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− ṽ + ε ṽ + ˜ = ,
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∣∣∣ =
=˜ (ξ, ), = , ,
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αβ (·, )− (w)

αβ (·, )
∣∣∣ +α(Γ ′)

�
∫

| − | + +α(Γ ′) τ

� ∣∣∣ ( )
β − (w)

β

∣∣∣ − +α(Γ ′)
�

∫ ∣∣∣ (ξ(·), τ )− (ξ(·), τ )
∣∣∣ + +α(Γ ′)

τ.

∣∣∣ ˙( )αβ (·, )− ˙(w)αβ (·, )
∣∣∣ +α(Γ ′)

+
∣∣∣ ˙( )αβ − ˙(w)

αβ

∣∣∣ +α(Γ ′)
�

∣∣∣ (ξ(·), )− (ξ(·), )
∣∣∣ + +α(Γ ′)

,∣∣∣ ˙( )β − ˙( )
β

∣∣∣ − +α(Γ ′)
�

∣∣∣ (ξ(·), )− (ξ(·), )
∣∣∣ + +α(Γ ′)

, � ,∣∣∣∣ ∂∂ w

∣∣∣∣ +α(Γ ′)
�

∣∣∣ (ξ(·), )
∣∣∣ + +α(Γ ′)

.



=

τ<

∣∣∣(∇ − ∇w) (·, τ )
∣∣∣

α(Ω)
+

τ<

∣∣∣Π ( ) −Πw w( ) w

∣∣∣ +α(Γ )

+
τ<

∣∣∣ · ( ) − w · w( ) w

∣∣∣ +α(Γ )
+

τ<

∣∣∣∆ −∆w

∣∣∣
α(Γ )

�
τ<

| (·, τ )| +α(Ω)

∫
| (·, τ )− (·, τ )| +α(Ω) τ, ( . )

τ<
|(∇ − ∇w) (·, τ )| α(Ω) �

τ<
| (·, τ )| +α(Ω)

∫
| (·, τ )− (·, τ )| +α(Ω) τ. ( . )

ε
+α

Γ

∇ ( +α )
( , ) �

(
ε | ′| + | |

)
|∇ |

+ | |
(
ε
<

| (·, )| α(Ω) + | (·, )| +α(Ω)

) ( . )

= Γ × ( , )

ε
+α

Γ

( +α )
( , ) |∇ | + | | ε +α

Γ

∇ ( +α )
( , ) .

∇∣∣∣ (ξ, + )− (ξ, )

∣∣∣ �
(∫ +

| ′
τ (ξ, τ )| τ

) +α (
| |
) −α

ε
+α

Γ

( +α )
( , ) �

(
ε | ′|

) +α (
| |
) −α

,

✷

Π ( ) −
Πw w( ) w

ε
+α

Γ

[
Π ( ) −Πw w( ) w

]( +α )

( , )

�
(∫

Γ

∣∣∣∇( (ξ, τ )− (ξ, τ ))

∣∣∣ τ + ε
τ<

∣∣∣∇( (ξ, τ )− (ξ, τ ))

∣∣∣)
×
(
ε
τ<

| τ (·, τ )| α(Ω) +
τ<

| (·, τ )| +α(Ω)

)
.

( . )



Γ ∈ +α
( , )

� = + α∫
| (·, )| +α(Ω) �

∈( , )

| (·, )| +α(Ω)

�
(
| | +α(Γ ) +

∑
=

|µ |
)
, � .

τ ∈ ( , ) ∈ (τ, )

(τ)( , ) =
(

−
w ( , τ ),

)
, ∈ Ωτ .

∂ (τ)

∂
=
∑
=

(ξ, τ )
∂ (ξ, )

∂ξ

∣∣∣∣
ξ= −

w ( ,τ )

.

(τ ) ∈ +α(Ω )

∈(τ, )

| (τ )(·, )| +α(Ω ) � , ( . )

| | +α(Γ ) +∑
= |µ |

(ξ, )

Γ ∈ +α ∈ +α(Ω)

| (·, )| α(Ω) � , ( . )

τ< | (·, τ )| +α(Ω) + | (·, )| +α(Ω)

− ∇w + ∇w = (∇w · ∇̇w + ∇̇w · ∇w) − ∇̇w ≡ (ξ, ),

∇w · = −∇̇w · ≡ (ξ, ),

w( , ) w

∣∣∣
Γ

= − ˙
w( , ) w − w( , ) ˙w +

(
∆w( ) + ∆̇w( ) w

)
≡ (ξ, ),∫

Ω

(ξ, ) · ϕϕϕ ( w(ξ, )) ξ = −
∫
Ω

(ξ, ) · ∂
∂
ϕϕϕ ( w(ξ, )) ξ ≡ ν ,

( . )



∇̇w =
(∑

=

∂

∂

∂

∂ξ

)
= , ,

,

˙w = ∂

∂
w(ξ, ),

˙
w( ) =

(∑
=

(
∂

∂

∂v

∂ξ
+ ∂

∂

∂v

∂ξ

))
, = , ,

.

