
Ω ⊂ R

Ω ω ω

γ ω ω = (ω , γ, ω ) Ω

v γ

ω

ω · γ

θ = θ( , ) = ( )

θ − ∆θ = ω ( ) ∪ ω ( ),

v = −
[[
∂θ

∂

]]
γ ( ),

β( ) v + ( ) + θ = γ ( ),

β β S = { ∈ R |
| | = } β( ) v

φ = φ( ) ( ) = φ( ) ⊥ · ⊥ φ( )

φ R ⊥

©



◦

β∗ =
∈S

β( ) > ∗ =
∈S

( ) > .

β

(·, )
γ ( ) = ( , )

Θ θ

γ S ∂Ω

( , )

‖Θ − θ‖ (Ω),

∫
‖∇(Θ − θ)‖ (Ω),

( , )

‖ − ‖
(S,R )

,

∫
‖ − ‖

(S,R )




� ,

∈ ( , ∗ ∗ > �
(θ, )

ω ω v



θ

R

S

R

S ∈ S ⊥

S → R ( , ·) R → R

( , ) = ( )
(
∂ ( ),

)
,

( ) ∈ {± } ( ) (S)

(∂ , ) = ( , )− (R \ , ) ( , ) =
∈ | − | ⊂ R

Ω ⊂ R > = Ω × ( , )

S = S × ( , ) θ

Ω

θ = θ( , ) = ( , )

∈ , (S ,R ) ( ) = (·, ) (S, ) ⊂ Ω

∈ ( , )

θ , = {( , ) ∈ | (
( ),

)
< } = {( , ) ∈ |(

( ),
)
> } ∇θ (S )

θ = ∆θ ∪ ,

· = − ∇θ ( ) · S ,

β( ) = ( )

| | − θ( ) S

= − ⊥/| |

( , ) = ( ) ∈ S,

θ( , ) = θ ( , ) ( , ) ∈ [Ω × { }] ∪ [
∂Ω × ( , )

]



θ( ) ( , ) �→ θ( ( , ), ) ∇θ ( )

∂Ω

>

(θ, ) , γ

(θ, ) γ (θ, )

(θ, )

∈ +α,( +α)/ (S ,R ), ∈ (
, ; (S,R )

)
,

θ ∈ ( ), θ | ∈ +α,( +α)/ ( ), θ | ∈ +α,( +α)/ ( )

α ∈ ( , ) = =

( ) =
{ | ( ) − ( )|

S( , )
| , ∈ S, �=

}
,

S → R S S

( ) > | |

∞(Ω)

∞(S,R ) = ∩ (Ω) Θ ∈ ∈
θ ( ) >

(S) ⊂ Ω

Θ , → , →
∈ ( , ; ) (S, ) ⊂ Ω

(
( )
)
> ∈ ( , )

Θ ∈ ( , ; )

∫
Ω

Θ Φ +
∫
Ω

∇Θ · ∇Φ = −
∫

S

· ⊥ Φ( ) ∀ Φ ∈ ,∫
S

β( )

( )
· Ψ | | +

∫
S

· Ψ =
∫

S

Θ( )

( )

⊥ · Ψ | | ∀ Ψ ∈

= − ⊥/| | ( , )

( ) = , Θ( ) = Θ , Θ( ) − Θ ( ) ∈ ∈ ( , )



ψ = (ψ ,ψ )

ψ | | / ( ) S

Θ

( ) > (S) ⊂ Ω Θ ∈ ( , ; )
∗ ∈ ( , , ∗ ∈ (

, ∗ ,
)

Ω,β, , θ Ω

�

ϕ ∈ (Ω), −∆ϕ ∈ (Ω) �⇒ ‖ϕ‖ (Ω) � ‖∆ϕ‖ (Ω)

β β, ∈ ∞(S)

θ = θ + θ θ

θ

θ ∈ ∞( ) ∩ (
, ; (Ω)

)
,

θ ∈ ∞(Ω) ∩ (Ω), θ |ω ∈ (ω ), θ |ω ∈ (ω ),

ω = { ∈ Ω | ( , ) < } ω = { ∈ Ω | ( , ) > }

∇θ
>

⊂ ∞(Ω) = ⊂ ∞(S)

‖∇Φ‖ (Ω) � − ‖Φ‖ (Ω) ∀ Φ ∈ ,

‖Ξ ‖ ∞(S) � − / ‖Ξ ‖ (S) ∀ Ξ ∈ .

(Ω) →
(S) →

‖ ϕ − ϕ‖ (Ω) + ‖∇( ϕ − ϕ)‖ (Ω) � ‖ϕ‖ (Ω),

ϕ ∈ (Ω) �⇒ ϕ ∈
‖ ξ − ξ‖ (S) + ‖( ξ − ξ) ‖ (S) � ‖ξ‖ (S)



= ,∞ = , ϕ ∈ (Ω) ξ ∈ (S)

Ω Φ ∈

Ω

Θ θ

= Θ = θ + θ ,

(Ω) →

(θ, )

∈ , (S ,R ), ∈ , (S ,R ), , ∈ (
, ; (S,R )

)
,

θ ∈ ∞( ),
∈( , )

(‖θ | ( )‖ (ω ( )) + ‖θ | ( )‖ (ω ( ))

)
< ∞

ω ( ) = ∩ [
Ω × { }] ω ( ) = ∩ [

Ω × { }]

(θ, )

∈( , )

(
( )
)
>

∈( , )

(
(S, ), ∂Ω

)
> .

