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Extreme Points
and Strongly Extreme Points in
Orlicz Spaces Equipped with the Orlicz Norm

Y. Cui, H. Hudzik and R. Phluciennik

Abstract. Criteria for extreme points and strongly extreme points of the unit ball in
Orlicz spaces with the Orlicz norm are given. These results are applied to character-
ization of extreme points of B(L' + L) which corresponds with the result obtained
by R. Grzaslewicz and H. Schaefer [10] and H. Schaefer [25]. Moreover, we show
that every extreme point of B(L' 4 L) is strongly extreme. We also get criteria
for extreme points of B(LP N L) (1 < p < o0) using Theorem 1 and for strongly
extreme points of B(LPNL*>) (1 < p < o0) applying Theorem 2. Although, criteria
for extreme points of B(L' N L>) were known (see [13]), we can easily deduce them
from our main results and we can extend those results to establish which among
extreme points are strongly extreme. The descriptions of the extreme and strongly
extreme points of B(LP N L>) (1 < p < oo) are original. Moreover, criteria for
extreme points and strongly extreme points of the unit ball in the subspace of finite
elements of an Orlicz space are deduced on the basis of our main results.
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1. Introduction

Let (X, | -|x) be a real Banach space, and let B(X) and S(X) be the closed
unit ball and the unit sphere of X, repsectively. By X* denote the dual space
of X. In the sequel N and R denote the set of natural numbers and the set of
reals, respectively.
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Before starting with our results, we need to recall some notions.

A point z € S(X) is said to be an extreme point of B(X) if x cannot be
written as the arithmetic mean 3(y + z) of two distinct points y,z € S(X).
A Banach space X is said to be rotund if every point in S(X) is an extreme
point. A point z € S(X) is said to be a strongly extreme point of B(X) if
for every sequences (yy,,), (z,) in X such that ||y, x, ||zn||x — 1 the condition
Yn + 2n = 2x for any n € N implies ||y, — z||x — 0. A Banach space X is
said to be midpoint locally uniformly rotund if every point of S(X) is strongly
extreme.

We denote by ext B(X) and sext B(X) the sets of extreme points and of
strongly extreme points, respectively, of B(X).

The notion of extreme point plays an important role in some branches of
mathematics. For example, the Krein-Milman theorem, Choquet integral rep-
resentation theorem, Rainwater theorem on convergence in the weak topology,
Bessaga-Pelczyniski theorem and Elton test for unconditional convergence are
strongly connected with this notion. In [26], using the principle of local reflex-
ivity, a remarkable theorem describing connections between extreme points of
S(X) and strongly extreme points of S(X) is proved. Namely, a Banach space
X is midpoint locally uniformly rotund if and only if every point of S(X) is
an extreme point in X**. Another proof of this theorem based on Goldstein’s
theorem is given in [8]. Analyzing the proof of this fact one can easily see its
local version, namely, if x € S(X) is a strongly extreme point in X, then x(x)
is an extreme point in X**, where x is the mapping of canonical embedding
of X into X**.

The aim of this paper is to give criteria for extreme points and strongly
extreme points of the unit ball of Orlicz spaces generated by arbitrary Orlicz
functions (that is, Orlicz functions which vanish outside zero and which attain
infinite values to the right of some point u > 0 are not excluded) and equipped
with the Orlicz norm. We prove that the necessary conditions for a point
x from the unit sphere to be an extreme point presented in [16] are also
sufficient. We will give sufficient conditions under which extB(L%) = 0. It is
an important observation because such space lacks Krein-Milmann Property,
so it is not isometric to any dual space. As we will see below, the fact that
the degenerated Orlicz functions are not excluded in our considerations is of
great interest. Namely, the classical spaces L! + L> and L' N L>° which are
important in the interpolation theory as well as the spaces LP NL>® (1 <p <
o0) become a special cases of Orlicz spaces investigated in this paper.

A map ¢ : R — [0, o0] is said to be an Orlicz function if it is even, convex,
left continuous on whole of R, ®(0) = 0 and ® is not identically equal to zero.
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For any Orlicz function ® we set

a(®) =sup{u>0: &(u) =0}

b(®@) =sup {u>0: ®(u) < c0}.
We say an Orlicz function ® satisfies the As-condition for all u € R (at infinity)
[at zero] if there are positive constants K and wuy with 0 < ®(ug) < oo such
that ®(2u) < K®(u) holds for all u € R (for every |u| > wug) [for every

lu| < up]. We denote these conditions by ® € Ay (P € Ay(o0)) [P € Ay(0)],
respectively. Obviously, ® € A, if and only if ® € As(c0) and @ € Aq(0).

Let (T, %, 1) be a measure space with a o-finite, non-atomic and complete
measure ;1 and L°(u) be the set of all u-equivalence classes of real and Y-
measurable functions defined on 7. For a given Orlicz function ® we define
on L°(u) a convex functional (called a pseudomodular, see [22]) by

o(@) = [ Ba(t) du

We define the Orlicz space Lg generated by an Orlicz function ® by the
formula

Lo = {:c € L%(u) : Ip(cx) < oo for some ¢ > 0 depending on x}

This space is usually equipped with the Luzemburg norm

T

lz]lo = inf{s >0 Lp(—) < 1}

3

or with the equivalent one

folly =sup{ [ laOldu: v € L7 1(0) <1
called the Orlicz norm, where the function V¥ is defined by the formula
U(u) = sup {|ulv — (v) : v >0}

and called complementary to ® in the sense of Young. It is proved in [15] that
for any Orlicz function ® the Amemiya formula for the Orlicz norm

o1
Il = inf - (1+ Lo (k)

is true. The set of all £ > 0 at which the infimum in the Amemiya formula for
|z||$ is attained (for fixed € Lg) will be denoted by K (x). In particular, the
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set K(x) can be empty if the Orlicz space Lg is generated by an Orlicz function

such that the function R(u) = Au— ®(u) is bounded, where A = lim,,_, oo (1)5‘“)
(see [3]). Moreover, for any = € Lg define

0(z) =sup {c > 0: Is(cz) < o0}

To simplify notations, we put Le = (Le, || - ||¢) and LY = (Le, || - |$)-

We say w is a point of strict convexity of ® (we write w € SC(®)) if for
every u,v € R such that u # v and w = % (u + v) there holds

(I)(u—;-v) < %((I)(u) + ®(v)).

For more details on Orlicz spaces we refer to [2, 19, 22, 24].

2. General results

The following result proved in [4] for the Orlicz sequence space (3 is also true
in the function space LY.

Proposition 1. Let x € LY\ {0}. If K(x) =0, then

.1
lzllg = kjé%)— 7 (14 To (k).

