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Mathematical analysis of phase-field equations with numerically
efficient coupling terms

xT
MICHAL BENES

Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering, Czech
Technical University of Prague, Trojanova 13, 120 00 Prague, Czech Republic

[Received 22 November 1999 and in revised form 24 October 2000]

This paper deals with the equations in a phase-field model with special terms coupling the heat
equation and the equation of phase. A finer control of latent heat release together with a gradient
coupling term in the phase equation are introduced as a consequence of an extensive numerical work
with models of phase transitions within the context of the solidification of crystalline substances.
We present a proof of the existence and uniqueness of the weak solution of the modified system of
equations. Furthermore, we perform an asymptotic procedure to recover sharp-interface relations.
Finally, several numerical studies demonstrate how the model behaves compared to its standard
version.
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1. Introduction

The description of microscopic phenomena accompanying the solidification process of crystalline
materials requires a simultaneous evaluation of the bulk enthalpy, the bulk and surface free energy
of the system. A diffuse interpretation of the phase interface has its origin in the Cahn-Hilliard
theory of solid-liquid phase transitions [9]. The equations known as the phase-field model have
been analysed from the viewpoint of the existence and uniqueness of solution, in relation to the
Stefan problem (see [7]), and convergence to the mean-curvature problem [6] in some special cases.
The model based on phase-field equations exhibits satisfactory qualitative agreement with the real
situation (see [3]). The model is able to demonstrate important microscopic phenomena appearing
in the solidification of crystalline substances (dendritic or equiaxed growth, coarsening, ripening,
reheating etc: see [3]). The question of quantitative agreement still remains open for the evolution
of general, non-convex shapes like dendrites. The simulation of this phenomenon is limited by
the power of currently used computers and requires more profound and sophisticated numerical
algorithms to be used, but also opens discussion about the physical relevance of the phase-field
model, or its particular parts. The behaviour of the equations in question can be investigated from
the viewpoint of approximation of mean curvature, of influence of the diffusive interface on the
release of latent heat and of stability of phase boundary. These points were discussed in [2] and
led to modifications of coupling between the two equations proposed in view of better satisfaction
of the sharp-interface relation—the Gibbs—Thompson equation. As the numerical behaviour of the
model has been improved (for example see [5]), it is useful to analyse the equations in question
from a mathematical point of view.
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2. Equations

We begin with the system of equations in [3] extensively used for the qualitative simulation of
microstructure phenomena in solidification of crystallic materials:

au ap
—=A L—,
ot “t ot
ap
ag? = =E2Ap + fo(p) + FWE* | Vpl, (2.1)
with initial conditions
Uli—g = Uini, Pli—o = Dini,

and with boundary conditions of the Dirichlet type

ulyo =0, Plag =0.

Here, 2 is a bounded domain in R” with a C2 boundary (or alternatively, a convex domain with
piecewise smooth boundary: see [12]), and L, «, & are positive constants.

The nonlinear function fy = —wy is given by the derivative of a double-well potential wy,
which plays a key role in the model. The function wy is typically a polynomial of fourth degree
with two (stable) minima at O and 1, and one (unstable) maximum usually at 0.5. The solution
p is expected to look for stable states O and 1 and to allow a relatively small space for values
near 0.5. We therefore identify the stable states with the liquid and solid phases, and the unstable
state with a region between phases—a diffuse interface (see [7], [3]). The analysis below considers
fo(p) = ap(1 — p)(p — %) with @ > 0, but can be performed using any other function with the
same properties.

The coupling function F(u) is bounded and continuous, or even Lipschitz continuous, and is
related to the undercooling of the interface (in fact, it is proportional to the undercooling of the
interface in a certain range of values), and |.| denotes the Euclidean norm in R”. For the sake of
simplicity, n = 2 and the boundary conditions are homogeneous. Obviously, extension to higher
dimensions and to other boundary conditions is possible.

In the physical context, the system (2.1) is treated as a regularization of the modified Stefan
problem describing isotropic microstructure formation in solidification of a pure substance if § — 0

(see [3], [7]):

d
a_btl — Au in 02 and 02, 2.2)
ulye =0,  uli—g = tini,
d ad
S 2 Lupon T, 2.3)
onp|,  dnpy;
F(u) =«kr +avron I'(1), 2.4)

Qs (3] |z=0 = ‘Qs,iniv

where (X, () are solid and liquid phases, respectively, and u the temperature field. Discontinuity
of heat flux on I'(#) is described by the Stefan condition (2.3), where vr is the velocity in the
direction of the outer normal ny to (2. The formula (2.4) is the Gibbs—Thompson relation on I'(¢)
whose mean curvature is denoted as «. The parameter « is the coefficient of attachment kinetics.
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FIG. 1. Schematic illustration of the role of focusing latent heat.

Following [3], the relation between (2.1) and (2.2)—(2.4) can be studied with the use of asymptotic
analysis.

