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Stabilization of a Drude/Vacuum Model

Serge Nicaise

Abstract. We analyze the stability of a dispersive medium immersed in vacuum
(with Silver-Miiller boundary condition in the exterior boundary) or vice versa. The
dispersive medium model corresponds to the coupling between Maxwell’s system and a
first order ordinary differential equation (of parabolic type). For a dispersive medium
coupled with vacuum, the ordinary differential equation will be set in a subset of
the full domain. We show that this model is well-posed and is strongly stable in a
closed subspace of the energy space. We further identify some sufficient conditions
that guarantee the exponential or polynomial decay of the associated energy in this
subspace.
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1. Introduction

Dispersion is a well-known phenomenon that is characterized by the fact that
all frequencies of a polychromatic wave do not travel at the same speed through
the medium. One example is the Maxwell-Drude (or cold plasma) model
[10,18-20,28,29] given by

ooy —curl H = —J in Q= Qy x (0,400),
proH; + curl £ =0 n Qm, (1.1)
Jy+7J =ewiE in Qn,

where E (resp. H) is the electric (resp. magnetic) field and J is the dipolar

current vector. The different positive parameters are £y the permittivity of the

free space, g the permeability of the free space, €5, the permittivity at infinite

frequency, w, the plasma frequency of the electrons and « the electron-neutral
OE

collision frequency. Here and below F; = %= is the partial derivative of £ with

S. Nicaise: Université de Valenciennes, EA 4015 - LAMAYV - Laboratoire de Mathéma-
tiques et leurs Applications de Valenciennes, FR. CNRS 2956, F-59313 Valenciennes,
France; Serge.Nicaise@Quniv-valenciennes.fr



350 S. Nicaise

respect to the time ¢, while in this introduction n denotes the unit outer normal
vector along the boundary. Note that by renormalisation, we can assume that
€0 = po = 1.

In practical applications, the dispersive medium corresponds to a piece of
metal (gold or silver for instance). In this paper we are interested in two partic-
ular situations: first the case when a “small” piece of metal is immersed in the
whole free space, the resulting system being a coupling between the Maxwell—
Drude equation in ,, with Maxwell’s system in R3\ ©,,,; second, the case when
a “large” piece of metal contains vacuum. In both cases, to reduce the problem
to a bounded (or relatively small) domain (for computational purposes for in-
stance), two commonly used strategies can be mentioned: either use absorbing
boundary conditions or use a perfectly matched layer. Here we restrict ourselves
to the first strategy. In the first case we replace the problem set in the whole
space to a bounded domain €2 containing (2,, with absorbing boundary condi-
tions on the exterior boundary T', see [28, §6.2|. Therefore the final problem is
the next one

( eEy —curl H =—1qg, J in Q= x (0,400),
Hy+curl E =0 in Q,
Ji+vJ] =wlE in Q. (1.2)
Er—Hxn=0 on I'" x (0, +00),
E(z,0) = Ey(x), H(xz,0) = Ho(x) in Q,
L J(x,0) = Jo(x) in €,,,

where J is any extension of J outside §,,,, lg,, is the characteristic function of
Q,, (equal to 1 in €, and 0 elsewhere),

| e In Qpy,
Tl 1 i =0\,

and Ep = n x (E xn) is the tangential component of F along I' X (0, 400). The
boundary condition on I' x (0, +00) corresponds to the so-called Silver—Miiller
boundary condition.

In the second situation, €2, corresponds to vacuum, while we truncate the
original domain €2, into a smallest one (still called €2, for simplicity) and again
imposed Silver—Miiller boundary condition on the boundary I" of the truncated
domain. At the end, we arrive at the same problem (1.2), but contrary to the
first case, €1, here surrounds €2,.

Before going on, we notice that the original problem (1.2) implies some hid-
den constraints on the divergence of H, F and J. Namely, the second equation
in (1.2) yields

(divH); =0 inQ,
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therefore if we assume the divergence free property of H at ¢t = 0, it will remain
valid for all ¢ > 0. Similarly the first equation in (1.2) implies that

(div E); = in Q. = Qe x (0,4+00),

consequently the divergence free property of E in €2, at t = 0 will guarantee the
same property at all ¢ > 0. Finally the first and third equations in (1.2) imply
that
€o(div E); 4+ divJ =0 in Q,,,
(div )+ ydiv =wldivE in Qpn,

or in matrix form
Dy =MD in Q,,,

where D = (div E,div J)" and M is the 2 x 2 matrix

1
M:(O2 600).
w, —Y

Hence for all ¢ > 0, one has D(t,-) = e D(t = 0, -) and consequently if F and J
are divergence free in (). at ¢t = 0, they will remain divergence free forever.

The model (1.1) is the simplest one among Maxwell’s equations for disper-
sive media, see [28] and it was shown in [24, Theorem 4.12] that it is poly-
nomially stable, namely that its energy decays like ¢t~ for sufficiently smooth
initial data. Mathematically it corresponds to the coupling between Maxwell’s
system in F and H with a first order ordinary differential equation of parabolic
type in J, and this last equation is responsible of this decay. On the other
hand, the full Maxwell system in 2 with the Silver—Miiller boundary condition
(corresponding to (1.2) with Q,, = () is exponentially stable under some ge-
ometrical conditions on €, see [15,16,26]. Therefore the natural question to
raise is whether the system (1.2) is stable or not, and if yes, determine the
decay rate of its energy. The main goal of this paper is to answer to these
questions. The strong stability (into a closed subspace of the energy space) is
obtained with the help of Arendt-Batty/Lyubich-Vu theorem |[2,22|. Here the
main difficulty relies on the non-compactness of the resolvent of the associated
operator, but eliminating some variables and perturbating the system, we can
fall into a compact perturbation argument. Our decay results are based on a
frequency domain approach [7,13,27| and use the exponential decay of the full
Maxwell system with the Silver—Miiller boundary condition.