∗ > � Ω, , β, , θ , θ ,

, (θ, ) ∈ ( , ∗

(Θ, ) ,

( , )

‖Θ − θ‖ (Ω),

∫
‖∇(Θ − θ)‖ (Ω),∫

‖Θ( ) − θ( )‖ (S),

( , )

‖ − ‖
(S,R )

,

∫
‖ − ‖

(S,R )




� .

(
( )

) ↓ ↑
∗ ↓ ↑ ∞ ↑ .



= (ω , γ, ω )

δ
(
R , | · |)

Γ ( ) = (S, ) Ω ( ) = { ∈ Ω | (
( ),

)
< } Ω ( ) = { ∈

Ω | (
( ),

)
> } ∈ ,

∗ >

∈ ( , ∗

( , )

δ(ω ,Ω ),
( , )

δ(γ, Γ ),
( , )

δ(ω ,Ω ) � .

, v, v

S = − ⊥/| |
v

= · , = −
( )

(
β( ) + Θ( )

)
.

, ,

, v, �
∈ ( , ∗

( , )

‖ − ‖
(S,R )

,

∫
‖ − v‖ (S),

∫
‖ − ‖ (S) � .

( , ) → R

( ) ∈ γ ( ) ( , ) → R

( ) ∈ Γ ( ) (S) →

v ( ) = v
(

− (
( ),

)
,
)

( ) =
(

− (
( ),

)
,
)

∈ , − (·, ) − (·, ) (·, ) (·, )
v

� ∈ ( , ∗

‖ − v ‖ ( , ),

‖ − ‖ ( , )

}
�

(
/ + ‖ − ‖ (( , ),R )

)
.



( ) · ⊥ = ( ) · = { · | ∈ γ ( )}
∈ ( , )

∗ >
∈ ( , ∗ , → R

( ) ∈ Γ ( )

( ) · ⊥ = , ( ) · = { · | ∈ Γ ( ) · ⊥ = }
∈ ,

( , )

| − | � ,

�

‖ − v ‖ ( , ), ‖ − ‖ ( , ) � / ,

∈ ( , ∗

(+)

θ = θ �=
∗ ∈ ( , (Θ, ) , ∗

∈ (
, ∗ ,

)

∗ = S | | > ∗ = S | | < ∞

∗ � | | � ∗
S × , ∗ ,



∗, ∗ < ∗ � ∗
−∗ ∗ −∗ ∗ ‖ ‖ , (S ,R )

‖ ‖ (S,R )

∫ ‖ ‖
(S,R )

‖θ‖ ( )

β ∈ , ∗

‖ ( ) − ( )‖
(S,R )

+
∫

‖ − ‖
(S,R )

�
(

+
∫

‖ − ‖
(S,R )

+
∫

‖Θ( ) − θ( )‖ (S)

)
.

Ψ = ψ = −
β∗ ∗

∗ ‖ − ‖
(S,R )

+ ‖ − ‖
(S,R )

�
∑

=
,

=
∫

S

(
Θ( )

( )
| | ⊥ − θ( )

( )
| | ⊥

)
· ( − ),

=
∫

S

· ( − )

(
β( )

( )
| | − β( )

( )
| |

)
,

=
∫

S

β( )

( )
( − ) · ( − ) | | , =

∫
S

( − ) · (( ) − )
,

∗ = ∈S ( )

� ‖ − ‖
(S,R )

+ ‖ ‖
(S,R )

� ε ‖ − ‖
(S,R )

+
ε

ε > ∗
‖ ‖ , (S ,R )

= ∈( , ) ‖ (·, )‖ (S,R )
−∗ β∗ = ∈S β( )

∣∣∣∣β( )

( )
− β( )

( )

∣∣∣∣ �
( −

∗ , β∗, ‖β, ‖ ∞(S)

) | − |,

| − | � | | | − |,
∣∣∣| | − | |

∣∣∣ � ( ∗, ∗) | − |,

� ε ‖ − ‖
(S,R )

+
ε

‖ − ‖
(S,R )

,

−∗ ∗ ‖β, ‖ ∞(S)

∣∣∣∣ | |
( )

⊥ − | |
( )

⊥
∣∣∣∣ �

( ∗, ∗, −
∗ , ‖ ‖ ∞(S)

) | − |



� ε ‖ − ‖
(S,R )

+
ε

(
‖ − ‖

(S,R )
+ ‖Θ( ) − θ( )‖ (Ω)

)
,

‖θ‖ ( )

‖ − ‖
(S,R )

� ‖ − ‖
(S,R )

+ .