The phase equation in (2.1) contains a modified coupling term F (1)&2|V p|, proposed in [2] as a
consequence of the level-set reformulation of the condition (2.4) using the definition of the boundary
I' as a manifold. The solution of (2.1), as is observed in numerical studies (see [3]), shows an
insufficient convergence rate towards a sharp-interface limit in terms of the magnitude of & required
to obtain quantitatively reasonable results. Therefore, we propose a slight modification of the source
term in the heat equation by a focusing function y = y (p) satisfying x (0) =0, x (1) = 1, x(0.5) =
0.5, whose derivative is bounded, Lipschitz continuous. The action of x can be observed in Fig. 1
(H(u, p) =u — Lx(p)). The paper presents an analysis for the phase-field equations including the
above-mentioned improvement:

au ap
—=A Lx'(p)—,
a7 u+Lx(p) ”
ap
ag? = = E2Ap + fo(p) + FE* |V pl, (2.5)
with the initial conditions
u|z=0 = Ujni, p|z=0 = Pini,

and with the boundary conditions of Dirichlet type

ulao =0, Plan =0.

Then, we relate model and physical parameters of the problem by using a matched asymptotic
analysis. Equations (2.5) have (in comparison with those of [7]) no Lyapunov functional and are
hard to be derived by minimization of an energy functional. On the other hand, the form of (2.5) is
closely related to geometrical aspects of level-set motion by mean curvature [4].
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3. Existence and uniqueness

First, we introduce the following notation:

(u,v):/u(x)v(x)dx, lu|l = // u(x)2dx for wu,vely(£2),
(2 2

(Vu, Vv) = / Vu(x) - Vu(x)dx, IVu| = / |Vu(x)|? dx for wu,ve Hl(Q).
2 (0]

We also note that the assumptions on x imply that there are constants C,, L, > 0 such that
Ix ()] < Cy, Ix'(s1) — x'(s2)] < Lylsy —s2] foralls, s, s2 € R. Similarly, the assumptions on F
imply that there are constants Cr, Lr > Osuchthat |F(s)| < Cr,and |F(s1)—F(s2)| < LFr|s1—s2|
for all s, 51, so € R. We define the notion of the weak solution as usual, as follows.

DEFINITION 3.1 The weak solution of the boundary-value problem with homogeneous Dirichlet
boundary conditions for the phase-field equations (2.5) is a couple of functions [u, p] €
L0, T; [H(l)(Q)]2) such that it satisfies

%(u—Lx(p),v)+(Vu,Vv) =0 ae.in(0,7), 3.1
ul;—p = Uini,
aéfz%(p, Q) +Ep.Vg) = (fo(p).q) +E(FW)|Vpl.q) ae.in(0,7),
Pli=0 = Pini,
foreach v, q € H(l)(Q).

The continuous embedding of H' (£2) into L, ({2) for each s € (1, +-00) (dim £2 = 2) ensures that
fo(p) € Lp(£2) for almost all t € (0, T). If [u, p] € Lp(0, T; [H(l)(Q)]2) solves (3.1), then [u, p]
is a continuous mapping from the closed interval (0, T') to [H~'(£2)]2. Thus, the definition has the
proper sense. Our existence and uniqueness result is contained in the following theorem. By its
virtue, the proof investigates convergence of a semi-discrete scheme based on the Faedo—Galerkin
method.

THEOREM 3.2 Consider the problem (3.1) in a bounded domain 2  R? with a C? boundary, and
with F being a bounded continuous function, x a function with x (0) =0, x(1) = 1, x(0.5) = 0.5,
x’ bounded, Lipschitz continuous. Assume that

tini, Pini € H' (£2). (3.2)
Then, there is a solution of the problem (3.1) satisfying

u, p € Loo(0, T; HY(2)), p € Lo (0, T; H(2)),
ou dp
—, — € 1,(0, T; Ly(£2)).
oo oy € Lal 2(2))

Additionally, if F is Lipschitz continuous and x (p) = p, the solution is unique.
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Proof. We derive a sequence of approximate solutions to the original problem (3.1). Assume that
there is an orthonormal basis {v;};cn of the Hilbert space L, ({2) consisting of eigenvectors of the
operator —A coupled with homogeneous Dirichlet boundary conditions. Additionally, we assume
that (Vi € N)(v; € C2(2) N C(2)). Corresponding eigenvalues are denoted by {A;};cn. Let V,, =
span{v; };eN,, be a finite-dimensional subspace (N, = {1, ..., m}); Py, : L2(§2) — V,, be the L,-
projection operator (coinciding with the H'-projector). We seek for a solution [1™, p™] from (0, T')
to [V,,]% of an auxiliary problem:

d
5(14'" —Lx(p™),v)+ (Vu™,Vv) =0 a.e.in (0, T), Yv € V,,,
Mm(o) = Plini,
d
aéza(pm, q) + £2(Vp™, Vqg) = (fo(p"™), q) + E2(Fu™)|Vp™|, q) (3.3)
a.e.in (0, T), Yq € V,,
" (0) = P Pini-

We use basic functions of V,, to express the solution of (3.3) as

W)=Y v, pto =Y v,

ieN, ieN,

and to obtain a system of ordinary differential equations for the unknown functions of time: 8",

