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Abstract. In this note we establish the regularity and uniqueness for the three-
dimensional incompressible damped Boussinesq equations with zero thermal diffusion.
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1. Introduction

The three-dimensional (3D) incompressible damped Boussinesq equations with
zero thermal diffusion read as

o+ (u-V)u— Au+ |ul’u+ Vp=fes, xR t>0,
00 + (u-V)0 =0,
V-u=0,
u(z,0) = ug(x), 6(x,0)=0(x),

(1)

where u = u(z,t) € R3 is the velocity, p = p(z,t) € R is the scalar pressure,
0 = 0(x,t) € R is the temperature and ez = (0, 0, 1)T. Here the term |u|’~tu
with § > 1 is called as damping term. When the damping term is absent, the
system (1) reduces to the classical 3D Boussinesq equations with zero thermal
diffusion (cf. [4,5,13,14]). The Boussinesq system is one of the most commonly
used models, since it shares vortex stretching effect similar to the 3D incom-
pressible flow (see [11]). Moreover, the Boussinesq system has important roles
in the atmospheric sciences [10]. Although the local existence and uniqueness
of smooth solutions for 3D Boussinesq equations with zero thermal diffusion
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were well-known (see, e.g., [2,3,11]), whether the unique local smooth solution
can exist globally is an outstanding challenging open problem. Up to now, we
know the blow-up (regularity) criteria of the 3D Boussinesq equations with zero
thermal diffusion (cf. [4,5,13]).

For the case § = 0, the system (1) is reduced to the 3D incompressible
damped Navier-Stokes equations which were studied first by Cai and Jiu [1].
The authors in [1] proved that the corresponding system admits global weak
solutions for any 8 > 1, and global strong solution for any g > % Moreover,
the strong solution is unique for any % < B < 5. Subsequently, a considerable
works are devoted to the Navier-Stokes equations with damping term, we refer
the readers to the interesting works [6-8,12,15,16].

Before stating our main result, we give the definition of the strong solution
to the system (1).

Definition 1.1. A measurable function pair (u(z,t), 6(x,t)) is said to be a
strong solution to the system (1) if it satisfies that for any given 7" > 0

we L=(0,T; H'(R*) N L*(0,T; H*(R?)), Vu e LY(0,T; L=(R%)),
0 € L>(0,T; L*(R*) N W' (R?)).

Our purpose in this paper is to establish the regularity and uniqueness for
the system (1) with 5 > 3. More precisely, the main result can be stated as
follows.

Theorem 1.2. Suppose 3 > 3, ug € H'(R3) with V - ug = 0 and 6y €
L2(R3) N Wh°(R3). Then there erists a unique global strong solution of the
system (1) satisfying for any given T > 0

we L®0,T; H'(R*) N L*(0,T; H*(R®), Vue LY(0,T; L= (R?)),
[u "7 Vu € L0, T; LAR?),  V]u|F € L}0,T; L*(R%)),
6 € L=(0,T; L*(R?) N WL=(R%)).

2. The proof of Theorem 1.2

This section is devoted to the proof of the Theorem 1.2. The local strong
solution can be obtained like the classical Navier—Stokes equations, we only
need to establish a priori estimates. Throughout the paper, C represents a real
positive constant which may be different in each occurrence.

Multiplying (1), by |0[P~260, integrating the resulting equation over R and
using the incompressible condition, we have £|6(t)||z» = 0, for all p € [2, 00).
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For the endpoint case p = oo, it follows from the maximum principle that
L116(t)|| L= = 0. We therefore obtain

d
- 9 t p = 0 V 2 .
Sl =0, p € 2,00
Integrating the above equality from 0 to ¢ yields
10)]zr = [00lle < 100]l22 + 6ol o=, Vp € [2,09]. (2)

Testing (1); by u gives

5 llu®)ze + 1ValFa + ull 5 < Jull2 6] 2,

which along with (2) implies that

lu(®)IIZ +/0 (V)72 + llu(r)ll5h) dr < C(t, uo, 6o)- (3)

Multiplying the equation of (1); by Awu, integration by parts and using the
incompressible condition, it leads to
1d
2dt

—_/ eeg-Audx—i—/ (u-Vu) - Audz.
R3

RS

48— 1) a1
WHVW 172

B—1
IVu()lz2 + [Aullzs + [[lu] = Vull72 +
According to the Young inequality, one obtains
1
—/ ey - Audz < | Aullp2[10]l2 < Z[1Aul7: + C16]17-
R3
The estimate [16, (2.1)] yields for 8 > 3 that
1 2 1 20,12
(u-Vu) - Audr < -||Aulli + = [ |Vu||u|*dz
R3 2 2 R3

1 1
< Sldulfa s 5 [ VaP(u )
2 2 R3

|ulP=1 4+ 1
1 1 g1 2
< 18wl + 5|1l [Vl + CITull,
where we have applied the following fact due to g > 3

[uf”
— < 1.
ul =t +1 7
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Therefore, we conclude
d 2 2 -1 2 B+l 19 2 2
5 Ve 2+l Aullze +[[ul = Vaul[z2 + 1 V]ul = Iz < Cl[Vul[z. +Cl6]]7..