ε >

β∗ ∗
∗

∫
‖ − ‖

(S,R )
+ ‖ ( ) − ( )‖

(S,R )

�
[∫

‖ − ‖
(S,R )

+
∫

‖Θ( ) − θ( )‖ (S) +
]

∈ , ∗ −∗ β−∗
∗ ∫ ‖ ‖

(S,R )
‖ ‖ (S,R )

‖ ( ) − ( )‖
(S,R )

�
(

+
∫

‖ − ‖
(S,R )

)
∈ ,

✷

ϕ( ) −
Φ( ) Φ ∈ Θ

ϕ ∈ (Ω) θ

ϕ = Φ Ω × , ∗ → Ω

(·, ) (
( , ),

) = ( , )

∈ S ∈ , ∗ (·, ) − (·, ) ϕ =
Φ ◦ (·, ) θ̂ = θ ◦ −
θ̂ ( , ) = θ

( − ( , ),
) ∈ , ∗∫

Ω

θ̂ Φ +
∫
Ω

∇ θ̂ · ∇Φ = −
∫

S

· ⊥ Φ( ) + E(Φ),

E(Φ) =
∫
Ω

(∇θ) ◦ − ( − ) Φ +
∫
Ω

θ Φ ◦ (J − )

+
∫
Ω

(∇θ) ◦ − (
( − ) − ) · ∇Φ +

∫
Ω

∇θ · (∇Φ) ◦ (J − )

+
∫
Ω

∇θ · (∇Φ) ◦ ( − ).

J = | | R

ϕ( ) − Φ( ) E Θ − θ̂ θ̂ − θ



H

κ( ) =
∈S

| ( )| ( ) =
{ | − |
( , )

| , ∈ (S), �=
}
,

S → R ( ) (S) ( )

( , ) (S)

( )

S | | � ( ) �
( )

S | |

| | ( ) = { ∈ R |
( , ) < } > ⊂ R

= ( )/κ( ) > F
(− , ) × S → (

(S)
)

F( , ) = ( ) − ( )⊥

| ( )| ,(
,F( , )

) = ( , ) ∈ (− , ) × S

✷

G( , , ) = ( , ) + ( , ), ∈ R, ∈ S, ∈ , ,

∗ =
∈( , )

(
( )
)
/κ
(
( )
)
, ∗ =

∈( , )

(
(S, ),R \ Ω),

∗ = { , ∗, ∗}.
∗ > ∈ ( , ) ∗

(
(S, )

) ⊂ Ω

G(·, ) ∗ = (− ∗, ∗) × S ∗
(
(S, )

)

∗ � G( , , ) = ( + ( , )
) | ( , )| � ∗,

| G( , , )| � { , ∗}

( , ) ∈ ∗/ ∈ ,

| (G− )( , )| �
( { , ∗})−



∈ ∗/
(
(S, )

) ∈ ,

G ∈ (
∗ × ( , ),R

)
, G− ∈ (U ∗ ,R × S),

G ∈ (
, ; ( ∗ ,R )

)
, G ∈ ( , ; ( ∗ ,R )

)
U ∗ = ⋃

∈( , )
∗
(
(S, )

)× { }

|G ( , , )| � ‖ ‖
(S ,R )

+ | |
∗

‖ ‖
(S ,R )

( , ) ∈ R × S ∈ ,

|∂ G( , , )| � κ∗ ∗,

|∂ G( , , )| �
( −

∗ , ‖ ‖ , (S ,R )

) ( + ( + | ( , )|)),
| G ( , , )| �

( −
∗ , ‖ ‖

(S ,R )

) ( + ( + | ( , )| )) /

∈ R ( , ) ∈ S κ∗ = ∈( , ) κ
(
( )
)

η ∈ (R) η( ) = | | � ∗ η( ) =
| | � ∗ � η � |η′| � / ∗ R

‖ − ‖ (S,R ) � ∗ , ∗ .

ρ S × , ∗ → R σ S × , ∗ → S = G(ρ, σ, )

( , ) = G(ρ( , ), σ ( , ),
)
.

H R × S × , ∗ → R × S

H( , , ) = ( + η( ) ρ( , ), φ
)

φ = η( )

(
σ( , )

)
,

R ! C C \ { } → (−π, π
Ω × , ∗ → Ω

( , ) =
{
G
(
H(G− ( , ),

)
,
)
, ∈ ∗

(
(S, )

);
,

ρ σ

( ) =



H(·, ) ∈ , ∗ R × S

R × S

R×S

(
( , ), ( , )

) =
(

| − | + S( , )
) /

∗ =
∈( , )

(
( )
)
> .

‖ − ‖ (S,R ) � ∗
π , ∗

H ∈ (R × S × , ∗ ,R × S)

R×S

(H( , , ), ( , )
)

�
(

+
∗

) /

| ( , ) − ( , )|.