Vim:
gy’ d .
d—;+kj,3;7‘ :La <X (Z yimv,->,vj> in (0, T), (3.4)
ieN,
B (0) = ﬂ?, foreach j e N,
dy™
aézd—; +E ] = (fo (Z V{"W) : Uj)
ieN,
+& (F (Z ﬂ;"vl) DR ,v,-) in©.7). (5
[ENW [ENH‘I
y;"(O) = y;), foreach j € N,

where Ppuini = Y, eN,, ﬂ?vi, P Pini = D _; eN,, yl.ovi. We follow the steps of the compactness

method (see, for example, [18]), show that the solution of (3.4), (3.5) is defined on (0, T') for T > 0

and show an appropriate convergence of the couple [u”, p™]. For this purpose, we prove an a priori
apr dyr

estimate by multiplying (3.4) by %, (3.5) by gf , and summing for j € N,;:

t

awm > 14d ax(p™) du™
_ _ v m 2=L ,— |,
o | TVl ( or az)
apm > grd ap" ap"
2 my 2 m 2 m m
R vi = L= F v, —). 3.6
(23 o7 + 2dt” P Jo(p™) a7 +§ @™)|Vp" o7 (3.6)
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Using the Schwarz and Young inequalities, we get

ap'
H —||W"|| <2
ot
1 | op™ ‘52 2 C% 2 2
__vm _ ™1 < EE9| VM, 3.7
7 o7 + IVp™i +dt(wo(p ), 1) 2a$ IvVp™ i 3.7
where w( = — fo. Combining these estimates, we have
ap ag? owr | a8 & ompy 40
412C2 | ot 4L7C2 i 2aP
d C?
+ —(wo(p™), 1) < L& V™. (3.8)
dr 20
Adding non-negative terms on the right-hand side,
1 Lfap™ > «g? [ou"|*  «g? d 2 52 2
. — = Vu \% m o1
yiaH e inct| o TRERT Va2 + 2 IV + t(wo(P) )
<CF 52||Vp "2+ IVu™ |1 + (wo(p™), 1) ). (3.9)
o 4L2C)2(

Integrating over (0, t), we have

52 mn2 52 m2 m
a2’ IVu™|i +7||VP I* + (wo(p™), ) J(2)

< $2 ) 52 ” C2
<4L2C2 IVu™[I” + = IIVP I* 4+ (wo(p™. 1)>(0) eXp( ) (3.10)
The assumption (3.2) of the theorem together with the coincidence of projectors in Ly and H!
imply that VP, pini, VP Uini remain bounded in L ({2) uniformly in m, and P,, pini are bounded
in L4(£2) uniformly in m (due to the continuous imbedding of H' into L4). Consequently, the
inequality (3.10) implies that, independent of m, Vu™, V p™ are bounded in L (0, T'; L2({2)), and
p™ are bounded in Ly (0, T'; L4(§2)) for each finite time 7 > 0. This result is valid for any spatial
dimension. The additional assumption n = 2 together with the above-mentioned boundedness of
the sequence V p"* implies through the embedding theorem that, independent of m, p" are bounded
in Lo (0, T; Lg(£2)) for each finite time 7 > 0, which can be used to strenghten the convergence of
fo(p™) as shown below.
Integrating (3.10) over (0, T), we get

4L2C2

&> £2 . Ck
<(mnv 1>+ SNV I + (wo(p™), 1>)<0>—F<exp(7r>—1). 3.11)

2 2
fo ( a5 IVu ||2+%||me||2+(wo(17m),1))(t)dt
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We use this estimate for the integration of the relation (3.9), and we see that

T m 2 2 m 2
[ (o2 2 o
0 t 4L2C2 || ot
ﬁ mu2 a%-Z my2 m
+( IVp™ I + inc IVu™ |1 + (wo(p )J))(T)
52 52 my2 m
S 1Vp ™2 +4L2C2 IVu™ 1> + (wo(p™), 1) )(0)
C2 T 52 %-
+7F/O (2 IV 1P+ gz IV + oot 1>)<r)dz
< ot IVu™ ||2+§||v "2+ (wo(p™), 1) )(0) ex C—%T (3.12)
412C? 2 P 0P, Pl ) '

Passing to a subsequence m’, we have u™ — y and p’"/ — pinL,(0,T; H(l)(Q)). The nonlinear
terms in (2.5) require a stronger convergence result. Using the compact-embedding theorem [17]
with the setting

ou™
ot
apm >
ot }

{u™}5-_, bounded in L»(0, T'; HO(Q)) { } bounded in L, (0, T'; Ly (£2)),
m=1

{p"}or_, bounded in L(0, T'; HO(Q)) { bounded in L, (0, T'; Ly (2)),

m=1

we see that {u™ } _, converges strongly in Ly(0, T'; L2(§2)), and {p™ } _; converges strongly
in Lg(0, T, LG(Q)) The polynomial form of fy then implies the existence of the strong limit of
fo(pm/) in L (0, T; L>(£2)) being equal to fo(p). We also observe that the term F(u")|V p™|
is bounded in L, (0, T; Lo(f2)), and, therefore, the subsequence converges weakly to a function
F in this space. Convergence of x(p™) in L2(0 T;1L,(f2)) via subsequence is guaranteed by
boundedness of x’. Finally, the term yx'( p’”) is bounded in Ly (0, T'; Lo({2)) which implies the
x(p)

convergence of subsequence to a function x in thlS space which is equal to via definition of
the time derivative in the sense of distributions. In order to be able to pass towards the limit in (3.3),
we prove that F = F(u)|V p|. For this purpose, we show more about the regularity of p.

