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A free-boundary problem in combustion theory
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In this paper we consider the following problem arising in combustion theory:

Auf — uf =08 fo (u®) in D,
Av® —vf = vF fe (u®) in D,

where D ¢ RNTL, f.(s) = Eiz f(£) with f a Lipschitz continuous function with support in
(—o0, 1].

Here v° is the mass fraction of some reactant, u® the rescaled temperature of the mixture and ¢ is
essentially the inverse of the activation energy. This model is derived in the framework of the theory
of equi-diffusional premixed flames for Lewis number 1.

We prove that, under suitable assumptions on the functions u® and v®, we can pass to the limit
(¢ — 0)—the so-called high-activation energy limit—and that the limit function © = limu® =
lim v® is a solution of the following free-boundary problem:

Au—u; =0 in {u > 0}
|Vu| =/2M(x, 1) on df{u > 0}

in a pointwise sense at regular free-boundary points and in a viscosity sense. Here M (x,t) =
vE—ut

f_lwo(x’t)(s +wo(x, 1)) f(s)ds and —1 < wy = lim,_, o &%

Since v¥ —u? is a solution of the heat equation, it is fully determined by its initial-boundary datum.
In particular, the free-boundary condition only (but strongly) depends on the approximation of the
initial-boundary datum.

Moreover, if D N d{u > 0} is a Lipschitz surface, u is a classical solution to (0.1).

0.1)

1. Introduction

In this paper we consider the following problem arising in combustion theory:

Au® —uf = v fe (u®) in D, (1)
Av® —vf =0° o (u®) in D, '
where D ¢ RVNF1,
This model appears in combustion theory in the analysis of the propagation of curved flames. It is
derived in the framework of the theory of equi-diffusional premixed flames analysed in the relevant
limit of high- activation energy for Lewis number 1. In this application, v® represents the fraction of
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some reactant (and hence it is assumed to be non-negative), and u® its temperature (more precisely,
u® = ATy — T®) where Ty is the flame temperature and A is a normalization factor). We observe
that the term v® f, (u®) acts as an absorption term in the equation (1.1). Since T® = T — (u® /), it
is in fact a reaction term for the temperature. In the flame model, such a term represents the effect of
the exothermic chemical reaction and f has accordingly a number of properties: it is a non-negative
Lipschitz continuous function which is positive in an interval (—oo, ¢) and vanishes otherwise (i.e.
reaction occurs only when 7' > Ty — £). The parameter ¢ is essentially the inverse of the activation

energy of the chemical reaction. For the sake of simplicity we will assume that f.(s) = 5% f(2),
where f is a non-negative, Lipschitz continuous function with support in (—oo, 1].

For the derivation of the model, see [3].

Here we are interested in high-activation energy limits (i.e. ¢ — 0). These limits are currently
the subject of active investigation, specially in the case u® = v®. This is a natural assumption in the
case of travelling waves.

The study of the limit as ¢ — 0 was proposed in the 1930s by Zeldovich & Frank-
Kamenetski [13] and has been much discussed in the combustion literature. In the case u® = v®,
the reaction function u® f, (u°) tends to a Dirac delta, Myd(u) where My = fol sf(s)ds. In this way
the reaction zone where u® f, (u®) acts is reduced to a surface, the flame front, and a free-boundary
problem arises. The fact that My > 0 ensures that a non-trivial combustion process takes place so
that a non-empty free boundary actually appears.

Although the convergence of the most relevant propagation modes, i.e. the travelling waves, was
already discussed by Zeldovich and Frank-Kamenetski, and an enormous progress in this direction
has been made, a rigorous mathematical investigation of the convergence of general solutions is
still in progress. Berestycki and his collaborators have rigorously studied the convergence problem
for travelling waves and, more generally, in the elliptic stationary case; cf. [2] and its references.
See also [12]. The study of the limit in the general evolution case for the heat operator has been
performed in [7] for the one-phase case (this is with u® > 0) and in [4-6] for the two-phase case,
where no sign restriction on u® is made.

In [7] the authors show that, under certain assumptions on the initial datum and its
approximations, for every sequence &, — O there exists a subsequence ¢,, and a limit function
u = lim u®* which solves the following free-boundary problem:

Au—u; =0 in DN{u > 0} (12)
IVut| = /2My on DnNau >0} '
in a weak integral sense. Here My = fol sf(s)ds.

In [5] and [6] the authors show that the free-boundary condition for the two-phase case (when it
is assumed that no reaction takes place if u® < 0) is

\Vut > — |Vu™ > = 2M,

and that the limit function is a solution of the free-boundary problem in a pointwise sense at regular
free-boundary points when {# = 0} has zero ‘parabolic density’ and in a viscosity sense in the
absence of a zero phase (i.e. when {u = 0}° N'D = ).

On the other hand, in [10] it was shown, for the one-phase problem in a cylinder with Neumann
boundary conditions, that when a classical solution to the free-boundary problem (1.2) exists, it is
the limit of the whole family u®, not just of a subsequence. Moreover, this classical solution is the
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limit of #® independently of the choice of the approximate initial data u®(x, 0). A similar result has
been obtain for the two-phase case in [11].

So that a natural question is whether a classical solution to the free- boundary problem (1.2)
is also the limit of u® if (u®, v®) is the solution to the system (1.1) and both u®(x, 0) and v (x, 0)
converge to u(x, 0) but u®(x, 0) # v¥(x, 0).

Or we may ask a more elementary question: will a sequence of uniformly bounded solutions
(u®, v®) with (v¥ — u®) — 0 as ¢ — 0 be such that u® converges to a solution of the free-boundary
problem (1.2)? This is: will the asymptotic limit for activation energy going to infinity, in the case
in which (v¥ — u®) — 0 but u® # v°, be a solution of the same free-boundary problem as in the
case in which u® = v®?

In order to understand the relation between both assertions it is important to point out that, in
the case under consideration, this is when the Lewis number is 1, the function w® = v® — uf is a
solution of the heat equation. So that it is fully determined by its initial-boundary datum. Moreover,
the system (1.1) may be rewritten as a single equation for #°, namely

Au® —uf = W’ + w®) fe (u). (1.3)

In this paper we consider the case in which w® /e converges to a function wy (so that in particular,
v® — u® — 0). In this way, at least formally, the reaction term still converges to a delta function and
a free- boundary problem appears. But we prove that the free-boundary condition strongly depends
on the limit function wo, so that it is different for different approximations of the initial-boundary
datum of u.

In fact, we prove that for every sequence ¢, — O there exists a subsequence &, and a limit
function u = lim u®* which is a solution of the following free-boundary problem:

Au—u; =0 in DN{u> 0}

\Vut|=/2M(x,1) on DNau >0} 14
where M(x, 1) = f—lwo(x,t)(s + wo(x, 1)) £(s) ds.

The presence of the function wyq in the limit of integration gives the necessary positive sign of
the function M (x, 1).

In conclusion, the combustion problem is very unstable in the sense that the asymptotic limit for
activation energy going to infinity depends on order ¢ perturbations of the initial-boundary data.

In this paper we prove that the limit function u is a ‘viscosity’ solution to (1.4), so that, as a
consequence of our results and of the regularity results for viscosity solutions to (1.4) of [8], we
deduce that, when the free boundary of a limit function u is given by x| = g(x’, £), x = (x1, x")
with g Lipschitz continuous, u is a classical solution.

We want to stress that because of our assumption that v¥ — u® — 0 and since v® > 0, the limit
function # must be non-negative, so our result is new even in the case u® = v®.

In particular, as a consequence of our results, we see that limit functions u with u®(x, 0)
constructed as in [7], and v® (x, 0) small perturbations of u*(x, 0) are viscosity solutions to (1.4). In
this construction, wy is any constant such that wg > —n where n > 0 is small enough.

Notation, hypotheses and outline of the paper. Throughout this paper N will denote the spatial
dimension and, in addition, the following notation will be used.
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Forany xo e RY, fpe Rand 7 > 0
B:(xo) = {x e R/ |x — xo| < 7},
B (x0. t0) = {(x,1) € RN/ |x — xo* + |t — 1o* < %},
Q< (x0. to) = Bz (x0) X (tg — T2, t0 + 77,

Q7 (xo.10) = Br(x0) x (to — °, 101,
and for any set K ¢ RV*!

NeKy= | Qclxo, 1),

(x0.10)€K

No&Ky= | 07 (o, t0).

(x0,70)€K

When necessary, we will denote points in RY by x = (x1, x’), with x’ € R¥=1, Also, (-, -) will
mean the usual scalar product in RY . Given a function v, we will denote v = max(v,0), v~ =
max(—v, 0).