∈ +α(Ω) ∈ +α(Ω) ∈ +α(Γ )

− ∇ ′ + ∇ ′ = ′, ∇ · ′ = ′, Ωw( ) = w(Ω),

( ′, ′) = ′ Γw( ) = ∂Ωw( ),∫
Ωw

′ · ϕϕϕ ( ) = ν , = , ..., ,

( . )

′( , ) =
(

−
w ( , ),

)
, ∈ Ωw( ).

✷

ε − ∇w + �w( )+ ∇w = ,

∇w · = ,∣∣∣ =
= (ξ), ξ ∈ Ω,

w( , ) w

∣∣∣
Γ

= ,

( . )

( , )

Γ ∈ +α α ∈ ( , ) ∈ ˜ ( , ; α(Ω)) ∈
˜ ( , ; +α(Ω)) ∈ +α(Ω) ∈ ˜ ( , ; +α(Γ )) Πw ∈ +α,( +α)/ (Γ × ( , ))

∇ · (ξ) = (ξ, ), Π (ξ)

∣∣∣
Γ

= Π (ξ, )

= ∇ · (ξ, )+ (ξ, ),

, ∈ ˜ ( , , α(Ω)) ∈ ( , , (Ω))

>



∈ ˜ ( , , α(Ω)) ∈ ˜ ( , , +α(Ω)) ∈ ˜ ( , , α(Ω))

( , ) � ( ), ∈ ( , ), ( . )

( , ) = ε
τ<

| τ (·, τ )| α(Ω) +
τ<

| (·, τ )| +α(Ω) +
τ<

| (·, τ )| α(Ω),

( ) =
τ<

| (·, τ )| α(Ω) +
τ<

| (·, τ )| +α(Ω) +
τ<

| τ (·, τ )| α(Ω)

+
τ< Ω

| τ (ξ, )| +
τ<

| (·, τ )| +α(Γ ) + ε
+α

Γ

[
Πw

]( +α )

( , )
.

w · >

ε − ∇ + �( )+ ∇ = ( , )+ ,

∇ · = ( )+ ,∣∣∣ =
= ,

Π ( ) |Γ = ( )+Π Πw ,

· ( , ) |Γ = ( )+ · w,

( , ) = (∇w − ∇ ) + (∇ − ∇w) +
∑
=

∫
Ω

[
(ξ ′, ) · ϕϕϕ (ξ ′) ϕϕϕ (ξ)

− (ξ ′, ) · ϕϕϕ ( w(ξ
′, )) ϕϕϕ ( w(ξ, ))

]
ξ ′,

( ) = (∇ − ∇w) · = ∇ , = ( − A(w)) ,

( ) = Π
(
Π ( ) −Πw w( ) w

)
,

( ) = · ( ) − w · w( ) w.

( . )

A

τ<
| ( , )| α(Ω) +

τ<
| ( )| +α(Ω) +

τ<
| ( )| +α(Ω) +

τ<
| ( )| +α(Γ )

+ ε
+α

Γ

[
Π ( )

]( +α )

( , )
+ ε | ( )| α(Ω)

�
(∫

| (·, τ )| +α(Ω) τ + ε
τ<

| (·, τ )| +α(Ω)

)
( , ).



′
(∫

| (·, τ )| +α(Ω) τ + ε
τ<

| (·, τ )| +α(Ω)

)
� , ( . )

′

✷

∈ ( , )

> (ξ, )

ξ ′ = w(ξ, ) ∈ Ω ′ ≡ w(Ω, ).

ε ′ − ∇′
w

′ + �′w(
′)+ ∇′

w
′ = ′,

∇′
w · ′ = ′ (ξ ′ ∈ Ω ′, > ),

′
∣∣∣ =

= (ξ ′) ≡ ( −
w (ξ ′, )),

′
w(

′, ′) ′
w

∣∣∣
Γ ′ = ′,

( . )

′(ξ ′, ) = ( −
w (ξ ′, ), ) � Γ ′ = ∂Ω ′ ′

w

Γw( )
′
w(Γ

′, )

′
w(ξ

′, ) = ξξξ ′ +
∫

′(ξ ′, τ ) τ, ′(ξ ′, τ ) = ( −
w (ξ ′, ), τ ).

