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We consider a free boundary problem where the velocity depends on the mean curvature and on
some non-local term. This problem arises as the singular limit of a reaction—diffusion system which
describes the microphase separation of diblock copolymers. The interface may present singularities
in finite time. This leads us to consider weak solutions on an arbitrary time interval and to prove the
global-in-time convergence of solutions of the reaction—diffusion system.

1. Introduction

In this paper we consider the reaction—diffusion system

uleu—i—Eiz(f(u)—ev) in 2 x Ry
pe —Av:u—][u in 2 xRy

][v(.,t) =0 fort >0

u(x,0) = g€(x) x € {2,

with periodic boundary conditions for (u, v) on 92, where
Q={(x1,...,xy)eRY, 0<xj <w;j, 1<i <N},

withw; > O0fori =1,2,..., N. Here,

1
][¢> = lﬁ/QMX)dx

and € > 0 is a small parameter. The nonlinear term f(z) = —W/'(u) is the derivative of a double-
well potential with W (—u) = W (u), having two minima at &1, with W(£1) = 0 and W”(£1) > 0.
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More precisely, f is of bistable type and satisfies

f(—u)=—f(u), f(u) =0if and only if u € {£]1, 0},
f'(£D) <0, f'(0) > 0. (1.1)

A typical example is given by f(u) = u — u>. The initial condition g€ is periodic of period & =
(w1, w3, ... ,wy) and we will give the exact expression for g€ in Section 2 below.

In what follows, we denote by (u€, v¢) the unique solution of Problem (P€) on {2 x Ry which
is periodic in space with period w. For T > 0, we define Qr = 2 x (0, T). This problem arises as
a model for microphase separation in diblock copolymers [2, 9, 10]. More precisely, P€ is obtained
as a gradient flow for the energy functional F¢ defined by

2 2
Fe[u]zfg[f'v”' LW v }

2 € 2

where the function v is associated to the function u by

—Av:u—][uin(), ][U=O,

together with periodic boundary conditions for # and v. This functional is proposed in [10] and in [2]
to describe the microphase separation of diblock copolymers where two different homopolymers
are connected. This connectivity is responsible for long-range interactions between the two types of
homopolymers which are represented by the non-local term |, 0 |[Vv|? in F€. Whereas minimizing
the sum of the first two terms in the functional F¢ amounts to minimizing the area of the interface
between the regions where u# &~ 1 and u &~ —1, minimizing the last term involving v tends to create
oscillations in the function u, which in turn tends to increase the area of the interface. Indeed, in

order to make the term |, 0 |Vv|? small enough, one has to let u oscillate rapidly around ][u. More

precisely, if u — ][u converges weakly to 0 in L2(£2), then by compactness Vv converges strongly

to 0 in L2(£2). Thus we have to deal with two opposite tendencies.

It follows as in [8] that P€ has a unique classical solution (€, v¢). We are concerned in this
paper with global-in-time convergence results about (1€, v€). As for local-in-time results, it has
been established in [8] that for suitable initial data g€, the solution (1€, v¢) of system P€ converges
as € — 0 to the solution (49, v0) of the free boundary problem (FBP) defined on [0, T'] by

-1 xe
O(x. 1) = 1
ux. 1) +1 xe Qf
FBP — A0, 1) =ul(x, 1) —F uOx,0)dx x e Q7 U NS
£, 1) =0
Vp=—(N — DK + cov(x, 1) xel; =02\ (27 UnhH
Ft|t=0 = I,

with periodic boundary data for v° on 3£2. For each time ¢ € [0, T, the free boundary I, CcC 12
is a smooth compact hypersurface without boundaries that divides (2 into two subdomains {2, and
Qf, with 2 CC (2. Here, V,, denotes the normal velocity and K the mean curvature on ;. The
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constant ¢y € R only depends on f and is related to the travelling wave solutions associated to the
one-dimensional bistable equation. Well posedness for the FBP has been established in [4] and the
associated local-in-time convergence result established in [8] reads as follows.