In addition, the symbols A and V will denote the corresponding operators in the space variables;
the symbol 9, will denote parabolic boundary.

Finally, we will say that a function v is in the class Liploc(l, %) in a domain D c RN+ if for
every D' CC D, there exists a constant L = L(D’) such that

lu(x, 1) —v(y, $)| < L(jx —y| + |t — s]'/?)

for every (x,1), (y,s) € D'. If the constant L does not depend on the set D', we will say that
v € Lip(1, ) in D.

For the existence of a limit function for a subsequence u®* we only need the weaker condition
that for every compact K C N (K) C D,

|v® — u€”L°C(/\/'{(K)) = 0(e). (1.5)
Then, we have (see [9])
|lve — u£||cz,1(K) = 0(e). (1.6)

Under this assumption, we are able to apply the results of [4] and get the uniform Lipschitz
estimates needed to pass to the limit in (1.1). This is done in Section 2 where we also prove some
technical lemmas that are used throughout the paper.

In Sections 3 and 4 we assume that u® — 0 in {u = 0} fast enough. This is an essential condition
that was already considered in [7]. This assumption is a natural one in applications; roughly speaking
it means that the mixture temperature reaches the flame temperature only if some combustion is
taking place.

We also assume that there exists lim,_,o(v® — u®)/e =: wqg and, as a consequence of the
hypothesis that u® — 0 in {u = 0} fast enough, we show that necessarily wo > —1 in {u = 0}°. So
that, in Sections 3 and 4 we assume that for every K C N, (K) C D compact

v® —uf

— W uniformly in = N (K). (1.7)
&
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Thus,

v®¥ —uf

— 0. (1.8)
CZ*I(K)

— wo

&

And, for the sake of simplicity, we assume that wg > —1 in D.

In Section 3, we show that the limit function u is a solution to the free- boundary problem (1.4)
in a pointwise sense.

Finally, in Section 4 we prove that the limit function « is in fact a viscosity solution of the free-
boundary problem (1.4) under a non-degeneracy assumption on the limit function u. We also prove
some results that give the necessary non-degeneracy of u.

Our presentation is of a local nature, so that our hypotheses are stated in terms of the solution
(u®, v®). As can be seen in the example treated in Corollary 4.3 it is possible to deduce our
hypotheses on (1¢, v®) from conditions on its initial-boundary datum.

2. Uniform estimates

In this section we consider a family u?, v® of solutions to (1.1) in a domain D which are uniformly
bounded in L*> norm in D. We show that the functions u®, v® are locally, uniformly bounded in the
semi-norm Lip(l, %) Then, we get further local uniform estimates and pass to the limit as ¢ — 0.
We also show that the limit function u is a solution to the free-boundary problem (1.4) in a very
weak sense. Finally, we prove an approximation lemma that will be used throughout the rest of the
paper and some lemmas concerning particular limit functions. Also, we prove a proposition that
justifies the hypothesis we make in the following sections.
For convenience, let us define the following function:

wé(x, 1) =v8(x, ) —u(x, ), (2.1)

then, w® is a caloric function with ||w®|| 2.1 (k) = O(e) for every compact set K C D.
We begin with a proposition (which is a consequence of [4]) that gives us the uniform control
on the gradients of solutions of (1.1).

PROPOSITION 2.1 Let (4%, v®) be solutions of (1.1) such that |u®]lec < A, v® > 0, which
verify (1.5). Let K C D be compact and t > 0 such that N (K) C D. Then, there exists
L = L(z, A) such that

[Vu®(x,1)| < L, [Vve(x,t)| < L.

Proof. Let us start by making the following observation:
u® =vf —wf > —w > —Ce.

Then, let 75 = C+-1(“8 + Ce) and we define, for (xq, tp) € K,

1
2(x,1) = ;zg(xo + Tx, fg + T21).

In B1(0) x [—1, 0], z& verifies (with B > || flloo)

0z¢ T 1 u®
0< Azl — —F < C D=l —
“T g Soyq et |)82f<8)

< —1 X ( 8) = —AX] ( 5)
< Bt _ u .
e [—Ce¢,¢] 8/ [0,e/71\Z¢
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On the other hand,
[u® (x, )|+ C < 1A+C

t1+C) “tl1+C’
Therefore, by Theorem 2 of [4] it follows that

125 (x, 1)] <

IVZzE(x, )| < L = L(z, A) in  Bj,(0) x (—1/2,0].
In particular,
Vit (x0, 10)| = (C + D|Vz®(x0, 10)] = (C 4+ 1D|VZ;(0,0)| < (C + 1L,
[Vv® (xo, 0)| < [V’ (x0, 10)| + [V (x0, 0)] < (C + 1)L + C.
The proof is complete. O

As is usual in parabolic theory, Lipschitz regularity in space gives Holder % regularity in time.
We follow here ideas in [5] and [7].

PROPOSITION 2.2 Let (u°, v®) be solutions of (1.1) such that |u®|l.c < A, v® > 0, which
verify (1.5). Let K C D be compact and T > 0 such that A7 (K) C D. Then there exists
C = C(z, A) such that

uf (x, t + Ar) —uf (x, 0] < ClAHY2, ¥ (x, 1+ Ar) — v¥(x, 1)| < C| At
for every (x, t), (x,t + At) € K.

Proof. As in Proposition 2.1 we define z° = CLH(uE + Ce) and

£ 1 & 2
L (x, 1) = XZ (xo + Ax, tg + A71),

forO < A < t and (xq, 79) € K.
By a simple computation we get, as in Proposition 2.1,

£
_ 95

0sd5 -5

< —=X[0,6/11(25)-

e/
Now, z5 > 0, and in {z; > 1} we have

0z}

‘Azi ~ 2

<B if g/A>1
=0 if /A<l
Moreover, we have that

1 _
VZE(x, 1) = —— |Vl (xo + Ax, to + 22| < L
[Vzy (x, D] C+1| (x0 0 )|

in B;/3(0) x [0, rz/kz]. Then, by Proposition 2.2 of [5], we have

1
4N + B

1250, 1) — 25(0,0)| < C(L) YO<t<
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which, in terms of u?, is
|u® (x0. to + A%t) — u° (x0, 10)| < C(L)A.

In particular,
2

< C(D)a.

) — u®(xo, 10)

&
J
u (Xo 0+4N+B

Let (xg, 0 + At) € K. If 0 < At < ﬁ,we take A = Ar'/2/AN + B < T to get

lu® (xo, to + Ar) — u® (xo, to)| < C(L)VAN + BA:'/?,

If At > ﬁ, we have
e £ 2A 1/2
|u® (xg, tg + At) — u®(xg, tp)| <24 < —~/4N + BAr/~,
T
The analogous inequality for v* is an immediate consequence of (1.6). (]

REMARK 2.1 Under the hypothesis of the previous propositions, we have that
u® € Lipoe(1, 3)-

PROPOSITION 2.3 Let (u®, v®) be solutions of (1.1), such that ||uf]lc < A, v® > 0, and
verify (1.5). Then, for every sequence &, — O, there exists ¢y — 0 a subsequence and
u € Lipjoc(1, %) such that

1. u®” — u uniformly on compact subsets of D;
2. Vu®” — Vuin Lfoc;

ou'n’ 3 in 2 -
3. ‘ét — 3_1; weakly in Lloc’
4, Au—%—?:Oin{u>0};
5. for every compact K C D, there exists Cx > 0 such that

’ ou® <c
x LK
8t LZ(K)

for every ¢ > 0.

Proof. The proof is similar to Lemma 3.1 of [5].
Let K C D be a compact set and T > 0 such that N3, (K) C D. Let L = L(K) such that

u (x, 1) — u (y,5)| < L(lx — y| + |t — s|'/?),

where (x, 1), (v, 5) € N7 (K).
Then, by Arzela—Ascoli’s theorem, there exists ¢,; — 0 and u € Lip(l, %) in M (K) such that
u®" — y uniformly in A7 (K). By a standard diagonal argument, (1) follows.