∇′
w

′
w �′w ′

w

∇w w �w w

′ = ∇ · ′′ + ′

′′ =
∑
=

(
δ +

∫
∂w′ (ξ, τ )
∂ξ

τ

)∣∣∣
ξ= −

w (ξ ′, )

′ (ξ ′, ).

(τ )( , )

∈ ( , )
′ ′ ′′ ′ ′

∈ ( , )

( , ) ∈ ( , )



= w(ξ, )

ε
(

+ ( · ∇)
)

− ∇ + �( )+ ∇ = , ∇ · = , ∈ Ωw( ),∣∣∣ =
= ( ), ∈ Ω ,

( , )

∣∣∣
Γw( )

= .

Ωw( )

ε ‖ (·, )‖ (Ωw( ))
+ ‖ ( )‖ (Ωw( ))

+
∑
=

(∫
Ωw( )

· ϕϕϕ
)

= . ( . )

‖ ( )‖
(Ωw( ))

+
∑
=

(∫
Ωw( )

· ϕϕϕ
)

� | ‖ (Ωw( ))

‖ (·, )‖ (Ωw( ))
� −

ε ‖ ‖ (Ω)

Γ ∈ +α

ε
−δ<τ<

| τ (·, τ )| α(Ω) +
−δ<τ<

| (·, τ )| +α(Ω) +
τ−δ<τ<

| (·, τ )| +α(Ω)

� εδ− ( + ε δ− )
α+

− δ<τ<

‖ (·, τ )‖ (Ω), ( . )

∈ (ε, ) δ = ( / , / ),

∈ ( , ) δ = ( , ) ωλ( ) >

< − δ + λ > − δ + λ λ ∈ ( , δ )

|ω′
λ( )| � λ− .

= ωλ = ωλ

ε + �w( )− ∇w + ∇w = ε ω′
λ( ),

∇w · = ,∣∣∣ =
= ,

w( , ) w

∣∣∣
Γ

= ,



( , ) � ε λ−
− δ +λ/ <τ<

| (·, τ )| α(Ω). ( . )

| (·, τ )| α(Ω) � µ | (·, τ )| +α(Ω) + µ− α+ ‖ (·, τ )‖ (Ω)

µ <

µ = χ

+ ε λ− , χ ∈ ( , ),

λ( + ελ− )−( / +α/ )

(λ) � χ
ε λ−

+ ε λ−

( + ε λ−

+ ε λ−

) + α (
λ
)

+ εχ− α−
− δ < <

‖ (·, τ )‖ (Ω)

(λ) = λ( + ε λ− )−( + α )

(
ε

− δ +λ<ε<
| τ (·, τ )| α(Ω)

+
− δ +λ<ε<

| (·, τ )| +α(Ω) +
− δ +λ<ε<

| (·, τ )| +α(Ω)

)
.

+ α

χ < ,

(λ) �
(
λ
)

+ ε χ− α−
− δ <τ<

‖ (·, τ )‖ (Ω),

( ) =

(λ) � εχ− α−
− δ <τ<

‖ (·, τ )‖ (Ω),

ε
− δ +λ<τ<

| (·, τ )| α(Ω) +
− δ +λ<τ<

| (·, τ )| +α(Ω) +

+
− δ +λ<τ<

| (·, τ )| +α(Ω)

� ελ− ( + ε λ− )
α+

− δ <τ<

‖ (·, τ )‖ (Ω).

λ = δ < ✷



Γ ∈ +α ∈ +α(Ω)

∇ · = , Π ( )

∣∣∣
Γ

=

τ<
| (·, τ )| +α(Γ ) � | | +α(Ω), ( . )

−δ<τ<
| (·, τ )| +α(Γ ) � εδ− ( + ε δ− )

α+

− δ<τ<

‖ (·, τ )‖ (Ω), ( . )

δ( ) δ = ( , )

Ω

= ∂ , = ∂ ,

∂ = ∂

∂ξ
− (ξ)

∑
=

(ξ)
∂

∂ξ

∈ +α(Ω) ∈ +α(Γ ) Γ Ω ξ ∈ Γ ∂

∂

∣∣∣
Γ

∣∣∣
Γ

∂

Γ

∂

ε − ∇w + �w( )+ ∇w = ( , ),

∇w · = ( ),∣∣∣ =
= ,

Πw w( ) w = ( ),

w · w( ) w = ( ),

( . )

( , ) = (�w( )− ∂ �w( ))+ ∂ ,∇w − ∂ ,∇w ,

( ) = − ∂ ,∇w · ,

( ) = Πw

(
Πw w(∂ ) w − ∂ (Πw w( ) w)

)
,

( ) = w · w(∂ ) w − ∂ ( w · w( ) w).