∈ , ∗ H(·, ) ∈ ∞( ,R × S) >

| H( , , ) − | �
(

| ( , ) − ( , )| + | ( , ) − ( , )|
) /

∈ R ∈ S −∗ −∗ ‖ ‖ , (S ,R )

∈ S R × , ∗ " ( , ) �→ H( , , ) ∈ R × S

|H ( , , )| �
(

| ( , ) − ( , )| + | ( , ) − ( , )|
) /

∈ R ∈ , ∗ −∗ ‖ ‖
(S ,R )

ρ σ ∈ (S × , ∗ ,R )

ρ ∈ (S × , ∗ ) σ ∈ (S × , ∗ ,S) ∈ S ∈ , ∗

|ρ( , )| = | (
, ( , )

)| = (
(S, ), ( , )

)
� | ( , ) − ( , )|

S

(
σ( , ),

)
�

(
( )
)− | ( , ) − ρ( , )

(
σ( , ),

)− ( , )|

�
∗

| ( , ) − ( , )|.



| (
σ( , )/

)| = S

(
σ( , ),

)
< π S × , ∗

S × , ∗ " ( , ) �→ (
σ( , )/

) ∈ R

ρ σ η H ∈ (R × S × , ∗ ,R × S)

� η �
ρ

σ ∈ , ∗ G− (·, ) ∈ (
∗/ ( (S, ))

)
(·, ) ∈ ∞(S,R )

ρ(·, ) ∈ ∞(S) σ (·, ) ∈ ∞(S,S)

( , ) − ( , ) = (
σ( , ),

)
ρ ( , )

+
(

+ ρ( , )
(
σ( , ),

)) (
σ( , ),

)
σ ( , ) − ( , ).

|ρ ( , )| (
σ( , ),

)
|ρ ( , )| � | ( , ) − ( , )| + | (

σ( , )
)− ( , )|.

| (
σ( , )

)− ( , )| �
‖ ‖

(S ,R )

∗
| ( , ) − ( , )|.

|ρ ( , )| �
(| ( , ) − ( , )| + | ( , ) − ( , )|),

−∗ ‖ ‖
(S ,R )

|σ ( , ) − | (
σ( , ),

)⊥ | ( , )| �
| ( , )|/| ( , )|

∗ |σ ( , ) − | � | ( , ) − ( , )| + | ( , )|
| ( , )| |ρ( , )| + | (

σ( , )
)− ( , )|.

|σ ( , ) − | �
(| ( , ) − ( , )| + | ( , ) − ( , )|)

= ( −∗ , ‖ ‖
(S ,R )

) | ( , )| � ∗
ρ σ η H(·, ) ∈ ∞( ,R × S) >

( , ), ( , ⊥) (R × S)( , )

H( , , ) =
( + η′( ) ρ( , ) η( ) ρ ( , )

η′( )
(
σ( , )/

) + η( )
(
σ ( , ) − ))



∈ R ∈ S η

| H( , , ) − | �
(

| ( , ) − ( , )| + | ( , ) − ( , )|
) /

( ∗)−
✷

‖ − ‖ ∞(S,R ) � √ , ∗ .

H(·, ) H(·, ) H− (·, ) = (H(·, ))−
∈ , ∗

| H(·, )| � , | (H− )
(·, )| � , � JH(·, ) = H(·, ) � ,(H− )
(·, ) = [ H(H− (·, ), )]−

R × S ( , ) ∈ R × S H( , , ·)
H− ( , , ·) ( , )

R × S ( , ) + ( , ) = ( + , )

R × S I ∈ , ∗ H(·, ) − I
R × S

R × S H(·, )
H− (·, ) = (H(·, ))− | H(·, )| | (H− )

(·, )|
JH(·, ) (H− )

(·, )
( , ) ∈ R × S H( , , ) >

, " α �→ α H( , , )+ ( −α)

JH(·, ) = H(·, )
( , ) ∈ R × S ∈ (

, ∗ ,
) H( , , ·)

( , )

H− ( , , ·) ✷

H
G(·, )

∈ ,

( , ) = G
(
H(G− ( , ),

)
,
)

H(G− ( , ),
) (G− )

( , ),( − )
( , ) = [ ( − ( , ),

)]−



∈ ∗/
(
(S, )

) ∈ , ∗

= G ◦ H ◦ G− H ◦ G− (G− )
+ G ◦ H ◦ G− H ◦ G− + G ◦ H ◦ G− ,( − ) = −

([ ]− )
◦ −

U ∗/

∇(ϕ ◦ ( )
) = (∇ϕ) ◦ ( ) ( ),

ϕ ∈ (Ω) �⇒ ϕ ◦ ( ) ∈ (Ω)

ϕ ∈ (Ω) ∈ , ∗ θ ◦ − ∈ ∞
(
Ω × , ∗ )

(
θ ◦ − ) = (∇θ) ◦ − ( − ) + θ ◦ − .