Proposition 1 leads to the following

Corollary 1.
(a) If z € LY and 0(x) < oo, then K(x) # 0.
(b) If K(z) = 0, then ||lzxs|% = Allzxs|r: for any B € %, where

A= lll’nuﬂoo (Diu) .

Proof. Both statements (a) and (b) can be proved on the base of Propo-
sition 1 by the same argumentation as in [4] and the fact that K(x{g) = () for
any B € ¥ whenever K(z) =( i

Theorem 1. Let ® be an arbitrary Orlicz function. Then x € S(LY) is
an extreme point of the unit ball B(LY) if and only if:

(a) the set K(x) consists of one element from (0, +00)

(b) kx(t) € SC(®) for p-a.e. t € T, where {k} = K(x).

Proof. Necessity. First, we will prove the necessity of K(z) # 0.

Although this fact was proved in [16], we will present here another very
short proof. Suppose that z is an extreme point of the unit ball B(L}) and
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K(z) = 0. We can find a number a > 0 such that the set {t € T : |z(t)| > a}
has positive and finite measure. We can assume without loss of generality that
the measure of the set Ty = {t € T': x(t) > a} is also positive and finite. Take
two subsets 17 and T5 of Ty such that u(7h) = p(Tz) > 0. Choose € € (0,a)
and put

21(t) = 2(O)x1\(ryumy) + (@) +e)xn, + (2(t) = )xr,
23(t) = 2(O)x1\(1yumy) + (2(1) = €)xmy + (2(1) + €)x73,-

N[

Obviously, x =
have

(1 + z2) and 1 # 3. Moreover, by Corollary 1/(b) we

HW@SAAWNWM:AAW@WWﬂmgzl

for i = 1,2. Hence 1,22 € B(LY). Therefore z cannot be an extreme point
of B(LY). If K(z) # 0 and z € S(L}) is an extreme point, then kx(t) must be
points of strict convexity of ® for p-a.e. t € T and K (x) must be a singleton
(because otherwise z is not an extreme point, see [16]).

Sufficiency. We first prove that for z1,2o € S(L}) with z = 2122 at
least one of the sets K(z1) or K(x2) is non-empty. Suppose that K(z;) = ()
and K (z2) = 0. Then

2= ||x1 + 22||3
<A/hﬂﬂ+mwwu
T

<A [ |n@ldu+ A [ (o) du
T T

= el + 221l

= 2.

The first sharp inequality follows from the fact that +oo ¢ K(z) because
K(x) = {k}, where 0 < k < +o0. This contradiction shows that K(x1) # ()
or K(x2) # 0.

Now we will prove that K(x1) # () and K(x2) # (. Otherwise, we can
assume without loss of generality that K(x1) # () and K(x2) = (). Put

[z1,2) ={(1 = Nz1+Az: 0< A< 1}
(z,22] = {(1 =Nz +Azg: 0 <A< 1},

Next we will prove that K(y) # 0 for all y € [z1,z) and K(y) = 0 for all
y € (z,x3]. Assume first for the contrary that there is x5 € [x1,x) such that
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K(xz3) = (). Then there exists A\3 € [0,1) such that z3 = (1 — A\3)z1 + A3z.
Since x1 = 2z — x5, we have

= (1 - )\3)(2$ — xg) + )\31‘ = (2 - )\3)!1,‘ - (1 - )\3)582

Hence z = 5 /\ Tg + 2 5 /\ 3 x9. Therefore
1= ||z/g
1
<A ‘ ‘d
/ 2 s —
1
|d,u+ /|ac2 )| du
A3
22—!\ 23lg + 2—H 2|3
=1

)
a contradiction.

Assume now for the contrary that there is x4 € (z,z2] such that K(z4) #
0. We can find 5 € [z1,2) such that = #1325 and x4 # 5. Therefore,
there are k4 > 1 and k5 > 1 such that

1
[ENEE ;?4“ + Ip(kyxs))

1
|zs5]|g = k_5(1 + Ip(k525)).

By the convexity of the modular I4 we have

kaks kaks
I 2z ) = 1.
‘I’(kr4+k:5 ””) ‘I’<k4+kz5(x4+x5)>
ks ky
=7 k k
@<k4+k5 4x4+k4+k‘5 5$5>
ks
< Iz (k I3 (k .
= T+ ks o (kazyq) + k:4+k5 o (ksxs)

Hence
2 = 2||z||g

l{?4+l{75 k4k5
141 2
Feaks ( + ‘I><k4+k5 x))

ka + ks ks ky
1 Is(k I (k
ik ( + P o (kazy) + e a( 5965))

1 1
< k_(l + Iq:.(k4l'4>) + k'_(l + I<I><k5$5))
4 5

IN

IN
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Consequently, all inequalities from the last three lines are equalities in fact.

2kaks __
Therefore e = k and

ks
ky + ks

O(kx(t)) = P (kawy(t)) +

for p-a.e. t € T. By the assumption that & is strictly convex at kxz(t) for
p-a.e. t € T, it follows that ksxs(t) = kszs(t) = kx(t) for p-ae. t € T.
Since 4,25,z € S(LY), we get ky = ks = k, which gives z4 = x5 = z. This
contradicts the inequality x4 # x5. Thus K(y) = 0 for any y € (z,x2]. Take
zn = (1= L)a+ La, for all n € N. Then z,, € (z,z5] for all n € N. Hence
K (z,) = 0 and consequently |z,[|3 = A [, |z, (¢)| dp for all n € N. Note that
T, — x as n — oo with respect to the norm || ||$ and lim, oo |z, (8)] = |2(¢)]
for p-a.e. t € T. Since K(x) = {k}, with 0 < k < +o00, we have

Jolfy = Jim ll§ = Jim 4 [ fon(0)]du = 4 [ oO]dn > s,

a contradiction. Therefore K(x1) # () and K(z2) # (). Now, repeating the
same procedure as above, putting x1 and x5 instead of x4 and x5, respectively,
we get

k:lacl(t) = kgl‘g(t) = kZL‘(t)

for p-a.e. t € T. Hence, by the fact that z1, 22,z € S(LY), we have k1 = ky =
k and consequently, z; = x5 = x. Thus z is an extreme point of B(L%) Il

Corollary 2. The Orlicz space Ly, is rotund if and only if:

(a) @ is strictly convex

Proof. Sufficiency. Taking any z € S(L%), we need to prove that z
is an extreme point of S(L%). Condition (b) guarantees that K(z) # () (see
[3]). By condition (a), kz(t) € SC(®) for p-a.e. t € T. Therefore, in view of
Theorem 1, z is an extreme point of B(LY).

