

e—0t

Letting 6 — 0 we complete the proof. n
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