Φ ∈ ∈ , ∗

Θ − θ̂

Θ − θ̂ Λθ̂

θ̂
(
, ∗; )

Λθ̂ ∈ (
, ∗; )

∫
Ω

(
Λθ̂
)
Φ +

∫
Ω

∇(Λθ̂) · ∇Φ =
∫
Ω

θ̂ Φ +
∫
Ω

∇ θ̂ · ∇Φ ∀Φ ∈ , ( , ∗),(
Λθ̂
)
( ) = θ̂ ( ) = ,

Θ − θ̂ = (
Θ − Λθ̂

)+ (
Λθ̂ − θ̂

)
.

Θ − Λθ̂ θ̂ Λθ̂

Θ Λθ̂ Φ = Θ − Λθ̂

∈ , ∗

‖Θ( ) − Λθ̂( )‖ (Ω) +
∫

‖∇(Θ − Λθ̂
)‖ (Ω) � I +

∫
E(Θ − Λθ̂

)
,

I = −
∫ ∫

S

( · ⊥ − · ⊥) (Θ − Λθ̂
)
( ).

E I



|E(ϕ)| �
(A ‖ − ‖ (S,R ) + ‖ − ‖ (S,R )

) ‖ϕ‖ (Ω)

+ A ‖ − ‖ (S,R ) ‖∇ϕ‖ (Ω)

ϕ ∈ (Ω) ∈ , ∗ −∗ −∗
‖ ‖

(S ,R )
‖ ‖

(S ,R )
‖∇θ, θ ‖ ∞( )

A =
(

+ ‖ ‖
(S,R )

+ ‖ ‖
(S,R )

) /

.

E
∈ , ∗∣∣∣∣

∫
Ω

(∇θ) ◦ − ( − )
ϕ

∣∣∣∣ � ‖∇θ‖ ∞(Ω) ‖( − ) ‖ (Ω) ‖ϕ‖ (Ω),

‖( − ) ‖ (Ω)

( − ) = ∗/
(
(S, )

)
‖( − ) ‖ (Ω) � ( −

∗ , ∗)
∫

∗/

∣∣∣( − ) ◦ G
∣∣∣ .

( − ) ◦ G = ∑
= ,

= G H − H ,

= G H − ( − H) ( G − G ) ◦ H,
= G G − ◦ H ( G − G ◦ H) G − G ◦ H,
= G ◦ H − G .

‖ · ‖ ( ∗/ ,R )

∫
∗/

| | �
(

‖ − ‖
(S,R )

+ ‖ − ‖
(S,R )

)

= ( −∗ , ∗, ‖ ‖
(S ,R )

)
∫

∗/
| | �

(
−
∗ , −

∗ , ‖ ‖
(S ,R )

, ‖ ‖
(S ,R )

)
‖ − ‖

(S,R )

∫
∗/

| | �
( −

∗ , ∗, ‖ ‖ , (S ,R )

) ∫
∗/

| G ◦ H − G| .

α ∈ , Hα R × S × , ∗ → R × S

Hα( , , ) =
(

+ α
(H ( , , ) − )

, α φ
)

φ =
(H ( , , )

)
,



(H ,H ) = H H (·, ) R×S H = H |∂αHα( , , )| =
R×S

(H( , , ), ( , )
) Hα H∫

∗/
| G ◦ H − G| �

R×S

R×S

(H(·, ), ·) ∫
∗/

|∂ G| + |∂ G| .

∗ � (S,R ) ↪→ (S,R )∫
∗/

| | �
(

+ ‖ ‖
(S,R )

)
‖ − ‖

(S,R )

= ( −∗ , ‖ ‖
(S ,R )

, ‖ ‖
(S ,R )

)
∫

∗/
| | �

(
−
∗ , ‖ ‖

(S ,R )

) (
+ ‖ ‖

(S,R )

)
‖ − ‖

(S,R )

‖( − ) ‖ (Ω) ✷

‖ − ‖ ∞(S,R ) � ∗
‖ ‖ , (S ,R )

, ∗

∈ , ∗ (
( )
)(

ϕ ◦ )
( ) = ϕ( )

‖ϕ( )‖ (S) �
(
ε / ‖∇ϕ‖ (Ω) + ε− / ‖ϕ‖ (Ω)

)
ε ∈ ( , ϕ ∈ (Ω) ∈ , ∗ −∗ −∗ ∗ ( ∗)− κ∗

(
( )
) ∈ S

τ = (
σ( , ),

)
/| (

σ( , ),
)| = (

σ( , ),
)(

( ) ,
) = ( , ) + α ( ) τ + α ( ) ∈ R

α′ ( ) � ∗/ > | | ∂
(

( )
)

( , )

α α

α′ ( ) � ∗/ | | ( ) ∈ ∞(S,R )

ϕ
(

( )
) = ϕ|∂ ( ( )) ◦ ( ) ϕ ∈ (Ω)

∈ , ∗ (
ϕ ◦ )

( ) = ϕ( ) ( ) =
ϕ

‖ϕ( )‖ (Ω)

( )

ν( ) =
{
η
( (

( ),
))
∂ G(G− ( , ),

)
, ∈ ∗

(
(S, )