Necessity. Let us first prove the necessity of condition (b). Assume that
this condition is not satisfied. Then there is z € S(LY%) such that K(z) = 0
(see [3]). Consequently, if B € ¥ Nsupp(z) and 0 < u(B) < p(supp(z)), then
K(xxp) = 0 and K(xxp/) = (), where B’ = supp(x) \ B. This yields that
A < oo and, by Corollary 1/(b), ||z]|% = Allz||r1, |zxB|% = Allzxs| L and
lzxB/||% = A||lxxp||L1. Therefore,

lzllg = llzxsle + loxs e
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For a = ||zxg|$ and 8 = ||xxp||%, we have a, 3 € (0,1) with a + 8 = 1.

Moreover, defining y = H;;X—BB'@) and z = ”;;XT%'”%, we have y, 2z € S(L$) and

ay + Bz =xxp +rXB = T.

This means that x is not an extreme point of B(L}) and so L is not rotund.

Using now condition (b), the necessity of which has already been proved,
we have that K(z) # 0 for any z € L3\{0} (see [3]). Consequently, the
necessity of condition (a) follows from Theorem 1

The next corollary gives sufficient conditions under which the ext B(LY) =
0.

Corollary 3. If one of the conditions

(i) Iy(poupxr) < 1 where uy = sup{u > a(®) : v € SC(P)}

(il) SC(®)\{0} =0
is satisfied, then ext B(LY) = 0.

Proof. Suppose ext B(L%) # (. Then, by Theorem 1, there are zy €
S(LY) and exactly one ko > 1 such that

1
|@ollg = k_o(l + Io(kowo))

and kozo(t) € SC(®) for p-a.e. t € T. It is well known that K(xg) = [k*, k**]
where

k* = k*(zo) = inf {k > 0: Ig(pokl|zo|) > 1}
k™ = k™ (z¢) = sup {k >0: Iy(pok|zgl) < 1}.

Since K (z¢) is a singleton, kg = k* = k**. If condition (i) is satisfied, then
ko|zo(t)| < ug for p a.e. t € T. Hence

Ty(poklzo|) < Tw(pouoxr) <1
and consequently the set
{k>0: Iy(poklzo|) > 1}

is empty, i.e. K(zo) = 0. Hence, by Theorem 1, xy cannot be an extreme
point of B(LY), a contradiction.

If condition (ii) is satisfied, then, by Theorem 1, kozo(t) = 0 for p-a.e.
t € T and, consequently, xo(t) = 0 for p-a.e. t € T. Therefore, zo ¢ S(L%), a
contradiction. This shows that in this case ext B(L}) = ), which finishes the
proof i
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Remark 1. The condition lim, .~ R(u) = oo is equivalent to the fact
that lim,—, 4 ¥(u) = oo, where R = A|u|—®(u) and the constant A are defined
as above and ¥ is the function complementary to ® in the sense of Young.

Theorem 2. Assume ® is an Orlicz function and x € S(LY). Then z is
a strongly extreme point of B(LY) if and only if the following conditions are
satisfied:

(a) The set K(z) is a singleton, that is K(x) = {k}, where k > 0.

(b) kx(t) € SC(®) for p-a.e. t€T.

(c) FEither ®(b(®)) < oo and x is of the form k|x(t)| = b(®) for p-a.e.
teT or ® € Ay(o0) and at least one of the conditions

(i) u(T) < o0

(i) a(®) >0

(iii) ® € As(0)
18 satisfied.

Proof. Necessity. Let x be a strongly extreme point of B(LY). Since
strongly extreme points are extreme points, so the necessity of conditions
(a) and (b) follows from Theorem 1. Consequently, we need only to prove
the necessity of condition (c¢). For, assuming that b(®) = oo, we first prove
the necessity of ® € Ag(co). Assume for the contrary that ® ¢ Ag(c0).
Then there is a sequence (u,) of positive numbers such that w, " oo and
®(2u,) > 2"®(uy,) for every n € N. Take a number a > 0 such that the
set To = {t € T : |z(t)] < a} has a positive measure. Next, passing to a
subsequence of (u,) if necessary, we may assume that for any n € N there is
T, € ¥ with T,, C Ty such that ®(u,)u(T,) = 2% Define

za(t) = a(Oxryr, (1) + (2(t) + signa(t) ) v, (0
ua(t) = 2(t)xrr, (1) + () = “signa(t) ) xr, ()
2a(t) = 2(t)xryr, (1) + signa(t)xr, (1)

for every n € N. Then z,, + y, = 2z for any n € N and, by u(7},) — 0 as
n — oo, we have

lim [z, — z[¢ = lim [lzxr, ¢ < a lim |x7, g =0.
n—oo n—oo n—oo
Since |y,| < |z, | for any n € N we have
lim sup ||y, |3 < lLimsup ||z,[[g

n—oo n—oo

— timsup |12,

n—oo
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1
< lim sup % [1 + Is(kxx\1,) + / D (uy,) d,u}

n—oo n

< lim sup [%(1 + Is(kx)) + %‘I)(Un)ﬂ(Tn)}

n—oo

1
=1+ — limsup @ (u, ) u(Ty)

k nooo
=1.
Moreover,
0= lim |lax7,||$ = lim ||z —ax\7, |3
n— 00 n—oo

lexr\1, |3 for every n € N, we have
liminf ||z, |3 > lminf ||y, | > liminf |2x7 7, (|3 = 1.
n—o0o n—oo n—oo
The last inequalities and inequalities (1) yield
Tim flaall$ = Tim s = 1= [l2]3.
However, we have for any n € N,
Io(2k(xy, — ) = O (2up ) pu(Ty) > 2" P (up)u(Ty) =1

whence ||, — z||$ > ||zn — z|le > 2k, which contradicts the fact that z is a
strongly extreme point.

Now we will prove that if 4(T) = 0o, a(®) = 0, b(P) = oo and @ € Ay(c0),
then ® € Ay(0), whenever z is a strongly extreme point of B(L}). First we
will show that there exists a set A € 3 such that I (22x4) < oo and u(A) =
co. Let (uy,) be a sequence of positive numbers such that ®(2u,) < 57 and
define

ansup{Q) :uZun}.

Then ®(2u) < K, ®(u) for all u > u,, (n € N). By the assumptions that
the measure p is non-atomic and p(7) = oo one can find a sequence (A,,)
in ¥ such that p(A,) = 1 for any n € N and p(A,, N A,) = 0 for any
m,n € N with m # n. Since Is(kz) < oo, we get Ig(kzxa,) — 0 as n — oc.
Consequently, there exists a subsequence (n;) of natural numbers such that
Iq,(kxXAnj) < ﬁ for all 7 € N. Define

AL ={te Ay : klz(t)] 2wy}, A2 = A, \AL, A=UXA,.
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Then

Is(2kaxa) = ) Ia(2kaxa,,)

j=1
= Ie(2kwxar )+ Y To(2kzxa2 )
=1 To= ’
<D Kjlakaxas )+ (2u;)u(A7)
i=1 j=1
=1 =1
< Z 2(3+1) - Z 20+1)
j=1 j=1
=1

which means that A is the desired set.

Now, we will show that there is a sequence (B,,) of measurable subsets of
A such that p(B,,) = oo for all n € N and I3(2kzxp,) — 0 as n — oo. For,
define

1
Cn:{teA: —<|m(t)|§n}.
n
Then U2, C,, = A up to a set of measure zero and Is(2kxxc, ) — Io(2kxx )
by the Beppo-Levi theorem, whence Is(2kzxa\c,) — 0 as n — oo. By

w(Cy) < oo for any n € N we have u(A\C),) = oo for any n € N. Therefore,
setting B,, = A\C,, for all n € N, we get the desired sequence.

Assume now that
w(T) =00, a(P)=0, b(P) =00, ®ec As(c0), ®¢& As(0).

Then there exists a sequence (u,) of positive numbers such that w, \, 0 as
n — oo and ®(2u,) > 2"®P(u,) for every n € N. For any n € N choose
T, C By, with T}, € ¥ such that ®(u,)u(T,) = 27" and define

Un

Ty =T+ 2kXTnsignx
Un .
=x — —XT,5ignx.

Then z,, + y, = 2z for every n € N. Moreover, |z| < |z,| for any n € N,
whence liminf, . [|z,]|3 > [|z]|% = 1. On the other hand, we have for each
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neN
O ]_
lznlle < (1 + o (kan))
1 2kxz(t) + up,
= - (1+ Lo (kex\r,)) +/ q’(%)@
Tn
1

< 1+ 5 {le@kaxr,) + ©(un)p(Tn) }

—1 (n— o0).
Consequently, limsup,,_, ., [|z,]|% < 1, whence lim, . ||z,]|% = 1. Since

lyn| < |z| for all n € N, we get limsup,,_, . [|[ynl|% < [|z]|3 = 1.

In order to prove that lim, .. [|[yn]|% = 1, we need only to show that
liminf, oo [|Ynl|% > 1. Assume for the contrary that liminf, . [|[yn||% < 1.
Then we get

2 =|22]g

= lim ||z, + yall3
= liminf ||z, + yn|/%
< liminf(||zn |3 + [|ynl$)
n—oo
< 1+ liminf HynH%
n—oo
<2

— a contradiction. Therefore, lim,, . ||yn||% = 1. Moreover,
Io(4k(zy — @) = Io(2unx,) = P2un)pu(T) > 2" (un)pu(T;,) =1

for all n € N. Hence, by the definition of the Luxemburg norm, we have

1
”xn _xH% > Hxn _35”@) > Ak

for each n € N. Thus x is not a strongly extreme point.

To finish the proof of the necessity we need to consider the case b(P) <
oo. First assume that lim, ;@) ®(u) = oo. Hence and by the inequality
Is(kx) < 0o, we get k|z(t)| < b(®) for p-a.e. t € T. Therefore, defining

An:{teT: klx(t)| < (1—%)b(<1>)} (n € N)

we have A; C Az C ... and u(T\ U2, A,) = 0. Consequently, there is
m € N such that p(A4,) > 0. Denote A,, = A and A = /1 — L. Then
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M < Ab(®) for every t € A. Choose a sequence (B,) of measurable

subsets of A such that u(B,) — 0 as n — oo and define

(1 =X)b(P) .

n T
_ (1 —=X)b(P) .

Ynp = T — ngnxxgn.

Then |z| < |z,| for all n € N, whence liminf,, o [|2,]|% > ||z||$ = 1. More-

over,

lnlls < - (1 + Io (k)

k

k
(1 + Lp(k‘l‘)) + Mg <TxXB

A
D+ 0= 2e(5he

IN
H?vl»—twlrﬁwh—l

—~ (L Lo(kz)

= |lllg
=1.

Consequently, liminf, . [|2,]|% < 1, whence lim, o ||z,]|%

lyn| < |x| for all n € N, we get

limsup ||y, [l¢ < z]g = 1.

n—oo

It is easy to prove that lim, . ||y, |3 = 1.

However, we have for any n € N

o (725 (= 1)) = (@) p(By) = o0

whence
1—A

Jn = 20§ 2 llan = 2llo = — =

(1 + Ip(kaxm\B,)) + 1Iq><)\k xB, + (1 - )

\_/

e

xs.)

1.

Since

Since x,, + vy, = 2x for any n € N, this means that z is not a strongly extreme

point if b(®) < co and lim,,_3)_ P(u) = co.

Similarly we can prove that if ®(b(®)) < oo, x € S(LY) and k|x(t)| < b(P)
for t € A, where p(A) > 0, then x is not a strongly extreme point. Therefore,
if b(®) < oo and z € S(LY) is a strongly extreme point, then it must be
O(b(P)) < oo and k|x(t)| = b(P) for p-a.e. t € T. This finishes the proof of

the necessity.
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Sufficiency. Suppose z € S(L%). By Theorem 1 and conditions (a) -
(b), x is an extreme point of B(LY). Let (z,) and (y,) be sequences in L,
such that [|z,[|$ — 1 and ||y,||$ — 1 as n — oo and z, + y, = 2z for any
n € N. We need to prove that ||z, — z||$ — 0 as n — oo. The proof requires
the consideration of few cases separately.

Case 1°. Assume that K(z,) # () and K(y,) # 0 for any n € N and [ =
max{sup,, kn, sup,, h, } < oo for some k, € K(x,) and h,, € K(y,) (n € N).

Then the sequence (%) is bounded. Assume without loss of generality
(passing to a subsequence, if necessary) that lim,, ng . = h. Then, in

view of the Fatou lemma, we get

1= [|lzl|g
1
< E(l +I<I>(hx))
k, -+ h, Ry,
<
it 52 (1 4a ()
. n+h kn
< lhnllgéf (1 + Is <k: (knzy) + m(hnyn)>>
k., h h,
< —
e (1 T S o)
= liminf — (i + — —l— _Lb(k Tn) + if@(h Y ))
n—o00 2 k., " h, o
. 1
= liminf - ( (1 + Ip(knzy)) + h—(1+fq>(hnyn))>
= liminf 5 (||wn||q> + lynll3)
— 1.