Let us now find uniform bounds for % in Lfoc (D). In fact, u® verifies

&

9
Auf — a—”t = v fo(u®).



388 J. F. BONDER AND N. WOLANSKI

Now, let (xo, 7)) € K and let us multiply the equation by u; 1//2 where ¥ > 0, ¥ = ¥ (x) €
CZ°(B:(x0)), ¥ = 1in B jz(xp). Then, integrating by parts, we get

1
// W@®)>y? dx dr 4 = // (V) y? dx dr +2// Vuful Vi dx dr
0+ (x0.10) 2JJ 0ixouto) 0+ (x0.10)

=— // v fo (u)uby? dx dr.
Q1 (x0,10)

Now we use Young’s inequality to obtain

1 1
- // )2y dx dr + —/ IVt (xo, fo + T2 P92 dx <
0+ (x0,%) 2

2 B (x0)
1

— / IVu® (xo, to — T2) >y dx — // v fo (u®)ub 2 dx dr
2 JB.(xo) ¢ (x0.10)

+C// |V 2| V| dx dr.
O (x0,10)

Then, by Proposition 2.1,

1o+12
/ / )2 dx dr < / Vit (xo, fo — )29 % dx
B2 (xg) Jtg—7? Br (x0)
// V8 fo (uf)uf 2 dx de +cff |Vu® 2|V |? dx dt
Q< (x0,%0) 0O+ (x0,10)

f/ v fo(u)uf 2 dx dr
QO (x0,t0)

Hence, it only remains to get bounds on

// Y2ufv® fo(uf)dxdr = 1.
QT

+2

<C)+2

Let ;
Ge(u,x,1) = f (w®(x, 1) +5) fe(s) ds,
0

then
u G

9 3 _8_8 3 3 Y e
E(g‘s(” X, 1)) = a7 feu”) + ar (u”, x, 1),

so that we get
28 e 28g8 £
I = Ye—(Ge(u®, x,t))dx dt — Ye—w®, x,t)dxdt = A — B.
0+ at 0 at

Let us first get bounds on A:

t()+1.’2 9 t()+r2 9
A=/ / wz—(gs<u8,x,t)>dxdt=/ wz[f —(gs(ug,x,t))dt}dx
to B (xp) or B (xp) to—72 ot

)

= / WG (x, 1o + T2), x, o + T2) — Ge (U (x, 1o — T2), x, 1o — T)] dx.
BT(XO)
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Since u® > —Ce, f.(s) = 0if s > ¢ and |w?| = O(e), we have

&

&
|Ge(u®, x,1)] < Ce fe(s)ds +/ sfe(s)ds < C,
—Ce —Ce
so that
|A] < C(7).

It only remains to get bounds on B. For that purpose, let us first make the following observation:

2 c

JX, )| = (s)ds| <

X

By (1.6),

Py < Ce for (x,1) e N:(K).

Therefore, using the fact that 0 < ¥ < 1, we get

<l

‘Bws

&

(x 1)

t()+r
f f wf)*dxdr < C,
Bz /2(x0) J1o—

with C independent of ¢ and (xg, #p) € K. Now, as K is compact,

/ wf)*dxdr < C
K

ow
dxdr < _|Qr| 5 < C(K, 7).

Thus,

so that, for a subsequence
(3) follows.

Let us see that u is a solution of the heat equation in {# > 0}. In fact, from the fact that
u® — wu uniformly on compact subsets of D, we deduce that every point (xg, #p) € {u > 0}
has a neighbourhood V such that u®(x,7) > A > 0 for some A > 0. Therefore, for ¢ < A,
fe(u®(x,t)) =0in V. Thus, u® is caloric in V for every ¢ < A, and then the same fact holds for u.

Let us finally analyse the convergence of the gradients. We already know that
IVu®ll Lo (n, (k)) < L.So we can assume that Vu® — Vu weakly in L?(N; (K)). In particular,

// é|Vul*> < liminf// ®|Vut|?,
N (K) e—>0 N (K)

for every non-negative ¢ € L>(D).

We follow here ideas from [2] and [7] in order to prove that we have strong convergence.

Since Au — u; = 01in {u > 0}, if we take § > 0 and multiply this equation by (u — 8) " (x)
with ¥ € L°°(D) and non-negative, we get, after integration by parts in Q. (xg, fy),

// |Vu| v = // uVuVir +5// VuVyr
{u>6} {u>6} {u>3}

——f (u — 8)%(x, to+r2)w<x>+1/ ( — 8)*(x, to — THY (x).
(u>8) 2 Juss)

, dr” i — 3 tu weakly in L2(K) and by a standard diagonal argument,

2
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Now, letting § — 0, we get

// [Vul?y = — // uvuVy —
{u>0} {u>0}
1

—~ —/ uz(x,to+r2>w<x)+1f u?(x, tg — TP (x).
2 Jiu=0) 2 Ju=oy

On the other hand, since ¢ > 0, f; > 0 and u® > —Ce, multiplying (1.1) by (#® + Ce)y and
integrating by parts, we get

// |Vul |2y < —// uVut Vi — Ce // Vul Vs
O+ (x0,10) O+ (x0,%0) O (x0,10)

1 € 2 2 1 P 2 2
— —/ u® +Ce)(x,to+t )1//(x)+—/ w® 4+ Ce) (x,t9g — )Y (x).
B (x0)

2 B (x0)

Thus,
limsupf/ IVul Py < // |Vul*y,
e—0 0+ (x0,10) 0+ (x0,%)

1/2 1/2
92V 20, oo = 1YVl 200, 00

so that

Since, in addition,
wl/ZVus — 1//1/2Vu weakly in L*(Q+(x0, 1)),

it follows that
v12vu® > y'2vu  in L*(Q:(x0, 10)).

Therefore, as ¢ = 1 in By /2(xo),
Vuf — Vu  in L*(Qq2(x0, 10)),
and since K is compact, this implies that
Vu® — Vu in L*(K).
By the same standard diagonal argument used before, the assertion of the theorem follows. [

Next we show that the limit function u is a solution of the free- boundary problem in a very
weak sense.

PROPOSITION 2.4 Let (u®/, v®/) be a family of solutions of (1.1) in a domain D C RN+ guch
that u®/ — u uniformly on compact subsets of D, v®/ > 0, which verifies (1.5). Then, there exists
a locally finite measure 1 supported on the free boundary D N d{u > 0} such that v¥/ f;, (u®/) — u
weakly in D and therefore

Ay — — = in D,
u o 7 in

// (ud),—Vqub)dxdt:f/ ¢du.
D D

thatis V ¢ € C°(D)
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Proof. The proof follows as that of Proposition 3.1 of [5]. (I
Now we state an approximation lemma that will be used throughout the rest of the paper.

LEMMA 2.1 Let (4%, v®i) be a family of solutions of (1.1) in a domain D € RN*!, such that
uf — wu uniformly on compact subsets of D, v®/ > 0, and verifies (1.5). Let (xq, o) € DNa{u > 0}
and let (x,, t,) € DNa{u > 0} be such that (x,, t,) — (xo, fo) asn — oo.LetA, — 0, u,, (x,t) =
ﬁu(xn + Apx, t, + kﬁt) and (u®);,(x,t) = Ai”us-f (X + Apx, t, + )»,%t). Assume that u;, — U

as n — oo uniformly on compact sets of R¥T!. Then, there exists j(n) — oo such that for every
Jn = Jj(n) there holds that i’—n” — 0 and

1. (u®in),, — U uniformly on compact sets of RN+,

2. V(u%)A — VU in L (RN*1);

3. 5 O (ufin);, — azU weakly in L2
Also, we deduce that

4. Vu;, — vu in L2 (RN

5. %u;\n U weakly in LIOC(RN“).

(RN+1).

loc

Proof. The proof is a straightforward adaptation of Lemma 3.2 of [5]. [

Now we state some lemmas on special limits of solutions to P, that will be used throughout the
paper.

LEMMA 2.2 Let (4%, v%/) be a solution to (1.1) in a domain D c RN*L such that v& > 0,
and verifies (1.7) in D with wy = constant. Let (xg, fo) € D and assume that u®/ converges to
u=olx-— xo)?r uniformly on compact subsets of D, with o € R and ¢; — 0. Then,

0<a<V2M 2.2)

where M = f_lwo(s + wo) f (s) ds.

Proof. The proof is an adaptation of Proposition 5.2 of [5].

Without loss of generality we may assume that (xq, o) = (0, 0).

First we see that necessarily « > 0 since u is subcaloric in D and u(0, 0) = 0. If @ = 0 there is
nothing to prove. So let us assume that o > 0.

Let ¥ € CZ°(D). Multiplying (1.1) by uf, ¥ and integrating by parts we get

// uy u == // Vil Py, — // VIV
// Be, (u, x, )¢y, + // wx,< fej(S)dS)I/I

where B (u, x, 1) = [* woe (8 + W) fa(s) ds.
In order to pass to the limit in (2.3) we observe that, by Proposition 2.3

2.3)

@), — 0  weaklyin L} (D),

i 2
Vubi — akXy >oe1 in L,

(D).
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On the other hand,

Vwéi

€j

-0 uniformly on compact subsets of D.