∂ ,∇w

∂ ∇w − ∇w∂ = (∂ (w))∇ +
∑
=

∇w( )
∂

∂ξ
≡
(∑

=

∂

∂ξ

)
= , ,

.



( ) = ∇ · + ,

=
∑

=
, = −

∑
=

∂

∂ξ
.

τ<
| ( , )| α(Ω) +

τ<
| ( )| +α(Ω) + ε

τ<
| (·, τ )| α(Ω) ( . )

+ ε
τ< Ω

| (ξ, τ )| +
τ<

| ( )| +α(Γ ) +
τ<

| ( )| +α(Γ ) + ε
+α

Γ

( )
( +α )
( , )

� ( , ).

( )

∣∣∣ =
= ∇ · ( )

∣∣∣ =
= Π ( )

∣∣∣
Γ

( , ) �
(

( , )+ | | +α(Ω)

)
� | | +α(Ω).

τ<
| (·, τ )| +α(Γ ) �

∑
= τ<

| (·, τ )| +α(Ω) � | | +α(Ω).

= ωδ = ωδ

ε + �w( )− ∇w + ∇w = ε ω′
δ + ( ωδ, ωδ),

∇w · = ( ωδ),∣∣∣ =
= ,

Πw w( ) w = ( ωδ),

w · ( ) w = ( ωδ).

( , ) �
(

( ωδ, ωδ)+ ε δ−
−δ< <

| (ξ, )| α(Ω)

)
�

(
ε

− δ/ <τ<

| τ (·, τ )| α(Ω) +
− δ/ <τ<

| (·, τ )| +α(Ω) +
− δ/ <τ<

| (·, τ )| +α(Ω)

)
+ ε δ−

− δ/ <τ<

| (ξ, )| +α(Ω).



( , ) � εδ− ( + ε δ− )
α+

− δ<τ<

‖ (·, τ )‖ (Ω).

✷

Γ ∈ +α ∈ +α(Ω)∫
| | +α(Ω) +

∫
| | +α(Ω) � ε. ( . )

Γ ∈ +α ∈ +α(Ω) ∫
| | +α(Γ ) � ε. ( . )

< ε > ε

∫ ε(
| | +α(Ω) + | | +α(Ω)

)
+
∫
ε

(
| | +α(Ω) + | | +α(Ω)

)
�

(
ε| | +α(Ω) + ‖ ‖ (Ω)

∫
ε

εδ− ( )( + ε δ− ( ))
α+ −

ε

)
� ε | | +α(Ω).

ε ηηη − ∇wηηη + �w(ηηη)+ ∇wπ = ,

∇w · ηηη = ,

ηηη

∣∣∣ =
= ,

Πw w(ηηη) w

∣∣∣
Γ

= ,

w · w(ηηη, π) w −
∫

w(ξ, τ ) ·∆w(τ) ηηη τ

∣∣∣
Γ

= +
∫

τ

( . )



( , )

ε ηηη − ∇ ηηη + �(ηηη)+ ∇π = + (ηηη, π),

∇ · ηηη = + (ηηη),

ηηη

∣∣∣ =
= ,

Π (ηηη)

∣∣∣
Γ

= Π + (ηηη),

· (ηηη, π) − ·∆
∫

ηηη ηηη

∣∣∣
Γ

= +
∫

τ + (ηηη)+
∫

(ηηη) τ,

( . )

−
(ηηη) = ( ·∆ − w ·∆w( )) ηηη.

w · >

τ<
| (ηηη, π)| α(Ω) +

τ<
| (ηηη)| +α(Ω) + ε

τ<
| (ηηη)| α(Ω) +

τ<
| (ηηη)| +α(Γ )

+ ε
+α

Γ

(ηηη)
( +α )
( , ) +

τ<
| (ηηη)| +α(Γ ) +

τ<
| (ηηη)| α(Γ )

�
(∫

| (·, τ )| +α(Ω) τ + ε
τ<

| (·, τ )| +α(Ω)

)(
ε
τ<

|ηηητ (·, τ )| α(Ω)

+
τ<

|ηηη(·, τ )| +α(Ω) +
τ<

|π(·, τ )| +α(Ω)

)
.