LEMMA 3.3 Under the assumptions of the theorem, the function p belongs to L, (0, T'; H(l)(_Q) N
H2(2)).
Proof. Multiply equation (3.5) by (¢, v;), for a g € D({2), and sum over Ny,

/

a m A A 4 /
0@52(%, 7’m/‘l) +EX VP, VPwq) = (fo(p™), Puwq) + EX(F ™)V p™ |, Purq).

We can pass to the limit in the sense of D’(0, T') by obtaining

8 ~
ag2<a—f, q> + €V p, V) = (fo(p), @) + EX(F. q). (3.13)
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Consequently, the function p is continuous from (0, T') into L, ({2). We rewrite the previous equality
in the sense of D'(2):

0
asza” = &2 Ap + fo(p) + £2F.

As %—’t’, fo(p), F belong to L,(0, T;Ly(2)), it follows that Ap € L0, T;L(§2)). The
continuity of the operator A~! mapping L, (£2) to H*(£2) N H}(£2)—see [14]—implies that p €
L,(0, T; H*(£2) N H(2)). O

The next statement investigates the convergence of gradient.
LEMMA 3.4 The sequence me/ converges strongly to Vp in Ly (0, T; [La(2)1?).

Proof. The statement of the lemma is shown by following the technique used in [4]. Multiply
equation (3.5) by y/" — y;, where p = >, .y ¥ivi, sumover i € N and integrate over (0, T):

S/( ,p/—p>dt+é‘/(vp V(" — p))dr

- /0 o). p" = pydi + & /0 F@V L~ pd (314
We add and subtract a term .
& fo (Vp, V(p™ = p))di
to the equality (3.14) knowing that it tends to O as
V(" —p) =0,

weakly in L, (0, T; [L2(£2)]?), and
p" —p—0,
strongly in L (0, T'; Ly (§2)), if m" — oo. Then, we have

T
£? f (V(p™ = p), V("™ — p))dt

= —at f ( " —p)dr+/ o(p™ ), p = pydr
+£2 /0 (F@™)[Vp™|, p™ — p)dt + & /0 (Vp. V(p™ — p))dt.
As all terms in the right-hand side tend to 0 if m’ — o0, we see that V(p’”/ — p) — 0 strongly in
L, (0, T; [La(£2)]?), which gives the desired result. O

LEMMA 3.5 The sequence F(u’"/)|Vp’”/| converges weakly to F(u)|Vp|in Ly (0, T; Ly(£2)).

Proof. The sequence |V p’" | converges strongly in L, (0, T'; L2(.Q)) in the same way as is valid
for V pm The function F is bounded and continuous, and ™ — u in L,(0, T; Lo({2)), then
F@@™ ) — F(u) strongly in L (0, T; Ly(£2)) for 1 < s < +oo. This implies that the sequence
F(u’"/)|me,| converges strongly to F(u)|Vp| in L% O, T, Lzz_iy (£2)). Then, the boundedness of

the sequence F (u’"/)|V pm/l in Ly (0, T; Ly ({2)) yields the statement of the lemma. O
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3.0.1  Passage to the limit. Choose the test functions w, g € D({2), multiply (3.4) by (w, v;)
and (3.5) by (g, v;), sum over N,,. Then choose scalar functions ¢, ¢ € Cl((O, T)), for which
o(T) = ¥ (T) = 0. Integrate both equations by parts over (0, 7). Knowing that

(1) me/ converges strongly in L (0, T'; [La(D)]?) to Vp,
(2) P Pini» P ttini converge strongly to pini, #ini in Ly (£2),
3) F(u’”/)|Vp’”/| converges weakly to F(u)|Vp|inL>(0, T; L (2)),
@) x (p’”/) converges strongly to y (p) in L2(0, T'; Ly (2)),
(5) "™ (0) = Py pinis u™ (0) = Py hini,
we are able to pass to the limit, and we obtain the following relations:

T d(p T
(Wini — Lx (pini)» w)e(0) — /0 (u — Lx(p), w)a dr + /0 @(Vu, Vw) dt =0,

T d
@&2(pini> ) (0) — /0 ag?(p, q)d—’f dr (3.15)

T
+/0 VIE2(Vp, V) — (fo(p), q) — E*(F(u)|Vpl, ¢)]1dt = 0.
If o, v € D, T), we have

d
E(u —Lx(p),w)+ (Vu, Vw) =0,

d
aézg(p, Q) +E(p.Vg) = (fo(p).q) + EXFWIVpl.q). (3.16)