Therefore, in order to pass to the limit in (2.3) we only need to analyse the limit of st ub, x,1).
On one hand, it is easy to see that

Be, i (x, 1), x,t) > M (2.4)

for every (x, t) such that x; > 0. In fact,

“Sl £ 1
By = [ (s+“’ ’)f(s)ds=/ (s+w
—wo 8]' —wo &

if j is large enough. Since |st u®, x,1)| < C, it holds that (2.4) holds in Llloc({xl > 0}). On the

other hand, there exists M (x, 1) € L% (D) such that Be; (u, x, 1) — M (x, 1) weakly in leoc(D)'
Clearly, M(x,t) = M in {x; > 0}. Let us see that M (x, t) = M(¢) in {x; < 0}. In fact,

€j
i

)f(s) ds

B,
V(Bg; u® (x, 1), x,1)) 8—8"(148-’,)6, DVu® + VB (u®, x, 1)
u

ui
W+ w) fo, @ )Vu®l + V' f fej () ds

—Wpée;

&

. _ o Vw®i %
V¥ fo, ) VUi + - f(s)ds.

J —wo

Since v/ fe; (u®7) — 0in Llloc({xl < 0}), Vu® is uniformly bounded in L*°(D’) if D’ cC D and
Vuw'i

J

— 0 uniformly on compact subsets of D, it holds that

VB, i (x,1),x,0) — 0 in Lk ({x; <0).

So that, passing to the limit in (2.3) we get

2

o _

o R | R T oY
{x1>0} {x1>0} {x1<0}

Thus, integrating in the variable x| we get

a? _
f <——M+M(t)>w=0.
=0y \ 2

Since ¥ is arbitrary, we conclude that

a? _
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Finally, we notice that M(t) > 0. In fact,

P
uJ

g &j 7u:3l gj
ng(uei,x,t):/ ’S (s—i— wj)f(s)ds—i—/ ! <s—|—w1>f(s)ds
_% £j —wp &j

v

-~ W
> / s+ f(s)ds = 0
—wo €j

.
. J .
since “— — wyp uniformly on compact subsets of D.
J

Thus,
a=+2(M—-M@) <V2M

and the proof is complete. (]

LEMMA 2.3 Let (u®/, v®/) be a solution to (1.1) in a domain D C RN+ guch that véi > 0,
and verifies (1.7) with wo = constant in D. Let (xo, fp) € D and assume that u®/ converges to
u=olx— x())l+ + a(x — x0); uniformly on compact subsets of D, with o, @ > 0 and &; — 0.
Then,

@=a<V2M 2.5)

where M = f_lwo(s + wo) f(s) ds.

Proof. We argue in a similar way as in Proposition 5.3 of [5].

We will denote Q, = Q,(0, 0). Without loss of generality we will assume that (xg, o) = (0, 0)
and that O, cC D.

As before, u® satisfies

ff ubul wzl // |Vul 2y, —/f ut Vut Vs
D ! 2JJ)p p !
+/f Be(u® x. 0, +// wt, (/ fg(s)ds>tﬁ-
D D 0

We want to pass to the limit. By Proposition 2.3 and the fact that u®/ converges to ozxr +ox,

we have that
€j

u —0 weakly in leoc (D),
Vubi — Ol.)({xl>()}61 — &X{x1<0}el in leoc(D)'
Clearly, as o, @ > 0, B(u®/, x,t) — M in L. (D).

loc
So, passing to the limit in the latter equation for the subsequence ¢, we get

a? a2
R ey
2 JJ =0 2 x1<0)

Integrating in the x; variable, we conclude that

o =a.
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Next, we will assume that o > +/2M and arrive at a contradiction.
First, let us consider z%/, defined in Q», the solution to

A% — ij = (Be, (z%) + We, fe; (Ze,-))pgj (2" /¢j) in 0 (2.6)

with boundary conditions
% =u—b¥ on 9,02

where B (s) = sfe(s), We = supg, w®, b* = supy, [u®/ — u| and p,; is a smooth cutoff function
with support in [—(wp + 2C€_/), 2] and Pe; = lin [—(wo + ng), 1]. (Here Csj — 07T is such that
|wi /ej — wo| < Cg; in Qa sothatu® /ej > —(wo + C;) in Q2.)

We observe that z%/ (x1, x', t) = z% (—x1, x’, t) in Q».

It is easy to see that the proofs of Propositions 2.1 and 2.2 can be adapted to z°/ so that, for a
subsequence, that we still call ¢}, it holds that z°/ — z uniformly on compact sets of Q>. We will
show that z = u.

First,

Aui —uy? = 0% fo, W) = W+ W) fo, W) < Be, W) + We, fo, ()
= (Be, u™1) + We, fo, 0" )pe, (u¥i fe;)  in Qa.

From the fact that z°/ < u®/ on 9, 02, we deduce that z°/ < u®/ in Q» and therefore z < u.
In order to see that u < z, we consider a®/ € C 2(R) such that

asi = </3(a8-’) +— f(cﬂ))pg,. (@), seR 2.7)
J
al0)y=1, a;©0) =a. (2.8)

Integrating the equation we get, for every s € R,
0<y — Ke; < a‘fj(s) <o
where $y? = Ja> — M > 0 and k,; — 0 when j — oo.
It follows that there exists Se; < 0 such that

4t (s) = {1 +as

s >0
(]/ —ng)(s _Eé‘j) s <E i

gj

and it is easy to see that s, ; are uniformly bounded below and, moreover, there exists s < 0 such

that 5,; — .
Now let
g e [ X1 b®i _
a’(x)=¢gjal| —— ————— +75 |
gj (¥ —Keej -

Using that a®/ (0, x’, 1) = —b®/ and the bounds on a?j , we deduce that
a¥ <u—>b¥ in Q>.

Now, since a®/ < z% on 9,Q>, and a°/ is a one-dimensional stationary solution to (2.6), we
have that a®/ < z% in Q5. Since a® — u uniformly on compact subsets of {x; > 0}, we deduce
that u < zin Oy N {x; > 0}.
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Finally, we notice that z%/ (x1, x’, t) = z% (—x1, x', 1), so we conclude that u < z in Q5.

Now, the proof of the lemma follows as in [5] where it is shown, for the case in which w® = 0,
that if z% — ozxi" + ax,” uniformly on compact subsets of Q», where z*/ are solutions to (2.6)
which are symmetric in the x; variable, and « > 0, it holds that o < V/2M. So that we arrive at
a contradiction since we have assumed that o > +/2M. Here we use again that % — wop and
lim inf B, (u®, x,t) > 0. The proof is complete. ([l

LEMMA 2.4 Let (u®,v%) be a solution to (1.1) in a domain D; such that v/ > 0, and
satisfies (1.7) in D; with wyg = constant. Here D; is such that D; C D;;; and U;D; = RN+
Let us assume that u®/ — U uniformly on compact subsets of R¥ ! as j — oo and & j — 0, with
U >0,U eLip(1, §) and 3{U > 0} # . Then,

IVU|<~2M  in RN*! (2.9)

with M = 1 (s +wo) f(s) ds.

Proof. The proof is similar to that of Theorem 6.2 in [5]. Here we use Lemmas 2.2 and 2.3 instead
of Propositions 5.2 and 5.3 in [5]. O

3. The free-boundary condition

In this section, we find the free-boundary condition for the limit problem and we show that the
limit function u is a solution to the free-boundary problem (1.4) in a pointwise sense, under the
assumption that the free boundary admits an inward spatial normal in a parabolic measure theoretic
sense (Definition 3.1).

Throughout this section we will assume that (1.7) holds and that for every K C {u = 0}°
compact there exists 0 < n < 1 and g9 > 0 such that, for ¢ < &,

ué‘
— <7 in K. (3.1)
e
This assumption is a natural one in applications; roughly speaking it means that the mixture
temperature reaches the flame temperature only if some combustion is taking place.
As a consequence, it holds that
& & uS

wo = lim — > —limsup — > —n > —1 in K.
e—0 > e—0

So that, for the sake of simplicity, we will assume from now on that wy > —1in D.
We start this section with a lemma that is the essential ingredient in the subsequent proofs.

LEMMA 3.1 Let (4%, v®) be a solution to (1.1) in a domain D ¢ RN *! such that v¥% > 0 and (1.7)
and (3.1) are satisfied with wg > —1. Let u = lim u®, with &y — 0, and Bg, (1, x,t) = ffwoek (s +
w) fe, (s) ds. Then,

Be, (u*, x, 1) — M(x,)Xy=0;,  in L} .(D)

where M(x, 1) = [1, (s +wo(x, 1) f(s)ds.
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Proof. First, let us observe that

/ (W +5) fu(s) ds = / (W’ +s)i2f(5> ds
—woée —wpe & £

1 e
- / (w_ +s>f(s)ds.
—wo \ €
&k

lim (W +5) fe, (s)ds = M(x,1).