(∫
| (·, τ )| +α(Ω) τ + ε

τ<
| (·, τ )| +α(Ω)

)
� , ( . )

<

( , )

χ ( ) χ ( ) = < / χ ( ) = > / χ ( ) = − χ ( )

ηηη χ ≡ ηηη πχ ≡ π

ε ηηη − ∇wηηη + �w(ηηη )+ ∇wπ = χ + ε ηηη χ ′, ( . )

∇w · ηηη = χ , ( . )

ηηη

∣∣∣ =
= ,

Πw w(ηηη ) w

∣∣∣
Γ

= χ , ( . )



w · w(ηηη , π ) w −
∫

w ·∆w(τ) ηηη τ

∣∣∣
Γ

( . )

=
∫ (

w · w(ηηη, π) w

∣∣∣
Γ

−
)
χ ′ τ +

∫
χ τ + χ .

ηηη π ∈ ( , / ) ηηη

ηηη

∣∣∣ = /
= ( . )

= τ ∈ ( / , )

τ ∈ ( / , ( , / ))

(ηηη , π ) = ∈ ( / , / )

ξ ′ = w(ξ, / ) ≡ w(ξ)

ε ηηη′ − ∇′
wηηη

′ + �′w(ηηη
′ )+ ∇′

wπ
′ = ,

∇′
w · ηηη′ = , ξ ′ ∈ Ω / ≡ Ω ′, > / ,

ηηη′
∣∣∣ = /

= ,

Π ′
w

′
w(ηηη

′ ) ′
w

∣∣∣
Γ ′ = ,

′
w · ′

w(ηηη
′ , π ′ ) ′

w −
∫

/

′
w ·∆′

w(τ) ηηη
′ τ

∣∣∣
Γ ′ = +

∫
/

τ,

( . )

Γ ′ = ∂Ω ′, ηηη′ = ηηη ◦ −
w , π ′ = π ◦ −

w , = ( χ + ε ηηη χ ′ ) ◦ −
w ,

= χ ◦ −
w , = χ ◦ −

w , = χ ◦ −
w ,

=
[∫

/

(
w · w(ηηη, π) w

∣∣∣
Γ

−
)
χ ′ τ + χ

]
◦ −

w .

∈ ( / , / )

ε
τ∈( / , )

|ηηη′
τ (·, τ )| α(Ω ′) +

τ∈( / , )

|ηηη′ (·, τ )| +α(Ω ′) +
τ∈( / , )

|π ′ (·, τ )| +α(Ω ′) �

(
τ∈( / , )

| (·, τ )| α(Ω ′) +
τ∈( / , )

| (·, τ )| +α(Ω ′) +
τ∈( / , )

| τ (·, τ )| α(Ω ′)

+
τ∈( / , ) Ω ′

| τ (ξ
′, τ )| +

τ∈( / , )

| (·, τ )| +α(Γ ′) + ε
+α

Γ ′

( +α )
( / , )



+
τ∈( / ),

| (·, τ )| +α(Γ ′) +
τ∈( / , )

| (·, τ )| α(Γ ′)

)
, ∈ ( / , / ), ( . )

= χ ◦ −
w = χ ◦ −

w ηηη = ηηη χ + ηηη π = π χ + π

( , / )

∈ ( , / ) <

∈ ( , )

w · w(ηηη, π) w −
∫

w(ξ, τ ) ·∆w(τ)ηηη(ξ, τ ) τ

∣∣∣
Γ

= +
∫

τ +
∫

(ηηη) τ,

(ηηη) =
[
˙w(ξ, ) ·∆w( )+ w(ξ, ) · ∆̇w( )

] ∫
ηηη(ξ, τ ) τ.

τ<
| (ηηη)| α(Γ ) �

∫
|ηηη(·, τ )| +α(Γ ) τ,

ηηη = π = ηηη + π + = , , ...

ε(ηηη + ) − ∇wηηη + + �w(ηηη + )+ ∇wπ + = −ε + L (ηηη , π ),

∇w · ηηη + = L (ηηη ),

ηηη +
∣∣∣ =

= ,

Πw w(ηηη + ) w

∣∣∣
Γ

= L (ηηη ),

w · w(ηηη + , π + ) w − w ·∆w( + − w)

∣∣∣
Γ

= L(ηηη , π ),



L L ≡ =
ε ηηη − ∇wηηη +�w(ηηη )+ ∇wπ = −ε + (∇ − ∇w) − (∇ − ∇w)

+ �w( )− � ( )+
∑
=
µ
(
ϕϕϕ ( (ξ, ))− ϕϕϕ ( w(ξ, ))

)
≡ (ξ, ),

∇w · ηηη = (∇w − ∇ ) · ≡ (ξ, ),

ηηη | = = ,

Πw (ηηη ) w

∣∣∣
Γ

= Πw

(
Πw w( ) w −Π ( )

)∣∣∣
Γ

≡ (ξ, ),

w · w(ηηη , π ) w − w ·∆w( )

∫
ηηη τ

∣∣∣
Γ

= w ·
(

w( , ) w − ( , )
)∣∣∣
Γ

+ w ·
(
∆ ( )−∆w( )

)
+ w ·∆w( )

∫
(ξ, ) τ

∣∣∣
Γ

≡ (ξ, )

= + = +

= ∇ · , = (A(w) − A( )) .

