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We study the problem of minimizing the Dirichlet integral among all functions H1(£2) whose

level setqu = |; } have prescribed Lebesgue measyreThis problem was introduced in connection

with a model for the interface between immiscible fluids. The existence of minimizers is proved
with an arbitrary number of level-set constraints, and their regularity is investigated. Our technique
consists in enlarging the class of admissible functions to the whole spse2)Hpenalizing those
functions whose level sets have measures far from those required; in fact, we study the minimizers of
a family of penalized functional,, » > 0, showing that they aredider continuous, and then we
prove that such functions minimize the original functional also, provided the penalization parameter
A is large enough. In the case where only two levels are involved, we prove Lipschitz continuity of
the minimizers.

1. Introduction

Given a connected bounded dom&inc R" with Lipschitz boundary, a natural numb@r> 1 and
real numbersg;, |; such that
m
lo<li<- - <lIm, Zoei<|.Q|, aj >0, i=0,...,m, ()
i=0
consider the following minimum problem:
minf |Vul?
ueK (9]

K={ueHYQ): fu=Ili}l=a,i=0,...,m},

(2)

that is, minimize the Dirichlet integral among all functions whose level{gets |;} have Lebesgue
measure equal t@,i =0, ..., m (observe that no boundary condition is given).

The above problem was first introduced by Ambraetial. in [4], motivated by a question posed
by Gurtin in connection with a problem on the interface between immiscible fluids.

In [4], the authors established existence of minimizers under certain assumptions on the vectors
li, namely that they should be extreme points of a convex st piih the scalar case this condition
reduces to considering only two phases,me= 1.
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In addition, several properties of minimizers where obtained in [4]; in particular, the asymptotic
behavior of solutions was identified, when the total volume of the different phases exhaust the total
measure of 2.

In this note we focus our attention on the scalar case (i.e. u is rea valued), and our goa is
twofold: on one hand, we prove the existence of minimizers of (2) for an arbitrary number of levels;
on the other hand, we study their regularity, which was not investigated in [4].

Our main result is the following theorem.

THEOREM 1.1 Suppose £2 C R" isaconnected bounded domain with Lipschitz boundary, m > 1
isanatural number and l;, «; satisfy (1). Then problem (2) has a solution. Each solution is locally
Holder continuous in §2, and is harmonic in the open set £2 \ | J; {u = |;}. Moreover, if m= 1 (i.e.
only two levels are involved), then each solution islocally Lipchitz continuous.

Our technique consists in adding to the Dirichlet integral a quantity which penalizes those
functions u whose level sets have a measure which is less than the prescribed quantities «;j, and
minimizing the penalized functional over the whole space H1(£2). More precisely, for A > 0 we
define the functional

m
) = [ IVUP 3 (=) ®
i=0

where
fi(x) = (i —X)+, i=0,....,m (4

are the penalization functions, and we consider the problem

min . (u) 5)
ueH(2)

in place of (2). We show that the minimizers of F, exist for al A > 0 and are Holder continuous
(Lipschitz continuous in the case of two levels). Furthermore, we show that when A is sufficiently
large (depending only on £2, «; and |; according to the explicit condition (21)), then u minimizes
F, if and only if u isasolution to (2). As a consequence, we obtain that the minimizers of (2) exist
for all m > 1, and they are Holder continuous (Lipschitz continuous when m = 1).

A penaization approach was also adopted in [1], where the Dirichlet integral is minimized
among all functions assuming a given boundary value and having a prescribed measure of the set
{u > 0}. Here we dea with an arbitrary number of free boundaries and no boundary condition:
the main difference with respect to [1], however, consists in the way we penalize the functionals
and, consequently, in the way we prove that for large A the measures of the level sets adjust to the
prescribed values. The penalized functional in [1] was

Few = [ 19024 91000 - ju > o)) ©
2

where w isthe prescribed value of |{u > 0}[; in other words, the difference w — |{u > 0}| was given
aweight ¢ if positiveand 1/¢ if negative. In[1], after proving Lipschitz continuity of the minimizers
and their linear growth away from the free boundary d{u > 0}, the standalone theory from [2] was
invoked in order to obtain the smoothness of 9{u > 0} and of the normal derivative of u, which was
shown to be equal to some constant A, along d{u > 0}. With such tools available and an estimate
0 < ¢ < A¢ < C with ¢, C independent of ¢, it was possible to make smooth inward and outward
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perturbations of the set {u > 0} viadiffeomorphismsand provethat, for ¢ small enough, the measure
of {u > 0} adjusts exactly to w.

