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Abstract. In this note, we investigate the Cauchy problem for Keller—Segel system
with fractional diffusion for the initial data (ug,vg) in the critical Fourier-Besov—
Morrey spaces ]:szfd_d%(Rd) X f/\/j;f:jrd_d%‘(]l%d) with 1 < a < 2. The global
well-posedness with a small initial data of the solution to Keller—Segel system of

double-parabolic type is established.
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1. Introduction

In this paper, we consider the following Cauchy problem for the parabolic-
parabolic Keller-Segel system in R? x RT with fractional Laplacian

du+ (—A)2u=+V- (uVv), (z,t) € R?x RY,
0 + (—A)2v = u, (z,t) € R* x R, (1)

(u7U>|t:0 = UO,U()), T € Rd,

where v is the density of cells, v is the concentration of the chemoattractant
and 1 < a < 2. In the case @« = 2, (1) has been used to describe some
collective motions of cells attracted by a chemical secreted by themselves. In
fact, over the years, Keller—Segel type models have attracted the attention of
several researchers, e.g. mathematicians, applied mathematicians, physcists, bi-
ologists etc.

The case ¢ = 0 and a = 2 corresponds to the so-called Patlak—Keller—
Segel. In this case, it is known there exists a threshold value for the mass
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mo = [u(x,0)dz = [ u(x,t)dx which decides whether solutions blow up or not
at finite time. More precisely, if my < 8w, there is global solution, while the
solution blows up at a finite time T" when mg > 87. The value 87 is called the
critical mass. In fact, for my > 87 solutions can blow up as measures (Dirac
masses)(see e.g. Seki-Sugiyama—Veldzquez 2013). In the case ¢ = 1, it is an
open problem to know whether smooth solutions for (1) blow up(or not) at a
finite time T

In view of the above comments, it is natural to study system (1) in frame-
works containing singular data or measures. There is a rich literature about
global well-posedness for (1) with singular data in different critical spaces, such
as weak-LP spaces [11], Morrey spaces [3]|, Besov spaces[4, 15, 16, 18|, Besov-
Morrey space [8], Fourier-Besov spaces [9], and Fourier-Herz spaces [17]. Of
course, there are also other famous works on this topic (see [12,14]).

The purpose of this paper is to establish the existence of global solution
to (1) with € = 1 in the critical Fourier-Besov-Morrey spaces FN!, . x FN2, .
with 0 < pu < d,1 < ¢ < co. From the definition below, it is easy to know
that Fourier-Besov-Morrey space FN,,,, is larger than Fourier-Besov space
FN g0 Before stating our result, we first introduce some notations.

Denote the set of all polynomials by P and the Morrey spaces by M
with norm

QK

_ K
[ fllgn = sup R 4| fllaBp)) < o0

0ER™ R>0

We define

FN e = {f € S\PIl fllrn;

q, 1,7 q,p,T

= [12205f o < o0}

r(2)

where {¢;} is the Littlewood-Paley decomposition (see Section 2 for details).
This space has been introduced to study self-similar solutions for a family of
nonlinear active scalar equations in [7] and Ferreira et al. also used it to inves-
tigate the global well-posedness of the Navier—Stokes—Coriolis system in [6].
Let us firstly recall the scaling property of the systems. We can easily get
that if the solutions (u(x,t),v(z,t)) solves (1), then (uy(x,t),v\(z,t)) with

u(x,t) = N2 2u(dx, \), va(z,1) = A 2v(A\x, \*t) (2)
is also a solution to (1) with the initial data
ugx = N 2up(Ax), vo.0 = A 2up(\z). (3)

We can show that the spaces pair F. Z,lw x F. fﬁw with s1 =2—-2a+d— djT“

and so = 2—a+d— d_T” are scaling invariant spaces (see Remark 2.3 for details).
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In order to solve the equation (1), we consider the following equivalent

integral system
3 t 3
v(t) = e 2 gy + / e~ EDERZ (7)) dr 2= vy + vy,
0

(&3 t [e3
u(t) = e 12y —I—/ e UEAT T (Vi )dr
0

t @
+/ e~ EEREY L (V) dr,
0

\

where e 182 = F-1-tl® £,
Our results can be formulated as follows.