&0 J —woex

Therefore,

Let us now see that B,, (u*, x, t) — M (x, t) uniformly on compact subsets of {u > 0}.
Let K CC {u > 0}, then there exists A > 0 and &g such that u®* (x,t) > A Ve, < g9, (x,1) €
K. Thus, we have

uk (x,1)
lim B, (u®(x, 1), x,¢t) = lim (w® +5) fe, (s) ds
k—o00 k=00 J _woex
ek
= lim (W® 4+ 5) fe, (s)ds = M(x, 1).
k— o0 —woek

Since | B, (u®, x,t)| < C on every compact subset of D, it holds, for a subsequence that we
still call &g, that

Be, (u*, x,1) — M(x,t)  weaklyin L% (D).

Clearly, M(x,t) = M(x,t)in {u > 0}. Let us see that M (x, 1) = 0 in {u = 0}°. In fact, let K be a
compact subset of {# = 0}°. For every €1, €2 > 0, it holds that, for k large enough,

{(x,1) € K /&1 < Be, (u®,x,1) < M(x,1) — &2}

3
1 u®k

S (1) € K/u—(x,f) > —wo(x,1), 2l </W(s+wo)f(s)ds <M — E—ZH
&k 2 —wp 2

utk
< (X,I)GK/—wo(X,l‘)+M<8—<1—M}
k

&

vk utk
<Hanek/ ==L, —<1—MH
&k 2

C
< (1) € K /v fo (u™) > —“} :
28k

Since v f;, (u®*) — 0 as measures in K and v > 0, f;, > 0, it holds that
v fo ) = 0 in LY(K).

Therefore,
{(x,1) € K /&1 < Bg (u®™,x,1) < M(x,1) — &2} = 0.
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On the other hand, let 1 > 1 > supg (—wyp) be the constant in (3.1) in K. It holds that

utk

wsk
o €k T €k
ng(ug",x,t)zf ¢ (s+—w )f(s)ds+/ ¢ (s+—w )f(s)ds
_% Ek —wp Ek

_w'k

< /n <s+ w_€k>f(s)ds+/ * (s—|— w_€k>f(s)ds
_w'k &k —wy Ek

ngk wek n
:/ (s+—)f(s)ds—>/ (s +wo)f(s)ds < M(x,t)
—wy Ek —wp

. £k &k .
since —“;—k < “S—k < nin K. Therefore,

n
limsup By, (u®*, x,1) < f (s +wo) f(s)ds < M(x, t).
—wo

So that, for &5 > 0 small, we get
{(x,1) € K /&1 < Be (™, x,0)}| = [{(x,1) € K /&1 < Be, u™,x,1) < M — &3}| = 0.

Let us now see that M(x,7) = 0 in K. As in Lemma 2.2 we see that M(x,t) > 0. Now
assume that for some &1 > 0 we have [{M(x,7) > &;}| > 0. Then, there exists m such that
HM(x,1) > e1 + L} := |An| > 0.

Now,

- 1
/ B, (u®, x, 1) — M(x,t) > <81 + —)|Am|
Am Am m
but,

/ ng(usk,x,t)Z/ BEk(MEk»-x’t)
Am Amﬁ{ng(M‘c’k,X,l)>81}

+/ Be, W, x,t).
AnV(Bey (W x,1)<e1)

Since the first term in the right-hand side goes to zero and the second is bounded by €1|A,,|, we get
a contradiction.
The proof is complete. (]

Let us give the definition of a regular point.

DEFINITION 3.1 We say that v is the interior unit spatial normal to the free boundary d{u > 0} at
a point (xo, fp) € d{u > 0} in the parabolic measure theoretic sense, if v € RN, |v| =1 and

1
lim —— // [ X >0y — X{(x,1)/ (x—xp,v)>0y1 dx df = 0.
ri+2 Oy (x0,%0) 0

r—0

DEFINITION 3.2 We say that (xo, #p) is a regular point of d{u# > 0} if there exists an interior unit
spatial normal to d{u > 0} at (xo, #p) in the parabolic measure theoretic sense.
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We can now prove the main result of this section.

THEOREM 3.1 Let (u®/, v®/) be a family of uniformly bounded solutions of (1.1) in a domain
D c RNt quch that u® — u uniformly on a compact subset of D, v® > 0, and verifies (1.7)
and (3.1), with wg > —1. If (xp, #p) is a regular point of D N d{u > 0}, then u has the asymptotic
development

u(x, 1) = alx — xo, )" +o(lx — xo| + It — 10]'/?)

with o = «/2M (xg, t9), where M = fi o (s +wo) f (s) ds. Here v is the interior unit spatial normal
to the free boundary at (xo, #p) in the parabolic measure theoretic sense.

Proof. We assume, without loss of generality, that (xg, #p) = (0,0) and v =e; = (1,0, ..., 0).
Let y € C2°(D). We proceed as in Lemma 2.2. Let us multiply the equation for u® by uf ¥
and integrate by parts. We have

1
// ujus ¥ =3 /f Vil Py, — // us, Vu* Vs
D D D
+// Bo(u® x, 1), +// (w— —w())f(—wo)(wo)xﬂﬁ
D D €

ué‘

wé &
+// i( f(s)ds) V.
D ¢ —wp

Since . .
. 4 L
Be; (u™, x, 1) = (s +wo) f(s)ds + —wo | f(s)ds,
' —wo —wp \ &j

and B;; (u®/, x, 1) — 0 weakly in L' (K) for every K C {u = 0}° compact, it holds that

u’s

Fe,(x, 1) := / g (s +wp) f(s)ds - 0 weakly in LY(K).
—wp
Since Fy; is non-negative, it holds that

F; >0 in LY(K).

So that, for a subsequence that we still call ¢, it holds that

Fej -0 a.e. K.

Thus,

ubi

— — —wp a.e. K

€j
Therefore,

wl 1
! f(s)ds — ( f(s)ds)X{u>o} a.e. D. (3.2)
—wo —w
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By using Proposition 2.3, Lemma 3.1 and (3.2) we can pass to the limit (for the sequence &; —
0) in the latter equation and get

// sttx, ¥ = 1/[ IVu Py, —// uxlwvw/f M(x. 0¥,
D 2 D D {u>0}
1
+ f f (wo)x1< f(s)ds)vf
{u>0} —wo

for every ¢ € C°(D).
Now, let ¥ (x, 1) = Ay (352, =50). Replacing ¢ by ¢* in (3.3) and changing variables, we
get, for u) (x,1) = %u(xo + Ax, o + A20),

1
/ / ) = 5 / Vi P, — / W), ViV

1
+ // M(rx, )th)wxl + // (wO))q( f(s) ds>w)‘.
{u; >0} {u>0} —wq

Let 7 > 0 be such that Q, (xo, 7)) CC D. We have that uy, € Lip(1, ) in Q,/3(0, 0) uniformly
in X, and u; (0, 0) = 0. Therefore, for every A, — 0, there exists a subsequence %, — 0 and a
function U € Lip(1, ) in R¥*! such that u; , — U uniformly on compact sets of RV *1.

By our assumption on (xp, fp), we can easily see that for every k > 0

(3.3)

(3.4)

H{u, > 0}N{x; <0}N Qr(0,0)] — 0 as A — 0, (3.5
and
{u; = 01N {x; > 0} N Qr(0,0)] — 0 as A — 0. (3.6)

Now, using Lemma 2.1 and the fact that /* — 0 uniformly in D and supp ¥* C supp ¥, we
can pass to the limit in (3.4) and get

/:/ Utlew =
{x1>0}
1
5// VU 4y, — // Uy, VUV + M(0,0) // Y-
{x1>0} {x1>0} {x1>0)

Our aim is to prove that U = ozx]+. First, by (3.5) and (3.6), we deduce that U = 0 in {x; < 0}.
On the other hand, U is a solution to the heat equation in {U > 0} C {x; > 0}. By Corollary A.1
in [5], for every X’ € RN~! 7 € R, there exists & > 0 such that

(3.7)

Ux, 1) = ax] +o(|(x1,x) — O, &)+ 1t —71"%  in {x; >0} n{t <7}

Replacing the test function ¥ by @*(x,r) = Ad(3L, 275, ) with & € C2({r < 0}) and
proceeding as above, we get

2
—“—/f &, + M(0,0) f/ o, =0. (3.8)
2 {x1>0} {x1>0}
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In order to pass to the limit for a sequence 1, — 0 we have used Lemma 2.1. (See [6], Theorem 3.1
for the details.)