The paper is organized as follows: in Section 2 we introduce some nota-
tions, some function spaces and prove some equivalences of norms. Section 3 is
devoted to the well-posedness of the problem, that is proved using semi-group
theory. The strong stability of the system is analyzed in Section 4, and finally
Section 5 is devoted to the exponential or polynomial decay of the energy under
appropriate sufficient conditions.
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In the whole paper, the notation A < B is used for the estimate A < C' B,
where C' is a generic constant that does not depend on A and B. The notation
A ~ B means that both A < B and B < A hold.

2. Preliminaries

In the whole paper 2 will be a non empty bounded and simply connected

domain of R?® with a connected and Lipschitz boundary I'. As suggested in the

introduction, we consider two cases, illustrated in Figures 1 and 2 respectively:

Case A: We fix (2, a non empty open subset of {2 with a Lipschitz and con-
nected boundary ¥ such that Q,, C © and set Q. = Q \ Q,,, whose
boundary is made of two connected components ¥ and I'.

Case B: We fix (). a non empty open subset of 2 with a Lipschitz and con-
nected boundary ¥ such that Q. C Q and set Q,,, = Q \ Q., whose
boundary is made of two connected components > and I'.

Figure 1: Illustration of the Case A Figure 2: Illustration of the Case B

In both cases, for a function u from 2 to C, we will denote by w,, (resp. u.), its
restriction to €2, (resp. ).

For a subset O of €2 or of its boundary and a real number s, H*(O) is the
usual Sobolev space defined in O and for shortness we denote H*(0) = H*(0)>?
and L?(0) = L?(0)3. Their norm (resp. semi-norm) will be denoted by || - [|s.0
(resp. | - |s,0); for s = 0, we drop the index 0 and for O = Q, we also drop
the index €. The duality pairing between H~2(X) and H2 (%) will be denoted
by (-;-)s. As usual H}(f) is the subspace of H'(Q) with a zero trace on the
boundary. The unit outer normal vector along 0 (resp. 0€2,,, 0€.) defined
almost everywhere will be denoted by n (resp. n,,, ne).

We recall that

H(div, Q) = {U € L*(Q) : div U € L*(Q)},
H(curl, Q) = {U € L*(Q) : curl U € L*(Q)},
Hy(curl, ) = {U € H(curl, Q) : U x n = 0 on 082},
Xn(Q) = Ho(curl, Q) N H(div, §2),
W ={U € H(curl, Q) : U x n € L*(T")},
Wy = {U € H(curl, Q) NH(div,Q) : U x n € L*(T")},
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are Hilbert spaces with their natural norm, in particular

1T = U1 + ewrlU[* + U x n|f, YU €W,
U, = U1 + [ curlU||* + || div U[|* + |U x nllt, VU € W

Recall that the main theorem of [6] states that C°°(Q)? is dense in W and by a
density argument (see |25, Lemma 2.2|) we deduce that the next Green formula
holds:

/(curlE-H—E-curlH) dx:/ET~H><nala7 VE.HeW. (2.1)
Q r

Furthermore, according to [8, Theorem 2|, W, is embedded into H%(Q) From
our assumptions on €2, we deduce the

Lemma 2.1. The semi-norm
Ulw, = (| cwrl U] + || div U|)? + |U x n|3)z, YU e W,
15 a norm wn Wy equivalent to the natural one. In other words, we have
U < Ulw,, YU € W.

Proof. The proof is based on a contradiction argument, the compact embedding
of W, into L2(2) and the fact that the sole element U € W such that |Uly, = 0
is U = 0 as the boundary of 2 is connected (see |1, Proposition 3.18]). O

In Case B, the boundary of €2, is connected, and the space
Kn(Qe) ={U € Xn(2) : curlU =0 and divU =0 in .}

is then reduced to {0} (see [1, Proposition 3.18]). On the contrary in Case A,
as the boundary of €, is not connected, the space Ky (€2.) is not reduced to {0}
(see again [1, Proposition 3.18]), but is one-dimensional and spanned by Vqq,
where gy € H'(Q,) satisfies

Agy=0 1in €,
Q=1 1n X,
qo = 0 inT.
As Green’s formula yields
(Vgo - ne; 1)s = (Vo - ne; go)s = WQOP dz, (2.2)

Qe
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and since ¢q is not identically equal to 0, we deduce that
(Vo - ne; 1)s > 0. (2.3)

For ¥ smooth enough, this property can be alternatively obtained using Hopf
Lemma.

Below we also extend the function ¢g by 1 in €2,, and denote this extension
by o, namely

1 in Q,,,
Yo = { ¢ in Q.. (2.4)
Clearly ¢y belongs to HJ ().

For further uses, let us also introduce the spaces
Y, = {U € H(curl, Q)| div U, € L*(Q,),div U, € L*(Q,,) and U x n € L}()},
Y, ={U € Y;|{U. - n; 1)y, = 0},

that are Hilbert spaces with norm

OIS, = 101+ [ cwrl U| + || div Unllg,,, + | div Uel[g, + U x ||, VU € Y.

Note that Y, = Y, in Case B, and that the space Y, differs from the space
Y (€2) defined in [9, p. 811] by the boundary conditions on I'. Nevertheless, the
next Lemma gives a result similar to the one from [9, Lemma 2.2].