THEOREM 1.1 Let I' = (I} X t)sef0,71, u°, v°) be a smooth solution to FBP on [0, T]. Then there
exists a class of initial data (g€)g<e<1 such that if (#€, v¢) denotes the corresponding solution of
P€, we have

lim u€(x, 1) = u®(x, 1)

e—>0

lim v€(x, 1) = v0(x, 1)
e—>0
fora.e. (x,1) € 2 x (0, T).

Nevertheless even with smooth initial data I'°, the solution may develop a singularity in finite
time. Thus a global-in-time convergence result needs to define some weak notion of solution of FBP.

Moreover, the inclusion of interfaces is not preserved in time for FBP (cf. [4]). This is why we
cannot define a notion of viscosity solution for this problem. However, we will use the notion of
viscosity solution for the interface motion equation in FBP with a fixed function v°.

Let us mention other results about global-in-time convergence to viscosity solutions in similar
phase transition systems. In [11], the authors consider a system where the evolution of u€ is given
by the same bistable equation as in P€ but where v€ is coupled to u€ by a parabolic equation. This
yields compactness in space-time for v¢. Our main contribution is to extend their approach to the
case that the equation for v€ is elliptic.

Note that we can prove similar global-in-time convergence results if the function pair (u€, v¢)
satisfies an equation of the form

1
ui = Au + 6—2(f(u€) — €ev),

with (v9)¢=0 compact in C%(Q7). In particular, this is true in the case where v¢ = / o u€, which
has been studied in [5].

This paper is set out as follows. In Section 2, we first define our choice of initial data g€ and then
prove estimates for (u€, v¢) which imply the compactness of this sequence in L' (Qr) x C O(QT).
The convergence result for a subsequence is then established in Section 3, using a related result by
Barles et al. [3] in the case of a single equation. More precisely, we prove the following result.

THEOREM 1.2 For a suitable choice of initial data g€, there exists a sequence €; — 0 such that for
allT > 0,

lim u9 =uin L'(Q7), lim v¥ =vinC%Qp),
Jj—>+o00 Jj—>+00

for two functions # and v with u = £1 a.e. in Q7 and v defined as the solution of
—Av=u— ][u ae.in Qr, ][v =0on[0,T],

together with periodic boundary conditions. Moreover, if ¥ is the unique viscosity solution of the
problem

(PY) o - |V¢|V.(%) +colVylv=0 onRN xR,
¥ (x,0) =d(x) for x € RV,
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for some positive constant cg wich only depends on f, the function u satisfies the inequalities

2xys0 — 1 <u < 2xy>0— 1 onRY x R,.

2. Estimates on the solutions of P¢
In this section, we will consider the functions (1€, v¢) on {2. Thus the relation between u€ and v€ at
any time ¢ > 0is

—Ave(., ) =u(.,t) — ][ue(., t) in{?

Jove(,t)=0,

with v€ satisfying periodic boundary conditions on 9{2.

We first define our choice of initial data g€ = u€|;—¢ .

In view of the assumptions (1.1) on f = —W/’, the equation in u, f(u) —a = 0, has, for |a| < §
small enough, three solutions that we denote by h_(a) < ho(a) < h4(a), with h4(0) = +1 and
ho(0) = 0. Let us consider the travelling wave solution associated to the bistable non-linearity
f(u) — a which is defined as the unique solution (c(a), g (r, a)) of

qrr +cl@qr + f(g) —a=0

¢(£00,a) = ha(a), q(0,a) = D@

5 2.1)

It is standard that (c, ¢) is uniquely determined and satisfies in particular for some constants C > 0
and o > O and for all » € R and |a| < 4,

0<gq <Ce™, —C<qu<0, lgarl <C (2.2)
c(0) =0, ¢'(0) =cp> 0andq(r,0) = go(r) satisfies q(,)z =2W(qo)- (2.3)

Let 0 = 8!2(; be a smooth given interface in {2, where Q(; CC {2 and QO+ =N\ !_2(; are smooth
subdomains of 2. Let d°(x) be the signed distance function to "% and let the function u be defined
in 2 by up(x) = £1 forx € ng We then consider the solution vg of