2knhn

Consequently, h € K (z). Since K(z) = {k}, we get h =k, i.e. lim, o0 327>

= k.

Next, we will show that k,z, — h,y, — 0 in measure. Assume that this
is not true. Then there exists €9 > 0 and 6y > 0 such that u(FE,) > gq for n
large enough, where

B, ={te€T: |knzn(t) — hnyn(t)| > 0o}

Since % — k asn — oo and z,, + vy, = 2z for any n € N, we conclude
that
knhy 2k,
n n) — k
kn+hn<x + Yn) kn+hna;—> x
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p-a.e. in T. Assume first that the measure of 7' is finite. Then kk’f;; (xn +

Yn) — kx in measure. Consequently, if

A, ={teT: kf’fzn (2 (1) + (1)) ¢ [k(t) — o, k(t) + 0]},

then p(A,) < £ for n large enough. Since k = sup, k, < oo and L =
sup, lzall < o0, we get

sup Io (knxy) = suplky ||z, ||$ — 1] < kL — 1 =: M < oo.

Therefore, defining
B, ={teT: kylz,(t)] > d}
where d > 0, we get for any n € N
M > Ig(knznxs,) = ®(d)u(Bn)
whence u(B,) < %. So there is d > 0 such that pu(B,) < £ for every
n € N. Analogously, we can prove that p(Cy) < % for any n € N if
Ch={t€T: hylyn(t)| > d}

with d > 0 large enough. Define
F, = {t €T |knan(t) — hayn(t)] = b0, knlzn(t)] < d, halyn(t)] < d}
nA,L.
Then, for every n € N,
N(Fn) > /L(En) - (N(An) + N(Bn) + /L(Cn))
€ €
> &0 — (—O + 24 8—0)
4
€o
1
Now, we will show that k,x, (t) and h,y,(t) are on different sides of kxz(t)
for t € F,, and n large enough. Notice that, for any n € N and for all ¢t € F,,,

Znlin_ |y — | b 0|
e + 1 N T
k,h,
= m(xn(t)+yn(t)))
h, k,
= kn+hn knxn(t) + kn+hn hnyn(t)‘
b, kn
< ke (t Py (t
_kn+hn| x ()|+kn+hn| Yn(t)]
h, d+ k,, p
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Since liminf,, .. k, > 1 and liminf, .. h, > 1, there exists n; € N such
that 2kohe > % for n > ny. Consequently,

kn+hn
4
#(t)] < 5d )
for n > ny. By lim,, % = k there is ny such that \% —k| < 4(1(1)%)51
for every n > ny. In view of (2) we get
h k
D kpxn(t " hayn(t) — k w
P $U+%+% yn(t) — ka(t)
knhy,
= | (@n®) + un() = ha()
2k, h
=|—"z(t)—k w
a(t) ~ ka(t)
2k, h
e | la(o)
< 4
4(1+k)d 3
3(1+ k)

for any t € F,, and n > ng = max{ny, na}.
On the other hand, for any t € F),, and n > ng we have

Fnha,
T (@ (8) + Y (0) — b (8]
hy, k.,
_ E;qjﬁzknxn@)+-E;qjﬁghnyn@)——hnyn@w
_ |y, (O*-( b —1>h uﬂ
- kn+hn nTn k‘n'i‘hn nYn
hy hn
Nk + Ry, ”w”@)_'kn4—hnh”y”“)
hy,
= | (e (t) = B (1)
hy,
k. +h |<kn$n(t) hnyn(t))}
> fin
"%t hy,
>_%5O
T k+3
3 do
> —=
4k+1
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because k = sup,,{k,} and the function Ef_—m is increasing on [3,00). Analo-

gously, we can get

i 35
m+m@“”+%@V%wdﬂz4“+B

for any t € F,, and n > ny. Therefore for any t € F,, and n large enough, the
distance between the point k +h (2, (t) + yn(t)) and each of the endpoints

knx,(t) and h,y,(t) of the interval is larger than 1 (?TE)’ but the distance of

Thus k,z,(t) and h,y,(t) are on

this point from kz(t) is less than
different sides of kxz(t) and

do
3(1+k)"
5_0
3(1+k)

for t € F,, and n > ng. By the fact that kz(t) € SC(®) for p-a.e. t € T we
have

min { [k 2 (t) = ke ()], [huya(t) — k()] } >

do
max {@(knxn(t)), (I)(hnyn(t))} > (I)<a(q)) + m>

for t € F},, and n > ng. Moreover,

< fin
h,, + k,,

B0 (1)) + = By 1)

for n large enough and t € F;,. Since the sequences (k) and (h,,) are bounded,
there exists §; > 0 such that

o, ko

D (hnyn(t)) }
for n large enough and ¢t € F},. Hence

2 = ||z, + ynH%

<liming 2 (1 gy (20 (wn+yn)))

§hmmf”+h[ /

o [ (e + yn<t>>)du}
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n—oo

o [ (i Zk (k0 (0) + 2 B (0))
(B (ki (1)) + @ (ot (t)))du)

< liminf {é (1+/:F@(knxn(t))du) +i<1+ T@(hnyn(t))du)

< lim inf

pi (2o
(2o

< lhnigéf max {CD knx,(t)), @(hnyn(t))}du)
< lim inf [2 B 513@( 3(1 + k) >“<F")}
<9_ 51350®<a(¢)+ﬁ>

where

b= <‘%f h 2i oty Qink >

The obtained contradiction shows that k,x, — h,y, — 0 in measure when
w(T) < oo.

Assume now that u(7") = co. Since ik +};€" — k, we conclude that
knhy, _ 2kyh,

p-a.e. in T'. Since xz,, + y, is equal to the fixed function 2x for any n € N, we

t hk fk (Zn 4 yn)—=kz also when p(T) = co.

Next, we define in the same way as in the case when p(7T) < oo the
sets I, Ay, Bn,Cy, and I, obtaining that u(F,) > < for n large enough.
Consequently, using this same argumentation as in the case when u(7) < oo,

kb . . .
7= (T +yn) is a convex combination

of kpx,, and h,y,, so h’i"fgn (xn(t) +yn(t)) is in the interval [k, zy (t), hnyn(t)]

r [hpyn(t), knx,(t)]. Therefore,

can prove tha

we get that k,z,, — hnynL 0. Since

knhn,
hn + kn (xn + yn) - knan) 0;
that is 2kaha o knmn—> 0. The last condition and the fact that 2knhla _, k

Fon+kn Pk
as n — 00 y1eld kntn — kx—> 0. The sequence (k,) is bounded, so we
may assume (passing to a subsequence if necessary) that k, — k' as n —
oo for some k' > 0. Since the sequence (||x,]|%) is bounded, we have that
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knzn — k'z, — 0 in norm, whence k,z,, — k'z,—— 0. Combining this with
knZn—— kx, we get k'z,—— kz, that is
K "

—Tp— . (3)

k

Therefore, by the Fatou property of the norm || - ||% (see [15]),

K K
1= |lz||} < hmmf ||gcn||q> T

Consequently, k' > k.

We may assume without loss of generality (passing to a subsequence if
necessary) that h,, — h'. We can prove in the same way as the inequality
k' > k has been proved that A’ > k. Assume without loss of generality

that £ > h’. By the Fatou Lemma we conclude that % € K(z) = {k}.

Hence % = k and we claim that this yields A’ = k'’ = k. Assume for

the contrary that k&’ > k. The function f(k) = 2hk g strictly increasing on

Wtk
(0,00), whence k' > k implies 5,h+];; < 22’2, = k, and consequently = h,+k <1,

which contradicts the inequahty h > k. ThlS contradiction proves that k' = k.
Therefore, the equality 2,’1’2, = k' yields 22— = 1, whence we get also b/ = k.
So the claim is proved.

h’+k

Therefore, by (3), £,— z. Moreover, |z,[|% — ||z/|%. Assumption (c)
implies that LY has the Kadec-Klee property with respect to the global con-
vergence in measure (see [7]). Consequently, ||z, —z|$ — 0and |y, —z||$ — 0
as n — 00. This finishes the proof of Case 1.

Case 2°. Assume the assumptions from Case 1° do not hold. There are
sequences (k!,) and (h],) of positive numbers such that

1
[2n]le > k:_’(l + Io(kpn)) —

[S—y
S| :Ir—‘

Jonlly > 5 (1 + T ) ~
for all n € N. We do not know if the sequences (k) and (h],) are bounded,
so we will consider the sequences (x},) and (y},), where z/, = 1(z, + z) and
y,, = i(yn + ) in place of (z,) and (y,), because ||z, — z[|} — 0 and
|yn — x||% — 0 as n — oo if and only if |2/, — x[|% — 0 and ||y, — z||% — 0 as
n — 00, respectively. Moreover,

13 @n +2) e < 5(lzalle + 2lls)
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for every n € N. Hence limsup,,_ . |23 < 1. In the same way we can
prove that limsup,, . [|[£252[|% < 1. Since 2=t 4 ¥nt® — 27 for all n € N,
we conclude that liminf, .. [|Z5t2]|9 > 1 and liminf, .o [|¥5F5)% > 1.

Consequently, || £2+2(|9 — 1 and || L2213 — 1 as n — oc.
Define 2k! k 2h! k
L and =—2=

O ek Tk

The sequences (w,,) and (v,,) are bounded. Moreover,

Ty + 20 1 Ty, +
< —(1+Is(w, ))
‘ 2 H<I>_wn< + o (w 2

kélk;:kk (1 le (k:;fk (@n + x)>>

:kzizk;rkk(lﬂé(k;ik(k/ n) kki (k0)))
z))

}

| /\

1¢1 1
{k, (14 Lo (Kyn)) + 7 (1 + Lo (k

1
< S healld + - + 1wl }
—1 (n— o0)

whence it follows that

kélk:kk <1+I¢<kf;fk(xn+x)>) -1 (n — o0).

Analogously,

h;h:kk <1+I¢(hsgfk(yn+m))) =1  (n—oo).

Therefore, we can prove in the same way as in Case 1° that ||/, — z|$ — 0
and |y, — z||% — 0 as n — oo.

Case 3°. Suppose that assumptions (a) and (b) are satisfied. We will show
that if additionally ®(b(®)) < oo, then x € S(LY) such that k|z(t)] = b(P)
for p-a.e. t € T is a strongly extreme point of B(L%). Namely, assume that
(x,,) and (y,) are sequences such that ||z,[|3 — 1 and |ly,]|% — 1 as n — oo
and x,, + y, = 2x. We have K(z,) # 0 and K (y,) # 0 by b(®) < co. Passing
to the sequences (%) and (Y2F%) in place of (z,,) and (y,) if necessary,
we may assume that the sequences (k,) and (h,), where k, € K(z,) and
hn, € K(yy) for any n € N, are bounded. We may assume without loss of
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generality that (k) and (h,,) are convergent. Their limits must be equal to k
as it follows from the proof of Case 1°. From the equalities

I@(knxn) = ky, — 1, I@(hnyn) =h,—1
lim k, = lim h, =k, Ip(kx)=Fk—1

n—oo

we have

Iy (kpxy) — I (kz)
]é(hnyn) - I@(k:I:)

Therefore, we may assume without loss of generality that I3 (k,x,) < oo and
Is(hnyn) < oo for all n € N. Consequently, &, |z, ()] < b(®) and h, |y, (t)| <
b(®) for p-a.e. t € T and for any n € N. Hence and from lim, . k, = k =
lim,,—, o0 hy, it follows that k|z, (t)| < b(®) and k|y,(t)] < b(®P) for p-a.e. t €T
and all n € N. Therefore, for p-a.e. t € T and for any n € N, we have

26(®) = 2k|z(t)| = klzn(t) + yn(t)] < E(lza (@) + [yn(8)]) < 26(P),

so |xn(t)] = |yn(t)| = |z(t)|. Consequently, x,, = y, = z. Therefore z is a
strongly extreme point. This finishes the proof il

Remark 2. Assume that u(T) = oo, z € S(LY), K(x) = {k} for some
0 < k < oo and k|z(t)| = b(P) for p-a.e. t € T. Then condition (c) from
Theorem 2 is satisfied and a(®) = b(®). In fact, if a(®) < b(P), then
O(b(®)) > 0 and I (kx) = oo by u(T) = 0o, which contradicts the assump-
tion K(x) = {k}. The equality a(®) = b(®) yields that LY = L> and there
is L > 0 such that ||z]|% = L||z|| for any x € LY. Moreover, the equalities
a(®) = b(P) = k|z(t)| for p-a.e. t € T imply by Theorem 2 that z is a strongly
extreme point.

Our results cover among others classical Banach spaces like the space L™,
the interpolation spaces L' + L and L' N L™ as well as the spaces LP N L™
with 1 < p < oc0.

3. Some applications

We start with the following well known result.

Corollary 4. In the space L™ extreme points and strongly extreme points
of B(L™) coincide. The only such points are functions x € L°(u) such that
|z(t)] =1 for p-a.e. t€T.

Proof. It is easy to see that L*> is the Orlicz space (with equality of
norms) L  where

O (u) = 0 for u € [-1,1]
> +00 otherwise.
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Obviously, a(®w) = b(Po) = 1. The only points of strict convexity of ® are
+1 and —1. Note that for any x € L%(u) with |z(t)] = 1 for y-ae. t € T
we have K (x) = {1}. Consequently, conditions (a) and (b) from Theorem 1
are satisfied. These facts, in view of Theorem 1, show that the only extreme
points are the ones mentioned above. Moreover, Theorem 2 yields that all
those points are strongly extreme, which finishes the proof i

Now we can apply Theorems 1 and 2 to the classical interpolation space
L' 4 L equipped with the norm

Il iz =it {llghy + lzlloe s y+ 2 =2,y € L1,z € L%}

(see [1, 20]). Criteria for extreme points of the unit ball of this space are known
(see [10, 13, 25]), but criteria for strongly extreme points of its unit ball were
still unknown. On the base of our Theorems 1 and 2 we can easily deduce
not only criteria for extreme points but also for strongly extreme points of the
unit ball of the space L' + L.

Corollary 5. Let x € S(L' + L>). Then the following statements are
equivalent:

(a) = is an extreme point of B(L' + L)
(b) u(T) > 1 and |x(t)| =1 for p-a.e. t €T
(c) x is a strongly extreme point of B(L* + L>).

If u(T) < 1, then the set of extreme points of the unit ball B(L' 4+ L>) is
empty.

Proof. It is known (see [12]) that L' + L® is an Orlicz space generated
by the Orlicz function @, ; defined by the formula ® ; (u) = max{0, |u|—1}.
Moreover, || - || = || - [|$_ .- Suppose that = € S(L' 4+ L>).

(a) = (b). Let x be an extreme point of B(L'+L®). Then, by Theorem 1,
there is kg > 1 such that kox(t) € SC(Poo 1) for p-a.e. t € T and K (x) = {ko}.
But SC(®) = {—1,1}, so |koz(t)| =1 for p-a.e. t € T. If kg > 1, then

1 1
[zl ree = —(1 +/ ®w71(kox(t))du> =<1
]{Jo T k()

which means that = cannot be an element of the unit sphere S(L' + L*).
Hence it must be kg = 1 and consequently |z(t)| = 1 for p-a.e. t € T. Now it
is enough to verify conditions under which statement (a) of Theorem 1 for the
function z is satisfied. Computing the norm of x using the Amemiya formula
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we get

. 1
]|z 4L = inf E(l + I, (kxr))

|
= Iir;%%(l +/T(I)OO’1(I€) du)
1 1 1
—min{ inf -, inf |-+ (1—2)u(T
mln{kel?o,l] ]{I,kel(rll,oo) [k + ( k)u( )}}

:mm{L mf[%ﬂ—u@%+u@ﬂ}

ke(1,00)

Now we will consider three cases separately.

If 4(T) < 1, then +(1 — u(T)) + u(T) is a decreasing function of the
variable k. Consequently,

1 1
inf |—(1— p(T )| = lim | (1-w(T 7| = W(1).
wef 70— @)+ p(D)] = lim (0= pul(T)) + uT)| = p(T)
Hence ||z||p14p~ = u(T) < 1,50 z ¢ S(L' + L), whence it follows that x is
not an extreme point of B(L! + L>). (It is easy to notice that K(x) = 0 in
this case).

If w(T) =1, then ||z| 140~ = 1, but K(z) = [1,00) and condition (a) of
Theorem 1 is not satisfied. Therefore, by Theorem 1, x cannot be an extreme
point of B(L! + L*>).

If 4(T) > 1, then (1 — pu(T)) + p(T) is an increasing and continuous
function of the variable k. Hence

1 1
inf (1= (T )| = lim |21 = (T )| = (1)
nt (R (D) + D) = fim [ (1= p(T) + (D)) = (1)
Consequently, ||z|| g1y = min{l, u(7T)} =1 and K(x) = {1}. Hence condi-
tion (a) of Theorem 1 is satisfied. Therefore u(7T) > 1 and |z(t)| = 1 for p-a.e.
t€T,ie. (b)holds true.

(b) = (c). Let w(T) > 1 and |z(t)] = 1 for p-a.e. t € T. By the
above construction, it is obvious that conditions (a) and (b) of Theorem 2 are
satisfied. We observe that &1 € Ay(00) and a(Ps,1) =1 > 0. This means
that condition (c¢) of Theorem 2 is also satisfied. Hence, by Theorem 2, z is a
strongly extreme point.

(c) = (a). This implication is trivial, because in any Banach space every
strongly extreme point of the unit ball is extreme.

By the implication (a) = (b), it follows immediately that in the case
w(T) < 1 the unit ball B(L! + L*°) has no extreme points. This finishes the
proof i
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Consider the space L' N L* equipped with the norm

I llzrmzee = -l + 1 - e

The extreme points of B(L! N L*>°) are characterized by Hudzik, Kamiriska
and Mastyto in [13]. We can also easily get their criteria using Theorem
1. Moreover, applying Theorem 2 we can find a characterization of strongly
extreme points of B(L' N L>). In contrast to the spaces L> and L' + L,
the extreme point of B(L! N L°) need not be strongly extreme, which follows
from the following

Corollary 6. A point x € S(L* N L) is extreme if and only if it is of
the form |z| = k= Yxa, where u(A) < 0o and k =1+ u(A).

The unit ball B(L* NL>) has strongly extreme points if and only if u(T) <
oo. The only strongly extreme points of B(L' N L) are the extreme points
corresponding to A ="T.

Proof. Since L' N L™ is the Orlicz space L%l _ with equality of norms,
where @1 o (u) = max{|u|, Poo(u)} and P is defined in the proof of Corollary
4 (see [13]), we can apply Theorems 1 and 2.

If |2] = (14 p(A))"txa with u(A4) < oo, then K(z) = {1 + u(4)}. In
fact, since

1
inf —(1+ 1. k(1 At = inf
inf 7 (1 Loy (L 0(4)) 7 xa)) o<kg1?+u(A><k+ 1+ pu(A

1 u(A) >
) )

k =1+ pu(A) is the only number for which the infimum is attainable and
z € S(L' N L*>). Obviously, (1 + u(A))z(t) € SCPy o for p-ae t €T
because SC® o, = {—1,0,1}. Hence, by Theorem 1, x is an extreme point
of B(L' N L%).

Now assume that z € S(L'N L) is an extreme point. Then, by Theorem
1, K(z) = {k} and kx(t) € SC®1 o = {—1,0,1} for p-a.e. t € T. Conse-
quently, k|z(t)| = 1 for p-a.e. t € suppx = A. The only k > 0 which satisfies
that condition and the equality +(1+ I, _(kz)) = 1is k = 14 pu(A). Indeed,
the last equality is equivalent to Iy, _ (kxz) = k — 1. Hence, by k|z(t)| = 1 for
p-a.e. t € A, we have @1 o (1)pu(A) =k —1,1ie. k =1+ p(A).

It remains to give a proof of the criteria for strongly extreme points. Since
P oo (D(P1,00)) = 1, by Theorem 2, an extreme point z of B(Lg, ) can be
strongly extreme only in the case when k|z(t)| = b(P1,00) = 1 for p-a.e.
t € T, where {k} = K(z). As we has already shown, k = 1+ p(supp x). Since
k € K(x) yields Iy, _(kx) < oo, we conclude that it must be p(supp ) < oo,
i.e. u(T) < oo. Consequently, the corollary is proved
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Consider now for 1 < p < oo the space LP N L* equipped with the norm
proposed in [15]:

)
)

Bzl + 2]z if Blz) < (
prqe||z|| e if B(z) > (

[l= 8=

||| Lo =

B B

where ((z) = mm'}'”’ for x # 0 and % + 2 =1.

Corollary 7. The space LP N L™ is strictly convez. If u(T) < %, then a
point x € S(LP N L) is strongly extreme if and only if |x| = (1+u(T)) " 1xr.
In the case when p(T) > 1, the unit ball B(LP N L) has no strongly extreme
points.

Proof. It is proved in [15] that LP? N L*> equipped with the above norm
is the Orlicz space LY ) oor Where @, oo (u) = max{|uf, o (u)}. Note that
SC(®p.0) =[—1,1]. Let o € S(LPNL*>). Then, by the fact that Is __(kz) =
oo for k > m, we have

1= [[z|[Lrnree
1
—inf ~(1+ Iy, _(k
inf - (1+1s, . (kz))

= inf ! (1+/(k|m])pd,u>
0<k< —1— k T

Tl oo
1
= inf 1+ EP||z|5,).
el (L Rl
Consider a real function f of variable £ > 0 defined by the formula

f(k) = —(1+ ak?)

?vl»—‘

where a > 0 is a real constant. The function f is differentiable on (0, c0). Its
derivative is of the form

1 _
(k)= 3t a(p — 1)kP~2,
It is easy to calculate that f’(k) < 0 if and only if k < (%)1/17, 1/ (k) =0 for
k= (ap)l/p and f'(k) > 0for k > (L ) /P This means that f (k) is decreasing

on (0, (ap)l/p) and increasing on ((ap)l/p, 00). Hence, taking a = ||z||%,, we
consider two cases.
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If

1 < 1 <g>%’
z[[ze — [|z][zr \p

then the only number at which the infimum is attainable is ky =

If )
1 1 >
> i )
zlzee = [zl \p
q)l/P

then the infimum is attainable only at kg = (”Iﬁw (5

Thus, K(z) = {ko} and ko|z(t)| € SC(®p o) for p-a.e. t € T. Therefore,
by Theorem 1, z is an extreme point of B(LP N L°). This proves that the
space LP N L is strictly convex.

Note that b(®, ~) = 1 and @, (b(Pp ~)) = 1. Consequently, by (c) of
Theorem 2, any strongly extreme point z is characterized by the equalities
|z||Lrnr = 1 and kolz(t)] = 1 for p-a.e. t € T, where ko is from (a) of
Theorem 2. Hence Iy, . (xr) = ko — 1. Taking into account the definition
of @), o0, we get u(T) < oo and kg = 1+ pu(T"). Consequently, |z| = (1 +
u(T)) " xr- 1t is not difficult to prove that [|z||rrre~ < 1if p(7) > 1 and
|zl Lrare = 1if p(T) < 1. Thus, when pu(T) < I, each strongly extreme

llzll oo

point of the unit ball is of the form |z(t)| = ﬁ(i”) for p-a.e. t € T. The
proof is finished B

By the space of finite (that is order continuous) elements we will mean
the subspace EY of LY defined by

E} = {x € LY : Is(\r) < oo for every A\ > 0}.

The space E3 equipped with the norm topology induced from LY is a closed
subspace of LY. Hence EJ is a Banach space. It is worth to describe its set
of extreme points because it plays an important role in studying the problems
concerning duals of Orlicz spaces. Note that E3 = {0} provided b(®) < oo,
so there is no sense of considering properties of E3 in this case.

Corollary 8. Let b(®) = co. Then ext B(EY) = ES Next B(LY).

Proof. Since £ is embedded isometrically into LY, the inclusion
E$ Next B(LY) C ext B(EY)
holds true. If z € ext B(E2), then, repeating the proof the necessity of The-

orem 1, we get conditions (a) and (b) of this theorem. Hence = € ext B(LY,).
Consequently, ext B(ES) C E Next B(LY) and the proof is finished B
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Corollary 9. Let b(®) = co. If one of the conditions
(i) Iy(poupxr) < 1, where ug = sup{u > a(P) : v € SC(P)}
(ii) SC(®) = {0}
(iii) a(®) > 0 and p(T) = oo
is satisfied, then ext B(E3) = 0.

Proof. By Corollaries 3 and 8, if (i) or (ii) is satisfied, then ext B(E$) =
. To prove the sufficiency of condition (iii), suppose ext B(E3) # 0. Then
by Corollary 8 and Theorem 1 there is xg € S(E3) with exactly one ky > 1
such that ||zo||$ = k—lo(l + Is(koxo)) and koxo(t) € SC(P) for p-ae. t e T.
Let condition (iii) be satisfied. Since a(®) = inf{u > a(®) : v € SC(P)}, we
have
Is(2koxo) > I5(2a(P)) = ®(2a(P))u(T) = oo,

i.e. ko ¢ E3 — contradiction. It shows that also in this case ext B(E$) = 0,
which finishes the proof il

Corollary 10. Assume ® is an Orlicz function with b(®) = oo and x €
S(EY). Then x is a strongly extreme point of B(ES) if and only if x is an
extreme point of B(EY), ® € Ay(00) and at least one of the conditions

(i) w(T) < oo

(ii) ® € A,(0)

18 satisfied.

Proof. Since LY = E2 provided ® € Ay(00) and one of the conditions (i)
or (ii) is satisfied, by Theorem 2 we conclude the sufficiency of the corollary. If
z is a strongly extreme point of B(EQ), then z is an extreme point of B(EJ).
By Corollary 4, we conclude that in the case a(®) > 0 and u(T) = oo also
the set of strongly extreme points of B(E$) is empty. Hence, excluding this
situation and taking into account the assumption b(®) = oo, by Theorem 2,
we conclude the necessity of the assumptions il
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