Lemma 2.2. The semi-norm

1
Uy, = (|Unllg, + | catl U[*+|| div U8, + div Ue||o,+|U xn|}) 2, VUEY;,
s a norm in Y, equivalent to the natural one. In other words, we have

U]

a. S|Uly,, VYUE€eY. (2.5)

Proof. Fix U € Y,. As it is not divergence free in (2, we subtract from it Vi,
with ¢ € H}(Q) solution of

/V¢~dex:/U~dex, Vx € Hy(9).
Q Q

As a consequence, V = U — Vy is divergence free in €2, hence belongs to W}
and owing to Lemma 2.1 we have

VIS Viw S [fewrl U]l + IU x nllr. (2.6)
Furthermore, in Case A, according to |9, Lemma 2.1|, we have the estimate

el S I divUello, +11l3 50 + (Ve 23 1) (27)
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On the contrary, in

where we recall that ||| = infeec |l — || 1

HE(m)/C HI(®)

Case B, we clearly have

[Plho. S 1divUella. + @l ;4

H? ()/c’

so that (2.7) still holds, since (V- n; 1)s = [, divV.dz = 0. As

. 2.8
Sl U+ U xalle+ | div Uell, + el g o1 VerniDys], 29

it remains to estimate the two last terms of this right-hand side. For the last
term, as mentioned before it is zero in Case B, while in Case A, as V' is divergence
free, we have

<%~n;1>z:<%~n;qo>z=/ V, - Vo de,
Qe

and by Cauchy-Schwarz’s inequality, we deduce that [(V.-n;1)s| < [|[Vellq.-
Thanks to (2.6), we obtain

[(Ve - Dxl S [leurl Ul + [U x n]p. (2.9)
For the term |¢f 1 by /0 by the trace theorem in H(curl Q) (see [11,
Theorem 1.2.11]), we have ||<,0||Hj 5/ ||VT<p||H,§ < ||U x n||H,j +

|V % n||H,%(E) S U egeur, o) + ||V||H(Cur17gm). Again by (2.6) and the fact that

curl V- = curl U, we obtain

1213 )¢ S 1Umllon + [ curlU|[ + U > nl|r. (2.10)

The two estimates (2.9) and (2.10) in (2.8) directly lead to (2.5). O

3. Well-posedness of the system

To prove an existence result for system (1.2), we re-write it in the following
framework:

Ut — AU,
{ U(O) = Uy,

where U is the vectorial unknown

(3.1)

E
v=| 1),
J
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where F, H € L*(Q) and J € L*(Q,,), and for smooth enough F, H and J

e (curl H — 1q, J)
AU = —curl £ . (3.2)
—yJ +w’E

The existence of a solution to (3.1) is obtained by using semi-group the-
ory in the appropriate Hilbert setting described here below (see for instance
[17,23]). The considerations on the divergence properties on F, H and J from
the introduction suggest introducing

J(Q) ={U € L*(Q)|divU = 0},
Jn(Q) = {U € L*(Q)|divU = 0 in Q,,, U},

and the Hilbert space
H = Jn(2) x J(Q) x J(Qn),

with the inner product

(B, H,J), (B H,T)), = /

(6E~E’+H~H’)dx+/ w2 J - J da,
Q

Q’I’L
V(E,H,J),(E,H,J) €.

We now define the operator A as follows:

D(A) = {(E,H, P) e ”H‘ E, H € W satistying the Silver—Miiller } (3.3)

boundary condition EFr—H xn=0 on I'.

and for all U = (E, H, P) € D(A), AU is given by (3.2).
Let us check that A generates a Cy-semigroup of contractions on H.

Theorem 3.1. The operator A defined by (3.2) with domain (3.3) generates
a Co-semigroup of contractions (T'(t))>0 on H. Therefore for all Uy € H,
problem (3.1) has a weak solution U € C([0,00), H) given by U(t) = T(t)U,,
for all t > 0. If moreover Uy € D(A¥), with k € N*, problem (3.1) has a strong
solution U € C([0,00), D(A*)) N CY([0, 00), D(A*1)).

Proof. 1t suffices to show that A is a maximal dissipative operator, then by
Lumer-Phillips’ theorem it generates a Cy-semigroup of contractions (7'(t)):>o
on H.

Let us first show the dissipativeness. Let U = (E, H, J)" € D(A) be fixed.
Then by the definition of A, we have

(AU U=

Q((curlH—lgmj)-E_’— curlE-P_[) dx +/pr2(_7j+ w2E)-J da.
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Taking the real part of this identity, we find
RAU,U)y = 3?/9 (cwlH - E —curl E - H) dx — wp2fy/9 |J|? dz.

Using Green’s formula (2.1) and the Silver-Miiller boundary condition
Er — H xn =0 on I, the previous identity becomes

ROAU, Uy — —wp—%/ 2 de — / B x nf2do < 0. (3.4)
Qi T

This shows that A is dissipative.
Let us go on with the maximality. Let A > 0 be fixed. For (F,G,R)" € H,
we look for U = (E, H,J)" € D(A) such that

(M — AU = (F,G,R)". (3.5)

According to (3.2) this is equivalent to

eEAE —curl H + 1q,,J = €F|
AH + curl E = G,
A +~J —wlE =R.

Assume for the moment that U exists. Then the first and second equations
allow to eliminate J and E since they are equivalent to

2 :
= m(wa + R) in Q,,, (3.9)
1 -
E=a(\ 1H A eF—1 in () 1
a(A) curl H + a(N) ((—: Qm>\+7R) in Q, (3.10)
where
wz -1
a() = <€°OA N m) n S, (3.11)
At in €.

Thus multiplying (3.7) by a test function A’ € W and using Green’s formula
(2.1), we obtain

/(/\H-H'—I—E-curlH’) dx+/ET-(H'><n)dJ:/G-H’da:.
Q r 0

Using the Silver—Miiller boundary condition and the expression (3.10), we arrive
at

/(AH'H'+04()\) curlH - curlH') dz —|—/(H><n)'(H'><n) do=Ly(H"), (3.12)

r
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for all H' € W, where we have set

Ly(H") = /Q (G CH —a(N) (eF — 1QmA+7R> -curlﬁ’) de.  (3.13)

As H is divergence free, we can add to the left-hand side of (3.12) the term
/ div H div H' dz,
Q

that is zero and find an augmented formulation:
CL)\(H,H,) :LA(H/), vV H' e Wy, (314)

where for all H, H' € W,, we have set

ax(H, H') :/ (AH - H' + a(N) curl H - curl ' + div Hdiv H') dx
@ (3.15)
—|—/(H><n)-(ﬁ’><n)d0.
r

Clearly L, is a continuous and linear form on Wy, while a, is a continuous,
sesquilinear and coercive form on W,. Hence by Lax-Milgram lemma, problem
(3.14) has a unique solution H € Wy. As G is divergence free in €2, H will be
also divergence free. Indeed for any h € L*(Q), as test-function in (3.14), we
take H' = V4, with ¢ € H}(Q) the unique variational solution of

A —Mp=h inQ.