—Avy = ug — fuo in £2, ][v() =0, 2.4)

with vy satisfying periodic boundary conditions on 9 (2. The initial condition g€ = u€|;—¢ is then
given by

d%(x)

g ) = q( ,evo(X)>, (2.5)

where ¢ is defined in (2.1). We now associate to P€ the functional E€ defined for r > 0 by

. €lVu? W) |Vue?
E€(1) = + + )
I7) 2 € 2

Next we present some properties of the function g€ and show in particular that the functional E€(0)
is bounded.
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LEMMA 2.1 The function g€ defined in (2.5) satisfies for some constant C > 0 and forall 0 < € <
€o small enough,

(i) E(0)<C
(@) g1 <1+ Ce
(iii) 1in%g€(x) = uop(x) = %1 for x € 0. (2.6)
€—

Proof. Properties (ii) and (iii) are straightforward using the properties of the travelling wave g. We
now establish (i). First note that by (ii), the function v€(., 0) is uniformly bounded in H 1(2) and
in L%°({2), so that the third term in E€(0) is bounded for all ¢ > 0. Moreover, using (2.2) and the
definition of g€, we have that

d%(x)

ge(X)=610< >+0(6)

so that using (2.2) and (2.3), we get

& W(gn(Lw
W(g®) _ (CIO(G € ) +0() 2.7)

€

1 d°
= (q(g)2< m) + o). 2.8)
€ €

As for the first term in E€(0), note that

0
Vet =g b v
§ =4ar— + ga€ Vo

so that using again (2.2), we obtain

vd°|?
e|Vg€|2=q3' E' + 0(e)

d%(x)\ |Vd°?
= ( 0)( ) +0(). (2.9)

It then follows from (2.7), (2.9), and the fact that |Vd°| is bounded, for some constant C > 0,

E€(0) < C/ ~( 0)2<d « )>d +0(1).

Using the fact that () decays exponentially fast to O at infinity and a parametrization x >
(d°, w) € [—48,4+6] x 'Y in a tubular neighbourhood of 'Y we deduce that for § > 0 small
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enough,
1 d°(x) 1 d°(x) e e
/—<q5>2< )dx</ —<q5)2< )dx+0( )
n € € |d0\<5 € € €
S, (r e e
<cC ~(gp*( 5 )drdu+ o
roJ_se € €
i —ad
€ /N2 c €
<c [ @+ o(S7)
< c/ (q4)*(0)do + C < +o0,
R
which finally yields (i). This completes the proof of Lemma 2.1. [

We now prove estimates on (1€, v°).

LEMMA 2.2 There exists & € (0, 1) such that for all C > 0 large enough and for 0 < € < €p small
enough, if g€ satisfies
lg| <14 Ceon £2,

then the solution (1€, v¢) of P€ satisfies
—1=Ce <u(1) <14 Ceand [[v° D)l c1tap) < C
for some positive constant Cy and for all time ¢ > 0.

Proof. First note that there exists a constant C; > 0 such that if v satisfies

1= Al <2 [ w0
(2

together with periodic boundary conditions, then by [1]
||U||C1+a(f2) < Cl .

Moreover, we define

Cr= max _|f"(s)l,
se[—2,42]

and we assume that
181 < 1+ Ce

for some C > % We prove below that for all C" > C and for all time ¢ > 0,

(@) < 1+ Cle,

if0<e<e= min(%, %) Assume by contradiction that there exists € € (0, €y) and
a first time 7 = 7(¢) > 0 when this does not hold anymore. Note that forall 0 < 7 < 7, [u€(t)| < 2
so that

||U€(t)||cl+a(f2) < Cl'
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Defining x; € {2 as the point where u€ (., 7) achieves its maximum value, we deduce that
ouc

€(x7,7) =1+ Ce,
ut(xe, ) + o7

(x7,7) 20, Au(x;,7)<0

so that
f(4+C'e) —ev(xg, ) = 0.

