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The problem considered is that of evolution of the free boundary separating two immiscible viscous
fluids with different constant densities. The motion is described by the Stokes equations driven by the
gravity force. For flows in a bounded domain 2 C R", n > 2, we prove existence and uniqueness
of classical solutions, and concentrate on the study of properties of the moving boundary separating
the two fluids.

1. The main result
1.1 Posing the problem

We consider a flow of two immiscible viscous fluids with different constant densities in a bounded
domain 2 C R" with a C?-smooth boundary S = 312 for dimensions n > 2. The evolution is driven
by the gravity force. The moving boundary, which appears naturally, separates the subdomains
occupied by different fluids.

More precisely, the problem is to find velocity u = (uy,...,u,) € R", pressure p € R and
density p € R from the system of equations for velocity and pressure:

Au = Vp + ape, (1.1)
divu =0, (1.2)

where e is a given unit vector and o = const a given scalar constant, and the transport equation for
density is

do _dp . dp
ar 8t+ iv(pu) at+u Iy (1.3)

Time ¢ enters the equation for velocity as a parameter, so this needs no initial condition. The
boundary condition on the known part of the boundary is

uls = 0. (1.4)
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At the initial moment ¢ = 0, the density is piecewise constant and assumes two positive values
characterizing the distinct phases of the flow

+ 07
p(x,0) = po(x) = p_, te _( ), T = const, pT>p" >0. (1.5)
o, x € £27(0),

In this case, the initial condition for density is equivalent to specifying the surface I'(0) = I that
separates the two subdomains 2% (0) initially occupied by different fluids. This surface is supposed
to be sufficiently regular in the sequel.

The problem treated here is that of finding u, p and the density p (x, t) from the above equations
and initial data. Note that it is non-linear because of the coupling term u - Vp in (1.3).

It is shown below that the evolution described by the above equations preserves the existence of
two subdomains 2% (1), each occupied by one of the fluids, that are separated at time ¢ > 0 by a
regular free boundary I'(¢). Thus, the problem studied is equivalent to finding u#, p and the moving
boundary ['(z).

Theorems on the existence of generalized solutions to the Navier-Stokes system for non-
homogeneous incompressible fluids were obtained in, e.g., [1,2,5,6,9, 13, 15] (without detailed
analysis of the set where the density is discontinuous).

1.2 The main result

Our principal result is the following theorem.

THEOREM 1.1 If the initial configuration of the free boundary is a surface Iy of class C2, then
the problem (1.1)—(1.5) with piecewise constant initial density has a unique solution on the interval
[0, T] of arbitrary length T > 0. The elements of this solution enjoy the following properties.

(i) Foran arbitraryg >nand A =1 — g, the velocity satisfies the relation

ue L®0,T; W»(2)) N L¥, T; c"*ync®* 0, T; c').

(ii) The free boundary I" (¢) is a surface of class C!* at each time ¢ € (0, T'], and the velocity
Va(x, t) of the free boundary in the direction of its normal n at position x is uniformly
bounded:

sup |Va(x,1)| < oo.
1e(0,T)
xel'(t)

(iii) The density has bounded variation
p € L™, T; BV())N BV (), N7 =90 x(0,T).

Throughout the article, we use the customary notation of function spaces and norms (see, e.g.,
[4]). Thus, W24 (£2) is the Sobolev space of functions with derivatives summable to power ¢ and
C** consists of functions whose kth derivatives satisfy the Holder condition with exponent A. As
usual, a - b is the scalar product of a and b, V;¢ = %(p, Vo = (V j(p) € R" is the gradient, etc.
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2. Proof of the main result

We divide the proof of Theorem 1.1 into several steps.

First, we show that the problem of finding # and p has at least one classical solution if the
initial density is smooth, pg € C®°({2); the reasoning is based on the Schauder fixed-point
theorem.

Next, we specify a class of functions with certain regularity properties and use a compactness
argument to establish the existence, in this class, of a solution to the original problem
with piecewise constant initial density pp. We then show the existence of a smooth surface
separating the parts of the domain occupied by the two fluids.

Finally, we prove that the solution is unique.

2.1 Smooth initial density: existence and uniqueness

Throughout this subsection, we fix the initial density pg € C* ({2) and a number g > n.
The function class M consists of all ¢-continuous functions

p€CO,T; L2

such that the L4 (£2)-norm of p(-, t) is bounded by the constant corresponding to the one-phase flow
of the heavier fluid:

S o\ pli=o = po, .
S ~ .
PEMT N max 150 < p*(mes D)V, @b

We fix the time range 7 and define the following two linear operators. The first transforms a
‘frozen’ density into the corresponding field of velocities:

M35 U[ple L=, T; W>1(02)).