With such a choice, we find [, (AH - V¢ +div HAY) do = [,G - Vi da.
As G is divergence free, by Green’s formula, the previous identity becomes

/divH(—)\zZ+AzZ) dx:/divHBd;c:o,
Q Q

and since h is arbitrary in L?(2), we deduce that div H = 0 in Q. Now since
any element H' of W can be written as

H/ZHO‘FVT%

with ¢ € H}(Q2) and Hy € Wy, (3.14) remains valid for test-functions in W,
namely we have

a,\(H, H/) = L)\(H/), VH ¢ W. (316)

We would like to come back to problem (3.5), with H in hand. We thus
define E by (3.10) that clearly belongs to L%(€2). Similarly we define J by (3.9)
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that belongs to L*(£2,,). First we notice that using (3.10) in (3.16), we get
equivalently

/()\H.H’—I—E-curlf_l') dx +/(H><n).(H’><n) da:/G-H’d:v, VH'eW. (3.17)
Q r Q

Hence taking test-functions H' € D(Q)3, we find that
MH +curl H =G in D'(Q)>.

This implies that curl H belongs to L*(Q2) and that (3.5) holds. With this
regularity in hand, in (3.17), taking test-functions H' € H'(2), using Green’s
formula (1.2.22) of [11] and the previous identity, we find that

/F(H xn)-(H xn)do— (E; H x n>H*%(r)—H%(r) =0, VH e€HY(Q).

This implies that )
Hxn=FEpr inH 2(I),

and, as E x n belongs to L*(T"), H x n as well and the Silver—Miiller boundary
condition holds.
The surjectivity of Al — A finally holds because (3.6) and (3.8) yield

eAdivE =edivEF =0 in (.,
exdivE +divJ =edivF =0 in ),
(A+7)divJ—w§divE: divR=0 1in Q,,.

Hence E is clearly divergence free in ).. On the other hand the second and
third identity can be written in the matrix form

€A 1 divkE \ (0 e
—w2 A+7 divg ) {0 S

That leads to div £ = divJ = 0 in 2, since the determinant of the above 2 x 2
matrix is equal to eA(A 4 7) 4+ w? and is clearly positive. O

4. Strong stability

One simple way to prove the strong stability of (3.1) is to use the following
theorem due to Arendt—Batty and Lyubich—Vu (see [2,22]).

Theorem 4.1 (Arendt—Batty /Lyubich-V1). Let X be a reflexive Banach space
and (T'(t))i>0 be a Cy-semigroup generated by A on X. Assume that (T'(t))i>0
is bounded and that no eigenvalues of A lie on the imaginary axis. If o(A)NiR
is countable, then (T'(t))i>o is stable.
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Since the resolvent of our operator is not compact, we have to analyze the
full spectrum on the imaginary axis. This is done in the next Lemmas.

Lemma 4.2. For all { € R* ;=R\ {0}, we have
ker(i§ — A) = {0}.

Furthermore in Case A, 0 is an eigenvalue of A whose associated eigenvector
is (Vipg,0,0)", where g is defined by (2.4), otherwise ker A = {0}.

Proof. Let £ € R and U = (E,H,J)" € D(A) be such that (¢ — A)U = 0, or
equivalently

afE —curl H + 1q,,J =0, (4.1)
1€H + curl E = 0,
(i +7)J —w)E =0.

By the dissipativeness of A (identity (3.4)), we get

J=0 inQ, (4.4)
Exn=0 onl. (4.5)

By (4.3) and the Silver-Miiller boundary condition, we find

E=0 inQ, (4.6)
Hxn=0 onT. (4.7)

We remark that (4.1) is now equivalent to
1€E — curl H = 0, (4.8)

since, by (4.6), e£' = F in Q and recalling (4.4).
Now for € # 0, by (4.8), E = %CUIIH, and by (4.2), we arrive at

—&?H 4+ curlcurl H =0 in Q.

As (4.2) and (4.6) lead to H = 0 in ,,, by Holmgren’s theorem, we conclude
that H = 0 in 2 and hence £ = 0 in €.
In the case £ = 0, owing to (4.4), the identities (4.1) and (4.2) reduce to

curl ¥ = curl H = 0.

And by (4.5) and (4.7) (recalling that 2 is simply connected), there exist ¢, €
H; () such that
E=Vy, H=Vy.
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By the divergence free property of H, we directly get v» = 0. For ¢, by (4.6),
there exists a constant ¢ € C such that

And by the divergence free property of F in §2., we deduce that ¢ = cpqy in
Case A, otherwise ¢ = 0. O

Lemma 4.3. For all £ € R*, i§ — A is surjective.