Thus, @ = +/2M (0, 0).

In order to see that U = afo we use Lemma 2.4. In fact, by Lemma 2.1, there exists a sequence
Jn — 00 such that

$ 1 £j 2
u™ = —un(Ayx, Ayt) — Ux, 1)
An

uniformly on compact subsets of RV !, We recall that (#%, v%) is a solution to (1.1) with ¢ replaced
by 8. Moreover,

B & 2
won woin (A, x, Aot
= W 2l 0, 0)
5,1 &j

n

uniformly on compact sets of RV*1,
In addition, U > 0 and o{U > 0} # (. By Lemma 2.4 we have that |VU| < a(= +/2M (0, 0)).
Since U = 0 in {x; = 0} we deduce that

U < axg in {x; > 0}.
By Hopf’s Principle, we deduce that
U =ax in {x; > 0}.
The theorem is proved. (]

REMARK 3.1 It is clear from the proof that the result is still true if we replace condition (3.1) by
the following property: % — —wp a.e. {u = 0}°.

4. Viscosity solutions

In this section we prove that, under suitable assumptions, the limit function u is a viscosity solution
of the free-boundary problem (1.4).

For the sake of completeness, we state here the definition of viscosity solution that was
introduced in [6] for the two-phase case of this problem when wg = 0.

DEFINITION 4.1 Let Q be a cylinder in RN x (0, T) and let v € C(Q). Then v is called a classical
subsolution (supersolution) of (1.4) in Q if v > 0 and

1. Av—v, 2 0(<0) in 2t=0n{v >0}

2. ve C'(R1);

3. forany (x,t) € 327N Q, Vu(x,t) #0, and [Vu(x, t)| > V/2M (g «/ZM).

We say that v is a classical solution in Q if it is both a classical subsolution and a classical
supersolution.

DEFINITION 4.2 Let u be a continuous non-negative function in Q; u is called a viscosity
subsolution (supersolution) of (1.4) in Q if, for every subcylinder Q' CC Q and for every classical
supersolution (subsolution) v in Q’,

u<v on 9,0 (u>v on 9,0 and

v>0 on {u>01N0,0" W=>0 on {v>0}N3,Q)
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implies that u < v (u > v) in Q’.
The function u is called a viscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

DEFINITION 4.3 Let u be a continuous non-negative function in D and let (xg, #y) € a{u > 0}ND.
We say that (xg, #p) is a regular point from the non-positive side, if there exists a regular non-negative
function v in D such that v > u in {u > 0} for ¢t < #¢ and v(xo, tp) = u(xo, to)-

Finally we need the following definition on non-degeneracy.

DEFINITION 4.4 Let u be a continuous non-negative function in D. Let (xq, fo) € D be such that
u(xg, to) = 0. We say that u does not degenerate at (xg, t) if there exist 7o > 0 and C > 0 such that

sup u=>Cr for 0 <r <rp.
ap Oy (xo,t0)

We now prove that, under suitable assumptions on the limit function u, it holds that u is a
viscosity solution to the free-boundary problem.

THEOREM 4.1 Let u = limu®, where (u®, v®) are uniformly bounded solutions to (1.1) with
v > 0, satisfying (1.7) in D, with wg > —1, and such that u®* either satisfies (3.1) or uf" < 0in
D.

If u* does not degenerate at every point of the free boundary which is regular from the non-
positive side, then u is a viscosity solution of (1.4).

Proof. By Proposition 2.3 and Lemma 2.1, Theorem 4.1 of [6] can be stated for our system, thus u
is a viscosity supersolution.
In order to see that it is a viscosity subsolution, let v be a classical supersolution such that

u<v in 09,0 and v>0 in {u>0}1Na,Q.

We want to see that u < v in Q.
If it is not, we define

fo=sup{l0<s<T:v>0 in {u>0NQON{0<Lr<st)

From the definition of 7y, it follows that ty > O and, from our hypotheses, we deduce that
v 2 uin QN{0 < t < 1}. In addition, there exists a sequence (x(s), ?(s)) — (xo, %) € 0
such that v(x(s), t(s)) = 0, (x(s),1(s)) € {u > 0} N Q. Clearly, u(xo, to) = v(xg, ) = 0 and
(x0,t9) € {u > 0} N Q. If (xg,t9) € {v = 0}° then, for t small, we have u < v = 0 in
B (x0, t0) N {t < 1o} and, therefore, u = 0 there, which contradicts our hypothesis. Thus,

v>u in QN{0<1t <),

(x0, f0) € d{u > 0} N d{v > 0} N Q.

We may assume, without loss of generality, that (xg, f0) = (0,0) and Q1(0,0) = Q; C Q
(consider instead of u the function Aiou(xo +Aox, to +A%t) for certain Ag > 0 small, and analogously
with v). Let us take

1 1
v (x,t) = Xv(kx, Azt), u)(x,t) = Xu()»x, Azt).
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It is easy to see that there exists a sequence A, — 0 and functions ug, v such that v; —
Vo, Uy —> Ug.

Since v is regular, we have that vo(x, 1) = ,Bxfr with 0 < 8 < +/2M (0, 0) (for some system of
coordinates).

Let us show also that ug(x, t) = ocxi" for some « > 0.

We may think that in Q1, d{v > 0} is the graph of some function ¥ (x’, t) = x1, x = (x1, x’)
with ¢ € Llp( ) where ¥ (0,0) = 0 and {v > 0} = {x; > ¥ (x/, )}.

Hence, we have that

W& 0l < (x| +11]'7?).
Let R = {(x,1) € Q1 : x1 < —C(|x'| + [t|'/?)}. Then R N {v > 0} = ¢ and let w be the
caloric functionin O = Q7 \ R withw =0in d,R and w = L > ||u| « in the rest of 9, 0.
Since u is globally subcaloric and u < w on 9,0, then u < w in O.
Now, since w — u is supercaloric in O, w — u > 0 in the interior and w — u = 0 at (0, 0), then,

by Lemma A.1 of [5], we have that w —u = 8x1+ + o(|x| + |t|1/2) and, since by the same lemma,
w has an asymptotic development at (0, 0),

ulx,t) = ole + o(|x| + |t|1/2) with «a > 0.

Since by hypothesis u™ does not degenerate, it follows that o > 0.

On the other hand, since v is regular, v admits an asymptotic development at the origin in the
form v(x, t) = ,er + o(|x| + |t]1/?). Clearly, 8 > «.

Now, let / be the caloric function in @ := O, N{v > 0}N{—p <t < 0} for some small
u>0,withh = v —uon 8,,(5. And, let g be the caloric function in O with g =von 8,,(5. Then,
h:g:Oian_ﬂZ){v>0}ﬁ{—u<t<O}andh>0,g>0in(’3.

Therefore, by [1], there exists ¢ > O such that h > og in Qf/z N{v>0}N {—% <t <0}.

Since u is subcaloric in Q" and u < v in Q; we deduce that v —u > ou in Ql_/2 N{v >
0} N{—%5 <t < 0}. In particular, 8 — o > oax > 0.

The theorem will be finished if we show that « = /2M (0, 0).

Case 1 u®* verifies (3.1).

As in Theorem 3.1, we obtain

ff ity ¥ = f/ Va2, — // e, VUV
+ / / M(x, D + / / (wo>xl( f(s)ds)w
Dn{u>0} Dn{u>0} —wp
for every test function . Then, taking ¥*(x, 1) = A (£ > x2) and changing variables, we get
/ / ()1 (02) ey ¥ = / f Vs Py, — / () Vi3 Vi
+ f / M (hx, 12y, + f / (wo)xl< f(s)ds>1/f
DN{u; >0} DN{u>0} —wy
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By Lemma 2.1, we get (for some sequence Ay — 0)

1
0=—-a? // Yy, + lim // M (gex, A2y, -
2 Dn{x; >0} k—o00 DN{uy, >0}

We want to check that X} (s, >0y = Xix, >0y a.e. or, equivalently,
L {x1 > 0} C U, My {un, > 0} = liminf{u,, > 0} ae.
2. N2 Uik {Mxk > 0} = limsup{u,, > 0} C {x; > 0} ae.

Let us show (1). If x; > 0, we get that «x; > 0 and since u;, (x,) — ox it follows that
uy, (x,t) >0 Vk = k.

Let us show (2). If there exists k; — oo with u M (x, 1) > 0 then it must be x; > 0, because if
x1 < 0, we have that Vi, (x,t) =0for j > jo (because as v is regular, {vy, > 0} — {x; > O}).
Since u M S Uy, We geta contradiction.