);
,

‖ν‖ (Ω,R ) �
( −∗ , ∗, ( ∗)− , κ∗)

· ν( ) � ∗ ✷



· ⊥ − · ⊥ = ( − ) · ⊥ + · ( ⊥ − ⊥)

|I| � ε

∫ ∫
S

| − | | | + ε ‖ ‖
(S ,R )

∫
‖ − ‖

(S,R )

+ ε

∫
‖∇(Θ − Λθ̂)‖ (Ω) +

ε

∫
‖Θ − Λθ̂‖ (Ω)

ε > ε

‖Θ( ) − Λθ̂( )‖ (Ω) +
∫

‖∇(Θ − Λθ̂
)‖ �

∫
‖ − ‖

(S,R )

+
∫

A ‖ − ‖
(S,R )

+
∫

‖Θ − Λθ̂‖ (Ω),

−∗ −∗ −∗
‖ ‖

(S ,R )
‖ ‖

(S ,R )
‖∇θ, θ ‖ ∞( ) A

Λθ̂ − θ̂

=
∈( , )

(‖θ | ( )‖ (ω ( )) + ‖θ | ( )‖ (ω ( ))

)

(Ω) →
∈ ( ,

‖ θ̂ ( ) − θ̂ ( )‖ (Ω) �

∫
‖ θ̂ − θ̂‖ (Ω),

∫
‖∇( θ̂ − θ̂ )‖ (Ω)

�
(

+
∫ (

+ ‖ ‖
(S,R )

)
− ‖ − ‖

(S,R )

)

∈ , ∗ −∗ ∗ ‖θ‖ ∞( ) Ω
−∗ −∗ ‖ ‖ , (S ,R )

∈ , ∗

‖ θ̂ − θ̂‖ (Ω) � ‖ θ − θ‖ (Ω) + ‖ (θ̂ − θ) − (θ̂ − θ)‖ (Ω).

‖ θ − θ‖ (Ω) � ‖θ‖ (Ω),

‖ (θ̂ − θ) − (θ̂ − θ)‖ (Ω) � ‖θ̂ − θ‖ (Ω).



‖ϕ ◦ − − ϕ‖ (Ω) �
( −

∗ , ∗) ‖ϕ‖ (Ω) ∀ϕ ∈ (Ω),

‖∇(ϕ ◦ − − ϕ
)‖ (Ω) �

( −
∗ , ∗) ‖∇ϕ‖ (Ω) ∀ϕ ∈ (Ω),

θ̂ ∈ (
, ∗ , (Ω)

)

‖∇( θ̂ − θ̂ )‖ (Ω) � ‖∇( θ − θ)‖ (Ω) + ‖∇[ (θ̂ − θ) − (θ̂ − θ)
]‖ (Ω),

‖∇[ (θ̂ − θ) − (θ̂ − θ)
]‖ (Ω) � ( , ) ‖θ̂ − θ‖ (Ω).

(α, ) ∈ ( , ) × ,∞ , α,

θ( ) ∈[
(Ω), (Ω)

]
/ ,∞

‖θ( )‖ (Ω), (Ω) / ,∞ �
(
( ∗)− , ∗, ‖θ‖ ∞( ), ,Ω

)
∈ ,

= ,

‖ ϕ − ϕ‖ (Ω) + ‖∇( ϕ − ϕ)‖ (Ω) � / ‖ϕ‖ (Ω), (Ω) / ,∞

ϕ ∈ [ (Ω), (Ω)
]
/ ,∞

‖ θ − θ‖ (Ω), ‖∇( θ − θ)‖ (Ω) � /

, ( ∗)− ∗ ‖θ‖ ∞( ) Ω

‖θ̂ − θ‖ (Ω)

[
(Ω), (Ω)

]
/ ,∞

θ

‖ϕ ◦ − ϕ‖ (Ω) �
( −

∗ , ∗) ‖ϕ ◦ G ◦ H − ϕ ◦ G‖ ( ∗/ )

�
( −

∗ , ∗) ‖∇ϕ‖ (Ω) ‖ − ‖ (S,R )

ϕ ∈ (Ω) ‖ψ‖ (Ω) �
( −∗ , ∗) ‖ψ ◦ ‖ (Ω)

‖ϕ ◦ − − ϕ‖ (Ω) �
( −

∗ , ∗) ‖∇ϕ‖ (Ω) ‖ − ‖ (S,R )

ϕ ∈ (Ω)

‖θ̂ − θ‖ (Ω) �
( −

∗ , ∗, ‖θ‖ ∞( ),Ω
) ‖ − ‖ (S,R )

, ∗

‖ϕ ◦ − − ϕ‖ (Ω) �
( −

∗ , ∗) ‖ − ‖ /

(S,R )
‖ϕ‖ (Ω), (Ω) / ,∞



ϕ ∈ [ (Ω), (Ω)
]
/ ,∞

‖∇ϕ‖ (Ω), (Ω) / ,∞ � ‖ϕ‖ (Ω), (Ω) / ,∞

ϕ ∈ [ (Ω), (Ω)
]
/ ,∞

‖∇(ϕ ◦ − − ϕ)‖ (Ω) � ‖∇ϕ‖ ∞(Ω) ‖ ( − )− ‖ (Ω) + ‖(∇ϕ) ◦ − − ∇ϕ‖ (Ω)