Proof. For any ¢ € R* and any (F,G, R)" € H, we look for a unique solution
U= (E,H,J)" € D(A) to

(Zé - A)U = <F7G7 R>T7

or equivalently to (compare with (3.6)—(3.8))

afE —curl H + 1o J = €F, (4.9)
1€H +curl B = G, (4.10)
WJ +~J —wiE =R. (4.11)

Following the arguments of the proof of Theorem 3.1, if a solution U € D(.A)
of (4.9)-(4.11) exists, then H belongs to W, and is solution of

azg(H, H,) = ng(Hl), VH € Wo, (412)

where ay and Ly have been defined in (3.15) and (3.13). Dropping the term
1£H - H' in a,¢, we get the sesquilinear form

ao.e(H, H') :/(a(zﬁ) curlH -curl '+ divH divH') dz —I—/(Hxn)-(H'xn) do.
Q r

Multiplying ag.¢(H, H') by 1£e with § € (—%,%), we get the form
b(H,H') = 1&e®ag ¢ (H, H'),

and check that it is coercive for an appropriated choice of #. Owing to

Lemma 2.1, it suffices to see that there exists 6 € (=7, 7) such that

Rb(H, H) > C(w)|H|%,, VH e W,,

for some positive constant C'(w) (that may depend on w). To obtain this esti-
mate, we only need to impose that

R (zéei(’) >0 and R (zfewa(z&)) > 0,
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that, in view of the definition (3.11) of a(2€), is equivalent to (as 0 € (=5, 7))
léeie

UJ2
€€ + 154’_’7

R (zfeie) >0 and R > 0.

After some computations, these two conditions are equivalent to
&sind < 0, wiﬁy sinf < £2(2ey? — wf,) cos 6.

In the case & > 0, they yield the constraints
T

5 < 0 < min{0, arctanty},

(26’}/27(4)2

with ¢y = gw—%)9 while in the case £ < 0, they yield the constraints
P

max{0, arctanty} < 6 < g

In both cases, such a 6 exists.
Now we define the bounded operators B, Ay, and A, from Wy into W] as
follows:

(BH,H') = b(H, H'),
(Ao.eH,H'") = ag,e(H, H'), VH H €¢W,.
<Al§H, H,> :azg(H, H,),

Coming back to the coerciveness of b, by Lax-Milgram Lemma, we deduce
that B is an isomorphism. Since £e? is different from 0, we get equivalently
that Ag ¢ is an isomorphism. But we notice that

Az§ - AO,zf = 7/5]17

where T is the identity operator. As W, is compactly embedded into L*((2),
we deduce that A, — Ag, is a compact operator and consequently, A, is a
Fredholm operator of index 0. Hence it will be an isomorphism if and only if it
is injective. Let us then finally show that

ker A,g = {0}
Indeed let H € ker A,e. Then it satisfies
ae(H,H") =0, VH ¢ W,.

Then the arguments of Theorem 3.1 show that if we define E (resp. J) by (3.10)
(resp. (3.9)) with A = £ and (F, G, R) = 0, then the triple (E, H, J) belongs to
D(A) and to ker(«§ — A). By Lemma 4.2, we conclude that H = 0.

Once A, is an isomorphism from W, into W, problem (4.12) has a unique
solution H € Wy, and again the arguments of Theorem 3.1 allow to show that
if we define E (resp. J) by (3.10) (resp. (3.9)) with A = £, then the triple
(E, H,J) belongs to D(A) and satisfies (4.9)-(4.11). O
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To characterize the range of A, we introduce
Ho:={(E,H,J)" € H:(E. n.;1)s =0}.

Note that Hy = H in Case B, otherwise Hy is a closed subspace of H of codi-
mension 1.

Lemma 4.4. The range R(A) of A is equal to Hy.

Proof. Let us first notice that R(A) is included in H, in Case A. Indeed, for
U= (E,H,J)" € D(A), AU belongs to H, if and only if

((curl H — 1g,, J)e - ne; 1)2 = 0,

or equivalently ((curl H), - ne;1)s = 0. As curl H belongs to H(div, (), we
deduce that

((curl H)e - ne; )y = ((curl H) - ne; 1)y = —/ div(curl H) dx = 0,

m

this last identity following from Green’s formula and recalling that n, is pointing
outside €2..

Now for any (F, G, R)" € H,, we look for asolution U = (E, H,J)" € D(A)
to —AU = (F,G, R)" or equivalently to (compare with (3.6)—(3.8))

—curl  + 1, J = €F,
curl E = G,
vJ —wlE = R.

Since neither E nor H can be eliminated, we perturb this problem into

—curl H 4 1g,,J = €F, (4.13)
H+curl B =G, (4.14)
vJ —w)E = R. (4.15)

In other words, we solve BU = (F, G, R)", where B is defined by D(B) = D(A)
and

BU = —AU +RU, YU € D(A),

with

R(E,H,J)" =(0,H,0)".
If we show that B is an isomorphism from D(A) N Hg into Hg, then T — RB™!
is a Fredholm operator from H, into itself of index 0, since RB~! is a compact

operator from H, into itself because W, is compactly embedded into L?(f2).
Hence I — RB~! is an isomorphism if and only if it is injective. Now we remark
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that V' € Hy belongs to ker(I — RB™!) if and only if U = B~'V belongs to
ker(B —R) = ker A. By Lemma 4.2, we deduce that U = 0 in Case B, while in
Case A, we deduce that U = ¢(Vpy,0,0)", for some ¢ € C. As U is also in Hy,
due to (2.3) we deduce that ¢ = 0. Consequently I — RB~! is an isomorphism
from H, into itself, in other words, for all (F, G, R)" € H,, there exists a unique

solution V to
(H - RBil)V = (F7 Ga R)T7

and therefore U = B~V belongs to D(A) and satisfies
~AU = (B-R)U = (F,G,R)",

which proves that R(A) = H,.
It then remains to analyze the operator B. For system (4.13)—(4.15), as-
suming that a solution (£, H, J) exists, we first eliminate J by the relation

1
J = ;(ng + R), (4.16)

to obtain
wf) - 1~
—curlH +1g, —FE =€F — 1, —R.
Y Y
Multiplying this identity by E’ € Y,, integrating in 2 and using Green’s for-
mula (2.1), we get

_ _ w2 _ 1=~
—/H-curlE’dx—l—/(Hxn)oE'Tda+ —LFE-Edx :/(EF—lgm—R)-E’dx
Q r Qm 7 Q v
Using (4.14) and the Silver-Miiller boundary condition, we arrive at