1
0=_—a2// . +M(0,0)// U, -
2 DNfx >0} DNx>0)

0= f (30 — M(0,0))y dx' dr.
DN{x;=0}

Therefore,

So that,

Since ¥ is arbitrary, %az = M(O0, 0), so that,

=/2M(0,0)

and the proof is complete.
Case2 u;* <0.

We already know that, if we consider u) (x, 1) = %u (Ax, Azt), then it follows that

up(x, 1) = uo(x, 1) = ax;

uniformly on compact subsets of RN *1,
As before,

// uh uhy = // (VU |24y ) // Uk VUtV +f Be, (u, x, )y,
/ / (/ woek f“”‘“)%” + / (w0, (— - wo)ﬂ wo)y.

Now, as in the previous case, if we consider first I/I)“(X, 1) = Mp(f, )5_2) and change variables,

we obtain
1
'/:/‘(Mik)t(uik)xl'(// = —/ |VM | wxl —/ (u )xlvuk Vw-

/f Bsk/)»(uk , X, t)wxl // (w )XI < f(S) dS)'(// (41)
—wo
+ f (wo)s, (— - WO)f(—wo)W
D Ek
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where B2 (u, x, t) = fwa(Ax’kzt)g(s +w®(x, 1)) fe(s) ds. We want to pass to the limit as both & and
A go to zero.

Using Lemma 2.1, we see that for every sequence A, — 0 there exists a sequence k,, — 00
such that §,, := &, /A, — 0 and ubn = (u®*n ), — uo uniformly on compact sets of RN+ By
Proposition 2.3 we see that we can pass to the limit in the first three terms of (4.1) (with ¢ = g,
and A = A,).

Let us study the limit of B" (u® (x, 1), x, 1).

It is easy to see that in {x; > 0}, Bg: (u® (x,1), x,t) — M(0,0) uniformly on compact sets.
Now, let K C {x; < 0} be compact. We will show that

V(BQ: W (x, 1), x,1) = 0 in LY(K).
In fact,

VB’ (x, 1), x, 1) = v f5, @)V

)
w n
+ A Vo (o, A,%r)( (6, 1) = wo(n, A,%t))f(—woanx, A21))

n
5 udn
Vwonr o

f(s)ds.
Sn J—woGux.a2r)

Since v% I, (u®) — 0 as measures in K and is non-negative, we deduce that the convergence takes
place in L'(K). On the other hand, Vu®" is uniformly bounded. Therefore, the first term goes to
zero in L' (K).

In order to see that the second and third terms go to zero uniformly in K we only need to observe

that

8

u Ek

L) = L oux 22
8,1 kl - Skn n+ts n

and a similar formula holds for % So that

S
wen .
(x, 1) — wo(rpx, )»,zlt) -0 uniformly on compact sets of RN“,

8’1
o 5

Vs Vw®n
| |(x, 1) =hn | |

n &k,

(Anx, A%t) -0 uniformly on compact sets of RN*!.

On the other hand, |B§: (u‘?" (x,1),x,1t)] < Cg, so that we have
By (b (x,1),x,1) > M(r)  weaklyin L*(K).

Let us now show that, actually, the convergence takes place in L!(K).
It holds that

d ad
o By (@ (e, 0),x, 1)) = 07 f, (@) @), + By, x, )

a
< =

< 8t3§:(u8”,x,t) < Ck in K.
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On the other hand, for every (xg, t9) € K, and Q. (xg, tp) C {x; < 0},
9
// — (B} (u® (x,1), x.1)) =/ By (x, 1 + 7). x, (tg + 7%)) dx
0: (x0,10) 91 Bq (x0)
- f By (u (x, 19 — ), x, (t9 — 7%)) dx
Br (XO)
=z —C;

since |B§: W (x, 1), x, )| < Ck for every compact set K .
Therefore, there exists Cx > 0 such that ||l3§‘;1 (b (x, 1), x, Dllwiixky < Ck. Hence the

convergence takes place in LY(K) (fora sulzsequence). B
Now arguing as in Lemma 3.1, we get M (¢) = 0 or M(¢) = M (0, 0).
We can now take the limit in (4.1) for the sequences &, and A,, and we obtain

1 _
0= e // Ve, + M(0,0) // Vo + // (1),
DN{x;>0} DNf{x;>0} DN{x; <0}

0= / (laz — M(0,0) — M(t)>1p dx’ dr.
DN{x; =0}

Thus,

2

Since ¥ is arbitrary we get %a2 = M (0, 0) — M(¢). So that, in particular, M (¢) is constant and
then we have that M (t) = 0 or M (1) = M (0, 0). Since & > 0 we deduce that M (r) = 0 and

a=+2M(0,0).

The proof is complete. ]

Now we prove a proposition that says that, under suitable assumptions, u™ does not degenerate
on the free boundary. The proof is similar to Theorem 6.3 in [5], where the non-degeneracy of u™
was proved in the strictly two- phase case. Here we assume, instead of (3.1), the somewhat stronger
condition that for every K C D compact, there exist 0 < n < 1 and g9 > 0 such that for every
0<e<eg

ué‘
- <7 in KN{u=0}°. 4.2)
PROPOSITION 4.1 Let u = limu®, where (#%, v®) are uniformly bounded solutions to (1.1)
satisfying (1.7) with wg > —1, such that v® > 0 and the functions u®* satisfy (4.2). Let (xo, fg) €
o{u > 0}.
Let us assume that there exists v € RY, with [v| = 1 such that

. Hu > 0N {(x —xp, v) >0} N O, (xo, 10)|
lim inf — > oy
r—>0* |Qr (x0, f0)]

and
. Mu =010 {{(x —x0,v) <0} N QO (x0, o)
lim inf >«

r—0% O (x0, t0)]
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with o] + o > %, then there exists a constant C > 0 and r9 > 0 which depends on N and f such
that, if 0 < r < rg,
sup u>=Cr.
9y 0, (x0,10)

Proof. Without loss of generality, we may assume that (xp,#p) = (0,0) and that v = ¢1 =
(1,0,...,0).
Here we note Q7 = O, (0, 0) and

1 1 1
W), (x, 1) = ;ug(rx,r2t), W)y (x, 1) = ;vg(rx,th), ur(x, 1) = —u(rx, r21).

Let us see that there exists rg > 0 and a constant ¢ such that if » < rg and ¢ < g9 = g¢(r), then
// W)y feyr((@)r)dx > c.
or

Following [5], there exists y > 0 small such that, for some A > 0,

lur >y} 0l > 01N Q7 ey =0 Nl <0)N QT 1
107 | 107 2

Let us now define
Ar={ur >y}N{x1 >01NQ7, B, ={u, =0}°N{x; <0} N QO

and — B, = {(x1,x", 1)/ (—x1,x',t) € B,}.

Then, we have
[A, N (=B =2 A0 | = A

Once again, following [5], we have for 0 < p < 1 fixed that there exists 0 < x{ < 1 such that
14,1 = (&', 1)/ (], x".1) € Ar N (=B} > ph.
Let > 0 be the constant in (4.2) in Q1(0,0) and let 0 < 8’ < 8,0 < b < b’ < 1 be such that
n < —wp(0,0)+ 6 < b.

Let « > 0 be such that
f)>k>0 fors < b'.

Then, for (x’, t) € A,, we have (for ¢ = ¢,)

1 y 1
E/—r(ug)r(xf, x' 1) > 2(8—/”) > b, E/—r(us)r(—xf, x',1) < —wp(0,0) + &
if &g < &1 = &1(r) is small. So that, for every (x’, ) € A,, there exists ¥] € (-1, 1) such that
—wo(0,0) +8 < 7 (), (¥, x", 1) < b.
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Now, by the uniform Lipschitz regularity of (u®), and (v®),, and (1.7), we have that for ¢ <
go(<L ep)and r < ro,

@, (x1,x', 1) < and "),

efr efr

where C depends on 8, &', b, b’, on the Lipschitz constant of u® and v® in Q] and ro depends only
wo.
Finally we have

[ s [f e

, (s)r , (u®),
o )]

> 8’—|A,|2C— > 2C8’Kp8 =c.
e/r r

i . e
(x1,x',t) > if |x1—x{|<C;

The rest of the proof follows as in [5]. ([

REMARK 4.1 Proposition 4.1 remains true if we change the hypothesis that u®* satisfies (4.2) by
utk
— — —wp ae. {u=0}°. 4.3)
&k

In fact, as in the proof of Proposition 4.1, we consider for each 0 < r < 1 the sets A, and B,. So
that, forsome 0 < A < 1
A, N (=Bp)| = A0 |

Since B, C {u, = 0}°, it holds that
w®),
e/r
Let 0 < p < 1. There exists C, C (A, N (—B,)) such that |C,| = u|A, N (—B,)| and

(—x1,x', 1) > —wo(—=rxi, rx’, r?t) a.e. A, N(—B,)).