ϕ ∈ ∞(Ω)

‖∇(θ̂ − θ)‖ (Ω)

�
((

+ ‖ ‖
(S,R )

) / ‖ − ‖ (S,R ) + ‖ − ‖ /

(S,R )

)

‖θ̂ − θ‖ (Ω) �
((

+ ‖ ‖
(S,R )

) / ‖ − ‖ (S,R ) + ‖ − ‖ /

(S,R )

)

�
�

/

(
+
(

+ ‖ ‖
(S,R )

) / − ‖ − ‖ (S,R )

)

−∗ −∗ ‖ ‖ , (S ,R )
‖θ‖ ∞( ) Ω

‖ θ̂ − θ̂‖ (Ω), ‖∇( θ̂ − θ̂ )‖ (Ω)

� /

(
+
(

+ ‖ ‖
(S,R )

) / − ‖ − ‖ (S,R )

)
.

✷

∈ ( ,

‖(Λθ̂)( ) − θ̂ ( )‖ (Ω) +
∫

‖∇(Λθ̂ − θ̂
)‖ (Ω)

�
(

+
∫ (

+ ‖ ‖
(S,R )

)
− ‖ − ‖

(S,R )

)

∫
‖Λθ̂ − θ̂‖ (Ω) �

(
+
∫

A − ‖ − ‖
(S,R )

+
∫

‖ − ‖
(S,R )

)

∈ , ∗ −∗ −∗ ‖ ‖ , (S ,R )
‖θ‖ ∞( )

Ω ‖ ‖ , (S ,R )A
θ̂

θ̂

‖( − ) ‖ (Ω)

✷



Θ − θ̂

‖Θ( ) − θ( )‖ (S) = ‖(Θ − θ̂
)
( )‖ (S)

�
(

‖(Θ − Λθ̂
)
( )‖ (S) + ‖(Λθ̂ − θ̂

)
( )‖ (S)

)
� ε ‖∇(Θ − Λθ̂)‖ (Ω) +

ε
‖Θ − Λθ̂‖ (Ω)

+ ‖∇(Λθ̂ − θ̂ )‖ (Ω) + ‖Λθ̂ − θ̂‖ (Ω)

∈ ( , ε >

∈ , ∗

∫
‖Θ( ) − θ( )‖ (S) � ε

∫
‖∇(Θ − Λθ̂)‖ (Ω) +

ε

∫
‖Θ − Λθ̂‖ (Ω)

+
(

+
∫

A − ‖ − ‖
(S,R )

)
+

∫
‖ − ‖

(S,R )
,

∗ ∈ , (Θ, ) , ∗
∈ (

, ∗ ,
)

� =
{
,

( ) /
}
,

∈ , ∗

∫
‖∇(Θ − Λθ̂)‖ (Ω) +

∫
‖ − ‖

(S,R )

+ ‖Θ( ) − (
Λθ̂
)
( )‖ (Ω) + ‖ ( ) − ( )‖

(S,R )

�
(∫

‖Θ − Λθ̂‖ (Ω) +
∫

A ‖ − ‖
(S,R )

+
)
.

A −∗
∗ −∗ −∗ ‖ ‖ , (S ,R )

‖ ‖
(S ,R )

∫ ‖ ‖
(S,R )

‖θ‖ ∞( )

β Ω



∫ ‖ ‖
(S,R )

‖Θ − θ‖ (Ω) + ‖ − ‖
(S,R )

� , ∗ .

‖Θ − Λθ̂‖ (Ω) + ‖ − ‖
(S,R )

�
∫ A , ∗ .

‖(Λθ̂)( ) − θ̂ ( )‖ (Ω), ‖θ̂ ( ) − θ( )‖ (Ω) �
(

,

∫
A
)

.

∈ , ∗ ✷

,

∗ > ∈ ( , ∗
(Θ, ) , ∈ (

, ,
)

(Θ, )

∈ , ∗

(Θ, ) ∈ (
, ,

)
C

= √

C = { ∗ ∈ , | ∀ ∈ , ∗ ‖Θ( ) − θ( )‖ (Ω) + ‖ ( ) − ( )‖
(S,R )

< }.

C �= ∅ C ,

C = ,

, ∗) ⊂ C �⇒ ∗ ∈ C ,

C , ∗) ⊂ C

‖Θ − θ‖ (Ω) + ‖ − ‖
(S,R )

� , ∗ .