But, we have that

2
1+ Ce) — v (xr, ) < f/(1)Ce + Czc/z% 4 Ce

C C/2
<6(—|f’(1)IC’+C1+ 22 6) <0

273

by the definitions of Cy, C, and €p. This contradiction proves that |u€(¢)| < 1 + Ce for all time

t > 0.

O

Next we remark that E€ is a Lyapunov functional for P€. More precisely we have the following.

LEMMA 2.3 Forallr > 0,

dE€ (1)

so that .
0<Ef(t)<Ef(0)<Cande/ /(ug)zgc.
0 JN

Proof. Note that, using the fact that ][ v® = 0, the third term in E€ can be rewritten as

Vo2 1 1 1
/'vlz_/(_ﬂve)ve:_/ 6_][us ve:_/ueve
Q 2 2Jn 2Jo 2Jo

d/|Vuf|2 1/”+1/“
— == v = vy .
a\Jo 2 2 J, M Tt
2 (L,550) =

_ = (—Al}e)v6 Z/ MGUG.
dl(rz 2 2 ! o

Combining the two above equalities yields

so that

On the other hand,

so that finally

(2.10)
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It is then standard to differentiate E€ and to get (2.10). The other inequalities in Lemma 2.3 are
straightforward.

In order to deduce from Lemma 2.3 more precise estimates on u€, we perform a change of
functions. We define the auxiliary function ¢ = H (u€), where

H(s) = c/s vV W(r)dr,
0

with ¢ > 0 chosen such that H(£1) = 1. For instance, if f (1) = 2(u — u>), then

1 —u?)? 13s—s3 for |s| < 1
Wy = S ana iy = 125700 o
2 2sgn(s) + 5(s” —3s) for|s| > 1
Let us now establish BV -type estimates on €. (]

LEMMA 2.4 There exists C > 0 such that
[ wai<e ia<c
2
and for all 0 < #; < ) we have

/’2/ ouc 1
|| < Clp —1i]2.
H N at

Proof. To begin with we remark that the boundedness of #¢ follows from the boundedness of
u® established in Lemma 2.2. We have Vi€ = H'(u®)Vu® = c/Wu)Vu® so that, using the
Lyapunov functional, we get

W €
/ Vi | gc[/ e|Vu€|2+/ (u )} <cC
2 02 02 €

on¢ ou€
for some C > 0. Moreover, since % =cy/ W(uf)a—ut, we have that forall 0 < 11 < 1,

/t/g < C[f/;f(%)j[f/ﬁ W(f)}é

<Cl—nl2,
This ends the proof of Lemma 2.4. O

on¢
ot

Next we prove that i€ approximates u€ in L>(0, +o00; L(12)).

LEMMA 2.5 If we define

w(e) = sup [|a® () — u )l 1)
120

then lim w(e) = 0.
e—0
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Proof. Note that both u€ and € are bounded so that, since H is continuous, there exists C > 0
such that for all § > 0, we have

|I/t6 - IZE| < CX{llu‘lf]\EtS} + max s [t — H(t)| 2.11)

llr|=1]<

where x4 is the characteristic function of the set A. Moreover, if m[A] denotes the Lebesgue
measure of the set A in RV,

/W(uw min W) mlljuc| — 1] > 8]
N [lt]—1]2=6

so that by Lemma 2.3
m[luf] — 1] > 8] < C(8)/ W) < eC(8)
N

and, since H(+1) = +1,

H{nalllx6|t—H(t)|=@(8)—>Oas5—>0.
t—1l|<

Thus the integration of (2.11) in {2 yields

Choosing § > 0 small enough and then 0 < € < €(8) small enough, we deduce that [[u€ —i||.1(p)
tends to 0 as € tends to 0, uniformly with respect to r > 0. This completes the proof of Lemma 2.5.
O

We now derive uniform time estimates on v°¢.

LEMMA 2.6 Forall u > 0, there exists § > 0 such that for |, — ;| < §, we have

o (#2) = v (D)l ca(y < M (2.12)
forall e € (0, 1].
This inequality will be deduced from the two following lemmata.