&
(u/),( x1,x',t) > —wo(—rxy,rx’,r t) uniformly in C,.
£
Let 6§ > 0. There exists ¢ = &1 (r) such that
(u®), ) .
Ir (=x1,x", 1) < —wo(—rx1,rx’, rt)+2 —wp(0,0)+6 in C,
e

ife < ey and r < rg = ro(8). Now, the proof follows as in Proposition 4.1 by taking A = uA| ol
and

A ={ 1)/ (x],x', 1) € G}

REMARK 4.2 Proposition 4.1 remains true if we change condition (4.2) by condition (3.1). In fact,
as in the proof of Theorem 3.1, we see that condition (3.1) implies that

Be, u, x,1) >0 Ll _({u=0}°).

As in Theorem 3.1 we deduce that u®* satisfies (4.3).
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Using Remark 4.1, Remark 4.2 and Theorem 4.1 we get the following Corollaries.

COROLLARY 4.1 Let u = limu® where (u°, v®) are unifomly bounded solutions to (1.1) in a
domain D ¢ RVN*! with v® > 0, which verify (1.7) with wg > —1 and such that u® satisfies (3.1).
If the free boundary DN a{u > 0} is given by x; = g(x’, 1) with g € Lip(l, %), then u is a viscosity
solution of the free-boundary problem (1.4).

COROLLARY 4.2 Let u = limu® where (u®*, v®) are unifomly bounded solutions to (1.1) in a
domain D ¢ RN*! with v® > 0, which verify (1.7) with wg > —1, and such that u* satisfies (4.3)
and u;* < 0. If, for every (xo,70) € DN d{u > 0}, {x € RN /(x,t0) € DN {u > 0}} is given
by x; > @(x’) with @ Lipschitz continuous then, u is a viscosity solution of the free-boundary
problem (1.4).

Proof. We only need to see that u does not degenerate at points of the free boundary which are
regular from the zero side. Let (xo, 7o) be any such point. We see that we can apply Remark 4.1 at
that point. In fact, since ufk < 0, u is decreasing in time. Therefore,

{(x,0) /x1 > D(x), t < 1o} C{u >0}
and the parabolic density of this set is positive. (I

In particular, Corollary 4.2 can be applied to solutions of (1.1) with u constructed as in [7] and
v a small perturbation of ug.

COROLLARY 4.3 Let ug € C(RY) N C*({ug > 0}) be such that [|uo||c2ozgy, < 00 Auo < 0
and (ug)x, — A Vug|l = 0in {ug > 0} with A > 0. Assume, moreover, that 0 < ay < |Vug| <
aj; < +/2M in a neighbourhood of the free boundary: {x € {ug > 0}/ dist (x, {ugp = 0}) < y}, and
My = fol sf(s). Then, there exists a sequence (ug, vy) € (CY(RN))? with ug — uo uniformly in
RN (so that ”8 are uniformly bounded) and, moreover, it satisfies

1. Aufy — v fo(u5) <0
2. (uh)y, — AVu§| =0

& &
Vo — Yo

(4.4)

3. — wp uniformly on compact sets, with wg > —1.

€
wo € R is any constant such that wg > —n with n > 0 small enough.

Let (u®, v*) be the solution to (1.1) with initial datum (u(, v) (so that, in particular, u® and v*
are uniformly bounded). For every sequence ¢; — 0 there exists a subsequence ¢, such that there
exists

u= lim u®i
k— 00
and u is a viscosity solution to the free-boundary problem (1.4).
Proof. Let ug be the approximations constructed in [7]. The approximations are constructed in the

following way. First, we extend ¢ to a neighbourhood of {ug > 0}: § := {x € R /dist (x, {ug >
0}) < v} in such a way that ||ug||c2(5) < 00. For & small enough we define

e 1 up(x) .
uy(x) = 8F< T (1 — 05 )) in {—Ce <up < ¢},
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where F € C%(R) is such that

"< A+ 8Ff(F)+aF, FO) =1, F'(0) = —/2My.
Here 6 > 0, o > 0 are such that F has a strict minimum at a finite point 5 such that 5./2Mg > 1.
(§ & +ooas é — 0), and F is decreasing for s < 5.
The constant C is taken as C = 5+/2My — 1.
We define
ug = ug in {ug > ¢}
uf=eFG)  in RY\ {up > —Ce}.
As in [7], we see that uf) € CI(RN)
Let wo € R be such that wg > —n > —F(5) with n > 0 to be fixed later and let
vy = ug + ewp.

Then, vo 0. Itis straightforward to verify that (4.4); is satisfied in {#¢ > ¢} and RN\{uo > —Ce¢}.
Let us see that it is satisfied in {—Ce < ug < ¢}. In fact,

1 1 1
Aug — vy fe (ug) = —F”| |—WF/AMO—EFf(F)—?f(F)
1+8F (F)|Vuol* + F’ a4 F/—IF (F)—wO (F)
< B T DIV + g PVl = S = LRI = 2

where a > 0 is such that |Aug| < a
Let0 < p < 1 besuch thata; < (1 —u)'/?A/2ZMy with0 < A < 1, and let § in the definition
of F be such that (1 + (S)A2 < 1. Then, if ¢ is small enough so that otaz/«/ My > ae it holds that

2
Au — vf f (uf) < [[(1 +8)(1 — wAX — 11Ff(F) + (ﬁ - ‘z‘f%)F — wo f(F)}

—uF(5) —wol f(F) <0

™ | =
—

1
< g[—/LF —wol f(F) <

if n = uF(s).
Clearly, (4.4)3 holds. Let us see that (4.4), also holds. We only need to verify this property in
the set {—Ce < ug < ¢} and this is clear from the fact that

e 1 , 1 u()
Vug = F 1-— Vuyg.
2My 2M &

Now, by the results of Section 2, for every sequence £; — 0 there exists a subsequence and a
continuous function « such that u®% — u uniformly on compact subsets of RY x (0, c0).
On the other hand, u; is a solution to the following equation:

AU —U; = BL(u)U.
Here B¢ (s) = sf:(s). Since, for ¢ small enough, u? (x, 0) < 0 we conclude that

uf <0 in RY x (0, 00). (4.5)



410 J. F. BONDER AND N. WOLANSKI
In a similar way, we see that u3, — Auf, > 0 for every i. So that
£ A € . N
Uy, — Nqu [ >0 in RY x (0, 00). (4.6)
Clearly (4.5) and (4.6) imply that
A .
u; <0 and Uy, —N|Vu|20 in {u > 0}.
In particular, the free boundary is Lipschitz in space.

So that, in order to apply Corollary 4.2, we only need to verify that u® satisfies (4.3). On one
hand, given K C {up = 0}° compact, there exists gy such that for ¢ < &g

@(X)

F(5)
Be(uf),x,O) :/ (s + wo) f(s) :/ (s 4+ wo) £ (s).
—wp o
On the other hand,
a
5 (Belu®. x. 1) = v* fo(uyuf <.
Therefore,
F(3)
BS("S’XJ)</ (s +wo) f(s) forxin K, t > 0.
—wp

As in the proof of Theorem 4.1 we see that, since u; < 0, it holds that B (u®, x, 1) — M(x, 1)

in Llloc({u = 0}°) and, for almost every (x, t), we either have M(x,t) = 0or M(x,t) = M =

Sy (5 wo) £ (s). Since
V(B (uf, x,1) =0 fo(u®)Vu® — 0 in L) ({u = 0}°),

it holds that M (x, r) = M(¢) in {u = 0}°. Therefore,

_ F(s)
M) < / (s + wo) f(s) a.e. {u = 0}°.

wo
Since F(5) < 1, it holds that M (¢) = 0.
Thus, for every sequence gy — 0,
ﬂ
“GHw)fs) >0  ae {u=0)°
—wo

and we deduce that 1% satisfies (4.3). O

Combining the regularity results for viscosity solutions of [8], Corollary 4.1 and Corollary 4.2,
we have the following regularity result for limit functions.

COROLLARY 4.4 Let u be as in Corollary 4.1 or Corollary 4.2. If, moreover, the free boundary
DN ofu > 0} is given by x; = g(x’, t) with g Lipschitz continuous, then u is a classical solution
of the free-boundary problem (1.4).
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