We get by the Gronwall inequality
¢ ,8+1
IVu(®)]3+ / (1wl + )™= FullEe+ [ V]ul  [3:) (7) dr SC(t, w0, 60), (4)

which together with the simple embedding yields

[ 1l ar < [ 190 Ol < Clwt). )
Come back to the first equation of (1), namely
ou— Au+ VP =g:=—(u-V)u— |u’u+ fes. (6)
The simple interpolation inequality allows us to deduce
1w V)ull s < Cllull sgen [[Vullzs
< CHUHB+1 HAuHﬁ+1 HAUHLQ

< CIIVUIIL 7 [ Au ||§2“,
llul"ull sen < Cllul g

10es|| st < Cll6o]l s -
LB LB

Due to 5 > 3, (3), (4) and (5), we deduce

HQHL%LW < O(t,up, 6p).
t x

According to the incompressible condition, the equation (6) can be rewritten as
8tu — Au = (I + RiRj)g, (7)

where R; is the classical Riesz operator and [ is the identity operator. Applying
operator A to equality (7), we have

O Au — AAu = A(I +RiR;)g,
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Thanks to the Duhamel Principle, Au can be solved by
Au(z,t) = e Aug(z) + /t TIRA(T +RiR;)g(x, ) ds.
0
Now we recall the following maximal L L? regularity for the heat kernel (see [9])

t
| e agsmyds| < Cllgl
0

LILD

for any (p,q) € (1,00)? and T' € (0,00]. For any 1 < ¢ < min{“’gﬂ) %},

3645
we have
[Aul  sem
Lir, °
t
< ||6tAAu0|| 38+ + ‘ / e(t_S)AA(] + RiRj)g(x73) ds 3(f+1)
L{L, © 0 LiL, P
< Ot o, ) + O||(1 + RiR,)g (. )| aion ®)

LiL,

< C(ta U, 00) + CHgH 3(8+1)
LiL, °

S C(tv Uo, 00)7

where we have used the following estimate due to the property of the heat
operator

t
e A * 3(6-+1) :/ HetAAUO(T)Hqs(BH) dr
LiL, ° 0 L, ?

¢
< c/ 71265 |V |4, dr
0
< O 5 ||V |,
< C(t,ug, 0).
By means of the bounds (3) and (8), it follows that

406+ 1) 6+1}
36+57 B |

3(B+1)

uGLq(O,T;W2’ E (R3)), 1<q<min{

Thus, we have
Vu € L'(0,T; L®(R?)).
Applying V to the temperature 6 equation, one has
VO + (u-V)VO =—(Vu- V).
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Multiplying the above equation by |V0|P~2V#, integrating the resulting equation
and using the divergence-free condition, we arrive at

1d
L INOOIE, =~ [ (Vu-9)8V6P Vo ds < [ Vula| V6L
p t R3

This also implies that £||VO(t)|» < [|[Vul 1| V0]| Ls. By letting p — oo, we
infer

d
SN0l < 1Vl V0] 1

According to the Gronwall inequality, we obtain

t
IVO(t)]| L < [[ VO] Looexp [/ IVu(7)l| e dT} < C(t, uo, 0o).
0

The uniqueness to the strong solution can be proved as follows. Let (u,, )
and (u,6,7) are two solutions to system (1) with the initial datum satisfying
u(x,0) = u(x,0), 0(x,0) = 0(x,0). Taking the difference and taking the inner
product, we have

1d (
2 dt
< [ |u—ul?*|Vu|dx +/ lu—l|0—0| | V0| dz +/ lu—0]0—0| dv
RS RS RS

lu=alZ2 + 10=01I72) + IV (u—)]72 +/RJ(IUIB‘IU — [~ ') (u—7) dz

<Vl < llu=all2e + V0| oo [lu—T]| 2210 = Ol 22 + [[u—| 2 (|00 2
< C(L+ ||Vl g + IVl ee) (lu—al|72 + [|0-0]]72).
Thanks to the Holder inequality, we obtain for g > 1

[ Gl =) o

:/ |u|ﬁ+1d:v—/ |ﬂ|’8_1ﬂud1’—/ |u|5_1uﬂdx+/ Pt dx
R? R3 R? R3

> |[ullgit = @l fon el o = Nl F o lll oo + 1l 250
= (lull s = Nl o) (lull o = 1@l o)
> 0.

We thus get

d _ _ . — _ —
—(llu=allzz + 16 =0l72) < CQ+ [ Vallse + VO] ) ([lu =72 + 10 = 0]1Z2).
It follows from the Gronwall inequality that

lu =@z + 116 = 0l 72 < (Ju(x, 0) — Gz, 0)||7: + |6(=,0) — (=, 0)]I7>)

<exp (€ [ 0+ 1900 e + 1900 1) 7).
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Therefore, the uniqueness follows from the fact u(z,0)=(x, 0), 6(z,0) =0(z, 0).
This completes the proof of Theorem 1.2.
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