The only disavantage of the approach [1], perhaps, was the fact that the smoothness of the free
boundary was needed in order to study the behavior for small €, and this made the technique in [1]
highly dependent on the measure-theoretic machinery from [2].

In this paper we present an entirely different approach, which allows one to tackle the problem
without relying on the smoothness of the free boundary and the normal derivative. Observe that,
according to (3) and (4), our penalization does not affect those functions whose level sets {u = I;}
exceed the prescribed measures, since we a priori show that, for any minimizer of F;, the measures
of the level sets do not exceed the prescribed values (Theorem 2.1). Thisfact plays acentral rolein
our argument, since it allows us to avoid smooth inward perturbations of the sets {u = I;} (which
would reguire strong smoothness properties of free boundaries and normal derivatives). The main
ideaisthat outward perturbations of {u = I;} can be donein anatural way, without diffeomorphisms
or smoothness, just replacing u, inthesetli < u < ljz1, by ws = lj +cu —Ij — 8™, where
8 e (li,li+1) and c is chosen in such a way that the other levels {u = Ij}, j # i are preserved
(whereas {u = |; } isreplaced by the larger set {I; < u <|Ij + §}).

When A islarge enough, werule out the case |{u = |j }| < «; showing that, in this case, it would
hold F; (ws) < F;.(u) for small 8, contrary to the minimality of u. More precisely, replacing u by
ws, the Dirichlet integral increases by a quantity

i —
L/ [Vul?,
lize —1i =8 Jy <u<li+8)

whereas penalization changes by —A |{li < u < I; 4 8}|. The crucia point here is the fact that the
average of |[Vul|? over {l; < u < |j + 8} is bounded by a quantity independent of A (Lemma3.1).

Our approach seems to be quite general and we feel it might be of use in other settings also,
dealing with one or severa free boundaries (in particular, it might be applied to problems of the
kind in [1] aswell).

2. Existence of minimizersand basic properties

We begin with the definition of some quantities which depend only on 2, «; and l;, which will be
used throughout the paper without further reference.

REMARK 2.1 Given 22, m > 1, o andl; asin (1), welet
=inf [ |Vu|? 7
p=inf QI | ()
where K is as defined in (2). Moreover, we define the numbers

= min «j, h= min (j11—1), M = max(|lo|, [Iml]). 8
(o4 0§i<ma| 0<i<m(|+1 i) (lols lmD ()

We denote by Cs the Sobolev—Poincaré constant relative to £2, that is, the smallest number such
that
/ lu— 0] < Cs|2)Y"|Du| (£2), 0= ][ u, YU € BV(R2), (9)
2 2

where |Dul (£2) is the total variation of the distributional derivative of u, and equals [, |Vul if
u € H(£2). We remark that Cs depends only on the shape of £2 and not on its volume.
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For u € K, we observe that

/|u—u|>/ |lo—u|+/ i — Gl > a(im — o) > ah,
2 {u=lg} {u=lm}

Since £2 is connected, from the Sobolev inequality it followsthat « > 0 (and a positive lower bound
for u can be explicitly determined in terms of the data). Moreover, since F (v) = fQ |Vv|? when
v € K, it holds that

inf Fo(v) < u, VA > 0. (10
veHl(2)

PrROPOSITION 2.1 If A > Oand u € HY(£2) is a minimizer of F;, then u is locally Holder
continuousin §2 for every exponent 6 € (0, 1). More precisely, we have

Ck
X —yl’

lu(x) —u(y)| < Ck|x —yllog (11)

for every compact set K C §2 and every X, y € K, where Ck is some positive constant depending
on K.

Proof. Let B, be an open ball such that B, c £2, and let v; be the harmonic function on B, which
coincides with u on 9 B, . Replacing u with v, inside By, the Dirichlet integral on £2 decreases by

/|Vu|2dx—/ |Vv,|2dx:/ V(U — vp)|? dx.
Br Br By

On the other hand, since this variation affects the values of u only inside By, the penalization cannot
increase morethan A | B; |, hence we obtain from the minimality of u

/ |V(U_Ur)|2dx g).a)nrn,
Br

where wn denotes the Lebesgue measure of the unit ball in R". Then (11) follows from the
arbitrariness of By, reasoning asin Theorem 2.1 of [3]. O

THEOREM 2.1 For adl A > 0, the functiona F; in (3) achieves a minimum u over H1(£2), and
each minimum u satisfies
lo <ux) <lm, forae x € 2. (12

If, moreover,

P (13)

o
and u € H1(£2) isaminimum for Fy, then it holds that
ai—%él{u=i}|<o¢i, i=0,...,m (14)

Proof. Let ux be a minimizing sequence for F,. Replacing, if necessary, ux with
min(Im, max(lg, Uk)), it is not restrictive to assume that |ux| < M. Then, since

/uﬁsmwlz, wp/ [Vukl? < sup s (Ug) < 400,
2 k 2 k
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passing to a subsequence (not relabeled), there exists u € H1(£2) such that
Vug — Vu weakly in L2(2), Uk(X) = u(x) forae x € 2.

Then u is a minimum for F; by semicontinuity. In order to prove (12), it suffices to observe that
replacing u by w = max(lg, min(u, I,)) would yield F, (w) < F; (u) in case (12) should not hold,
contrary to the minimality of u.

Moreover, from (4), (3) and (20) it follows that

m
Mo —lu=jlh<a)_ filu=i})<FRW<p.  j=0...m
i=0

which proves the first inequality in (14).

It remains to prove the second inequality in (14). In order to do so, we suppose that |{u = I;}| >
«j holds for some j and we seek a contradiction. Letting E = {u = |}, we observe that E is
closed in £2, according to Proposition 2.1. Then we can choose a point X € £2 N dE such that
|B(Xg, r) N E| > Ofor al sufficiently small r > 0 (the existence of such xg follows from elementary
measure-theoretic arguments). In particular, since u(xo) = |j and u is continuous, thereisr such
that, letting B, = B(Xo, I'), it holdsthat B, C £2 and

0<|B NE| < [B| < [E|—qj, IBr N{u=Ii}| =0, i # ] (15)
Then, if v € HL(£2) isharmonicin B, and coincides with u outside B; , we have
[{v=1j}| = |El - Bf| > aj, v =1li}l = {u=1}], i #

Then the penalization of v is the same as that of u, and its Dirichlet integral is less than that of u
(observe that u is not harmonic inside By, by virtue of (15)), thus violating the minimality of u.
Since this is a contradiction, it must hold that [{u =I;}| < «;j for al j, and (14) is completely
established. O

The following elementary observation will allow us to simplify all our arguments, since the level
sets{u =lj} and {u = I;,—j } play complementary roles.

REMARK 2.2 [fuminimizes F, for someA > 0, thenthefunction |y, —u minimizesthe functiona
obtained from (3) by replacing I; withl, — I; and o witham—ij,i =0, ..., m.

Now we establish some properties of the minimizers of F;, which generalize those obtained in [4]
for the case of two levels.

THEOREM 2.2 If u € HY(£2) isaminimum for F; and (13) holds, then
f |Vu|2¢(x)f/(u)+/ f(U)Vuve =0 (16)
2 2

for al ¢ € CY(£2) and dl Lipschitz f suchthat f(lj) =0,i =0, ..., m, and

m-1 lit1
/ IVulgu) =) (f 9(s) ds)/ [Vul? (17)
ko) i—0 li {li <u<liy1}

foral g € L*(R).
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Proof. Fore > 0,letu. = u+e€¢f (u), and observethat u. (x) = I; whenever u(x) = I;. Therefore,
the penalization of u. does not exceed that of u, and F; (u) < F;.(ue) implies

/|Vu|2</ V.
2 2

Then (16) follows from the arbitrarity of €. Finally, given g € L*°(R), let

m—1 t lit1
fty=>" (/I g(s)ds — (t —1i) ]I[ 9(s) dS> X0 Jipp ()
i—0 i i

and observe that f is Lipschitz continuous and f (Ij) = 0. Then (17) follows from (16) with this
choiceof f and¢ = 1. O

3. Behaviour for large A

The following lemma is crucial in order to prove that, for large A, the measures of the level sets
adjust to the prescribed values.

LEMMA 3.1 If A > 2u/a and u minimizes F,, then for any § € (0, l;;1 — Ij) it holds that

/ VUl < c2 (18)
{li <u<lj+6}
where
| |1+%
C1= 2M72CS (19)
o

dependsonly on £2, I; and «j .
Proof. Letting A; = {u <t} fort € (lj, lj+1), wehave{u=1;} C A € 2\ {u =141} and

/ ][ | At {u = lita}] {u=1i}] o?
XA — XA >
2 2

=2—(192] — Al 2 2 >
2 t 2] 212

(the last ineguality follows from (14)). For almost every t € (lj, li+1) it holds that xa, € BV (£2),

dA; = {u = t}, and the isoperimetric inequality (9), combined with the last inequality, yields

a?

2102

Therefore, for § € (0, li+1 —Ii) and for ae. t € (i, lj+1), from (17) with g = xq; I, +s), (10) and
(20) we obtain

<Csl2ITH" tqu=t}),  iepu<hCiH"({u=t}. (20)

) )
f VU = / a2 < 2E < e H L (u = ty).
{li <u<li+8) liva =i Jy<u<tiig h

Integrating the last inequality with respect to t over (I;, l; + §), dividing by § and using the coarea
formulayields

li+6
/ VU < clf H™1((u = t}) dt = clf vul,
{li <u<lj+6} i {li <u<lj+6}

and (18) follows from the Holder ineguality. O
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THEOREM 3.1 If ) satisfies
A > max(2u/a, C2) (21)

where C; isgiven by (19), and u minimizes F;, then
Hu=1Ii}| = «j, i=01...,m (22)
Asa consequence, u isasolution to (5) if and only if it isasolution to (2).

Proof. From |[{u =1;}| < «; for agiveni < m we derive a contradiction (the casei = m easily
follows from Remark 2.2). Indeed, if [{u =i }| < «j, thenfor all sufficiently small § € (0, lj+1—1i)
it holds that

Hu=1li}| +[{li <u<li+8} <a. (23)
For such § we let
u(x) if ux) <l
ws() = { i + %(u—li —&y  if 1 <u) <liza
u(x) if ux) >z

and we observe that

{wazh}:{u:lj}, J:O,,m, J;éla

(24)
{ws =li}={u=li}U{li <u<l+3}.
Therefore, recalling (23), F;(u) < F (ws) ssimplifiesto
Ml <u <o)< [ vus - [ vui. (25)
2 2

On the other hand, from (17) with g = x(;+s,1; ;) We obtain

i1 — 1
/ |Vw3|2=/ |Vu|2+f |Vu|2+L/ |Vu|?
Q {u<li} {usli1) live —1i =8 Ji<u<lissg

and (25) reducesto

) livg — 1
A <u<h+a}|<7f |Vu|2=Lf vup?
livi—1i =8 Ji<utisa live —li =8 Jij<u<ii+o

where we have used (17) again with g = x(, 1, +5). Dividing both sides by [{li < u < | 4 §}| and
using (18) we have

lize—1i lit1 — 1
L Sl ][ vu2 < 0 2
livs—1i =8 Jyi<u<ti+s) lig1—1i =6

which is a contradiction, since it violates (21) after taking the limit for § — 0. Therefore,
{u =1;}| > & and equality must hold by virtue of (14). O

A
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4. Thecase of two levels

In this section we suppose that m = 1, that is, we consider only two levels lg and I1. In order to
simplify the notation, we can assume lp = 0 and I; = 1 without losing generality. Our goa here
is proving that, in the case of two levels, minimizers are Lipschitz continuous. In the general case,
however, we already know Holder continuity of the minimizers (Proposition 2.1).

REMARK 4.1 Observe that in Section 2 the only use we made of Proposition 2.1 was in the proof
of Theorem 2.1, while proving the second inequality in (14). However, in the case of two levelsthe
proof of (14) can be completed without relying on continuity, as follows.

Let 8 = min(«;, [{u=1i}]),i =0, 1, whereu minimizes F,. From (13) and thefirst inequality
in (14), it followsthat 8o, 81 > 0, and u is also a solution of the problem

miq/ |Vu|?
vek' J o (26)

K'=weHY2): fv=i}l>4,i=01

(indeed, for v € K’ it holds F; (u) < F;.(v), but due to the choice of 8; the penalization of v does
not exceed that of u). From the results in [4] concerning the relaxed problem (26), it follows that
{u =i}l = Bi,i =0, 1, and the second inequality in (14) follows, without assuming continuity.

The techniques of this section essentially follow the guideline of [2], Section 3. However, since
we are dealing with two independent free boundaries, comparison with harmonic functions (as
in [2], where minimizers are subharmonic) is no longer fruitful. Here, minimizers turn out to be
subharmonic near {u = 0} and superharmonic near {u = 1}, and the natural comparison functions
are the following.

REMARK 4.2 Givenu € HY(£2) and abal B, c £, we denote by 7u the unique harmonic
function such that u — Hu e H3(Br), and we let Hu = uin £ \ By, so that Hu € H(£2).
Moreover, we let

H™u = min(u, Hu), Hu = max(u, Hu).

The dependence of Hu, H~u and H_u on B, will always be clear from the context and will not be
pointed out explicitly.

We now state a very useful lemma on harmonic functions; the proof is omitted since it is just
the last part of the proof of Lemma3.2in[2] (seeaso [5], pp. 276-277).

LEMMA 4.1 If g e HY(£2), B, c 2 isaball of radiusr and g > 0in By, it holds that

2
I{gZO}DBr|<][aB g) <o [ v ok, (27)

where C depends only on n.
REMARK 4.3 Givenu € H1(£2), we denote

Qi={xe2: {u=i}NB X)| > 0,vr >0}, i =01,
2F=02\ (20U 27).

Itiseasy to seethat £2¢ and §21 are closed in £2, whereas £2* is open.
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Throughout this section, we assume that A > 0 satisfies (13), so that Theorem 2.1 is available.
LEMMA 4.2 If uminimizes F;, then

f VU - MW < Al{u=0)n B, (28)
By

2
(][ U) {u=0}NB| <ACr?{{u=0}NB], (29)
9B
for any ball B; C 2. Here C depends only on n.
Proof. For any ball B, C £2, an elementary computation yields

/|V<u—H+u>|2=f |Vu|2—/ VH, ul?
B Br By

and, since H,u = u outside By, F, (u) < F; (H.u) reads

1
/B, VU —Hewl? < Y fi(I(Hru=1}) = fi(lfu=1}).
i=0
Sinceu < H4u < 1land f1 isnonincreasing, the above inequality implies
[ 1V = < fo(l7¢u = 0)) = fo(1tu = 0}). (30)

Now, from (14) we have |{Hsu = 0}| < |{u = 0}] < ap and, since fo(x) — fo(y) = A(y —X) when
X < Y < ap, (30) reducesto

/ V(U — HowP < l{u =0} N {Hyu > 0] (31)
Br

Since u and H-u coincide outside By, (28) follows from (31).
Now we apply Lemma4.1with g = % ~u. Observethat g > 0, Hg = Huand f;5 9= f35 U;
moreover,g — Hg=u—Hiuand {u=0}N B, C {g=0}N B, and (27) yields

2
|{u=O}ﬂBr|<][ u) <Cr? | |V(u—=Hyiw?. (32)
By B

Combining (32) and (28) we prove (29). |

THEOREM 4.1 Suppose A satisfies (13) and u isaminimum for F,. Then 20N £21 = ¢, and there
exists aconstant C = C(n) such that for any ball B, = B(x,r) c £2 withr2AC < 1it holds that

either BNRo=9¢ or BNy =40. (33)

Moreover, u is subharmonic in the open set £2 \ £21, superharmonic in the open set 22 \ 20 and
harmonic in the open set £2*. In particular, u can be defined pointwise by

r—0

u(x) = lim ][ u VX € 2 (34
Br (x)

and, according to this pointwise definition,
20 = {u =0}, 29 ={u=1}, and *={0<u~<1}. (35)
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Proof. Consider aball By = B(x,r) C §£2,andsuppose [{u=0}NB;| > 0and |{u=1}NB/| >
0 hold simultaneously. Then (29) implies

][ u<r«aC. (36)
3B
According to Remark 2.2, (29) also holdswith 1 — u in place of u, which implies that
(1— ][ u) <rv/aC (37
3B

Adding (36) and (37) we obtain 1 < r2AC, where C depends only on n, and the first part of the
theorem is proved.

Now we prove that u is superharmonic in 2 \ £2o. For any ball B, C 2 \ 20, it clearly holds
that [{u = 0} N B;| = 0 and from (28) it follows that u = H_ u inside B,. Therefore, it holds that
u > Huin By, hence u is superharmonicin £2 \ £2¢ since B, was arbitrary.

The subharmonicity in £2 \ £21 now follows from Remark 2.2, whereasin 2* = 2 \ (20U £21)
u is harmonic, being both sub and superharmonic. The limit in (34) existsfor al x € £2, sinceu is
superharmonic or subharmonic near x.

Now let Xg € 20, and let By = B(Xp, r). Then (29) implies (36) for al r > Osuchthat B, C £2.
Multiplying both sides of (36) by r"~1 and integrating over (0, p) yields

][ u<+vACp,
By

and from (34) we have u(xg) = 0. Furthermore, from Remark 2.2 we obtain u(x1) = 1 whenever
X1 € £21. Finaly, if x € £2*, then u isharmonic near x, hence the strong maximum principleimplies
that 0 < u(x) < 1.