Theorem 1.1. Let 1 < o <2, max{d— (3—2a)q,0} <pu<d, 1 <g<oo,re

1, 00] and (ug,vg) € FN?L,  XFN?2

@, qpr a1
if (ug,vo) satisfies

HUOH}‘/\/’Z}H’T + HUOH]:NZ?#,T S g,

then the equation (1) possesses a unique global mild solution

(u,v) € ng_pé(sl) X ng_p{)(SQ)

and
(u,v) € C(0,00; FNJ, ) x C(0,00; FN2, ),
where
XEh(s) £ X5(s) N XL0(s),
and

o S_}_g
ST — 7
+ 20 Po

ng (5) é ‘CPO <(07 OO); qu,Mﬂ" ) ) Xgé (S) é ‘CPG ((07 OO>; J—..Nq,l%?" > .

Then for any fized py > 2=, +4+L =1,
PO Pg

Remark 1.2. Theorem 1.1 extends most results mentioned in the background
for (1), even in the case of the classical dissipation a = 2. On the other hand,
we employ an auxiliary norm of Chemin type based on FN , -spaces in order

to estimate the nonlinear terms in (1).

Remark 1.3. Theorem 1.1 provides a larger initial data class for (1) for global
well-posedness. In fact, there are no inclusion relations between the spaces

FNUP and BS which are introduced in Section 2 (3 € R and 0 < p < d).

1,p,00
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Remark 1.4. From the definition of Fourier—-Besov—Morrey space, it is easy to
see FNT % = B57* and FN7 % = B3 . In Theorem 1.1, we cannot take the
case ¢ = 1 and p = 0, so our results cannot contain [17, Theorem 1.1].

The paper is organized as follows. Section 2 presents some definitions and
properties of Fourier—-Besov-Morrey spaces and the Littlewood—Paley decom-
position. In Section 3, we will give the proof of the linear estimates of the
fractional heat semigroup. In Section 4, estimates for the bilinear term are
proved. In Section 5, using the estimates obtained in Section 3 and Section 4,
we will employ the Banach fixed point theorem to prove Theorem 1.1.

2. Preliminaries

In this section, we give some notations and recall basic properties about Fourier—
Besov—Morrey spaces that will be used throughout the paper.

The Fourier-Besov-Morrey spaces were introduced in 7] and are construc-
ted via a type of localization on Morrey spaces.

Definition 2.1. Let 1 < ¢ < oo and 0 < p < d. The homogeneous Morrey
space M, , is the set of all functions f € L4(B,(zy)) such that

_B
[fllg = sup R | fllLarize)) < o0, (5)
20€ERL,R>0

where Bgr(zg) is the open ball in R? centered at zy and with radius R > 0.

When ¢ = 1, the L'—norm in (5) is understood as the total variation of
the measure f on Bg(xp) and M, as a subspace of Radon measures. When
=0, we have M, o = L1.

In what follows, we introduce homogeneous Littlewood—Paley decomposi-
tion. For more detail, we refer the reader to [1].

Let f € S’(R?). Define the Fourier transform as

fO) = Fr©) = @n) [ e,
R
and its inverse Fourier transform as

V)

Fla) = F @) = ) E [ egeyas
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Let ¢ € S(R?) be such that 0<¢ <1 and supp(yp) C {{¢€R?: 2 <|¢| <3}
and

ng J¢) =1, forall £ #0.

JEZ

We denote

0i(&) = 0(27), ¥ = D @),

k<j—1

and

h(z) = Flo(x), g(z) =F "o(x).

We now present some frequency localization operators:

Bif = D) =29 [ @)~ )i,
R
and
SF = Y Buf =uy(D)f =29 [ g@iy)f(a ~ iy
. R4
k<j—1
From the definition, one easily derives that
AjAf =0, if[j— k| >2,
Aj(SkrfArf) =0, if |j— k[ > 5.
The following Bony paraproduct decomposition will be applied throughout
the paper.
w = T + Tyu + R(u, v),
where
T,v = Z Sj_luAjv, R(u, v) = Z Ajuijv, Ajv = Z Aj/v.
JEL jez lj'—j<1
Now let us give the definition of Fourier—Besov—Morrey space, see [7].