The other one describes the evolution of density driven by a ‘frozen’ velocity field (and starts from
the initial smooth density specified in the beginning of the subsection):

L0, T; W1(2)) 3 U > plU] = pp[U] € L9(0, T; LI(12)).
More precisely, the operator U transforms p into the solution of

AU = Vp + ape, 2.2)
divU =0, Uls=0.

The operator p = p,,, which depends on the given initial density pg, transforms U into the solution
of the Cauchy problem

dp

o1 +U-Vp=0, p(x,0) = po(x). (2.3)



416 S. ANTONTSEV ETAL.

For a smooth initial density pg, the original problem of finding u and p from equations (1.1)—(1.3)
reduces to finding a fixed point of the superposition of these two linear operators, the operator
F = poU defined as

M 35+ FIpl = poU () € p[UIF] € M. (2.4)

We will show that the conditions of the Schauder fixed-point theorem are satisfied for the ‘quadratic’
operator F,.

2.1.1  Continuity of F,,,. Below, we use notation K; for positive constants whose values depend
on the shape of the domain (2 alone. We denote by C, C;, etc., the positive constants dependent
only on T, the larger density p™ and the shape of the domain {2, but not on the finer properties of p.
No attempt is made to keep track of their values, and same notation can be used to refer to different
constants of these types in different parts of the arguments.

(a) For each function p € M, the linear problem

Au=Vp+ape, (2.5)
divu =0, uls=0,
has* a unique solution u € L>(0, T; W>9(12)).

For each ¢ € (1, 00) (and each value of the parameter r € [0, T]), the solution admits the
estimates (see [4, 10])

) lyw2aqgy < KilF® o) < Ci. (2.6)

Combined with the embedding theorem for the pair of spaces W24(2) — CL*(02) (see [8] ), this

estimate shows that for ¢ > nand A =1 — g

{u € L0, T: C"*(12)),

2.7)
@l ez 0y < Kalu@ o) < Ca

Whenever p is continuous with respect to ¢ as an L7(§2)-valued function, the above estimates
imply that U is continuous as a function of ¢ with values in W24(£2) (or C1*(£2)), or as a real-
valued function of ¢ and x.

(b) We establish now the existence of a regular solution p to the transport equation (2.3) for a
smooth initial density pg € C*(12) such that p~ < po(x) < p*.

Given the velocity field U, we find the starting point E(t; x) € I'(0) of the characteristic of (2.3)

which hits x at time :

d
G XB8 =UXEE., X(0;8) =§, (2.8)

X (t;g(t, x)) = x.

For each ¢+ > 0, the transformation x +— /S\ is continuously differentiable in x if U enjoys the
regularity typical of solutions to (2.5):

sup Ve X (t; £)| + sup IV.E(t, x)| < Cs. (2.9)

*These results originate in [14] and [7, 11, 12]; for details, see, e.g., [4].
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To see this, it suffices to use the appropriate estimates for VU and note that the Jacobian |%—§
preserves its value due to incompressibility.

The above provides for the existence of a unique solution of (2.3). Its explicit representation
using (2.8) is [1]

p(x, 1) = poE(x, 1)). (2.10)
It shows that p(x, t) is uniformly bounded:
0<p” <pte,n) =poEx,0) < p*. 2.1
The density inherits from pg the existence of bounded derivatives in spatial variables
VoG, 0] = V0l ,—g(r.0) [ VE G, D] < C3|V 00 (E (x, ), 2.12)

where the constant could be expressed in terms of that in (2.7). Because of (2.3) and (2.7), this
guarantees also the existence of a bounded time derivative:

ad
sup(‘gp(x,t)

+ [Vp(x, t)|> < C4(p™) sup |Vpo(x)|. (2.13)
(x,1) X

(c) To see that the operator

p = Ulpl = Flpl = plUlpl]
of (2.4) is continuous, we consider the difference
p=p"—p® =FipV-F[p?] (2.14)
for two smooth densities ﬁ(i) (note that the smooth initial density pg is the same in both cases). It
solves the inhomogeneous transport equation
0]

= U . v —vp? . (v —y?), UD =uip®] (2.15)

with the initial datum p(x, 0) = 0. It is obvious that

sup [p(x, )| < T sup [Vp? (x, 1)
(x,1) (x,1)

X sup |U(1)(x, t) — U(z)(x, 1)|.
(x,1)

The mapping o +— F[p] (cf. (2.4)) can also be considered as a bounded operator
L0, T; LY(£2) 3 p + Flp] € L0, T; LI(£2))
in L9 (0, T; L9 (£2)). This operator is continuous because by estimates (2.6) and (2.7)

sup |[UD (x, 1) = U@ (x, 0] < Cs sup I3V, 1) = 5P Dl o), (2.16)
(x,0) t€[0,T]

and consequently

sup [p(x, )| = sup |[F[p1(x, 1) — FI[pP1(x, 1) (2.17)
(x,1) (x,1)

< Co sup 15V 10) =520 D La)-
t€[0,T]
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2.1.2  Compactness of Fy, and WU bounds for density.

Bounds for density. By (2.11) and (2.12), the operator F of (2.4) does indeed map M into itself
continuously. The Schauder theorem requires compactness. This latter results in an obvious way
from the smoothness of the initial density pg and (2.13), so the fixed point theorem is applicable.
However, it is worth while to do the calculations in more detail keeping in mind the subsequent
passage to non-smooth initial densities that are merely functions of the bounded variation. During
the process, one can use estimates in terms of L'-norm of V po but not the L* bound of (2.13). For
this reason, we need estimates for p (cf. (2.14)) in terms of the BV -norm of pg. An estimate of L9-
norm of Vp could be deduced from (2.12). Yet, it seems expedient to derive the desired inequality

in a more straightforward manner.

For a smooth initial density pg, both velocity and density are smooth, and the derivatives p; =

Vi p satisfy the equations

Ap; "
8—;+M'V,0i=—z)0jviuj, pi(x,0) = Vipo(x).

We multiply the ith equation by ¢; = p;/ ,ol.2 + 82 with § > 0, and integrate over 27 = 2 x[0, T].

The result is

! t
/,/pi2+32dx +/ / u- VU (p;)dxds

//Zv,, PiI__ gy dr,
o+ 82

where U (p;) = fo "(s2 + 82)~1/2 ds. Since u is solenoidal and vanishes on boundary,

/ u-V(p)de = —/ ¥ (p;)div u dx
02 2

+/ Y(pj)u-ndS =0
s

(here n is the unit normal to S). Now, we pass to the limit as § N\ 0 and get the equalities

t
[ o o2+ 8
) 0
t n P
= lim —/va,-uj%dxdt

t n
= —/ / Zsign(pi)pjviuj dx dt.
0 ‘Qj:l

One can sum these identities in i and differentiate in ¢ to arrive at the equation

/Zml(x 0l dr =~ / 3" Vi jsign(py) d.

i,j=1

(2.18)
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It follows that

d/ n n
— loj(x, )l dx <maXIVu(x,t)|/ loj(x, ) dx.
dr 9; ! ) QJ; !

Applying the Gronwall inequality, we establish that for each ¢ € [0, T']

IV o)1) < C7lV o0l 2y (2.19)
By the transport equation (1.3)
a
‘—p(t) < max |u(x, DIV oll 1 )- (220)
3t LI(Q) (x,1)

Combining this estimate and (2.13), we conclude finally that

max || o ()| Los(2) < ot (2.21)

dp
— (7
mf"‘(” T

By (2.17), F is continuous. Estimates (2.21) and (2.22) guarantee that the operator F' : M —
M is compact and, therefore, has at least one fixed point, which defines the solution of the original
problem (1.1)— (1.5) for a smooth initial density pg(x).

+ IIV,O(t)IIle)) < GsliVoollL1()- (2.22)
L)

Regularity of velocity as function of time. In the later analysis, it will be important that the velocity
field enjoys a certain degree of smoothness with respect to the ‘time parameter’ . One can deduce
from (2.7), (2.3), and (2.21), (2.22) that velocity is Holder continuous as a W24 (02)-valued function
of 7. To prove this, consider the equations that relate the difference

Su=u(x,t+8t) —u(x,t)

to the corresponding increment of the density 6p = p(x,t + 6t) — p(x, t).
It is easily seen that the function Su solves the stationary Stokes system (2.5) with § = 8p. As
before, whatever the choice of ¢ € (1, 00), it admits estimates similar to (2.7), namely,

ISu@) ey < K2lldp ()l La(2)- (2.23)
Using (2.21)—(2.22) and (2.23), we see that the velocity, considered as a C!**(2)-valued

function of time, is Holder continuous:

g-1 1 1
lu(r + 8) — u(®) || cr+i() < K2(20™") @ IISP(I)IIZI(Q) < Cyldtla. (2.24)

2.2 Passage to non-smooth initial data

In the case of piecewise constant initial density, let us approximate the function pg(x) by smooth

functions ,o(()m) € C*®(12) such that ,0(()'") = po outside a - -neighbourhood of Iy and

oo — o ey — 0, m— oo, oy g < Mo, (2.25)
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which is possible by the assumption that the initial free boundary I7 is a surface of class C?.

Let ™, p™ be the solution of problem (1.1)—(1.5) that corresponds to the initial density p(()m).

The estimates (2.21), (2.22) allow us to extract a subsequenceT {p"™} which converges strongly
in L,({2r) for some r > 1. This can be done by the embedding theorem for the pair of spaces
W) = L (7).

Since the densities p™ (x, 1) satisfy (2.21), (2.22), the same subsequence {p} converges
strongly in  L%°(0, T; L1(§2)) for each ¢ > n. According to estimates (2.6), this implies
the strong convergence of the corresponding subsequence of velocities {u#™} in the space
L0, T; W24(2)). Estimates (2.7)) guarantee strong convergence of {u} in the space
L0, T; CYA(2)) witha = 1 — 2 as well.

Passing to the limit in the corresponding equations (1.1)=(1.3) for the functions u™, p™,
and p™ as m — oo, one sees that the limit functions satisfy the original problem. Instead of the
original transport equation (1.3), the density p satisfies the corresponding integral identity

de d¢
—pdxdtz/ <—+u-Vg0>,odxdt
/QT dr Qr \ 0t

= —/;2 po(x)¢(x, 0) dx, (2.26)

for any smooth test function ¢ such that ¢(x, T) = 0 and ¢ |s= 0.

2.3 Existence of a regular free boundary

Let us prove now that there exists a regular free boundary which divides the domain {2 into two
subdomains 2% (¢) and 27 (¢) such that

pt, x € NT@),

ple.1) = {,0, x € 27(p).

The reasoning is based on the explicit representation of the solution to the transport equation (1.3)
using translation along its characteristics

dXx
E=M(X(E,t),t), X(,0) =8, £ € I, (2.27)

with the velocity field u from the solution of the original problem (cf. [10]).

Note that the characteristics X" (&, t) of the transport equation (1.3) for the smooth density
™ which corresponds to p(()m) of (2.25), converge uniformly to those defined by (2.27). For this

reason, whenever a point x is notin I'(t) = {X (§,¢) : £ € [y}, it has a neighbourhood
Us(x) S {X(,1): po(§) = const, dist(§, Go) > 8}, §>0

separated from I"(¢) by a positive distance. For m large enough, each characteristic X that arrives
at Us(x) at time ¢ starts from a point £ with the same initial value of density p(()m) (&) = po(&), so
™ is constant on U (x). By strong L9-convergence of densities, the limit p(x, ¢) is also constant

i . . S
‘We preserve the same notation for this subsequence for the sake of simplicity.
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on Us(x) and assumes one of the values p*. Thus, the complement in §2 to I"(f) U S consists of two
open sets 27 (1) = {p(x, 1) = pt}.

To show that the moving boundary I'(¢) is a smooth surface, we consider in more detail
characteristics (2.27) that start from the initial surface I'(0) = Ip. By estimate (2.7) the velocity
field is C'* smooth, and it remains to show that the corresponding surface I'(#) = {x : x = X (&, 1)}
belongs to the same class C1*.

Differentiating (2.27) in parameter &, we get a Cauchy problem for the derivatives (3/0&;) X:

0X;
(as/) I ~_°’ o;

where § ,i is the Kronecker symbol. This is one more transport equation, so the derivatives considered
are bounded for ¢ > 0.
We arrive at a similar conclusion considering the quotients of finite differences

= 8ijs
=0

My = ( Sl s)>
Y 9§, ;)
where (eq, ..., e,) is the standard basis in R". The pertinent Cauchy problem is

d

and the coefficients

A3 = Vi (X (1, € + hey),

B}, —hxzk (Vi (X (13 & + hey), 1) — Ve (X1 €), 1) ok %, “(1:8).

are bounded. Therefore | M} j| are bounded, and 09X, /0&; are Holder continuous in parameter &.
Consequently, the map induced by (2.27) is smooth for each ¢ > 0:
x=X(E, 1) e CTH (2.28)

Note that for incompressible fluids the Jacobian J(¢) = det(—?) of the map (2.27) preserves its
value:

J(@)=JO) =1, t€l0,T],
by (1.2) and the Euler formula
d
—J (@) = pdivu.
” (1) =pdivu

Thus, we can use (2.28) to obtain for all ¢ € [0, T'] and (&1, &) € () the estimates

1
o5 &l S IXEL D = X6, Dl < Clé — &|

with a positive constant C. This means that at any time ¢ > 0 the free boundary has no common
points with the given boundary if the two boundaries had no common points at the initial moment
t=0.
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2.4 Uniqueness of the solution

The last step in the proof of Theorem 1.1 is to show that the solution of the boundary-and-initial-
value problem (1.1)—(1.5) is unique.

Suppose that the problem has two solutions (u®, p®, p@), i = 1,2. Let us consider the
boundary-value problem for their difference

(¢S] 2

—u®, p=p0_

(@)

u=u P, p=p"—p

The difference satisfies the equations
Au =V p+ ape,

divu =0, uls=0, (2.29)

0
a_f +u.vp = ~div(pPu),  p(x,0) =0,

where the last equation is fulfilled as an integral identity: for any smooth function ¢ such that

e(x, T)=0
T d T
mz—/t/nﬁmm:/./pQWV@mmzm
o Jo o dr 0o Jo

and the full derivative (d/df)¢ = (8/81)¢ + u'V) - Vg is calculated along the velocity field u(!.
Using the fact that p® is piecewise constant, one can rewrite the term /| as

I =/ p+(u~V(p)dxdt+f p (u-Ve)dxde
p@=p* p@=p~

T
=,3/ dt/ o(u -n)ds,
0 o

where B = p* — p~ and n is the normal unit vector to the surface I"® () which divides the domain
2 into two subdomains 21 () and 27 (1), p@ (x, 1) = pT in 2% ().

On the other hand, one can use the Lagrangian coordinates (£,7) — (x,t) defined by
characteristics of the transport equation in (2.29):

E—uw(x ) x(€,0)=¢
dr 7 T

In Lagrangian coordinates, the integral Iy becomes

T 8’\
Io = —/ / 502 ¢ 1 de di
0 0 ot

(here p(§. 1) = p(x (£, 1), 1) and 9(&, 1) = @(x(§, 1), 1)).
As in the proof of Lemma 4.1 in [8: Chapter 3], we choose the ‘Lagrangian’ test function as the
time average

~ ~ L
G D) = FrlE, 1) = E/ A, Ty dr
t—h
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and put
1 t+h
ph(ést): E/ p(f,‘[)dl’
t
It is easily seen that
Io=— /Q Fie.n! (é ) dé dr = /ﬂ (e 02 (é ) dé dr. (2.30)

Arguing along the customary lines, we can choose for the test function 7 in (2.30) any bounded
function 1// which vanishes for ¢ > ty, fo < T — h. For w = sign py, (&, 1), identity (2.30) becomes

10=/ |ﬁh(s,ro>|ds=/ lon Cr. 10)] dox.
k0] k0]
Therefore

f lon(x, t0)|dx < I < @ -n)dsdt| <
Q

fo
K, / (@) [l (g dt.
0

@
g
Next, we pass to the limit as # — 0. We finally get the inequality

fo
Il = | 1ot wldy <Ky /O ) 1) A 2.31)

We consider once again the Stokes equations for the function u. One can see that the force term
g = ape defines a continuous linear functional in the space W1 (£2) for r > n. Indeed,

|<g~u>|=‘fg~udx afp(e-u)dx'

< Kallp@llp ) maxeenlur, D] < K3llp®llzi ) 14@ i o)-

Therefore (see [4: p.226]) g € Wo_l’r*((}), and consequently u(¢t) € WL (), where 1 < r* =

~5 < n. Moreover, u(t) satisfies the inequality

1@l g2y < Kallo@ll1 0.

Combined with (2.31), this estimate yields the inequality

d
EH,O(I)HLI(Q) < Ksllp@llLio),

which shows that p = 0.
Thus, the solution of the original problem (1.1)—(1.5) is unique.
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