(S,R ) ↪→ (S,R )

‖ − ‖ ∞(S,R ) � ( , , ) /



∈ ( , ∗ ∈ ( , ∈ ( , ∗

∗ = ∗ ∗ = ∗
∗ �

‖Θ( ∗) − θ( ∗)‖ (Ω) + ‖ ( ∗) − ( ∗)‖
(S,R )

� < ,

∗ ∈ C C =
, ,

, ✷

∈ ( , ∗ ∗

( , )

‖Θ − Λθ̂‖ (Ω),
( , )

‖ − ‖
(S,R )

,

∫
‖∇(Θ − Λθ̂)‖ (Ω),∫

‖ − ‖
(S,R )

�
(

,

∫
A
)

,

∫
‖Θ( ) − θ( )‖ (S) �

Λθ̂ − θ ∞( )

(θ ) (θ̂ ) θ̂ ∈ ∞
(
, ; )

θ̂ ∈ ∞( )

Ω

( , )

‖Λθ̂ − θ̂‖ (Ω) � ( )

(
+

{
,

})
( , )

‖ θ̂ − θ̂‖ (Ω).

( , )

‖ θ̂ − θ̂‖ (Ω) � /

( , ) ‖Λθ̂ − θ̂‖ (Ω) �

( , )

‖θ̂ − θ‖ (Ω) �



( , ) ‖Θ − θ‖ (Ω)

( ) ∫
‖∇(Λθ̂ − θ̂ )‖ (Ω),

∫
‖∇(θ̂ − θ)‖ (Ω) � .

(∇θ)( ) ∈ , γ ( )

θ( ) (Ω)
[

(Ω), (Ω)
]
/ ,∞

∇θ( ) /

θ( )

θ( ) /

(Ω)

θ( )

δ( , ) =
∈R

| ( , ) − ( , )|

, S → R

δ( ∩ , ∩ ) � δ( , )

, , ⊂ R ⊃ ∂ ∪ ∂

δ
(

( ), ( )
)

�

∈ ( , ∗ ∈ , (
( )
) = (

( )
) ∈ ,

∈ ,

( , τ ) = G
(
τ ρ( , ),

(
τ (σ ( , )/ )

)
,
)
, ∈ S, τ ∈ , .

( ) ( ) ∈ S =
G( − (

( )
) ∗, ,

) ∈ (
( )
) �∈ (S × , )

(
( )
) =(

( )
)



δ
(

( ), ( )
)

� ‖ ( ) − ( )‖ (S,R ).

∈ R = (
( ),

) (
( ),

)
< �

<

( , τ) = ( − τ) ( , ) + τ ( , ), ∈ S, τ ∈ , .

(
( )
) = (

( )
) ∈ (S × , )

| (
( ),

)− (
( ),

)|
= (

(S, ),
)+ (

(S, ),
)

� ‖ ( ) − ( )‖ (S,R ),

�

(S,R ) ↪→ (S,R )

‖ − ‖ (S,R ) �
∗

‖ − ‖ (S,R ),

‖ − v‖ (S) � ‖ − ‖ (S,R ) + ‖ ‖
(S ,R )

‖ − ‖ (S,R ),

‖ − ‖ (S) �
∗

(
‖ ‖ ∞(S) ‖ ‖

(S )
+ ‖β‖ ∞(S) ‖v‖

(S )

)
‖ − ‖ (S,R )

+
∗

‖Θ( ) − θ( )‖ (S) + β∗

∗
‖ − v‖ (S)

∈ ,

− v

−
Σ = − ◦

| − v | � | − ( v)(Σ )| + |( v)(Σ ) − ( v)(Σ )|
+ |( v)(Σ ) − v(Σ )| + |v(Σ ) − v |.



| − ( v)(Σ )| � − / ‖ ( − v)‖ (S) � − / ‖ − v‖ (S),

|( v)(Σ ) − ( v)(Σ )| � − /
(

‖ v − v‖ (S) + ‖ v − v‖ (S)

)
� ( , ) / ‖v‖ ∞(S),

|( v)(Σ ) − v(Σ )| � ( ∗, , ) / ‖v‖ ∞(S),

|v(Σ ) − v | �
‖v‖ ∞(S)

∗

∣∣ ( − ( )
)

− ∣∣
�

‖v‖ ∞(S)

∗

(
| − | + ‖ − ‖ (S,R )

)
.

( , ) ‖v‖ ∞(S) < ∞
− v

= { · | ∈ Γ ( ) · ⊥ = } ∈ ,

· ( H( , , ) − ) = σ ( , ) −
σ(·, ) σ− (·, ) σ = − ◦(

σ ( ),
) · =

(
σ− (

σ ( ),
)
,
)

= (
σ ( ),

)+ ρ
(
σ− (

σ ( ),
)
,
) (

σ ( ),
) ∈ ,

·

( ) · − ( ) · �
(
Σ ( ),

) · − (
Σ ( ),

) ·
� ‖ ( ) − ( )‖ (S,R )

( ) · − ( ) · �
(
σ ( ),

) · −
(
σ− (

σ ( ),
)
,
)

·
� ‖ρ(·, )‖ ∞(S) � ‖ ( ) − ( )‖ (S,R ),

| ( ) − ( )| �






