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This work solves the problem governing the simultaneous motion of two viscous liquids of different
kinds: compressible and incompressible. The boundary between the fluids is considered as an
unknown (free) interface where the surface tension is taken into account. Although the fluids occupy
the whole space ]R3, one of them should have a finite volume.

Local (in time) unique solvability of this problem is obtained in the Sobolev—Slobodetskii spaces
of functions. Estimates of the solution of a model problem for the Stokes equations are considered in
detail, the interface between the fluids being a plane. The Schauder method is used to study a linear
problem with a compact boundary. The passage to the nonlinear problem is made by successive
approximations.

Keywords: free boundary problem, Navier—Stokes equations, two immiscible fluids

1. Introduction

This paper considers the unsteady motion of a bubble in an incompressible fluid, or that of adrop in a
compressible one. On one hand, the study of a simultaneous motion of two viscous capillary liquids
of different kinds (compressible and incompressible) is interesting from the pure mathematical point
of view. The present work can be considered as a continuation of [2-5] where the evolution of two
viscous capillary fluids of single type, two compressible [4], or two incompressible [2, 3, 5] have
been considered. On the other hand, this problem arises in many important physical phenomena.
The evolution of a bubble in an incompressible fluid appears, for example, in the case of an ejection
of gas into water, for example, after an explosion in the ocean or after a volcanic eruption at the
ocean bed. Another example of the physical interpretation of our problem may be the presence of
many small bubbles in a big volume of liquid with large distances between them. Then we can also
consider the motion of a single bubble in an infinite liquid medium. A similar situation arises for
drops in a volume of gas.

Here, we study the problem governing the motion of two different liquids in full generality. The
local unique solvability of this free boundary problem is the main result of the present work. An
essential difference in the proof of the existence of a unique solution to the problem is contained in
the analysis of a linear model problem with a plane interface between the fluids, so we examine this
model problem in detail. Section 2 is devoted to the homogeneous problem and Section 3 deals with
the non-homogeneous one. We describe briefly the scheme of the nonlinear problem in Section 4.
Its key features are the same as in the case of a single type fluid. The detailed proofs can be found in
articles [7-9] where the motion of a finite volume of a single viscous capillary fluid was analysed.

We obtain our results under some restrictions (the relations (1.9)) for the coefficients of the liquid
viscosities. These inequalities are imposed for mathematical reasons but are physically reasonable
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in certain cases. They are satisfied, for instance, for the pairs air—water, air—alcohol, air—mercury,
etc. but not for air— glycerin, air-lubricating oil. More generally, they are valid for fluids with low
viscosity. Incompressible liquids with large viscosity at ordinary temperatures may also satisfy (1.9)
when the temperature increases above certain values, lowering the viscosity. This is because for
capillary liquids, both viscosities ;« and v decrease quickly with temperature raising whereas for
gases, conversely, u and v increase with the rise of temperature (see for example [6]). For instance,
inequalities (1.9) become true for the pair lubricating oil and air at temperature ~ 80°C.

We consider, for definiteness, the case when at the initial moment ¢t = 0 a compressible fluid
is situated in an interior, bounded, domain QS' C R3. Let ut > 0, AT > 0 be its kinematic

viscosities. Let the ‘exterior’ domain (3, = R3 \ .QJ be occupied by an incompressible fluid
with the kinematic viscosity v~ > 0 and density p~ > 0. We assume that the compressible
fluid is barotropic. We note that we could also assume the compressible fluid to be exterior to the
incompressible one.

The problem consists in determining, for each r > 0, the free interface Iy between the liquids
evolving in the domains (2, and ;7. In addition, it is necessary to find the density function
o7 (x,1) > 0 of the compressible fluid, the pressure function p~ (x, t) of the incompressible fluid, as
well as the velocity vector field of both liquids v (x, ) = (v1, v, v3) satisfying the initial-boundary
value problem for the Navier—Stokes system:

pT (D + - V) - VT =p*f,
Dipt +V-(ptv) =0 in 02F, >0, (1.1)

+ : +
P li=0 = Py, Vl=o=vo in Of,

1
D,v—vazv—f-(v-V)v—i——_Vp’:f, V.v=0 in 7, t>0,
0

vii=o=vo in ; v——>0, pT ——0; (1.2)
|x]—o00 |x]—o00
]l = Ilm vx)— Ilim v(x)=0,
T, x—xoely, x—xo€ly,
xe" xef2”
[Tr]] =oHn on I}, t=>0. (1.3)
I

Here D; = d/0t, V = (9/dx1,9/0x2,d/0x3), V2 =V .V, and the stress tensor is given by

oo [P +AV ) I+ ptse) ing
| -p I+ SO in 2,

(SO))jx = dv;/0xx + dv/0x;, i,k = 1,2,3; Tis the unit matrix; u~ = v=p~; pt(p™)
is the pressure of the compressible fluid given by a smooth function of its density; f is the given
vector field of mass forces; v is the initial value of the velocity vector field; ,08' is the initial density
distribution of the compressible fluid; o > 0 is the surface tension coefficient, n is the outward
normal vector to Q,+, H (x,t) is twice the mean curvature of I; (H < 0 at the points where [} is
convex towards (2,7); VT means the vector with the components

i py=my, j=123

VD =55



COMPRESSIBLE AND INCOMPRESSIBLE FLUIDS 285

We use the standard convention on the summation from 1 to 3 with respect to repeated indices. A
Cartesian coordinate system {x} is introduced in R>.

Since we suppose the liquids to be immiscible, it is natural to impose on /; a condition excluding
the mass transportation through this surface. Mathematically, this condition means that I; consists
of the points x (£, r) whose radius vector x (&, ¢) is a solution of the Cauchy problem

Dix =v(x(&,1),1), x(£,00=¢ &€, t>0, (1.4)

where I' = Iy = 8(2(;r is a surface given at the initial moment. Hence, Q,i ={x =x(, 0| €
OF).

The condition (1.4) completes the system (1.1)—(1.3).

As usual, we transform the Eulerian coordinates {x} into the Lagrangian ones {£} by the formula

t
x(é,t)=£+/0 u, r)dr = X, (&, 1). (1.5)

Here u (£, t) is the velocity vector field in the Lagrangian coordinates.
The Jacobian of the transformation (1.5)

Ju(€, 1) = detfaij}} ),
) 5"+ft8”"d
ajj(&, 1) =4" —dfr,
N 7 Jo 08
being a solution of the Cauchy problem

81/!,'

DiJu(§, 1) = Aija—g = Ju(€, )(V - v]k=x,),
J
ju(év O) =1,

may be expressed by the formula

t t
Ju(E, 1) =exp (/ V vli=x, dr) = exp (/ Vu~udr>. (1.6)
0 0

Here {6; }3 denotes the Kronecker symbol,

i,j=1
aE a)°
vus{ §i _} = J, AV,
Oxk 08 ) =

and A = {A; J'}z‘3j:1 is the cofactor matrix for the Jacobi matrix {a;;} of (1.5). We remark that

Ju(€,t) = 1 in the domain (2.
After the tranformation (1.5) of the system (1.1)-(1.3), the second equation in (1.1) in
Lagrangean coordinates takes the form

'D[;'T'—}-/’)'T'VM-MZO

from where, in virtue of (1.6), we obtain the following expression for the density ,;‘\*

o t
pHE. 1) = pJ(é)exp(— fo Vu -udr) = pg )T, &, D. (1.7)
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We substitute (1.7) in the first equation of (1.1) and apply the well-known formula
Hn=A(t)x = A() X,

where A(t) is the Beltrami—Laplace operator on ;. Moreover, we separate the last vector boundary
condition in (1.3) in the tangential and in the normal components. To this end, we project it first
onto the tangent plane of I; and then onto that of I" by means of projectors II and I, respectively.
Next, let ng be the outward normal to I'. It is connected with n by the relation
J, u 1 Ang Ang

n= = .
|Ju 'Ang|  [Ano|

For n - np > 0, problem (1.1)—(1.4), as a result of the above transformation, is changed into an

equivalent system:
D ! AVT, () = f(Xu, 1) !
Uu— ——- u) = ) — —/——
T T e®

in 0F =0 x(0,7),

AVpT(of TH

1
D — v~ Viu+ p—_qu = f(Xu, 1),

Vu-u=0 in Q= x(0,7), (1.8)
u}t_ozvo in QO_UQJ, uFO, F)O,
= £|— o0 —00

[ul|, =0, [MiﬂonSu(u)nnGT =0 (Gr=Tx(0,T)),

[ - T, )nl| 5 — omo - AW Xu|g, = (o -m)p* (o5 T, D, -
In (1.8) g (&, t) was the pressure function in the Lagrangean coordinates, and we used the following
notation:
(AT Vi - w8 4+t Suw))ij  in 07,
—=85q + 1~ Suw))ij in 07;

_ ow; Jw;
Suw))ij = Ty <Aik—] + Ajk—l> ;

98k

Iyw=w—(ny-wny, IHw=w-—(n- -wn.

(T, W, q))i,j = [

The main result of this paper is a theorem on the unique solvability of problem (1.8) in the
Sobolev—-Slobodetskil spaces. We now recall the definition of these spaces.
Let {2 be a domain in R", n € N, and let « = (1, ..., a,) be the multi-index of order

|| = o1 + - + «, with integer non-negative components «;, i = 1,...,n. We denote the
glady

Bx(ftl dxpn”

We determine the Sobolev—Slobodetskii space W,"({2) for m > 0 as the space of functions u

with finite norm
1/2
luellwy ) = ( > DSy + ||u||€~vén(m)

la)<m

generalized derivative of a function u by D&u =
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where || - || is the norm of L, ({2) and

Z ID%u % form e N,
|a|=m

||M||Wm(9) / / |Df€‘u(x) _D?u(y)lz
la|=

|)C _ y|n+2(m7[m])

dxdy form ¢N,

[m] being the integer part of m.
The anisotropic space W,' "/2(0r) consists of functions defined in the cylinder Q7 = 2 x
(0,T),0 < T < 00, and having finite norm

T
2 2
||I/t|| mm/Z(Q ) (/0 ||M||W£n(0)dt+/(2 ”u”W;l/Z(O,T)dx)

To formulate intermediate results, we need the Sobolev—Slobodetskii spaces with exponential
weight introduced by M. Agranovich and M. Vishik in [1] and also considered by V. Solonnikov
in [7].

Let y > 0. The weighted space H;" m/ 2(QT) is the space of functions admitting zero
continuation to the domain ¢ < 0 without loss of regularity. This space is equipped with the norm

1/2

1/2
2
il g, = (nunH;n,o(Q 1l g, )) :

Here
2 r o, ) ,
Jull?,, / " (Il g + 7"l
0 o ny TV 4
2
T 9m/2y
ol HOm? e ! dt  form/2eN
Qr ) 0 8[’”/2
and 2
”uHZ :/T 6_2)/1‘/00 8k1/t0(-, l) B akuo(.7 t — 'L') dr "
H;(/)’m/z(QT) 0 0 Btk 8t" 0 1;1+m—2k

for k = [m/2] < m/2 where ug is the extension of u by zero in the domain ¢ < 0. In addition, in
the case m > 1, '
do'u

—1
2 = i:O,...,[m—].
at' |,— 2

On the cylinder boundary Gy = 92 x (0,T) of the domain Qr, we define the space
m+1/2,1/2,m7/2

H, (Gr) with the norm whose square is determined by the formula
2 r 2
u m m = e_ yt u m
I ”Hy +1/2,1/2, /Z(GT) /(; <|| || +1/2(39) || || 1/2(89)
© akuo( 1) dug(t —1) | dr
+ kT k 1+m—2k dr,
0 dt ot WS/Z(BQ) T
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k = [m/2] < m/2; if k = m/2 the last term under the first integral sign should be changed

9m/2y 2

9rm/2

into ‘ ; (Here ug is again the extension of u by zero and ‘gT’f 0 = 0, i =
1=

w200
—1
0.....[25])

All these norms can be introduced on any smooth manifold by means of local maps and
partitions of unity.

As usual, for a function defined in two domains Q. and Q;, we set

||u ”Ul‘:,gr H}l/nm/Z(Q,T) = ||u ”H;/n,m/Z(Q;) + ||u ”H;/n,m/Z(Q;t).

We say that a vector field belongs to a certain space if each of its components belongs to this
space and we define its norm as the sum of the norms of its components. The numeration of constants
is individual for each section.

Now we define three norms necessary for formulating the main result of this paper. The first of
them is

,m/2 2
a2 = (uun

1/2
- - m,m i Tﬁm u 2 .
07V07 Uiz, Wi /Z(Q’T>Jr | llR%)

It is equivalent to ||u||2 ifm < 1 and to ||u||2 )2 for VT < oo. The square of

Uy H "2 (00) Us w20
the second norm is determined by the formula
(2+1,1+1/2) 2
. 2 —1 2
ul| - = |lu .+ T Diu|*, -
(n ook ) el yarsn g, {n Yy o

DY 27 ot 2 o
+ 1 xunQTUQ;} + 30 DI, o g

|la|=2
For 8 € (0, 1) we will consider the following Holder norm of u € R3T =R3 x (0, T):

lu(x, 1) —u(x, 7)|
|t —¢t|P

Iulllgs = suplu| +max sup [Dyulx,0)|+ sup
R3 (x,neR3 (x.0),T<T

Let B; be the ball {x : |x| < d}. We choose a coordinate system {x} so that Qg' is contained in
the ball By, d < oo, and we set By, = (Bg \ £2)) x (0, T).

THEOREM 1.1 Assume that for some [/ € (1/2,1) we have I" € W25/2+l, /o(J)r € WZHI(Q(;“), 0 <
Ro < pf(6) < R < 00,6 € 0, p* € CXRy), f € Wy'P®3), 0 < T < o0, f(-.1)
€ C2(R?) for Vi € [0, T1, f(§,-), Vf(E,) € CP(0, T) for V& € R? with some g € (1/2,1). In
addition, let the initial velocity vector v¢ € Ui=7, 4 W%H(Q(’)) satisfy the compatibility conditions

V-vg=0 in
voll =0, [Swonol| =0,
r r

and let the viscosities of the liquids satisfy the inequalities

p>pt, v <pt/Re. (1.9)
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Under these hypotheses, there exists a constant 7p € (0, T] such that problem (1.8)

is uniquely solvable on the interval (0, 7p), and its solution (u,g) has the properties: u &
2+1,141/2 i 1,1)2 — 1,1/2 — 1+1/2,1/2+1/4
Ui W3 200, g € Wyl207). Va € W520). qla,, € Wy 214Gy

and

Q@+, 1+1/2)

fleell =
07,997,

t,1/2) @,1/2)
\Y%
+ 1l 61||Q;0 + ”q”BJTO + I|QI|W£+1/2,1/2+1/4(GT0)

1-l

1
2
< 01(02 +asTy Ivoll W;+I(Qé)){”|f|”R3TO +lvoll Wit ()

1
+ ol Hollyrez ) + H F Ve + ||p+(p0+)||wzl+/(90+)}.
0

wh2h
The value of Ty depends on the norms of f, v, po, p* and on the curvature magnitude of I'.

This theorem is proved by successive approximations in the same way as the analogous theorems
for the case of a single incompressible fluid [8] or for the case of a single compressible one [9]. We
will consider the main steps of the proof in Section 4. The role of the successive approximations
will be played by the solutions of the following linearized problems:

AVT,(w)=f in QOF,

v ®

Lo

1
D,w—v_V3w+—_Vus=f, Vu-w=r in QOp,

Lo
w =wo in 0, UL, w—0, s——0, (1.10)
t=0 |&]—00 |&]— 00
wl| =0, [pFIIOS,w)nl| = Ia,
GT GT

(no - T, (w, s)n]

t t
—ono-A(t)/ w| dt =b+o/ Bdr, t€(0,7).
r 0o Ir 0
THEOREM 1.2 Let I' € W,*", pt e W)t (), for some I € (1/2,1) and let 0 < Ry <
,OSL () K Ro < 00,& € QSF . In addition, assume that the vector field u is continuous across the
boundary /" and that for some 7" < oo it satisfies the inequality

1/2 Q+1,1+1/2)
T IIuIIQ;UQ; <9 (1.11)

with a small number 8. We suppose also that inequalities (1.9) hold for the viscosities u*, v™.
0,141/2

Then forany f € U;__ . W54, r e W, V2 H200) r = v R, R e W' T2 (07),
wo € Ui=7,+Wé+l(96-)’“ c W12+1/2’l/2+1/4(GT), b e Wé+l/2'l/2+l/4(GT), and B e

Wé_l/ 2=l 4(GT) for which the compatibility conditions

wol| =0, [uMoSwo)nol
I

= Ia
r

’

t=0




290 I. V. DENISOVA

V-wog=r on
t=0
hold, there exists a wunique solution (w,s) of problem (1.10) such that w €

2+1,141/2 i 1,1/2 — 1,1/2 — 1+1/2,1/2+1/4
Ui W20, s e wyiltop), Vs € W2, s|,, e w2 Gy,
and

2+1,14+1/2)

@.1/2) @.1/2)
Wllg-Ugs ™ HIVsIg™ A+ lsllp ™+ lslly iz,

,1/2) .
< cl(r){nan;UQ; ol wiviigp + Iy s or

+ IRl o112y + T 2ID Rl o + lalyisrargs

Q1) (G1)

)
+ ||b||Wé+1/2,l/2+1/4(GT) +T ||b||W21/2,0(GT)

+ U||B||W£1/2,1/21/4(GT)}, (1.12)

c1(T) being a non-decreasing function of T'.

The existence of a unique smooth solution of problem (1.10) is based on the analysis of the
model problem when # = 0 and when the interface I is a plane.

2. The homogeneous model problem

In this section, we consider the problem

1
D,v—v+V2v+p—+Vp=0, V.y=0, in D;:Rix(o,oo),
0

Dy —v Vi — (v 4k )V(V-¥») =0 in D =R> x (0,0),

v| =0 on RPUR}, v——0, p——0, (2.1

=0 |x|—o00 |x|—o00

)
x3=0 3x3 3xa x3=0

a t
+ [Miﬂ} +0A’/ v3
x3=0 9x3 x3=0 0

t
=b3+0/ Bdr =b, onRZ.
0

[v] zbol(x/st)v o = 1a 2;

—(p+A"V-y) dr

x3=0

Here we have used the notation Ri = {*x3 > 0}, Rgo =R2 x (0,00), k~ = APy s Py =
constant > 0,v" =~ /py, A = 82/3x} + 8% /9x3, x' = (x1, x2).

We take the Fourier transform on the tangent space variables (x1, x) = x’ and the Laplace
transform with respect to 7 given by the formula

F(E, x3,5) = / - et / fe, e ™ Edx'dt,Res >0, &= (&,&). (2.2)
0 R2
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For a function f € H)l,’[/ 2(Dfo), transfomation (2.2) defines an analytic function fin the half-plane

{Res > y}.
The problem (2.1) is then transformed into the system of ordinary differential equations

dx3 vt
i RN I -+t o,
dx32 <V+ +e > 3 + dx3
dv; .~
E + i€, vy = 0, x3 >0, (2.3)
d’y, s ~ o~ AT
7 = <—_ +‘§2>va + (I + B7)i&, <1€1v1 + 1502 + —3> =0, ¢=1,2,
d_x3 v dxs
_ d253 S 2\~ . d co
C+B)—7 — | =+& i+ d+p)— v +i512) =0, x3 <0,
dox; v dx;3

with the boundary conditions

2 0, p 0, ] =0,
|x3|—o00 |x3] =00 x3=0
dv, - ~
—[Mi(& + i&:l@)} =by, a=12, (24)
d)C3 X3=O
v 2 dvy ~
=t +9b3 - e ~— 3 20+ 7
s|—p +|:2,u —] - A &gV, + — —o&“v; =sb
( dx3 [] 1o ; PP T dx 300

where §2 = €2 + &2, f~ =k~ /v" = A" /u", VE = limgoox ¥, B = limg oy P
As in the case of two one-type liquids (see [2,4]), we write the general solution of (2.3) in the
two half-spaces:

r+ 0 181
y= Cl+ 0 e 4 C;r e 4 C3+ & | eIl
&) i&2 —|&]
p= —C;pa'se7|€|X3 for x3 > 0, (2.5)
—r- B 0 B & B
V=C/ | 0 |e& B4+Cy|—r | B4+Cy|i&]en ™
i& i& ry

for x3 < 0.

+ . . _
Here C;°, i = 1,2,3, are arbitrary constants, P = /2 +&2,r = /W + &2, || =

,/512 + 522 and we assume | arg \/z| < /2 for Vz € C.
We substitute (2.5) in the boundary conditions (2.4) and solve the system obtained. Then we find
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a solution of problem (2.3), (2.4) which we write in the form convenient for the following estimates:

V=Wef+VES, £x3>0, (2.6)
P=—Cipyse ¥ = —p*C T —1EDCT + gD, x> 0,
where
i :Frixg N efr+x3 _ eflél)g 3 er7x3 _ er;X3
¢ =°¢ . a=sT I o aT T - _—
rt—|§| rT—r
] & &
W=|wm|, Vvi=-cfet—in|ie |. v =-c;0 - |i&a].
3 —I&| r
cf = - {A{ |:2,u+r+ - 552}07; — &%) 2.7)
(rt—1EDhP s

—_ + _2 —_ 2 — —_
+u rt(r- —=2r rl—{—f)—l—posr }
~ o 2
+ Dyt T —EH T + 87
Fu T -2 ) + posr+r1}},

A
C; = —F{/uﬁ[r*(r+ +1ED+r T = ED]+ 20T I8 + %I%P}

b
+ ;{;ﬁ[rﬂsur— FIED + ¢ — EDEN + (T +ED L),

Wy = m{ga + i [ut (T — |5|)C;r +u =Gy
+ @t —p w3}, a=1,2,
—(rt —gDIEICT + (T —EDCy

rt+r—

w3 =

In formulas (2.7) we have used the notation:

A= igll?l + 15252, 5/3 = 53 + %E,
_ _2
P=piutsct +IEDGTrT —E) +py s7[E]
+ pg WSt EDGTIE + T 4287
+ At = pE T T =D — T T =N
3
L okl

° et +EDGTr] —ED + pyry s).

We observe that solution (2.6), (2.7) may be obtained by the passage to the limit r]Jr — |&| from
a solution of the model problem with a plane interface between two compressible fluids (see [4]).
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On the other hand, it goes over as r|/ — |&| into a solution of the corresponding problem for
two incompressible liquids [2]. This passage may also be demonstrated in the system of equations.
Let us turn r|” to |&]| that corresponds to B~ — oo, in system (2.3). In this case, the Navier—
Stokes equations for a compressible fluid in the domain {x3 < 0} become the equations for the
incompressible one.

We now move on to the estimates of solution (2.6), (2.7). As C;“ is contained in all the
expressions with multiplier (»* — |£|), which is cancelled with the denominator of C ; , the estimate
of solution (2.6), (2.7) depends only on the lower bound of P.

We rewrite P in the form:

P= Z I; (2.8)

L= <p0+ + pif') 5q.

L= —uuterrt e — &%),
L=~ r ™ —rIER,

Iy = oy st + EDGT IEI+IEP/r),

~

where

B _r(rT=ry)
15=2M+POS§2{V++|‘§|—2V ISI%}
_ 1+87 r7|§|
=2utpys 2{r+—|— 20—,
1Py S§ 1 2487 r +ry
ol&?
I(): q,

S
q=nToT+EDCTT —ED +pyry s

LEMMA 2.1 For V& € R%, Vs € C, Res > 0, the absolute value of the expression g is estimated
by

Py —
lq| > %Irl IIs], (2.9
lg| < e1(Isl¥? + Is]1&]). (2.10)

Moreover, if the viscosities of the fluids satisfy the inequality

vt <™

then arg (¢/s) € (0, (args)/2].

Proof. For definiteness, we assume from now on that args > 0. (For args < 0 the picture will be
symmetric with respect to the axis Im s = 0.) Under this hypothesis, arg 7=, arg r €[0,/4) and
2

_ A+pn .z
arg - _arg(2+'3_)v_< + e >e( 4,0]. .11)
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Hence, argg/s € (—m /4, 7/4) and

—_— - 2 - —_
rTrr — & ) ey lsliry ]
lq| > ISIRe{M+(r+ + |s|)‘f + 051 } >0 1

V2

Inequality (2.10) follows from the estimate

Iry | -
lg] < |S|{Cz(|r+| + IEI)(1 +SUP% + g Iy |
s [rm 4|

<cilsl (sl + €D,
Next, it follows from the inequality v™ < v~ that arg(r+ + |€]) > arg(r™ +|&]) >

arg

rT4rg
r

— =arg(r~ + |r |) because |§| < |r| |. So, argg/s > 0.
1

It is not difficult to see that the arguments of vectors r, e r* 4+ |&] do not exceed % args.

Taking (2.11) into account again, we conclude that arg(q/s) < (args)/2 < /4. (]
LEMMA 2.2 Assume that for the viscosities of the fluids the inequalities
vP <y, ut>po (2.12)

hold and that ¢ > 0. Then for V& € R2,Vs € C,Res = y > 0, we have
IP| = e, v, B2, (2.13)
IPL> ea (IsP + IsP/2181 + 151 + o &) (151" + 1)

Proof. We will show that each Re (I /g) is non-negative. Then for the modulus of the expression
P, we can use the inequality

6

I.
= |q|ZRe;j. (2.14)

j=1

I[Pl = lq|

6 ;.
ReZ—j
=11

We have

1 s
Re - =Re (p(;*s + po‘|s|—) = pgRes
r
1

+ ,00_|$|%{cos(arg s) cos(argr, ) + sin(arg s) sin(arg r; )}
,
1
> y(pﬁp&ﬁ) >0 (2.15)
\/E|r1 |

because the arguments of s and ;" have the same sign and consequently the product of their sines
is non-negative; in addition cos(argr, ) > 1/ V2.
Next,

I =y _ £2
Re 22 —Re {4(M+ _ M_)M+§2M£} >0,
q § q

I 1+ 8~ K
Re—3=Re{4M +h d |é|_£}>0,
q vI2+BT)rm 4 ¢
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G ) s A4 r-
——1 =7 argf e (—Z,2), and ar
B ’ agqe( 4’4)’adagr*+rr

as arg € [0, Z).

For ;—4, we have

(DS | b ((r+ +_|$|)§2 5>}
q

Iy _
Re — = u'p, Iél{Re
q ry q

1
+ —_
> Wpg lEIRe — == >0
ST rr+g|

since the argument of the last fraction’s denominator belongs to the interval (—mx /2, 0].
We transform /5 in the following way:

TSR —ﬁrlél}
Q+B)™+r)

Is = 2M+p0s§2{r

e 2 204 B ﬁ(r+—lél)}
_2Mp°s§{2+ﬂ‘r+(2+ﬂ‘)(r—+rf) 2+8 |

Then taking the preceding arguments into account, we verify that

2t 2(1+ )y I8]
2+B7q/s Q4B +r)q/s

I
Re = = 2u+p6$2Re {
q

- s }
0. 2.16
T e B ot Ebass) (.10
Finally,
o ol olEPy

= > 0.
s Is|2

I
Re—6=Re
q

Now let us return to estimate (2.14). Dropping all the terms except the first one, by virtue of (2.9)
and (2.15) we obtain:
Po Iy lls C
Pl > ypg == > esloy v By

which proves the strict positiveness of |P| for ¥y > 0. In addition, from (2.16), it follows an
inequality useful for the further estimates of the absolute value of P. As
4ptpy s&? rt

> Re —
|P| 2+ 8 lg| /s
o+

and arg a7 € (=% 7), we have

4utpy £ |rtls|
2487 V2
= cslsllr 12 > co(Is /267 + IslIE). (2.17)

|P| >

In order to prove the second inequality in (2.13), we consider two cases.
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Case 1. Let |s| < 2. Then
5/2 2 3242 3 _ |P]
IsI7= + Is 715 < [s[77767 4+ [slIE]” < P

In view of formula (2.8) for P, we have

5
319
—| < |P|+ 1.
s‘ |P| ;m

Let us estimate |/;|, j =1,...,5. Using (2.10), we obtain:

P 161 7
Il < ( + = )|s||q|<c7(|s|5/2+|s|2|s|)<g|P|,

Iry |

Aut —puH)ut L+ B87)r
bl < Mwnrﬂszmx‘l L PN | st
2+ B )™ £ rT 4
cg
g _|P|’
cs

3] < c9 magx

“pl,
C6

|14|<clo|s|(|r+|+|s|)(|r1||s|+s) en (IsP1g1+ IsligF) < HP,

1 1
|15 < crals|& (IrF] + 181) < C12<5 g)lPl-

Hence,
V2

al&[* <ol€lPlr| <0

q
3 ;‘ <celPl.

Thus, (2.13) is proved for the first case.
Case 2. Now consider |s| > &2. From (2.17) it follows that
IslIEP _ 20|P|
\/— \ 66\/_

We gather all terms in P of orders |s|>/? and |s|?|£| and introduce the function

alEPUsV? + 18] < 20

Io=1+utpys (rt — &) rr &

Evaluating its absolute value by its real part, we deduce the estimate

q polélq _ |l
Ipl > Is’Re {pF L + + 1=
ol = |s] {pos = pp0r++|$|

1 Pg Py
IsI? { ‘if°|1|+f|s|+popo mi

=l

(2.18)
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We note that in the last inequality we have used Lemma 2.1 and the fact that the argument of each
term lies in the interval (—m /4, w/4).
At last, with regard to (2.17), (2.18) we have:

6
cia (1512 + 1sPIE1) < ol < 1P+ - 11+ 20 pg lslirf 1€
J=2.j#4
gl
Ty sl =R < eas P
1

So, (2.13) is completely proved.

O
Now we may estimate the solution (2.6) easily.
LEMMA 2.3 For the coefficients W, V= defined by formulas (2.7), the inequalities
5 ~ ~
~ . |bs3lls] +o|B|
|Vi|<c16<y>( |ba| + —F——| . (2.19)
o; Vsl + &2
|ba| |b?|| | +0|B]
WI<er slto (2.20)
\/lsl—i—é2 Is| +&
hold.
Proof. Taking into account the evident inequality
i — & : 1+(1+ﬁ)supi < g™, )
sl Q@+ B e I+l ) A
we obtain
IV <cio '“'52 L(1r* 1+ 1)
P
a=1
1b3lls| + o | B _
+con)|5| is1+&2+ 1}
_ (I + BD)lsllr |
VoI < L icy| 2.21)

Q4B lr ]|

3
< c”'”{Db ||s|[|s|+s (1 1) e+ 2 }

|P| |s]

(|b3|+|'—lf')|s|[|s|+s +|r+||§|]}
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From here, in view of (2.13), we obtain the estimate

~ 1b3llEI + 1Bl + )
VE <en 1> lbal + — 1.
; * Is|1/2 + |€]

(the term with |I§ | drops out for o = 0).
The inequality (2.20) follows from the relations

€23

3] € ——— (IVF] + c1slslIC5 ).
[r* +r~|
1 ~
< b +V+ -V +_ - ,
00l < T (Bl i IV 0TIV 4+ G = ) leslié))
a=1,2,
and from estimates (2.19), (2.21). ([l

In the dual Fourier—Laplace space, we introduce normalizations corresponding to the norms
defined in Section 1. It is possible to do so by means of a Parceval equality for the transform (2.2)

/ / If(f,xy)/JriEo)lzdeSo:(277)3/ e’z”t/ | £ (x, 1)|? dx’ dr.
—o0 JR? 0 R2

Thus in Section 2 of [7] it was shown that for Vy > 0 the norm ||u ||U 2 (i) is equivalent to

the norm whose square is given by

el s = f/ {

|r|2m—2j
R_UR,

—M(E x3, S)

J<m

~ 2
+ ||I/t($, K S) ” V.Vzm(Rf)UWéﬂ(RJr) } df;:() d";:

where s = y + £y, r = /s + &2, Re={y e R| £ y>0}, D3, = D U DZ.

For the trace of a function u on the plane R?, the norm ||u|| PR ) is equivalent to the norm
14 00

[e9) 1/2
|||u|||m,y,Rgos< / / |ﬁ(s,o,s)|2|r|2mdsodg>
R2 J—o00

while the norm [[ul[ ,m+1/2.1/2.m/2 is equivalent to the norm
14

(R%,)

00 12
gz = ([ 16 [ e 0.0Pr i aeae)

Consider now the velocity vector v from (2.6). We can write:
) , +x3>0,

con [t

dey (x3)

dx3

dI¥ (x3)

J
dxy

v & e (x3)

3
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where j = 0, 1,.... We estimate the derivatives of functions e(:)t,efE according to the inequalities
(see Lemma 3.1 from [7]):
+00 | i 2 +£02j-1
:l:/ ﬂ 3 < L’ (2.22)
d)c3 V2
. 2
/iOO/ dJeO (x3£2) dfegt()g) dz dx; < U1
d)c3 dxé gl+2e 2 7
+00 | 4/ (x
+ / M dxs < ex5lr| 73, (2.23)
d)c3
. 2
/:too/ dle?:(m +2) 3 dfe?:()@) dzdx; < cE | RUH-3
dx] dx] Zlt2e =728
where j =0,1,..., a €(0,1), r=+/s+&2, s=y +i&, ¥y >0, £ € R2, and the constants
cé%, czi7, ci do not depend on |r|. Then for the norm of vector v the relation
oo
T /R [ ORI VAR a e (2.24)
—00

holds.
As the function e~ 613 satisfies inequalities (2.22) with |r| replaced by ||, for the pressure
gradient
Vp=utviet + |§|)e—lé‘m’ x3 > 0,

the inequality

VI, b \630/ / VPRI P11 dgo dg

holds.
And finally, as a consequence of Lemma 2.3 we conclude that

1914003 + WV PUL, o

0o [ 2 S22 4 21 R12 172
~ |b3171&|” + 0| B]
<ar( [ [ (X wmp+ P P g ds
RZ —0o0 a=1 |r|

2
< {Z Nballis1/2,.r2, + 1031, 2, + G|||B|||1—1/2,y,Rgo, . (2.25)

a=1

Thus, we have proved the unique solvability of problem (2.1).

THEOREM 2.4 Assume that/ > 1/2,y > yp > 0, o > 0 and that inequalities (2.12) hold for the
viscosities of the liquids. In addition, we suppose that b, € H]I,H/ 2241/ 4(R§o), =12, by e
H;+1/2,1/2,1/2(R§0), and B € H£71/2’[/271/4(R§0).

Then there exists a unique solution (v, p) of problem (2.1) such that v €
Ui B 2(DL), Vp e By (DY), and inequality (2.25) holds.
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REMARK 2.5 It should be noted that the uniqueness of solution (2.6), (2.7) for y > 3 > 0O is
guaranteed by the first inequality in (2.13), i.e. by the fact that in this case P is separated from zero.

3. The non-homogeneous model problem

In this section we will prove the unique solvability of the non-homogeneous problem with plane
interface between the fluids by reducing it to problem (2.1).
Let T < oo and consider the system

1
th—v+V2w+p—+Vq=f, V-w=g in D;:Rix(O,T),
0

Dow —v V2w — (v +x)V(V-w)=f in Dy =R> x(0,7),

=0, w——0, — 0, [w]
=0 [x|—>00 [x|—>00

ow, w3
Y Bt
|:M ( 0x3 * 0xy >i|

—(g@+A"V.-w)

=0, (3.1

x3=0

=ag(x', 1), X' = (x1,x2), 1 €(0,T), . =1,2;
x3=0

9 t
+ |:2,ui£} + UA’/ w3
x3=0 9x3 x3=0 0

t
:a3+0/ Adr  on RZ =R%x(0,7).
0

dr

x3=0

THEOREM 3.1 Let T > 0,y > y > 0, o > 0, and let the viscosities of the liquids /,Lj:, pE

satisfy inequalities (2.12). In addition, we assume that, for some / > 1/2, f € | Hg,’l/ 2(D"T),

i=— 4
g e H}}+z,1/2+z/2(D;§)’ ¢ = V-RRc HS’I+1/2(D7T), 4 < H)l,+1/2’l/2+1/4(R27), @ = 1.2

as € H)l,+l/2’l/2’l/2(R2T), and A € H)l,_l/2’l/2_l/4(R2T). Then problem (3.1) is uniquely solvable on
the interval (0, 7] and for its solution (w, ¢), w € ,__ H$,+l’1+1/2(DiT), Vg € Hg,’l/z(D;), the
inequality

. < )
Wi, gzevinpy H 1Vl gLie o < { LA, B2 i)

2
R| .0, Z a
+ ||g||Hy1+1,1/z+1/2(D;r) =+ || ”H(;'HI/Z(D;Y) + 1 I "‘”Hﬁ“/z"/z“/“(R%)
o=

+ llasll g2z g ) + UIIAIIH;1/2,1/21/4(R2T)} (3.2)
holds.
Proof. We shall look for the velocity vector w in the form: w = u + w’ + v’ where
u_l", X3 > 0,
u=11 _
u +u,, x3 <0,

, Vo, x3 > 0,
0, x3 <0,
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d(x, t) being a solution of the Dirichlet problem for the Poisson equation

A(P(x,t):g—v-ufzg/(x,t), X eRi, t >0,
Byio = 0. (3.3)

Next, let (v/, p’) be a solution of the homogeneous problem (2.1) with the boundary functions

B d ow’ ow?
bazaa+[ui(ﬂ+ﬂ>} +/ﬁ< w“+—3> . =12,
3)(3 axa x3=0 8X3 Bxa x3=0
(uz + wh) _ _ _
by =az — [2ui73 +ATV-(u; +u,y) +utyg , (3.4)
0x3 x3=0 x3=0

B=A—A'(uz +wj)

x3=0

then as a pressure function associated with w we can take ¢ = p’ + pS’(v*g’ —09/0t) (¢ =0in
R3).
We define the vector-function u as follows. u‘f is a solution of the Cauchy problem for the heat
equation
Dl —vFAuf = ft inR} =R x (0, 7),
ulli—o=0; (3.5)
u; is a solution of the Cauchy problem too:
Dy —v Auy — (v +.)V(V-u)) = f~ in]R3T,
u =0 =0. (3.6)

(Here f* and f~ are continuous extensions of restrictions f|y;~0 and f|y, <o, respectively, on the
whole Rgo.) We determine u, as a solution of the initial-boundary value problem

Dy, — v Auy — (v +k)V(V-uy) =0 in Dy,
uy =0 =0, u)lu=0= @] —u; —w)l=0=¢. 3.7

Now, we show that every function introduced above is well defined and that its norm is bounded
by the norms of the data of problem (3.1).

We consider T = oo because every given function admits an extension to t > T in the same
class.

Let us take the Laplace transform on ¢ and the Fourier transform on the all spatial variables in
problems (3.5), (3.6). Then it is easy to see that for their solutions the estimate

//R3|u?(s,s)|2(|s|+52)l+2d5dso<cz/ /R}IFE(E,S)|2(|S|+$2)IdEd€0 (38)

holds. Here & = (&1, &, &), &> = &} + &7 + &7, s = y + i&. Estimate (3.8) is equivalent to the
inequalities

+ + +
u <c <c o 3.
Nyl gzeiivirz s ) < s M gringa ) < callfll gz (3.9)
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After the partial Fourier—Laplace transform (2.2), a solution of system (3.7) may be expressed
in form (2.6):

u, = Wea + Ve, .
It is not difficult to show that

&
W= V=-Go-mlia
r

where C3 = W. Taking inequalities (2.22)—(2.24) into consideration, we conclude that
-

C5|||‘P|||3/2+1,,,,]Rg>O (3.10)

13 sy e <
J’_ p—
< s llagypr + My lagry pe + 19 Hlay, po)-

Thus, it remains to estimate only the norm of w’ = V &. To this end, we turn our attention to
problem (3.3). By means of the Green formula for the Poisson equation in the half-space

D(x, 1) =[ G(x,y)g'(y.n)dy = —/ VyG(x,y) - (R(y, 1) —uf (y,1))dy,
R3 R3

where G(x, y) = —L< 1 #>, v = (¥1, y2, —y3), it was proved in [7] that

A \ o=yl 7 Ta—yxl

/
lw ||H§+1,1+l/2(D;r) < C6{||g||H;+I.O(D;r) + ”R”H(;'HI/Z(D;)
+ ”uT||H§+”1“/2(D;)}‘ (3.11)

Finally, the evalution of the solution of the initial-boundary value problem (2.1), (3.4) is given
by Theorem 2.4. According to inequality (2.25), we have:

2
/ /
1 Moy 3, + 1V P ML, ot < m{Z Naallis1/2,yr2, + a3l r2,
a=1

!/ /
+ oA —1/2.r2, + e+ wlllig3,m2 + 18 |l,y,Rgc}

2
< 07{2 Maalll 172,y k2 +1a3ly g2 + oA/, R2,

a=1

+ |||”T|||2+z,y,1);o + My Moy, oy + My oy ps

1w My 03, + |||g|||1+,,y,Do+o}. (3.12)
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Taking the equivalence of norms ||| f|||n,,, and || f]| pmns? and also inequalities (3.9)—(3.12) into
account, we arrive at the estimate (3.2). The existence of a solution of (3.1) is proved. Its uniqueness
in the spaces H;" m/ 2, y = yo > 0, follows from the triviality of the solution of problem (2.1) with
homogeneous boundary conditions. ([l

REMARK 3.2 We note that the symmetry transformation with respect to the plane {x3 = 0} makes
the liquids change places. It is clear that this change preserves Theorems 2.4 and 3.1. Thus, our
results on the linear problem are independent of the location of the liquids.

4. Problems (1.8) and (1.10)

Now we suppose that Nt = Qg’ is contained in the ball B;_>, d < oo. We introduce the notation:
By = BsN 0%, B, =By x (0,T); 2~ = 0.
First, we consider system (1.10) with u = 0. We rewrite this problem with respect to the
functions v and p :
D — (g () 'VI'0) = f in QOF,

1
Dlv—v’Vzv—i-—_Vp:f, V.ev=r in Qg,

Lo
v =wg in 2°UNT, v——>0, —0, “4.1)
=0 |x]—00 [x]—00
vl =0, [ ISWnel| = Iha,
GT GT
t
—(p+AtVvem| 4+ [uFno - Songl —ano~Ap/ v| dr
r r o Ir

t
=b+af Bdr, te€(0,T).
0

Here Ar is the Beltrami—Laplace operator on the given interface I" and ng is its outward normal
with respect to (20+ .
We formulate the existence theorem for (4.1) with homogeneous initial data.

THEOREM 4.1 Assume that wg = 0 in (4.1). Moreover, let I' € W23/2+[, ,oar € W21+I(Q+) for
some !/ > 1/2,0 < Ry < p(')"(x) < Ry < 00, x € 27, and let inequalities (1.9) hold. Then
for arbitrary f € ;__, Hy'*(0}), r € H™'?H2 00, r = V- R R € HY'2(07),
a e Hly+1/2’l/2+1/4(GT), b e H,l,+1/2'1/2’l/2(GT), and A € H£_1/2’1/2_1/4(GT) with T < oo,
problem (4.1) is uniquely solvable on the interval (0, T'] provided that y is large enough. Its solution

(v, p) has the properties: v € [J;__ H)Z,H’IH/Z(Q"T), pE H)l,’l/z(B;), Vp e HIV’I/Z(Q}), and
satisfies the inequality

r _ R _ a
+ || ||Hy1+l’1/2+1/2(QT) =+ || ”H(V)’]H/Z(QT) + || ||H1y+1/z,//2+|/4(GT)

+ ||b||H£+|/2,|/2,1/2 + G||B||HJ//—1/2‘//2—1/4(GT)} =M 4.2)

(Gr)
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where the constant ¢ is independent of 7.

Proof. We prove this theorem in two steps. At first, we obtain the estimate (4.2) as an a priori one.

Next, we show that system (4.1) with wo = 0 has a unique solution belonging to the spaces H)l/[/ 2,

Step 1. We use the Schauder method to prove the validity of (4.2).

We first estimate the solution outside some ball containing 2. We multiply equations (4.1) by
a smooth function n : n = 0 in the ball By_; and n = 1 outside the ball B,. Let us introduce the
new unknown functions # = vy and ¢ = pn. It is necessary to evaluate a solution of the following
Cauchy problem:

1 1
Diu — v Vi + —Vg=fn-— v_(vvzn +2(Vn-V)y)+ —pVn,
Lo Lo
V.v=rn+4+v-Vn,

u =0, u , q .
=0 |x|—o00 |x|—00

This problem was analysed in [2] where was obtained the estimate

lall gt e12 gy + 1V g gy < Cz{ LF 1 g2 oy + II"IIHVW,IZLI(Q, ©p)

T

: + ||R||H3,1+1/2

+ ||V||H§+I,I+I/Z(KJT) + ”p“H}l,’l/z(KdT)}' 4.3)

Here Kyr = (Bg \ Ba—1) x (0, T).

Next, by a partition of unity, on the base of local estimates for compressible [9] and
incompressible [7] fluids, as well as of the boundary estimate (3.2) and inequality (4.3), we deduce
that

Wiy, gz giy + IV Pl gL ooy + 1P gLz
< :
< C3{M vl gietear g 1P gLz g )+ IIPIIHS.I/Z(GT)}

< C4{M + IIVIIUi HIH U g + 8||VP||H¢1/2

(Bir (Byr)

tes@lplyoir g } (4.4)

In the last relation, we have used interpolation inequalities from [2: p. 21].

Thus, it remains to estimate only || p|| HOU2 (g e To this end, we consider the Dirichlet problem
14 dT

2

v
TP G (f—Dw v V)=V (f — DR+ v Vr)
Lo
=V.F in (7,
L v !
p =[2M (8—)} —ATV.y —ono-Ap/v dr 4.5)
r no/udir r 0o Ir

t
—b—o/ Bdt=py, p——0
0

|x]—00
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where by, = b - ny.

We extend the functions f,r, R, v, b, B with preservation of class into the region 7 > T in the
case when T < oco. After the Laplace transform f (x,8) = fooo e f(x, t)dt in (4.5)we arrive at
the problem

vip -~ =~ -~
TP G . F-sR+vVA=V.F in 0,
Po
] v N —~
5 =[2Mi<—”>] 3V = LA, (4.6)
r ono ), 1l r s r
—B—zgzﬁo, p—)O
Ky |x]—00

We shall need also the solution @ of the Dirichlet problem with homogeneous boundary
condition

vio
— =% in 027, ¢

B =0, d—0. 4.7)
Po

r [x]—=00

Here ¢ is a smooth function with compact support equal to 1 in By and to 0 outside B;41. The bar
means complex conjugation.
We multiply the equation in (4.7) by @ and integrate by parts twice. Then we have

whence it follows that

15215~ < co(IF I~ + &IV DII%,- +||p0||p+8|| Ilp) (4.8)

and VV ¢
r

Applying the known estimates for V @

IVOI: <er(IVVOIG +1V2IG),  IVVIL < (1Pl +I1V2IG-),

we see that it is only necessary to estimate ||V @||,_. To this end, we multiply the equation of (4.7)

by @ and integrate by parts over £2~. We then obtain the equality Jo- Wpdf‘z dx = — [o- PP dx
0

from which it follows that
IVOI%- < el BL - + ce IPE 1% . (4.9)

Next, by the embedding theorems we obtain: || $¢ ||%2 < ool B2 |I? < ¢o||V®|1%,_. Finally,

LBy,
choosing sufficiently small ¢; and ¢, we deduce from (4.9)

IVels- < colpely-
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and then from (4.8)
1¢I5, 011(||F||Q + [1poll7 ) Clz{”f”_() + [[7115,- + Is]? IIRIIQ-

+IVPIT + el II(AFV)no + B} + IIbllp} (4.10)

Let us multiply inequality (4.10) by |s|' and integrate over the line Ims = &. By the Parseval
equality, we obtain the estimate

2
Ipl? O ) S 13{||f|| w2 gn, TI7 llr || s, )+||R||H(;,1+1/2(Q;o)
1ol yoir g, T II(AFV)no+B||H(y),l/2—1(Gw)
+ || Vv HO (G )} “4.11)

Forl < 2 the term with o2 must be replaced by o )/l_2||e_7”[(Apv),,0 + B] |G-

By means of the embedding theorems for H, m.m/2

from (4.4), (4.11) that

[7], in the same way as in [2], we obtain

I, zetrs1r gry + IV P gt ooy + 1P 01

ey M+ v .3/447/2 pi (-
< 14{ + | ||U;Hi/2+”3/4+’/2(B,QT)}

Here j = max(1, /) which is always less than [ + 1/2, since / > 1/2, and hence we have the weak

norm of v on the right. It can be estimated by 6 ||v ||U 22 (ol with a small coefficient 6 for a
ity T

sufficiently large value of the parameter y (see [7: Section 4]). Thus, we arrive at estimate (4.2).

Step 2. The proof of existence of a solution with the mentioned properties is proved by constructing
a regularizer in the same manner as in the case of single liquid [7,9]. The uniqueness of the
constructed solution follows from the triviality of the homogeneous problem solution which is due
to inequality (4.2). O

The passage from the weighted spaces H;," m/ 2(Q%), y 2> 0, to the ordinary Sobolev spaces

Wzm m/ 2(QJTE) is easily made because they are equivalente for VT < oo [7: Section 6].
Problem (4.1) with wg # 0 can be reduced to the problem with homogeneous initial

conditions considered above by constructing a vector V € |, W%HJH/ 2(Q"T) such that V(x,0) =
wo, [V]’GT =0and

IVl w42 gi g < Caslwollyy, wision:
In this way, we arrive at Theorem 1.2 with u = 0.

THEOREM 4.2 Suppose that I' € W,;/*™, pf e Wl () for some I € (1/2,1), 0 <
Ry < pg T(x) < R < 00, x € Qg' , and that inequalities (1.9) hold. In addition, assume

that f c Ui=—,+ ll/2(Q,) e W21+l’1/2+l/2(Q;), r = V-R R ¢ WO H_Z/Z(Q;),
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wo € Ui Wi, a e WP G, b e wyt PG, and B €
1-1/2,1/2—1/4

W, (Gr) with T < oo and that the compatibility conditions
wol| =0. [ ISwonol| = Iha| |
r r t=0
V-wog=r on {3
t=0

are satisfied.
Then problem (4.1) is uniquely solvable and its solution (v, p) has the properties: v €

241,141/2 i 1,1/2 — 1,1/2 — 1+1/2,1/2+1/4
Ui W 12000, p e wyiltop). vp e Wi'%p), plg, € w2 Gy,
and

iy QL) @1/2) @.1/2)
= + ||V + +
N[v, p] ||V||Q;UQ; [ PlIQ; ”p”BJT 1Py g

(,1/2) )
< 016(T){ IS+ ol wistegp + 17 ygetogge,

+ ”R”Wg’HI/Z(Q}) + T—l/2||D,R||Q; + ||a||W12+1/2,1/2+1/4(GT)

—1/2
+ ||b||W£+1/2,l/2+1/4(GT) +77Y IIbIIWZI/z.o(GT)

+O”B”Wél/2’1/2l/4(61)} =c16(T)F, 4.12)

c16(T) being a non-decreasing function of 7T'.

We will solve problem (1.10) by successive approximations taking w© = 0, s© = 0 and
determining (w ™ +1 | s@+Dy 3 > 0, as solutions of the problems

Dow ™D — (o cNT'VT W ") = f 1w ™) in 07,

Dy — v~ V2D 4 L_Vs(’"H) = f+Lw™, sy,
Po

Vow D = 4 bw™) =V (Lw™)+R) in QF,

w Dl =W, Wt ——0, D ——, (4.13)
=0 |§]—>00 |§]—>00
™D =0, [EISw ™ ngl|  =13w™) + Ia,
Gt Gr
t
[y - T (w ™D s+l — ong - Ap/ wmD g
I 0 r

t
=l4<w<'">,s(’">>+b+o/ Usw™) + B)dr, 1€ 0,T).
0
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Here we use the notation
! {(po E) AV, ) - V'] in 2,
w,s)y={4"0>" o
(Vi = VW + (V= Vy)s in 2,7,

Lw)=(N=Vw=V-Lw), Lw)=O-Aw,

I3w) = [ Ho(Swing — ySy(w)n)]

)

Gr

Lyw,s) =[no - (T'w, s)ng — T,,(w,s)n)]| , (4.14)

Gr

t
Is(w) = o - Dy(A() — Amfo w

t
=n0~{(A(t) — Ap)w +A(r)/ w
0

dr } s
where A(7) is the derivative of A(¢) with respect to time.
Operators I, ... ,Is and £ were considered in [8] and [9] where the following estimates were
obtained.

LEMMA 4.3 If u and u’ satisfy inequality (1.11) then

11000 5) =100, g e + I 0w) = ow) |17

1+, 1+1

W, 2 (©Qp)

1—1/2,1/2—1/4
13 00) = L300y 2stssiar g, + Ws o) =500, 1770

(Gr)

(2+1 141/2) Q+1,1+1/2) (1,1/2)
< VT lu =7 {nanTU@ + 1191l }

1D, (Lw) — £/(w))||(°l/2) 618{\/_”” |(2:11+1/2)

1=l 2+41,1+41/2
T ||u<-,0>—u’<~,0>||wé(g_)}||w||<QT+ H/2), (4.15)

(2+1 1+1/2)

Ilaw, ) — Liow, $)llyi2e1s112(Gyy < croV/T llu — lorior

Q+1.141/2) 0.1/2) @.1/2)
X{IIWIIQTUQ; + IIVSIIQ; + ||S||B; + IISIIWé+1/2J/2+1/4(GT)}- (4.16)

Here operators I, ... ,l5 and £’ are calculated according to formulas (4.14) where vector u is

replaced by u’. If w = 0, then inequality (4.15) is valid without 77 ||u( 0)—u'(-,0) ”Wé(()*)

1=
in the right-hand side.

REMARK 4.4 We note also that in (4.16) it is sufficient to take the norm ||s]|¢-//?) over the bounded
domain By .

Lemma 4.5 follows on from Lemma 4.3.
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LEMMA 4.5 If u satisfies inequality (1.11), then

(@.1/2) @.1/2)
Iy (w, S)IIQ;/UQ; + 1w 111,% DIy 21 g
W, Q1)

1—1/2,1/2—1/4
+ a0 )l 212y + s 001G 227D

Q2+1,14+1/2) 1,1/2) (1,1/2)
< 6205{||W ||Q;UQJTr + IIVSHQ; + ||S||B; + ||S||W£+1/2.1/2+1/4(GT)},
0,1/2 1=l 2+1,1+1/2
DLW < ea1]8+ T2 ul, 0l ey w2 (4.17)
QT 2 QT

If w(-,0) = 0in {27, then the term with ||u(-, 0) ||W£ (1) may be dropped in the last inequality.

Proof of Theorem 1.2. 'We return to problem (4.13). It follows from Theorem 4.2 and Lemma 4.5
that (w ™ +D | s0+D) 1 > 0, are uniquely determined, (w (', s(1) being a solution of (1.10) with
u = 0 and satisfying inequality (4.12).

Let us consider the differences 1 = w D _ 4y (m) - gmt1) — glmtD) _ o0m) - py > 1 We
have for them the problem

Dz — (o )~V @) =1ic™) in QF,

1
D,v _ V—VZZ(m—H) + __vg(m—H) — l](Z(m), g(m))’
Po

V2D = ™) =v. £ec™) in 07,

Zmt =0, D ——0, "D _——q, (4.18)
=0 |00 |00
"0 =0, WIS ngl|  =13E"),
Gr Gr
t
im0 TG g™ Dmgl| —omo- Ap [ 2] ar
r 0 r

t
— L™, g™) + o / 5™y dr, 1€ ,T).
0

If m > 1, then z™+D |t=0 = 0, and we deduce from (4.12) and Lemma 4.5 that
N[z(m+]), g(m+1)] < 0228N[z(m), g(m)]'
If m = 1 then in virtue of (4.17) we obtain
Nz®, 821 < (en8 + ensn)NIw®, s

with 8; = T'7 ||u(-, 0)llyy(qp-)- Next, for I, = Yy NIz, g'] the following inequality

Smi1 <2285, + Nz®, @]
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holds. Let us take ¢ < 1. It is obvious that

Zmpt < (1 —cnd)'Nz?, g®1.
Because of Theorem 4.2 we have:

Now ™D D) < 5y + Nw D, 5O

< 1 21 T 11 (. 0] P
X + u(, R I
1-— C225 1— C225 Wi(‘Q ) 16

where F is the sum of the right-hand-side norms in (4.12). Hence, the sequence {w 1 sm+D} jg
convergent and its limit (w, s) is a solution of (1.10) satisfying inequality (1.12) with

ci6F 1=t
c(T) = m I+ T2 ||u(',0)||wé(_()—) .

In a similar way, we can conclude that the difference (z = w —w’, g = s — 5’) of two solutions
of (1.10) satisfies the estimate

Nlz, gl < c228N|z, gl
whence it follows z = 0, g = 0. Thus, the uniqueness of the solution is also proved. O

Now, we give the main ideas of the Proof of Theorem 1.1.
Using the formula for twice the mean curvature,

t t
A Xy = AO)E + f A@)edr + A [ udr,
0 0

we rewrite the last boundary condition in (1.8) as follows:

[no : T;(uv Q)n]

t t
—ong- A(t)/ u =oHy) + O’f ng - A(r)édr
Gr 0 0

Gr

+(mo-m)pT (g Ty H

Gr

AuQ. openface N2 Here Hy(§) = ng - A(0)& is twice the mean curvature of I
Next, we use again the successive approximation method, now for solving system (1.8). We put
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u® =0, ¢© = 0and define u™ D, g™+D m e N, as a solution of the problem
1 1

Amvjr;n( (m+l)): (Xm’t)——AmV +( +j":1). +’
o ©) “ ! @ P Jn i 0

1
Dtuw“)—v—v,iu<m+1>+p—,vmq‘m+“=f<xm,t),vm-u<m+”=o in 07, (4.19)

Dyum D _

=vo in Q5 U0QF, w"th——0, gD 0.

u(m-H)
=0 |E|—o00 |§]—o00

mDy =0, WSy @™ n,]

Gr

=0,
Gr

t
—ong - Am(t)/ umth
0

[u

[no - T/, @™+, g+ yp,, |

Gr

t
= o Ho(®) + o / Ry - An(DEdT + (0 - ) p* (0 T )
0

Gr

Gr

Here we have used the notation V,, = V,m etc.; A,,(t) is the Beltrami—Laplace operator on I}, (¢);
n,, is an outward normal to the surface I}, (t) = {x = X, (&, 1)|€ € I'}; II, is the projector on its
tangential plane; A,, is the cofactor matrix for the Jacobi matrix {ai(]r.")} of (1.5) corresponding to the
vector field u™.

Since ng - Ap(1)€ € Wi HPVGry it u™m e U WETIH Q1) [8], and since Hy €
Wé—H/ 2(F ) then, by Theorem 1.2, problem (4.19) is solvable in an interval (0, 7,,) in which
u™ g are determined and u™ satisfies condition (1.11) with a sufficiently small § > 0. It
is necessary to show that forVm T,, > T’ > 0, N [u™, q(m)] are uniformly bounded in (0, T") and
that the sequence {#™, g™} converges to a solution of problem (1.8). The proof of these facts is
the same as in the case of a single fluid. It was presented in detail in [8].

Acknowledgments

The author is grateful to the European Science Foundation Program ‘Mathematical Treatment of
Free Boundary Problems’ for the financial support.

REFERENCES

1. AGRANOVICH, M. S. & VIsHIK, M. 1. Elliptic problems with a parameter and parabolic problems of
general type. Usp. Mat. Nauk 19(3), (1964) 53—152. (in Russian).

2. DENISOVA, 1. V. A priori estimates of the solution of a linear time-dependent problem connected with
the motion of a drop in a fluid medium. Trudy Mat. Inst. Steklov 188, (1990) 3-21. (English translation
in Proc. Steklov Intit. Math. 3, (1991) 1-24.)

3. DENISOVA, 1. V. Problem of the motion of two viscous incompressible fluids separated by a closed free
interface. Acta Appl. Math. 37, (1994) 31-40.

4. DENISOVA, 1. V. Problem of the motion of two compressible fluids separated by a closed free interface.
Zap. Nauchn. Semin. Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 243, (1997) 61-86. (English translation
in J. Math. Sci. 99 (1), (2000) 837-853.)

5. DENISOVA, I. V. & SOLONNIKOV, V. A. Solvability of the linearized problem on the motion of a drop
in a liquid flow. Zap. Nauchn. Semin. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 171, (1989) 53-65.
(English translation in J. Soviet Math. 56(2), (1991) 2309-2316.)



312

I. V. DENISOVA

SCHLICHTING, H. Boundary Layer Theory. McGraw Hill, New York (1960).

SOLONNIKOV, V. A. On an initial-boundary value problem for the Stokes systems arising in the study
of a problem with a free boundary. Trudy Mat. Inst. Steklov. 188, (1990) 150-188. (English translation
in Proc. Steklov Inst. Math. 3, (1991) 191-239.)

SOLONNIKOV, V. A. Solvability of the problem of evolution of a viscous incompressible fluid bounded
by a free surface on a finite time interval. Algebra i Analiz 3(1), (1991) 222-257. (English translation
in St. Petersburg Math. J. 3(1), (1992) 189-220.)

SOLONNIKOV, V. A. & TANI, A. Free boundary problem for a viscous compressible flow with surface
tension. Constantin Carathéodory: An International Tribute. pp. 1270-1303. World Scientific, (1991).