<

| (·, )| α(Ω) +
<

| (·, )| +α(Ω) +
<

| (·, )| α(Ω)

+
τ<

| (·, )| +α(Γ ) +
τ<

| (·, )| +α(Γ ) + ε
+α

Γ

( +α )
( , ) � ε,

ε
<

|ηηη (·, )| α(Ω) +
<

|ηηη (·, )| +α(Ω) +
<

|π (·, )| +α(Ω) � ε.

ψψψ + = ηηη + − ηηη ρ + = π + − π

ε(ψψψ + ) − ∇wψψψ + + �w(ψψψ + )+ ∇wρ + = L (ηηη , π )− L (ηηη − , π − ),

∇w ·ψψψ + = L (ηηη )− L (ηηη − ),

ψψψ +
∣∣∣ =

= ,

Πw w(ψψψ + ) w

∣∣∣
Γ

= L (ηηη )− L (ηηη − ),

w · w(ψψψ + , ρ ) w − w ·∆w( )

∫
ψψψ + τ

∣∣∣
Γ

= L(ηηη , π )− L(ηηη − , π − ).

( . )



∇ ≡ ∇ ≡ Π ≡ Π ≡ ≡

L (ηηη , π )− L (ηηη − , π − ) = (∇ − ∇w)ψψψ − (∇ − ∇w) ρ
+ (�w(ψψψ )− � (ψψψ ))+ (� − ( − )− � ( − ))

+ (∇ − ∇ − ) − − (∇ − ∇ − ) − +
∑
=
µ
(
ϕ ( )− ϕ ( − )

)
,

L (ηηη )− L (ηηη − ) = (∇w − ∇ ) ·ψψψ + (∇ − − ∇ ) · − = ∇ · !H ,

!H = (A(w) − A( )) ψψψ + (A( − ) − A( )) − ,

L (ηηη )− L (ηηη − ) = Πw

(
Πw w(ψψψ ) w −Π (ψψψ )

)
+Πw

(
Π − − ( − ) − −Π ( − )

)
,

L(ηηη , π )− L(ηηη − , π − ) = P +
∫

Q′ τ +
∫

Q′′
τ,

P = w ·
(

w(ψψψ , ρ ) w − (ψψψ , ρ )
)

+ w ·
(

− ( − , − ) − − ( − , − )
)

+ · (∆ −∆ − ) ξξξ,

( . )

Q′ =
[
˙w · (∆ −∆w)+ w · (∆̇ − ∆̇w)

] ∫
ψψψ τ + w · (∆ −∆w)ψψψ

+
[
˙w(∆ −∆ − )(ξξξ +

∫
− τ)+ w(∆ −∆ − ) −

]

Q′′ = ( w − ) (∆̇ − ∆̇ − ) ξξξ + w · (∆̇ − ∆̇ − )

∫
− τ.

�

ε
τ<

| τ (·, τ )| α(Ω) +
τ<

| (·, τ )| +α(Ω) + +
τ<

| (·, τ )| +α(Ω) � ,

∫
| (·, τ )| +α(Ω) τ � θ, = , ..., , ( . )

θ = , ...,

( , )

( ) = ε
τ<

|ψψψ τ (·, τ )| α(Ω) +
τ<

|ψψψ (·, τ )| +α(Ω) +
τ<

|ρ (·, τ )| +α(Ω)



+ ( ) �
(
τ<

∣∣∣L (ηηη , π )− L (ηηη − , π − )

∣∣∣
α(Ω)

+
τ<

∣∣∣L (ηηη )− L (ηηη − )

∣∣∣ +α(Ω)

+ ε
τ<

| !H τ | α(Ω) +
τ<

∣∣∣L (ηηη )− L (ηηη − )

∣∣∣ +α(Γ )

+ ε
+α

Γ

[
L (ηηη )− L (ηηη − )

]( +α )

( , )
+

τ<
|P | +α(Γ ) +

τ<
| ′ | α(Γ )

+
τ<

| ′′ | α(Γ )

)
.

( . )

· ∂ξξξ
∂ηα

=
β(η, )

| · (∆ −∆ − ) ξξξ | +α(Γ ) �
∫

|ψψψ (·, τ )| +α(Ω) τ �
∫

(τ ) τ.

τ<
|Q′′ | α(Γ ) �

(∫
|ηηη − (·, τ )| +α(Ω) τ +

∫
| (·, τ )| +α(Ω) τ + ε

)
|ψψψ (·, τ )| +α(Ω)

(∫
|ηηη − (·, τ )| +α(Ω) τ + ε

)
( )+

∫
(τ ) τ.

+ ( ) �
(∫ (

|ηηη (·, τ )| +α(Ω) + |ηηη − (·, τ )| +α(Ω) + | (·, τ )| +α(Ω)

)
τ + ε

)
( )

+
∫

(τ ) τ.

Σ ( ) =
∑

=
( ).

|ηηη (·, τ )| +α(Ω) � Σ ( )

Σ + ( ) �
( ∫

Σ (τ) τ +
∫

| (·, τ )| α+ (Ω) τ + ε

)
Σ ( )

+
∫

Σ (τ) τ + ( ).

ε (∫
| (·, τ )| +α(Ω) τ + ε

)
� . ( . )



Σ + ( ) � Σ ( )

∫
Σ (τ) τ +

∫
Σ + (τ ) τ + ε, < ,

Σ + ( ) �
(

Σ ( )

∫
Σ (τ) τ + ε

)
≡ Σ ( )

∫
Σ (τ) τ + ε.

( . )

( ) =
∫

Σ (τ) τ

+ ( ) � ( )+ ε . ( . )

ε < ( . )

= −
√

− ε = ε

+ √ − ε

− + ε = .

( ) � + ( ) � ( ) �
= , ..., +

Σ + ( ) � Σ ( )+ ε = ε

+ √ − ε
Σ + + ε,

Σ + ( ) � ε√ − ε
. ( . )

ε
τ<

| + (·, τ )| α(Ω) +
τ<

| + (·, τ )| +α(Ω) +
τ<

| + (·, τ )| +α(Ω)

� ε
τ<

| τ + τ | α(Ω) +
τ<

| + | +α(Ω) +
τ<

| + | +α(Ω) + ε√ − ε
,

∫
| + (·, τ )| +α(Ω) τ � + ε +

∫ (
| (·, τ )| +α(Ω) + | | +α(Ω)

)
τ,



= , , ... ε ε

(ηηη , π )

(ηηη, π) ( )

ε
τ<

|ηηητ (·, τ )| α(Ω) +
τ<

|ηηη(·, τ )| +α(Ω) +
τ<

|π(·, τ )| +α(Ω) � ε√ − ε
, ( . )

ψψψ = ηηη − ηηη′
ρ = π − π ′

ε ψψψ − ∇wψψψ + ∇ρ = L (ηηη, π)− L (ηηη′, π ′),

∇w ·ψψψ = L (ηηη)− L (ηηη′),

ψψψ

∣∣∣ =
= ,

Πw (ψψψ) w

∣∣∣
Γ

= L (ηηη)− L (ηηη),

w · w(ψψψ, ρ) w − σ w ·∆w( )

∫
ψψψ τ

∣∣∣
Γ

= L(ηηη, π)− L(ηηη′, π ′).

( ) = ε
τ<

|ψψψ(·, τ )| α(Ω) +
τ<

|ψψψ(·, τ )| +α(Ω) +
τ<

|ρ(·, τ )| +α(Ω)

( ) �
[∫ (

|ηηη(·, τ )| +α(Ω)+|ηηη′(·, τ )| +α(Ω)+| (·, τ )| +α(Ω)

)
τ+ε

]
( )+

∫
(τ ) τ.

(ηηη′, ′)

( ) � ( )
(∫

(τ ) τ + ε
)

+
∫

(τ ) τ,

( ) = ε

∈ ( , )

( , ) ( , )

ξ ′ = w(ξ, )

−∇′
w

′ + ∇′
w

′ + �′w(
′) =

∑
=
µ ϕϕϕ( ′

w(ξ
′, )),

∇′
w · ′ = , ξ ′ ∈ Ω ′ ≡ w(Ω, ), > ,

′
w(

′, ′) ′
w −∆′

w( )
′
w(ξ

′, )|Γ ′ = .



Γ ′ = ∂Ω ′, ′(ξ ′, ) = ( −
w (ξ ′, ), ), ′(ξ ′, ) = ( −

w (ξ ′, ), ) ′
w(ξ

′, ) =
ξξξ ′ + ∫ ′(ξ ′, τ ) τ ( > ) ∇′

w = A(w)′∇ξ ′ A(w)′ ′ = δ +∫ ∂w′
∂ξ ′ τ ′

w = − + ′
w

′
w(

′) = ∇′
w + (∇′

w
′) ′

w ∆′
w

Γ ′
w( ) = ′

w(Γ
′)

�′w(
′) =

∑
=

∫
Ω ′

′(ξ
′′
, ) · ϕϕϕ ( ′

w(ξ
′′
, )) ξ

′′
ϕϕϕ ( ′

w(ξ
′, )).

ε ′ + �′ ( ′)− ∇′ ′ + ∇′ ′ =
∑
=
µ ϕϕϕ ( ′ (ξ ′, )),

∇′ · ′ = , (ξ ′ ∈ Ω ′, > ),

′(ξ ′, )| = = ( −
w (ξ ′, ), ),

′( ′, ′) ′ −∆′ ( ) ′ |Γ =
′(ξ ′, ) = ( −

w (ξ ′, ), ) ′(ξ ′, ) = (( −
w (ξ ′, ), )

�′w(
′) =

∑
=

∫
Ω ′

′(ξ
′′
, ) · ϕϕϕ ( ′ (ξ

′′
, ) ξ

′′
ϕϕϕ ( ′ (ξ ′, ))

′ , ∇′

′ (ξ ′, ) = (ξ, )|
ξ= −

w (ξ ′, )
= ξξξ ′ +

∫
′(ξ ′, τ ) τ + (ξ ′), ( . )

(ξ ′) =
∫

( (ξ, τ )− (ξ, τ )) τ |
ξ= −

w (ξ ′, )
,

∇′ = ∇ |
ξ= −

w (ξ ′, )
= A( )(ξ, ) (w) (ξ, )|

ξ= −
w (ξ ′, )

∇ξ ′ ( . )

(w) =
(
δ +

∫
∂w (ξ, τ )

∂ξ
τ

)
, = , ,

.

′ (ξ ′, )− ′
w(ξ

′, ) =
∫

′(ξ ′, τ )− ′(ξ ′, τ ) τ + (ξ ′),

∇′ − ∇′
w =

(
(A( )(ξ, )− A(w)(ξ, )) (w) (ξ, )|

ξ= −
w (ξ ′, )

)
∇ξ ′ . ( . )

| | +α(Ω ′) �
∫

| − | +α(Ω ′) τ � ε,



| ′ (·, )− ′
w(·, )| +α(Ω ′) �

(
ε +

∫
| ′ − ′| +α(Ω ′) τ

)
∫ | − | +α(Ω) τ∫ | ′ − ′| +α(Ω ′) τ + ε

′, ′

ε ′ − ∇′
w

′ + �′w(
′)+ ∇w ′ = ,

∇′
w · ′ = , ξ ∈ Ω ′, ∈ ( , ),

′| = = ′(ξ ′, )− ′(ξ ′, ),

′
w(

′, ′) ′
w|Γ = .

ηηη′ = ′ − ′ − ′, π ′ = ′ − ′ − ′

εηηη′ − ∇′
wηηη

′ + �′w(ηηη
′)+ ∇′

wπ
′ = −ε ′ + L′ (ηηη′, π ′),

∇′
w · ηηη′ = L′ (ηηη′), ξ ′ ∈ Ω ′, ∈ ( , ),

ηηη′| = = , ( . )

Π ′
w

′
w(ηηη

′) ′
w|′Γ = L′ (ηηη′),

′
w · ′

w(ηηη
′, π ′) ′

w − ′
w ·∆′

w( )(
′ − ′

w)
∣∣′
Γ

= L′(ηηη′, π ′)

L′ (ηηη′, π ′) = (∇′ − ∇′
w )

′ − (∇′ − ∇′
w)

′

+�′w( ′)− �′ ( ′)+
∑
=
µ (ϕϕϕ ( ′ (ξ, ))− ϕϕϕ ( ′

w(ξ, )),

L′ (ηηη′) = (∇′
w − ∇′ ) · ′,

L′ (ηηη′) = Π ′
w(Π

′
w

′
w(

′) ′
w −Π ′ ′ ( ′) ′ ),

L′(ηηη′, π ′) = ′
w · ( ′

w(
′, ′) ′

w − ′( ′, ′) ′ )+ ′
w · (∆′ ( )−∆′

w( ))
′ (ξ, )

′ = ′ + ′ + ηηη′, ′ = ′ + ′ + π ′ ε

∈ ( , )

( ′, ′)

ε
<τ<

| ′
τ (·, τ )| α(Ω ′) +

<τ<

| ′(·, τ )| +α(Ω ′) +
<τ<

| ′(·, τ )| + (Ω)

� | ′(·, )− ′(·, )| +α(Ω ′) � ε.

( , ) ( , )