2

_ _ w _
/cur1E~cur1E’dx—i—/ET~E'Tda—|—/ LFE.Fdx
Q r Qm Y

1. _
= / ((eF —1qg,—R)-E' +G- curlE’) dx
Q Y
As F is divergence free in €2,, and €., we can add the terms me div E,, div E;n dx
+ fgediv E.div E! dz, and find
b(E,E"Y=L(E"), VE €Y, (4.17)
where for all E, E' € Y,, we set
_ _ (,d2 _
b(E,E') = / curl E - curlE'dx—i—/ET : E'Tda+/ —LE.Fdx
Q r Qm Y
+ / div E,, div E!, dx + / div E, div E! dx,

e

1 -~ _
L(E") = /Q ((eF — 1QW;R) -E'"+ G - curl E’) dr.
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Since B(E, E) 2 |E|}., by Lemma 2.2, the sesquilinear form b is coercive in Y7,
and by Lax—Milgram Lemma, problem (4.17) has a unique solution E € Y;. As
before, from this solution we have to come back to the original problem (4.13)—
(4.15). But first we have to check that F is divergence free in 2, and Q.. To
do so, we first notice that, in Case A, (4.17) remains valid for any test-functions
E' €Y,; in other words,

bE,E')=L(E"), VE €Y, (4.18)
Indeed in Case A, any E’ € Y, can be splitted up as
E'=F + 6Vy,
where 6 € C is chosen such that (F, - n; 1)y, = 0, which yields

(B, -n;1)s

5= et Mils
(Vo -n; 1)y

As Vi, belongs to Y;, we deduce that F is in Y;. On one hand, as Ve is zero
on Q,,, one sees that b(E, Vy) = 0, on the other hand,

L(VSOO):E/ FV(PodHTI—E/ leFgOOd.I'+<Fen71>E:O,

e €

recalling that (F,G,R)" belongs to Hy,. The first identity implies that
b(E,E") = b(E, F), hence by (4.17) with the test function F' € Y, and then
the second identity we obtain

b(E,F') = b(E,F) = L(F) = L(E),

and prove (4.18).
Now we chose different test functions in (4.18):
1) For an arbitrary h € L*(Q.), in (4.18), take E’ € Y, defined by

, 0 in €,,,
E _{ V. in Q.,

where ¢, € H}(£,) is the unique solution of
Ap.=h in €..

Then (4.18) reduces to

/divEehd:U:/ F-V(pedx:—/ div Fo.dz + (F, - n; pe)s = 0.
€ e Qe
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As h was arbitrary, we find that
divE, =0 in (.. (4.19)
2) For an arbitrary h € L3(Q,,), in (4.18), take E’ € Y, defined by

,J Vo, inQ,
B = { 0 inQ,,

where ¢, € H}(€,,) is the unique solution of

W2
A, — Lo, =h inQ,,.
Y

Then (4.18) reduces to

w? 1

/ L E-V@,,dr + / div E,,A@,, dx = / (€' — —R) - V@, dz.
m m m g

Recalling that F' and R are divergence free in €2, and using Green’s formula,

we get me div E,,hdx = 0, and as h was arbitrary, we find that

divE, =0 in Q,,. (4.20)

Using the two properties (4.19) and (4.20) in (4.18) and defining H by (see
(4.14))
H=G—curl £,

that is clearly divergence free in §2 (as G is) and J by (4.16), the identity (4.18)
becomes

/(—H- curlE'+1q,, J-E') dx +/
Q

ET-E"Td(T:/eF-E’dm, VE' €Y,. (4.21)
r

Q
First by taking test functions E’ € D()3, we find that

—curlH +1g,J =€F in D'(Q).

And since 1g,, J, €F are in L?(Q), we deduce that H belongs to H(curl, Q). This
last identity and the definitions of H and J show that (4.13)—(4.15) hold. The
only missing properties to have (E, H,J) € D(A) are H x n € L*(T") and the
Silver—Miiller boundary condition. To prove that properties, we take in (4.21)
test functions £/ € H'(Q), by Green’s formula [11, Theorem 1.2.11], and the
previous identity we find that

—((H x n); E'>H_%(F)_H%(F) + /F Er-E'do =0.

This proves that (H x n) = Ep in H™2(I'), since E’ is arbitrary in Hz (I'). This
proves the Silver—Miiller boundary condition and as Ep is in L3(T'), H x n as
well. The proof of the Lemma is complete. O]
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This result suggests to introduce the operator Ay from Hy into itself defined
by D(A()) = D(A) N 7‘[0 and

AU = AU, VYU € D(A).
Corollary 4.5. The operator Ay is strongly stable.
Proof. The three previous Lemmas yield
a(Ap) NiR = 0.

As Aj is also dissipative in Hg, we then conclude by Theorem 4.1. O

5. Stability results

Our stability results are based on a frequency domain approach, namely for the
exponential decay of the energy we use the following result (see [27] or [13]):

Lemma 5.1. A Cy-semigroup (e'*)io of contractions on a Hilbert space H is
exponentially stable, i.e., satisfies

e Us|| < C e ||Uollg, YUs € H, Vt >0,
for some positive constants C' and w if and only if
p(L) >{iB | B € R} =R (5.1)
and
sup ||(i8 — L) 7| < oo, (5.2)
BER
where p(L) denotes the resolvent set of the operator L.

On the contrary the polynomial decay of the energy is based on the following
result stated in [7, Theorem 2.4] (see also [4,5,21] for weaker variants).

Lemma 5.2. A Cy-semigroup (e'*)i>o of contractions on a Hilbert space satis-

fies
le“Uall < Ct ¥ |Usllpey, YU € D(L), Vit > 1,

as well as
le“Uo|| < CtUollpery, VU € D(LY), V> 1,

for some constant C > 0 and for some positive integer £ if (5.1) holds and if

lim sup — [|(i8 — £)~!| < 0. (5.3)
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Since condition (5.1) was already treated in the previous section, it remains
to analyze the behaviour of the resolvent on the imaginary axis. Let us start
with the exponential decay.