THEOREM 4.2 If uisaminimum for F, and m = 1, then u islocally Lipschitz continuousin £2.

Proof. Fix acompact set K C £2, apointx € 2* N K, and let d = dist(x, 0£2), p = dist(x, 29 U
£21) and B, = B(X, p); if p > d, thenu isharmonicin B(x, d), hence
C(n) Cn)
—_— ug — =C(n, K).

d Jisy d
If p < d, then at least one of either {u=0}NB;| > 0or [{u=1}NB| > Oissatisfied for all
p < r < d (depending on whether X is closer to £2g or £21); in the former case, from (29) we obtain
that (36) holdsfor al p < r < d, whereasin the latter case from Remark 2.2 and (29) applied with
1 — uinplace of u we obtain that (37) is satisfied for all p <r < d. Taking thelimit forr — p in
(36) or in (37), we obtain that

1 1
min —][ u,—][ 1-u) <VvaC.
o Jag, P JaB,

Sinceu and 1 — u are harmonic inside B,, and [Vu| = |V (1 — u)|, we have

VuX)| <

IVu()| < C(n, 2).

Finaly, if x € KN(£2\£2*), theneither u(x) = 0or u(x) = 1, and we can assumethat |[Vu(x)| = 0.
Inall cases, |[Vu(x)| isbounded by aconstant C = C(n, A, K) when x € K. (|
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5. Concluding remarks and open questions

By the techniques introduced in this paper, one can probably handle problems of the kind (2) with
functionals more general than the Dirichlet integral, with only minor changes. However, evenin the
simplest case, severa questions remain unsolved.

We point out that we were not able to prove Lipschitz continuity of the minimizers when more
than two levels are involved. Indeed, reasoning asin Section 4, one can only prove that for arbitrary
m any minimizer u grows linearly away from the extreme free boundaries 0{u = lg} and 3{u = I},
thus proving Lipschitz continuity in a neighborhood of the extreme levels {u = lg} and {u = |y}.
We remark that Lemma 4.1 cannot be applied near a middle level |; (i.e. 0 < i < m), since if
Xo € d{u = I;}, then the function u — |; might take, as far as we know, both positive and negative
values near X (although we believe that this cannot happen if u isaminimizer, we were not able to
rule out such a behavior). On the other hand, (27) isfalse if one drops the assumption g > 0, even
if one puts|g| in place of g in theleft-hand side of (27), as one can see from the following example.

EXAMPLE 5.1 Let B ¢ R? bethe unitary ball, let k be an odd natural number and define, in polar

coordinates,
e krw /2

7sin(kn/2) sinlogr ) sin(k9).

g(r, 0) = xge-r2,1(r) <rk +

Then, clearly, Hg = rKsin(kd). Moreover, asimple computation yields

2
4
|{g=0}mB|(][ |g|) = e, f|V(g—Hg)|2=nk(1+kf)e-k”,
9B T B 2

hence (27) does not hold for large k, even with |g| in the |eft-hand side.

Proving that minimizers are Lipschitz continuous would be an important step in order to prove
the linear growth away from the free boundaries, which would lead to regularity theorems for the
free boundaries and the normal derivative, following the ideas in [1]. Indeed, since any minimizer
u is harmonic in the open set 2 \ (J;{u = |;}, the theory of Alt and Caffarelli [2] on harmonic
functions with linear growth could be succesfully applied in a neighborhood of each level set {u =
li }. Moreover, the Neumann condition in the formal Euler equation of (2), i.e.

Au=0 in Q\U{u:li}, —g—ﬁzki on u=Ili}ne (38)

could be given a precise meaning, reasoning asin [1]. At present, we can do this only in the case of
two levels, where one can prove linear growth proceeding asin Lemma 3.4 from [2], thus obtaining
that the Neumann condition in (38) is satisfied 74"~ 1-almost everywhere al ong the reduced boundary
of each level set (see[1], Theorem 3).

We point out that Lipschitz continuity (and even linear growth) could be proved for an arbitrary
number of levels, if only one could show that any point on any free boundary a{u = I;} is either a
local maximum or alocal minimum.

Finally, we remark that we do not know any explicit example of aminimizer except whenn =1
and 2 isan interval, where each minimizer is a monotone and piecewise linear function (see [4] for
more details).
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