LEMMA 2.7 Let C > 0 and @ € (0, 1) be fixed. Then for all u > 0, there exists T > 0 such that if

v satisfies
—Av:u—][uinﬁ, ][v=0

together with periodic boundary conditions and
llullLo@y < C and [[ullp1o) < T,

then ||v||ca(Q) < 22
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Proof. Assume by contradiction that the result does not hold. Then there exists © > 0 and a
sequence {u} ;N such that

uj — 0in L'(2) and ||u;|| =0y < C (2.13)

and such that if v; is the solution of

—Avjzuj—][uj in 2, fijO, (2.14)

together with periodic boundary conditions, then ||v;|| o @ = n > 0.By standard elliptic
estimates and Sobolev imbeddings, it follows from (2.13) and (2.14) that (v;) jen is bounded in
W?2P () for all p > 1 so that along a subsequence

v;j — vin C%({2) and weakly in WP ().
Thus
—Avj =u; —][uj — 0= —Av.
Therefore v = 0, which is a contradiction. This ends the proof of Lemma 2.7. O
We now establish time estimates for u€.

LEMMA 2.8 Forall t > 0, there exists § > 0 such that for |, — #;| < §, we have
(1) — u ()l < T 2.15)

forall e € (0, 1].
It follows from Lemma 2.5 and Lemma 2.4 that for all 0 < #; < tp, we have

[lu (12) — u (Dl 1y < Nuf @) — a @)1 o) + a®(t2) — a )l
Ha (1) — u @Dl 1)

[5)
<2w(e)+[ / i) < 2w(€) + C/ta — 1. (2.16)
n 02

Also it follows from Lemma 2.3 that

1

5] 4] 2
I|M€(t2)—u€(t1)||L1(Q)</ f9|u§|< (f /mef) NeEri]
n

|

< —Vh — 1. 2.17)

Next we choose €y > 0 such that w(€) < % for all 0 < € < ¢p. Then it follows from (2.16) that for

T
[|u (t2) —Mé(fl)”Ll(Q) < 5 +CVs <t

2

if§ <€l
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In the case that € > ¢, it follows from (2.17) that for |t — #1| < 6,

)
[u® () — Ms(l‘l)HLl(Q) < C‘l @ <T

2 is small enough. This completes the proof of Lemma 2.8.

if 0 < 8§ < copeot

PROOF OF LEMMA 2.6 The inequality (2.12) follows from combining the conclusions of
Lemma 2.7 and of Lemma 2.8. We are now in a position to establish the following convergence
result.

PROPOSITION 2.9 There exist two functions (u, v) and a sequence €; — 0 such that

lim «9 =uin L'(Q7), lim v9 =vin C%(Qr).
j—+o0 Jj—+oo

Moreover,
u==lae in Qrand — Av=u— ][u a.e.in Qr, ][v =0on][0,T]

and v satisfies periodic boundary conditions.

Proof. 1t follows from the estimates in Lemma 2.2 and Lemma 2.6 that the family (v€)-¢ is equi-
continuous in CO(QT) so that there exists a sequence €; — 0 and a function v € CO(QT) such
that v’/ — v uniformly on Q7. Moreover, it follows from Lemma 2.4 that (ii€)¢~¢ is bounded in
BV (Q7) so that by Rellich Lemma, there exists a function u € L' (Qr) such that 1€/ — u strongly
in L'(Q7). Since by Lemma 2.5

lim sup [[u (1) — @ (®)||;1(0) =0,
=0 ;>0

it follows that u€/ — u strongly in L'(Q7). Note that using the upper bound on the Lyapunov
functional and Fatou’s lemma, we again

ng W) < lim /W(uff)zo,
0 Jj—>+o00 J

which implies that W (u) = 0. Thus u = =£1 a.e. Finally, passing to the limit in the equation for v/
yields that

—Av=u-— ][u a.e.in Q7 and ][v =0on|0,T]
together with periodic boundary conditions. This ends the proof of Proposition 2.9.

REMARK 2.10 If vg(x) is the function defined in (2.4), we have that v(x, 0) = vg(x) forall x € 2.
In fact, it follows from the definition of g€ in (2.5) that

lin(l)gE (x) = up(x) forall x € 2
€—>
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so that passing to the limit in
—Avi(x,0) = g% — ][gef' and ][ve-f x,00=0

yields
—Av(x,0) = ug — ][uo and ][v(x, 0)=0.

Thus v(x, 0) = vo(x).

3. Convergence

Let us consider the function v obtained in the previous section as the limit of v for some sequence
€, — 0. Since v is continuous on Qr, it follows from the results in [6] that there exists a unique
continuous function ¥ (x, t) defined on RY x R which is the viscosity solution of
3 v
P S —IVYIV. () + ol VYo =0 onRY x Ry
V(x,0) =dox) forx € RV,

where cg > 0 is defined in (2.3).

3.1 Viscosity solutions

We now recall the definition of the viscosity solution of Problem (P°). Let us define for any
symmetric (n, n) matrix X € S, and for any vector p € R" \ {0}

(Xp, p)
IpI?

K(p,X) = —Tr(X) + 3.1)

and
F(x,t,p,X) = K(p, X) +colplv(x, 1) (3.2)
so that Problem (P°) can be rewritten as

%—FF(X,[,V?#,D%&):() on RN x Ry

0
7 Y(x,0) =dx) for x € RV,

We denote by K* (K,) the upper semi-continuous (lower semi-continuous) envelope of K. For
instance, we recall that

K*(p, X) =limsup{K(q,Y),|p—q| <€, |X—-Y]| <€}

e—0

It can be shown [7] that

n n—1
Ku(p, X) ==Y 2i(X)and K*(p, X) = = Y 2i(X),
=2 i=1
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where A1 (X) < A2(X) < ... < A,(X) are the eigenvalues of X. We then define the upper semi-
continuous (lower semi-continuous) envelope of F by

F*(x,t,p, X) = K*(p, X) + colplv(x, 1)

and
F*(x7 t5 p7 X) = K*(p5 X) +CO|p|v(xvt)

respectively.

DEFINITION 3.1 A function u : RV x (0, T) — R is called a viscosity subsolution (respectively.
supersolution) of the equation

up 4+ F(x,t,u, Vu, D*u) =0, (x, 1) € RN x (0, T) (3.3)
(which we formally write as
ur + F(x,t,u, Vu, D*u) <0, (x,1) € RN x (0, T) (> 0 for the supersolution))

if u is upper semi-continuous on RN x [0, T] (lower semi-continuous on RY x [0, T'] for the
supersolution) and if

b1 (x0, to) + Fi(x0, to, u(x0, t0), Vo (x0, 10), D¢ (x0, t0)) < 0
(¢¢ (x0, to) + F*(x0, to, u(xo, to), Vo (xo, to), D2¢(x0, tg)) = 0 for the supersolution)

for all ¢ in C>' (RN x [0, T']) and all local maxima (local minima) (xo, f9) of the function (u — ¢).
The function u is a viscosity solution of (3.3) if it is both a sub- and a supersolution.

The last part of this paper is devoted to the proof of the following proposition

PROPOSITION 3.2 Let (u, v) be the limit of (u®*, v") for some sequence ¢, — 0 given by
Proposition 2.9. Let 1 (x, t) be the unique viscosity solution of Problem (PY) associated to the
function v. Then,

2xys>0—1<u<2xy>0—1lon RY x R..

Equivalently, lim,,_, ;oo u* = £1 a.e. with

lim u(x,1) =4+1if ¢ (x,7) > 0and lim u®(x,7) = —1if ¥ (x,1) <O.
n—-+00

n—-+00
Let # € C%(Q7) be arbitrary and consider the unique viscosity solution 9 of Problem (Pg),

IV

o0y [~ IVIIV(G5) +al Vi =0 onRY xRy
U x, 0) = dOx) for x € RV,

We now establish two propositions about solutions of Problem (Pg) which rely on properties
established by [6].

PROPOSITION 3.3 Let #; < > and let /1 and ¥ be the solutions of Problems (Pgl) and (sz),
respectively. Then ¥; > ¥, on RV x R,.
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Proof. Let &1 (1}2) be the viscosity solution of Problem (Pé)l ) ((Pf?2 )). We show that 1}1 is a
viscosity supersolution of Problem (Pé)2 ), which implies the above result by the standard comparison

principle for viscosity solutions [6]. Next we write that V1 is a viscosity supersolution of Problem
(Pl.?1 ). For any test function ¢ such that (11 — ¢) has a local minimum at (xo, #p), we have that

1 (x0., 10) + K*(V§ (x0, 10), D> (x0, 10)) + col Ve (xo, 10) |71 (x0. 10) > O,
which implies that
o1 (x0, 10) + K* (Ve (xo, 1), D¢ (x0, 10)) + col Ve (xo, 1) |52 (x0, o) = O,
which yields the result. (]

PROPOSITION 3.4 We define v, = v + « for a € R. Let 1}05 (1/}) be the solution of Problem (Pg )
((Pg)). Then limy—0 Yo = ¥ and the convergence is uniform on compact sets of RY x R...

Proof. We define
Y0 = lim sup{Ve (2, 0), forall 0 < o < v and for all
(z,0) € RN x (0, T) such that |x —z] <vand |t — 0| < v}
and
v (x, 1) = v]ig})inf{xzfa(z, ), forall 0 < o < v and for all
(z,0) € RY x (0, T) such that |x — z| < vand |t — 6] < v}.

One can show [7] that
U (x,0)=v (x,0) = d’(x) on RV.

Note that ¥~ < . The reverse inequality is a consequence of the comparison principle and of
the following lemma, which one can prove as in [7]. (]

LEMMA 3.5 ¥ (7) is a subsolution (supersolution) to Problem (Pg).

Finally let us recall a result by Barles et al. [3] about the perturbed Allen—Cahn equation
corresponding to v,

1 -
ur = Au+ — (f(u) — €v),
€
where v = ¥(x, t) is a smooth function. The result in [3] then reads as follows.

PROPOSITION 3.6 Let I' ¢ RY be a closed set and let d(x, I'°) be the signed distance function

to I'°. We define
e dx, I'%
g(x)=gq — ,€0(x,0) ),

where ¢(., a) is defined in (2.1). Let v € czl (RN x R4) be fixed. Let (Pg) denote the Allen—Cahn
equation with right-hand-side v,

1
up = Au+ = (f) —ev) nRV xRy

€

(P§)
u(x,0) = g€(x) x e RN
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and let &€ be the unique solution of this problem. Let ¥ (x, 1) be the solution of Problem ( Pg ) with
&(x, 0) =d(x, FO). Then, for all (x, 1) € RN x R;,

1in})12€(x, 1) =+1if ¥(x,t) > 0and lin})ﬁé(x, 1) =—1ify(x, 1) <O.
€~ €e—

We now come to the proof of the convergence result.

PROOF OF PROPOSITION 3.2 Let (xo, fp) € RY x R4 be fixed and assume that ¥ (xg, f9) > 0.
For any o > 0, since v is continuous on QT, there exists a smooth function v which depends on o
such that

v+2a>ﬁ>v+aonQ7.

Using Proposition 3.4, we can choose o > 0 small enough so that 1/}(xo, to) > 0, where 1/7 is
the solution of Problem (P;). We will compare the function u€ associated to Problem (P€) to the
solution of Problem (Pﬁe ). First note that since g, < 0, we have that, since v(x,0) = vo(x) <
v(x, 0),

dx, I° _
g (x,0) = q<¥, evo(x)) > g (x). (3.4)

Moreover, for n € N large enough, we have that v* < v+ o < ¥ on QT so that in view of
Lemma 2.2, of inequality (3.4), and of the standard comparison principle, we have that

i <ur <14 Ce, on Qr, (3.5)
where 1" is the solution of Problem (Pg”) defined above. Using Proposition 3.6, we deduce that

lim % (xg, t9) =1
n——+00
which implies by (3.5) that
u(xp, to) = lim u(xg, o) = 1.
n——+00

Similar arguments show that if ¥ (xo, o) < 0, then u(xg, o) = —1.
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