Lemma 5.3. Suppose that the Mazxwell system with Silver—Muiller boundary
condition:

e E =curl H, O,H = —curl B in Q x (0,+00),
div(eE) =divH =0 in Q x (0,400), (5.4)
Er—Hxn=0 on ' x (0, +00),

is exponentially stable. Then the resolvent of the operator of Ay satisfies condi-
tion (5.2).

Proof. We use a contradiction argument, i.e., we suppose that (5.2) is false.
Then there exist a sequence of real numbers &, — 400 and a sequence of
vectors U, = (E,, H,, J,)" in D(Ap) with

such that
| (i& — A)Upll;; = 0 as n — oo. (5.6)

By (3.2), this directly implies that

WneE, —curl H, + 1o, J, = 0 in L%Q), asn — oo, (5.7)
1o Hy +curl B, — 0 in L*(Q), asn — oo,
(1 + )0 —w2E, — 0 in L*(Q,,), as n — oo.

By the dissipativeness of A (see (3.4)), we further have
w2y [ [ Ju? da+ [ |Enxnl? do = R((1€—A)Un, Up)u < || (160 — A)Uslly,, (5.10)
O r

and therefore by (5.6)

Jo — 0 in L*(Q,,), asn — oo, (5.11)
E,xn—0 inL*T), asn— oo. (5.12)

In order to use the exponential stability of (5.4), we need to correct E,
since they do not satisfy div(e£,) = 0 on the whole €. Therefore we consider
©n € H} () such that

/6V¢n~vwda::/eEn~de:c, Vb € HX(Q), (5.13)
Q Q
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and set .
E,=FE,—Vo,,
that belongs to W and satisfies
div(eE,) =0 in Q. (5.14)
By setting

F, = 1,eE, —curl H, + 1 J,,
the identity (5.13) implies that

1 ~
/ €|V, |Pdr = — /(Fn +curl H, — 1q, J,) - Vi, dx
Q n Ja

1
=&

since by Green’s formula (2.1) [,curl H, - Vg, dz = 0. Hence by Cauchy-
Schwarz’s inequality we find that

/(Fn — 1Qmjn) -V, dz,
Q

1
IVenll S 2-(IEll + [ Tnllan,)-

By (5.7) and (5.11), we conclude that
|1, Veou|l — 0 asn — oo. (5.15)

At this stage we remark that the pair (E,, H,) satisfies the Silver-Miiller
boundary condition on I', the condition (5.14), div H,, = 0 in © and Maxwell’s
equations (compare with (5.7) and (5.8))

{ 16nel, — curl }{n =F,=F, — la,, J, — 1,V on, (5.16)
W€, Hy + curl B, = G,= 1§, H, + curl £,.
With the help of (5.8), (5.11) and (5.15), we have

F,, G, —0 inL*Q), asn— oo. (5.17)

As by assumption, system (5.4) is exponentially stable, applying Lemma 5.1
to this system, its resolvent is uniformly bounded on the imaginary axis. In
other words, there exists a positive constant C' independent of n such that the
solution (E,, H,) of (5.16) satisfies

1Bl + 1 Hall < CUE + 1Gal)-
The property (5.17) then yields || E,|| + || H,| — 0. By (5.15), we conclude that
|EL| + |Hn|]| — 0, asn — oo,

and recalling (5.11), we arrive at a contradiction with (5.5). O
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Remark 5.4. Due to [14, §5], system (5.4) is exponentially stable in Case B
and if 2, and Q are strictly star-shaped with respect to a point since for any
metals (experimentally e,, = 3.2629 for gold and e,, = 3.7362 for silver, see
[28, Appendix Al)

€so > 1.

This is physically reasonable since the speed of propagation is fast inside €2,
and slow outside. In the opposite case, the exponential decay does not hold for
physical models even if €2, and 2 are strictly star-shaped, since from [14, §5],
we need that €., < 1 which is never physically satisfied; the reason is that for
light rays in the slow metal that approach the vaccum boundary, there is total
reflection for rays that are incident close to tangency.

This remark motivates us to find weaker assumptions that yield a polyno-
mial decay.

Lemma 5.5. Assume that Mazwell’s system in ) with constant coefficient and
the Silver—Miiller boundary condition on 0S) is exponentially stable. Then the
resolvent of the operator of Ay satisfies condition (5.3) with ¢ = 4.

Proof. We again use a contradiction argument, i.e., we suppose that (5.3) is
false with ¢ € N. Then there exist a sequence of real numbers &, — +oo and a
sequence of vectors U,, = (E,, H,, J,)" in D(A) satisfying (5.5) and

4 (i&, — AUyl =0 asn — oo. (5.18)
As before this directly implies that

F, = & (1peE, — curl H, + 1q,,J,) = 0 in L*Q), asn—oo0, (5.19)
(g Hy +curl E,) — 0 in L2(Q), asn —oo0, (5.20)
E (1 +7)Jn — w2E,) -0 inL*(Q,), asn—oo, (5.21)

By (5.10) and (5.18), we deduce that

€27, -0 inL3(Q,), asn — oo, (5.22)
(B, xn) =0 in LX), asn— . (5.23)

The first property and (5.21) directly imply that

¢
&n 'E, >0 in L%*(Q,,), asn — oo. (5.24)

By using the trace estimate [11, (1.2.16)]:

10 tnll -3y S 10Nl + 1 div Ul VU € H(div, 2p),

H 3 (s
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and recalling that F, is divergence free in 2,,,, we get that

-1

L
&

On the other hand, Green’s formula [11, (I1.2.17)] leads to

(En)i0 - m — 0 in H_%(E), as n — 0o. (5.25)

([eEn~n];<p>g=/€En'V<Pd$7 V(PEHé(Q)v
Q

where [eE, -n] = (Ey)|q,, - Tm + (En)jq, - e means the jump of e£, -n through ¥.

By using (5.19), we get

([eBn - nlip)s = (16) /(ﬁnan +ewl Hy —1q,J,) - Vipdz, V€ Hy(Q).
Q

Hence by Green’s formula (2.1), we obtain

([eE, - n]; @)y = (1€,) 7" /Q(fngn - 1Qmjn) -Veodz, Ve Hy(Q),

and by Cauchy—Schwarz’s inequality and the definition of the norm of H —3 (X)),
we get

I[eE - n] o S & IE+ & I o

HH—%(

£
Owing to (5.19) and (5.22), we deduce that fﬁ“[eEn .n] = 0in H2(%), as
n — oo. This property combined with (5.25) yields

£_ 1
& E, n] =0 in H2(), asn— oo (5.26)

As in the previous Lemma, we now correct FE, by ¢, € H}(Q) solution of

[ Veu-Vode= [ B Vodo = (Ba i), Vo e HYQ)
Q Q

and set
E,=F,—Voy,.

that belongs to W and satisfies
divE, =0 in Q. (5.27)

Owing to the property (5.26), ¢, clearly satisfies

L
¢ 0, =0 in H'(Q), asn — oo. (5.28)
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As before, the pair (E,, H,) satisfies the Silver-Miiller boundary condition
on I, the condition (5.27), divH, = 0 in © and Maxwell’s equations with
contant coefficient

zan’n —curl H,, = Fn,
(5.29)

1€, Hy, + curl E,=G, = 1€, Hy + curl B,

where F, = £70F, — 1o, Jn — 16,6V + 1601q, (1 — €x0) E,.
Let us now check that the property (5.17) holds as long as ¢ > 4. First by
(5.19), (5.20) and (5.22), we directly deduce that

ECNEL + Gl + Iq, Ja]| = 0, asn — oo,

for any ¢ > 0. Now for the term £,V p,, we notice that

Lt
||an€V§0nH = anGV@nH < C&; ||v90n||7

for n large enough and a positive constant C' independent of n as soon as ¢ > 4.
Consequently under this hypothesis, by (5.28), we deduce that ||:£,eVp,| — 0,
as n — 0o. The same argument and (5.24) leads to

26210, (1 — €x0)En|| = 0, as n — oo,

for ¢ > 4. Alltogether, we have shown (5.17) for ¢ > 4.

Applying Lemma 5.1 to system (5.4), we deduce that its resolvent is uni-
formly bounded on the imaginary axis. In other words, there exists a positive
constant C' independent of n such that the solution (E,, H,) of (5.29) satisfies

1Bl + | Hall < CUEN + 1Gal)-
By (5.17), we obtain
|En | + | Hall = 0, asn — oo,
and by (5.22) and (5.28), we arrive at a contradiction with (5.5). O

Remark 5.6. Different sufficient conditions on €2 and its boundary that guaran-
tee that Maxwell’s system in 2 with constant coefficient and the Silver—Miiller
boundary condition on 02 is exponentially stable are available in the litera-
ture. Let us mention [15,16], where the sufficient assumptions are that Q) is a
strictly star-shaped domain with a boundary of class C! (piecewise smooth is
sufficient using the results from [12]), and [26], where the boundary of 2 has
to be smooth (of class C*°, that automatically satisfies the geometric control
condition (G.C.C.) from [3]).
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The previous lemmas allow to check the hypotheses of Lemma 5.1 or
Lemma 5.2 and then lead to the next stability results.

Theorem 5.7. 1. Under the assumption of Lemma 5.5, problem (3.1) is
polynomially stable in Hy, in other words, there exists a positive con-
stant C' such that in Case A, one has

U (t) — k(Vipo,0,0) T3, < Ct2(|[Upl|Bay, Vit >1, (5.30)

for all Uy = (Ey, Hy, Jo)" € D(A), with

—1
.= (/ |Vq0|2dx) (Eo)o, - n; s, (5.31)
Qe
otherwise )
U5 < Ct™2||Uollpiay, VE>1, (5.32)

for all UO = (EQ, Ho, Jo)T c D(A)

2. On the contrary, under the assumption of Lemma 5.3, problem (3.1) is
exponentially stable in Hy, i.e., there exist two positive constants C' and w
such that in Case A, one has

IU(t) = 5(V20,0,0) '3, < Ce™ E(0), V>0,
for all Uy € H, otherwise
U@ < Ce ™ E0), ¥t>0,
for all Uy € H.

Proof. By the proof of Lemma 4.5, we know that A satisfies (5.1). For point 1,
we notice that Lemmas 5.5 and 5.2 imply that for all Uy € D(Ap), the solution U

of ~ ~
Ut — A()U,
N - (5.33)
U(0) = Uy,
satisfies ) o
IUNF, < Ct™2||Uollpea,y, V> 1. (5.34)

This yields (5.32) in Case B. On the contrary in Case A, it is readily checked
that for any Uy € D(A), the solution U of (3.1) can be written as

U(t) = U(t) + k(Vo,0,0)T,

once Uy = Uy + k(Vp,0,0)", with x chosen such that Us belongs to H,,
or equivalently such that ((Ey — kVo)a, - n;1)s, = 0. By (2.2), we get the
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expression (5.31) for k. As (Vy,0,0)7 belongs to D(A), Uy is indeed in D(Ay).
Hence applying the estimate (5.34), we find (5.30) since

5] < [{(Bo), - ms 1| = \ [ Fo-Vaoda] < 0l
Qe

and therefore

1Toll3¢ < Ul (5.35)

as well as

100llpa0) = [10ollz + ATl = 1Tl + I AVoll% < [1Uolloa)-

Point 2 is proved similarly by using (5.35) and the exponential decay of the

solution of (5.33). O
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