Definition 2.2. Let 1 < r,g < 00,0 <t < d and s € R. The Fourier-Besov—
Morrey space F/\/ . 18 defined as the set of all distributions f € S'\P, P is
the set of all polynomlals such that ¢ f € Mg, for all k € Z, and

def (ZQkSTHSDka;M) T, r < 00,

QT k N
sup 2o f [l g, r=00.
keZ
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The space FN, .,
contains homogeneous functions of degree —d = s — d + d_T“. If pw =0,
then FN°
Besov space FB, . is the Fourier-Herz space B";.

endowed with the norm (6) is a Banach space and

2.0 18 the Fourier-Besov space FB; .. When r = 1, then the Fourier—

2—a+d— 2—a+td— 9=k
Remark 2.3. The space pair FN, ﬂo;« El x FNg. “? ¢ is a critical space

with respect to the scaling property for equations (1). Similarly to [13], for
upy = AN 2ug(Az), its Fourier transform is A2 2794,(A71E). Let h;(¢) =
(277t llog Al-logz Ag) \2a=2—dg3 (\~1¢) . By change of variable, we get

17 (E)llge = X272l p(27 7 OB AT A ) g (A€ |

_ /\2a—2—d sup R—% (/ |90(2 J+[logy A]—logy >\§) (/\ §)|q df) q
Br(

zo€RY, R>0 z0)

Q=

_ )\2a727d+d7T" Sup (A—lR)*% (/B (27 J+[log2)\]) 0(6)]° df)

zoERY, R>0 v—1p(A1xo)

/\204 2—d4-4=

B || Pj—[log,

which implies

[Te i (3 )Ilqu}ller

2-2a d—— 20—2—d
= |[{2/¢ 2t A 05 togs N80 (Ol g Hler
(logy A—[logy A a—2—d+—F log, A « df—
— ||{2 g5 A—[logy A]) (20—2—d-+ ¢ 7 )2(J [logy A])(2—2a+ ”% [10g2)\]uO( )”q,u}“@
S O
o

Recalling that ¢;(£)to(§) = D2 j<2 95(§)hk(€), it is easy to deduce that

ip o]

2 2a4d— 2 2a4d— 9=k
9,7 F. q,p,T ¢
Similarly, we have
HUO,)\H 2—a+d7d7T” ~ HUOH 2—afd— 4=k
q,K,T F. q,,T

In the following lemma, we give some important properties about Morrey
spaces, which can be found in [7].

Lemma 2.4. Let 1 < q1,q2,q3 < o0 and O < iy o, i3 < d.
(i) (Holder’s inequality) Let - = L + L gnd £3 = £2 4 BIf fi € Mg, g, for

q3 q2 q1 q3 q2

i =1,2, then fifs € My, ., and
1f1f2llgs.ms < W 1llgr ol F2llgz o (7)
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(ii) (Young’s inequality) If o € L*(RY) and g € M, ..\, then
1% gllgrm < Nllllgllgr (8)

where x denotes the standard convolution operator.
(iii) (Bernstein-type inequality) Let g2 < qi be such that % < %. IfA>0
and supp(f) C {€ e R : |¢] < A27}, then

d—pg _d—p
a2

16 Pl < 02V fl )
where v is a multi-index, j € Z and C' > 0 is a constant independent
of 7,€ and f.
Now, we list a time-dependent space based on FN°
duced in [6].

Definition 2.5. Let 1 < p < 00,0 < T < oo and I = (0,7). The Banach
spaces LP(I, FN? ) consist of all the Bochner measurable functions from I to

q7l’l’77‘
FN;

q.ur» Whose norms are given by

1
def Eis £l ' 57
| Fllercrrs, (Zw Hsojfuqu,u)) = (Z?

JEZ JEZ

S

g Which was intro-

1
") (10
W)) (10)

In order to prove the existence of solution for (1), we need the following
classical result on the existence of solutions for abstract equations with bilinear
structure. Its proof can be found in [5, p. 189, Lemma 5].

15 flla.n

Lemma 2.6. Let (X, | - ||x) be an abstract Banach space with norm || - || and
L: X — X be a linear operator such that, for any v € X
1L ()] < 0|z

and B : X x X — X 1s a bilinear operator such that, for any xi,x, € X,
[B(z1, 2)|lx < nllwallxl2zlx,
for some constant n > 0. Then, for any 0 < 0 <1 and for any y € X such that
nflyll < (1-0)*
the equation
r=y+ B(x,z) + L(x)

has a solution x € X. In particular, the solution is such that

2|yl
< 2101
o < 2225,
and is the unique one such that
1—4
Jzfl < ——-

2n
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3. Linear estimates in Fourier—Besov—Morrey spaces

In this section, we will establish some crucial estimates in the proof of Theo-
rem 1.1. We now consider the following linear estimates for the fractional heat

semigroup {e ! -a)% }>o0-

Lemma 3.1. Let I = (0,T), s € R, ¢,r,p € [1,00] and 0 < p < d. There
exists a constant C' > 0 such that

A%

e 2 | 5 < Clluoll s, (11)

o (LFNG LD
where uy € }_Nq o
Proof. Since supp ¢; C {2771 < || < 27H1} ) we get

—t(— 5 _ a T, Yol 1)
| FlAj e t AﬁUO]Hq,u = |lpje el Uqu,u <e . [l ;i

Then, by the Minkowski inequality, we have

1
T _ 2
Sk o < |4 276F%) —~1p200—D) o
e~ uo”m(z;ﬂvﬁl,’i)_ { ’ 0 ‘ a ) sl ”
P I
< {2J(+P)(W) ll; q,u}
E'r
< Clluol| 7 O

a5’

Lemma 3.2. Let [ = (0,T), s€ R, q,r,pe[l,00],0 <pu<dandl <p <p.
There exists a constant C > 0 such that

t «
—(t-7)(-A)2 d .
/0 e f(’f) T (]]:,/\/’Ziar) = 591(]}'Nq”:r )

< C[Ifll (12)

for all f € L ([;}"NZ;?;JF%).

Proof. Thanks to supp ¢; C {2771 < |¢] < 27*!} and the Young inequality, we
have

t
‘ o F [ / o (t-r)(-A)
0

Nl

f(T)dT:|

t
—(t—7)29(—1) A
<1 [ e gy flandrlan
Le(IsMg,p 0

_t2aGi-1) ;
< 1e™ xoailleeleiflle i,

] — e-T2U Do\ 5
< (W) ¢ fllzer (20,0

—ja(l+i-L ¢
< C2 J (+p Pl)”gﬁijLﬂl(];Mq,uﬁ
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Where1+%:%+i.

P1

. . . . o .

Remark 3.3. If we take p; = 1, then (12) becomes

t @
/6_(t_T)(_A)2f(T)dT
0

<27 oy fluman

<CIA

(I]-'/\f9+a)

LP1 (I ]—'/\/l: ;:’;11 ) -

t (e}
/ e~ t-(=A)2 f(r)dr
0

< C|fllerrag,, -

oo (1)
If we take p; = p, then (12) becomes
RTRSTINY
e TR f(1)dr ClIfIl, s+8—ay -
‘ /0 (1 ]—‘,/\/’q_; T) (I?]:Nw,pr )

4. Bilinear estimates in Fourier—-Besov—Morrey spaces

Lemma 4.1. Let [=(0,T), seR, q,r€[1, 00|, max{d—(3—2a+d)q,0} <u< d,
po > =25 and pio + pi, = 1. There exists a constant C > 0 such that

0

V- (fVa)ll ( 22a+ddu)
LY ;FN a

q,p,7

q,p, LiFN g u,r

<C ||f|| 2—2a4d—9=# | a “gH 2—atd— d—_:‘i+a
LPO (I; a p0> Ep()( 0)

+||g|| 2 a+d7‘i—“+ Hf” 2—2a+d— d—“+a
[J’O(I]:/\/-qu7 > ,CPO (I}—Nqur 0>

atd— 4= , 2— 2a+d—d—“+&,
for all [ € L (1 FN T ) N Lo <I FNyor ) and

2—atd— 4o , 2—a+d—%4 Chts
g€ L (1 FN T )m.cpo (I FNypun )
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Proof. Using the following paraproduct formula due to J. M. Bony [2],

A(fVg) = 3 A ($afAuv )+ D A (Sa(V9)An)

|k—j|<4 lk—j|<4

k>j—2 |k—k'|<1

=10+ 1+ Is.

Then, by the triangle inequality in ¢ and in M, ,, it follows that

V- (fVg)ll ( 22a+ddu>ﬁ||fv9|| < 32a+dw>
Cl I; q [:1 I; q

q,H1,T qH1,T

(3 9otd_d=B) & ((3—2a+-d— 9= #
< [{2 2 s ang}, {2 S Nl

. —2a _u A
+ H{Qa(3 2a+d—, )||]3|’L1(I;Mq,u)} Z

= J1—|—J2+J3.

o

By Bernstein-type inequality (9) with ¢ = 0, (ga, 2) = (1,0) and (g1, 1) =

(¢, jt), we have
A _d—p A
lexhllzr < C2M9 7 | gph]lg,.

Thus
HEHLl(IMW
/ > (Sk_lf*Ak(Vg)) dt
—j|<4 a;1
/ 3 ( 3 ||sok/f||L1> 1060V )
Hk—jl<a \K <k—2
<cy | ( DL Hsok/fnw) 2 prdloedt
lk—j|<4 K/ <k—2
r(q_d=p A~ R
<C). 2k< > 2 )“%Ok’fHLPO(I;Mq,M)) lerdll Lot r.n,
|k—jl<d  \k/<k—2

1
-

k '(2a— 2—£) ~
<l (ot ) 2.2 ( > 2 ) 196914 1.8,

BT lk—jl<4  \k'<k—2

k(2a—1—%) ~
SOV s eees) 2 2T ek

i k—j|<4
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where we have used the condition py > %5 in the last inequality.

Therefore, by the Young inequality, we can estimate

LN,

Jl < CHfH < 2 2a+d—d—“+ O‘)
£P0

(390t d_ d=t k(2a—1--2
x 2T &S o i nn,

|k"_j‘§4 o

a1,

< CHfH < 20— 2a+d7d7'u+ a)
Lro| I;

i—k — 4By k(2 d****
% Z 2(] )(3—2a+d )2 2+ 2 ”kag“LpO M)
‘k_]|§4 or
< CHfH 2—2a+d— d—_"i+ o ||g|| 2—atd— —L+ a
£p0<1 q5HT ) U’O(I.FNqur 0)

where we have used the fact that pio + pi, =1.

0

Similarly,

||IQHL1(I§Mq,u)

S/ > (Skl(Vg)*Ak(f)) dt
T k—jl<a an
S/ > ( HngHLl> 08 f [l
lk—j|<4 \k/<k—2
K (14d— 42
<cy |/ ( > 2 ||sok/g||w> e e de
lk—j|<4 K <k—2
K (14d—22 :
S C Z ( Z 2 1+ )||(pk‘/gHLp0(IMqH) ||90kaLP6([;Mqu)
|k—jl<4 \k/ <k—2 ’

1
7

E(a—1—2)r/ ' R
Sl s 2 (Z 2 ) LCLZaY

BT lk—jl<4 \k/<k—2

Ma—1-<), 7
= C||g||ﬁpo<l;f/\/2a+ddqu+poé> Z ? : ”spkaL%(I;Mq,u)’

Ik—jl <4

where we again have used the fact that py > -%5 in the last inequality.
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Therefore, by the Young inequality, we get

q,u,r

Jo < CHg” ( 2 a+d7u+ >
Lro | T

(3—2atd— 4= k(la—1—=) ;
« 2]( @ q ) Z 2 o ||<’0kf||Lp6(I;Mq,y.)
=gl <4 v

q,u,r

< CHg” < 2 atd— d—_fi+a>
Lro | T;

i—k)(3— —d—n 2— df—f—
% Z 9(i=k)(B8—2atd— k) ok(2—atd—=, ngkaLpO o
|k—j|<4 e
< CHg” 2—atd— d—_li-‘- - H.f“ 2—2a4d— —L+ o\ -
EPO(I TR ) cPO(I]:NqMT 0)

For J3, the Young inequality, the Bernstein inequality together with the
Holder inequality imply

H[3HL1(I;M4,M)

S/ S e [ erf) = (> ewVyg) dt
T h>j—2 lk—k/|<1
q,H
<[ 3 endlan | 2 2wl | d
Ik>j—2 lk—k'|<1
<C Y [lofln | X 22 il |
k2j—=2 |k—k’|<1
~ / k/ d_i
< C Y Menfllpmgng o | 2 2727 lowilingag,,
k>j—2 ’ lk—k'|<1
i’
<

k' (o— 17—
ongnm( s S el | 2 2

I]:./\/'qur k>j—2 |k—k'|<1

I}'/\/'q‘” k>j—2

k(a—1—2) ¢
R (e PP O
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Hence, using the Young inequality again, one has

$FN g u,r

< _
J3 >~ C“g“[:p()( 2a+dd4q/i+;(t)>

X

(3—20t-d— d=1 k(a—1—= ¢
{2j(3 2a+d— 1) Z 2( ”O)H@kaLP{)([,Mq,H)}

k>j—2

o

]:Nq,l‘ﬂ‘

< — M
>~ C“Q“ﬁpo (1; 2_a+d_dTL+;%>

i— k) (3—2atd— E=8) s k(2—at-d— 98— o 2
: {Z A poﬂmfnmau,m,u)}

k>j—2

o

?J: q, 1, 2>k [S]'—Nq,,u,'r

k(3—2a+d—9=1)
< CHQHLPO <I 2a+ddq“+pca> 22 a ||f||£p6( 22a+ddq“+poé>

<C _ _
= “g”[:ﬂo (I;J:szﬁ-s-d—d—q&+p%> ||f||£p/O (I;FNZ;2j+d—d—qﬁ+%> )

where the condition pi>d—@—2a+d)q ensures that the series ZQZka(SQO‘M*d_TM)

converges. This finishes the proof of Lemma 4.1. O]

5. Proof of Theorem 1.1

In this section, we will apply Lemma 2.6 together with the estimates established

in Section 3 and 4 to prove Theorem 1.1.
Let po > =% be any given real number and pio + pi, =1. Let Xgo_pé(s) be
0 /
the space defined in Theorem 1.1. It is clear that X/ 7(s) is a Banach space

equipped with the norm

g7

Hu“X?‘”’f’(s) el (<0,T);f/\/2ﬁ) ’ Hu”ﬁ’o <(0,T);]:NS+%>.

Set
) é 6_t(_A)7u0a
¢ . N
L(u) £ / e~ EDERET L (Vo )dr, vy = e TR Py,

0

t a t a
B(u,w) £ / e TIEREY L (uVy)dr, vy = / e A2 dr,
0 0
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Then the second equation of (4) can be rewritten as
u=y+ B(u,u) + L(u).

It follows from Lemma 3.1 with s = 2 — 2a 4+ d — d%“,] = [0,00) and

p = po (or pp) that ||yl 2saraduy oy < Cllugll ., ¢-u and
LPO I,f q,,T 1 ro q,p,r B
Hy“ 2-2a+d- =L o < CHUOH 2—204d— 4=k which implies
‘Cﬂ{) (ILFNq”u,r ! o > q;H,T a4

< ZOHUUH 272a+d7d*T“'

HyHX;O*p(J (272a+d7d_7”) @1

Applying Lemma 3.2 with s =2 — 2a+ d — d_T“ and p; = 1, Lemma 4.1 and

Lemma 3.1 with s =2 —a+d — d%” and p = po (or pf), we get

1L (u)]]

2—2a+d—d—;fi+p&
LP\LFN g pur 0

< OHV : (uvv1>” < 2—2a+d—d;/i>
L I;]:Nq,mT a

—t(-A)

SO Il g et v

iFNqur

) 2—a+d—d_T“+p%
L0 LFN g u,r 0

fe3
+ He (=8 UU) 2—atd—d=py a ||u|| 2-2a+d- =L o
Lro (I?}—Nq,um o ) £Po <I§‘FN£11,U«,T T )
<C _ _
) Hun”“(nmiﬁ?”%%)HUO” e

“+||v —u||u _
H OH}_NZ;;XTerde” || ||£P6<[;]-‘/\/zjj+dw+’%>

< _ _ _
< CHUOH}'N?;,_::d_% HUHUOG;}—NET,?H_MJF%>+HuH/;Pf)(I;}‘NjTjM_MJr%)

< Cllvoll

E;zszjkd—‘i—TM ”u|‘X;O*06(2_2a+d_(FTH)7
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and

_ < _
”L(U)||£p0 (1]:]\/(21 szﬁ-d L&-s-fz) >~ C“UOH}_ z;ﬁj_d_%&||U||X;O_p6(2—2a+d—%)'

This means

IZ () ro-et < 2C]woll _

2—atd— 9= “HUJH P 00(2 atd— 4= u)

_ _d—p
(2—2a+d 7 ) o

Also, we can estimate

q5 1T

||B(u7w)|| < 2— 2a+d7u+ >
LPo| I

q,p7

S OV - (uVo,)| ( 2_2a+d_d;g>
LY T; q

<C|llull

t (o]
/e(tT)(A)jw(T))dT
0

_ _d—p o
2-2a+d— 42 +p0>’

, 2—a+d—d_Tp'+%
Lo I;FN g, u,r L0 I?-FNq,p,,r &)

t (o]
+‘ /e_(t_T)(_A)fw(T))dT
0

2—atd— d— “Jr HU” 2—2a+d— d;&+a
L‘,PO(I}—N(I“T > ‘CPO(I]:Nq,u,T 0)
< Cllu o aan |Jw
H HLPO<I;]-"N;Z?+GZ —qﬁ+[?O>H HEPO(I}—NQILQ;!+(1 —q/i+‘z)

—|—O||UJH 2-204d—I=H Tt HUH 2-2a+d- g+ G
£P0<I FNagpur > £ (I%FNq,mr ’ Po)

<
< C||U||ng*96(2_2a+d_d—7p.) “wHXgoO*Pf)(Q_Qa-i-d—%).

and

w _ .
(2—2a-+d—22t) HXQ’B 70 (2-2a4d—2=t)

||B(uvw)|| 2—2a+d— dq“+°‘ <O||u|| PO Po
L”0<IFNWT )

That is
<
HB<U'> w) Hng_pé(Q—2a+d—d’T“) = QCHUHX(ZS_%(Q—Qa-s-d—d’T“) Hw“ng_pé(2—2a+d—d’T“)'

2—atd— 4
For 0 < & < 1, let vg € FNgur " be such that 2C vo|l 5 pig a=n < e
q

q,p,T
2-2a+d-8 e
Also, we consider ug € FN g, Mf ¢ with small norm and R > 0 satisfying

8CIIyll  po—rt < 16C2||u| sy < (1 2]

2—2a+d—

_ _d=p
(2—2a+d 7 ) o
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and 2C|ugl| , ,.,4 ¢« < R. Then Lemma 2.6 implies that (4) has a unique
q

\T

solution in B 12TR (0), where B 2R (0) is the closed ball with center 0 and radius

l1—e

2R in X2 - 20 +d — 1),

By the same argument as in [17, p. 1147, Step 5], we can prove that

2—20-+d— 924 2o 4G
we L™ (Qoo;]—"Nq,ufa q ) and v e L (O’OO;}_NQ’:; q ) '

A standard argument yields that

—2a+d—4=b —atd—d=8
weC (o,oo;f/\fi,fﬁ ‘ ) and veC <O,oo;]—"./\/'c2,,u,r+ g ) ,

and we are done.
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