The weak solution satisfies the initial condition. Indeed, multiplying (3.16) by scalar functions
@, ¥ € C1((0, T)) for which ¢(T) = ¥ (T) = 0 and integrating by parts over (0, 7') we obtain

T d T
(u(0) = Lx(p(0)), w)p(0) — /0 (u— Lx(p), w)d—(f dr +./o ¢(Vu, Vw) dt =0,

2 T dy
ag (P(O),CI)K”(O)—/O ag (P’CI)E dr

T
+ /O VIEX(Vp, Va) — (fo(p), @) — EX(F)|Vpl, @)1 di = 0.
Subtracting these equations from (3.15), we get

(uini — Lx (pini) —u(0) + Lx (p(0)), w)e(0) =0, (Pini — P(0), )Y (0) =0, Yw, g € D({2).

From this we see that u(0) = ujni, p(0) = pini in Lo (£2).

In the case when F is Lipschitz continuous with the Lipschitz constant denoted by Ly and
when x (p) = p, we prove uniqueness of the solution of (3.1). We consider two solutions of the
problem (3.1), denoted by [u1, p1] and [u>, p2]. Subtracting corresponding systems of equations
and denoting [u12, p12] = [u1 — w2, p1 — p2], multiplying the first equation by u1> — Lp12 and the
second equation by p12, we have

1d .
rTLGC Lpial® + IV@ui2 — Lpi)I? + L(Vpia, V(uia — Lp12)) =0 in (0, T),

(w12 — Lp12)(0) =0,
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lozszﬂn 12+ 21Vl = (fo(p1) — fo(p2), p12)
> a P12 pi2ll© = (fo(p1) — fo(p2), P12
+ E2(F(u)|Vp1| = Fu2)|Vpal, p12) in (0, T),
p12(0) =0.

Denote

So(p1) — fo(Pz).

P12
The a priori estimate (3.9) guarantees that there is a constant C s > 0 such that

1¥(p1, p)Il <Cy in(0,7)
(as implied by the continuous embedding H(l)(!Z) Cs Ls(£2) for s € (1, +00)). Therefore,

Y(p1, p2) =

[(T(p1, p2)p12, p12)| < | ¥(p1, P2)||||P12||f4(9) < CrCullpr2llIVpr2ll

(C} > 0, see [18]). Using the Poincaré, Young and Schwarz inequalities, we get
d 1
—llur2 = Lpial* + —llurz — Lpia|® < L?|[Vpuall?,
dr Cq

1 d
506525”1012”2 +E2IVpiall? < CrCllipr2lIVpiall + E2LFllua IV pill, ) | P12y

+&E2CFIVpi2llilpiall,

in (0, T), where Cy, appears in the Poincaré inequality. Considering the fact that there is a constant
C, for which

T T
/0 IVpillE, o df < C3 /O P11 g, df < C, (3.17)

where Cy is the norm of the embedding H(l)((Z) into L4(£2), and Ap; € L(0, T; Ly(2)), we obtain

d 252 2
allulz — Lppll” < L7IVpll® i (0,7), (3.18)

1 ,d g2 _
So& Clpil® + S IVpil? < E2(CrCh+ CreD? + 2L CRIV pill o) LD I P2l
+2C IV Pl (o) LEE 12 — Lpr2l* in 0, T).
Combining these inequalities, we have in (0, T'):

2 2

d/1r 5 5 &
dt(zas 1Pl + 55

with

1 £
lurz — LP12||2) < M(r><5a52||p12||2 +

PR —Lp12||2)

2(7(CrC+ CrED? + 2L CRIV Il ) LT
min(a, 1)&2 .

Such an inequality, together with (3.17) and with the initial conditions, implies that

M) =

p12(t) =u2(t) =0 inLa(£2), vt e (0, 7).

as follows from the Gronwall lemma. O
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4. Matched asymptotic analysis

The relationship of the phase-field equations (2.5) to the sharp-interface problem (2.2)—(2.4) is
demonstrated by the formal matched asymptotic analysis (the method is explained in [15]). A
rigorous asymptotic procedure applied to the standard variant of phase-field equations has been
performed in [7].

4.1 Assumptions
We assume that x” is smooth, the solution of equations (2.5)

u=u(,x;§&), p=ptxé§),

is sufficiently smooth, and V p never vanishes on the level-set p = %

Vpl,_1 #0. 4.1

A very small diffusion term and derivative of a double-well function in the equation of phase lets
appear a thin layer {2 between the two major domains (phases), where the function p quickly
changes its value (see [1]). To study such a behaviour in detail, the asymptotic analysis with
respect to the ‘small’ parameter & is applied. The formal procedure has been applied to the system
containing the Allen—Cahn equation in [16], and here it is extended to equations (2.5).

DEFINITION 4.1 We define
Q2 86) = {x € 2| pt,x;§) > 0.5},
Q(t;:6) ={x e 2] p(t,x;§) <0.5},
;&) ={xec | p x; & =0.5}.

The set (2 is called solid domain, the set (2 is called liquid domain, and the set I is called phase
interface.

According to (4.1), any pathological behaviour like fattening (described in [10]) is excluded.
The hypersurface I' can be parametrized with a sufficiently smooth mapping O

I'(t)={xe 2| Gis € Hx=0(s)},
locally in # where S C R, Q : S — (2 and
(Vs € S)(p(r, Q(s); §) = 0.5).

This also means that Q = Q(¢, s; £). Consequently, a local orthogonal system of coordinates can be
introduced, in the neighbourhood of I"

x=0(,s;&)+rnp(t,s; ), 4.2)

where s are longitudinal and r radial (the signed distance function, see [16]) coordinates, and np is
unit normal to I" pointing in the direction of decreasing p. The implicit-function theorem justifies
the existence of an inverse mapping

s =s(t,x;8), r=r(tx;§).

Previous definitions directly imply (Q = [Q1, O], np = [n1, n2]) the following lemma.
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LEMMA 4.2 On I'(z), the following relations hold:

2 2 ) 2 .
PILHOES B PO 3"5;” =0, ) nils) 8Q8’S(S) ~ 0.
i=1 i=1 i=1

The transformation of the differential operator V expressed in Euclidean coordinates (denoted by
V(x)) to the local coordinates (s, ) (denoted by V) is given by

V(s,r) = j . V(x)5

where 20 ) 20 )
9¢ ony 0L ony
j — ds +r ER as +r as ,
ni nj

and

_8Qy _ ,0m
71— 1 (nz ¥ ranm).
— 90 my
detJ \—ny Fraiar
As a consequence, the Laplace operator expressed in the local coordinate system is

1 92 92 1 9 9 1 93 1 9
Ay = ——— 4+ — + ———(det J)— = z.
= g2 702 92 T aegor e T a7 os <detj) 3s

The other quantities appearing in the analysis can be expressed as follows:

1 0
Kp = A(X)V = mg(detj), |V(X)r| =1, V(x)r =nr onl'(t).
For the normal velocity of I'(¢) and the normal unit vector we obtain
VF_[% %} = S0P e P
dr’ dr | IV pl’ IV pl 0t

This corresponds to the convention that the normal vector points out of (X, and kp > 0 for (2
convex. We investigate the functions [u, p] on (2 (t; ), 2 (¢; &) (the outer expansion), and in a
close neighbourhood of I'(#) denoted by {2 (¢; &) (the inner expansion) separately. For this purpose,
we assume that the functions Q, nr, vy, k (i.e. the sum of principal curvatures) and kp (i.e. the
sum of squares of principal curvatures) admit the following expansions in terms of £ for s € S and
te(0,T):

Q=0Q0+80Q) +£°Q, + O,
np =npo+&np + OE?),
ur = v o + v + OED),
Kk = kpo +Ekp + OE?D),
kr = kro+ O().

For t € (0, T), the mapping Qo(-, 1) : S — R? parametrizes a closed differentiable simple curve
I'o(7) (see [13]), whose normal vector is nr o, normal velocity vr o, and curvatures &y g, k1 o. We
investigate the relation of I'(¢) and Ip(2).
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4.2 Initial interface

We assume that the interface I is present since the initial moment (I"(0) = X'), when it does not
exhibit any dependence on &:

Y={@xeR?|x=05x(s),s € S}.
This will imply the following equalities (for all s € S and & > 0):
Qo(s, 0) = Qx(s), Qi1(s,0) = Q2(5,0) =0,

nro(s,0) =nx(s), nr(s,0) =0, 4.3)
kr,o(s, 0) = k5 (s), kr,1(s,0) =0.

4.3 Outer expansion

Assume the asymptotic expansions of # and p in the following form:
w(t,x; €) = uo(t, %) + u1 (1, & + ua (1, )& + O,
p(t,%;8) = po(t, ) + p1(t, V)€ + pa(1, )& + OE),

locally in ¢. Substituting such expansions into (2.5) and comparing terms at corresponding powers
of & up to the order 2, we get the following lemma.

LEMMA 4.3 The following outer relations hold:

O():
dug apo
—=A Ly’ (po) — 4.4
o7 uo + Lx (po) a7’ 4.4)
0= fo(po). 4.5)
O():
duy ap1 apo
—=A L{ x’ —_— " — ], 4.6
5 u+ <x (po) ” + x"(po) p1 a;) (4.6)
0= fy(po)p1- 4.7)
O(&?):
ouy
2 A
a1 "2
/ op2 ” op1 1" apo 1 " 2ap0
L = e e s 48
+ (x (po) o7 + x"(po)p1 o7 + x"(po) p2 a7 +2x (po)p] a7 4.8)
9o _ / L, 2
== Apo + fo(po)p2 + 2fo (po)py + Fuo)|Vpol. 4.9

Relation (4.5) gives two stable minima py = 0, 1 corresponding to stable equilibrium states
called solid and liquid (see Definition 4.1). Relations (4.7), (4.9) then yield p; = 0, p» = 0.
The functions ug,12 are solutions of the linear heat equations (4.4), (4.6), (4.8) with appropriate
boundary and initial conditions in two separate domains {2 ¢(t).
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4.4 Inner expansion

M. BENES

We proceed by the study of the solution within the transition layer near I'(t). We use the transform

(4.2) with stretching
’

The inner form of equations (2.5) is

on  omos dumdz 1 3% 1

o Tasor Tozar 202 T deRg o’ | Edetd
d

1 0/ 1 \oa
detj)&
ap 9z
Bz ot

)

(

+detj%
dp s
ds ot

aéz(@
i

ar
t 4t s

+ LX’(ﬁ)(

)=

1
£

1 1

det J

dp

as

) + fo(p) + EXF (i)

=&z,

to convert equations (2.5). Denote the functions

u(z, s, t;8) =ulx,r;§), p(z, s, 1:8) = p(x, 1; §).

9%i 1
or

ap 0z

ap ds
or T s ar | az or
9%p 1 3%p
3922 de? J 9s?

(3

p )

1
+

9 (detJ) du
0z

(4.10)

9 @t n2t
a4z

£detJ or

@.11)

The asymptotic expansion of the functions in question with respect to powers of £ is

i(z, s, 1;8) = iig(z, 5, 1) + i1z, s, DE + iia(z, s, DE> + OED),
Pz, 5,1 6) = po(z, 5, 0) + p1(z, 5, DE + pa(z, 5, DE> + OEY),
r(z,8,1; &) = ro(z, 5, 1) + 11z, 5, DE + OE?),

or

o = —vro— v+ 0,

Veor =nro+énp g+ OE?),

(4.12)

Awyr = kp + 1R + OG?) = k.o + E(kp1 + zkr ) + OE?),

locally in ¢ (also see [11]). Substituting previous expansions into (4.10), (4.11) and extracting
relations of coefficients at corresponding powers of £, we get the following lemma.

LEMMA 4.4 Order equalities of the inner expansion:

O(l):
82ﬁ0
— =0, 4.13
dz2 13
92 po _
5.7 + fo(po) = 0. (4.14)
z
O§):
BITH) 9%, BITH) , _ .0Dpo
_ = — L — , 4.15
5z 0= 52 +&r.0 oz x (Po) 5z U0 (4.15)
9 po 3 p 9o _Jpo| Lo
e 4 Fliag)| =22 . 4.16
A0 = s T Ao (u0) Py + fo(pPo)p1 (4.16)
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O(?):
dilg il dso  dilo iy 92ty N 1 3%
dug | oup 9%  cuo _amy
or ' as or oz E o= az2 det2j|0 952
ou 1 i
+KF03_+(KI‘1+ZMO) +ma—(d t~7)|0— 4.17)
dpo  dpodso  Ipo api "=\ = 9 po
L il S L .
+ Lx'(po )( o7 + YT, 5z Ul T oo X (po)p1vr,o 3z
dpo  9po P 3 D2 ap
(at a7 T U0 ) = o ‘f‘Fo8 +(KF1+szo)
1 2 8 31’0 8—1
+ 1(po)pa + = " (po) p F + F . 4.18
foo) b2+ 3 " (Po) pr* + 7 (uo)uy (uo)|3p0| 5 (4.18)

Relation (4.13) for z € R has the only solution bounded in R in the form #y = const. We
multlply (4 14) by 0 and integrate over (—oo, z) with zero far-field condition (at 4+00) for both

1/3po\> )
(=) - =0.
2( 92 ) wo(po)

Po and 2 az :

The sign convention for solid then gives

—% ___d;=-—z, 4.19)
fo 2wo(po)

from which the function pg is obtained as the inverse of an elliptic function with the far-field
conditions

lim pg =1, lim po=0.
7—>—00 Z—>+00
The main interface relations are given as follows.

THEOREM 4.5 On the manifold [y, the Stefan condition for the absolute terms in the outer
expansion of temperature holds:

oug Buo

-— = Lvp, (4.20)

ar | or ’
and the Gibbs—Thompson law for the absolute term in the inner expansion of the phase function
holds:

op ap op op
f —kp 022 — Fiig)| 22 po a0 0) 2 4z = . (4.21)
R 0z 0z 0z

Proof. Relation (4.15) in the form

_ . 9po
0=—— —Lx'(Po)——vro
Z 0z
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yields the function u. It can be integrated, which gives

oup

— — Lx(po)vr,o = c1.
0z

The matching condition at the interface I" from below and above (according to [8])

. 8ﬁ1 . 3140
lim — = lim —,
z—>+o0 0z r—=+0 or

and properties of x
lim x(po) = x(0) =0, lim x(po) = x(1) =1
z—>+00 Z=>—00
lead to subtracting the upper and lower limit at I, and to recovering the Stefan condition:

dug
or |,

The relation (4.16) has the form

82
82

_ g0
0z T.0

dpo

op
L4 fio)pr = —Kroa—i—F( )‘

of a linear differential equation for the function pj. The solution exists if and only if the solvability
condition holds

ap ap 92
PO\ _ aﬂvp oL Ker( + fo(po)>

ap
—kp0 22— Fi )‘ = 2

0z

This implies that for each

92 _
Ve Ker(a—zz + fé(P0)>,
ap _ |ap ap
/ —KF,O—pO — F(uo) er —aﬂvp,o Y (z)dz = 0.
R 0z 0z

We observe that
92
a2 © Ke r<a >+ fo(P0)>

and we recover the Gibbs—Thompson relation on [}
3 po

/(—Kfo— —Fu o)
R 0z

We formally investigate the order of accuracy in relation (2.4) in terms of expansions in .

—a—= ——dz=0.
aaz ur.o 3 Z

apo )3170
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LEMMA 4.6 The Gibbs—Thompson law on [ is satisfied up to order 2 in terms of formal
asymptotic expansion:

avp o+ ko0 — F(ug) =0, (4.22)
avp 1 +«r — F'(io)i; = 0. (4.23)

0|9 po apo\”
A 2/ F(uo) 3z IZ:/}R a—Z dz.

We rewrite relation (4.21) as
Io(—kr,o —avro) — 11 =0,

Proof. We denote

assuming that the quantities k1o, vr,o do not depend on z (obviously, they can vary along s).
Consequently,

95 1
_/Rmaijdzzjo J2wo(p) dp.

using properties of the double-well potential wg and the sign convention. The function ity = const.,
from which finally

0 ap
1, = Fio) / ‘ﬂ 920 4. - _ F(ao)Do.

The Gibbs—Thompson condition at the O(1) level is then
F(ip) = «r0 + avp -

To show (4.23), we recall that the relation (4.18) represents an equation for p;
32

a2 2+ f(o)p2 = Ga,

where using the properties of g, po, p1, and (4.22)

d po . ap1 _
Gy =— a—z(aUF,l +Kkr1 + 2k o) — B—Z(OWF,O + «r,0 — F(io))

1 _ -2 aﬁ() - —
- Efé/(l?o)m - ‘¥ F' (o).

The solvability condition G, L Ker(% + fo’( Po)) and the fact that

_ (2
/ 1o (b 0) 1 —dz—O /z(aﬂ> dz =0,
R 0z

avr |y +Kkrg — F'(g)i; = 0.

imply

Consequently, from (4.22) and (4.23), we see that relation (2.4) is satisfied by the solution of (2.5)
up to order &°. (I
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REMARK Relation (4.22) allows us to identify the parameters of (2.5) in order to achieve a
quantitative agreement with the physical reality. Solving equation (4.19) in particular for fo(p) =
ap(l1—p)(p — %) appearing in (2.5), we get

_ _1 | — tanh Z |a
PO(Z)—§< — lan <§ §>>,
1 /a
1.2:6 5

We also observe that the resulting relation (4.22) is independent on the quantity Z, (which can be
cancelled on both sides of (4.21)), in contrast to the standard Allen—Cahn equation (see [16], [3]).

and

5. Computational results

Here, we present several numerical studies using the model (2.5) both with the coupling x (p) = p,
and with non-trivial coupling

x(p)=22"1p* for p<3, 1 =211 - p)?> for p>

9

=

mostly with » = 2. We always set
Fu) = Bu* —u) for |u—u*| <Cy,

and
Fu)=-C,B for u>u*+C,,

Fu)=C,B8 for u<u*-C,,

in order to satisfy basic theoretical requirements imposed on F. Here, u™ denotes the melting point.
If C,, is sufficiently large, the model behaves as if F were linear, and is applicable in real situations.
The presented studies should clearly demonstrate the gain in accuracy with respect to the sharp-
interface standards. On the other hand, they are certainly not exhausting and qualitatively complete.
For details on this topic, see [3] and [5].

The numerical algorithm used to solve (2.5) has been described in [3] in detail. It is based on
spatial discretization by finite differences on a uniform grid, and on the Runge—Kutta fourth-order
time solver with adaptive time step.

The simplest benchmark test is to use the one-dimensional case, where there is an analytical
solution to the Stefan problem with undercooling effects:

>
<

B 92
222 inflCR and ZCR,t>0,
at  ox2
U |00 = U_00, U |4+00= Usoo,
U =0 = Uini, for x eR,
ou ou
—| ——| =Lvy on T, 5.1
on|, dn|
u—u* Xor onT
- = —Lur s
B

-Qs(t) |l=0 = ‘QS()'
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Temperature profiles Phase-field profiles
0.6 1
u Exact solution s P
£-0.010 — =
059 ?0o— £-0.005 * + =
N, ~ ~ y-model, £20.010
y-model, £=0.005  + 0.8

0.6

04

0.2

1 1.05 1.1 1.15 12 1.25 1 1.05 1.1 1.15 1.2 1.25

FIG. 2. One-dimensional travelling-wave solution of phase-field equations for the values of small parameter £ = 0.01, 0.005.
Other parameters are u(r, 0) = 0.5, u(¢,1) = —0.5,t > 0, L = 1.0, 8 = 10.0,a = 2.0, « = 1.0, u™ = 0.0, spatial domain
of size L1 = 2.0, spatial mesh sizes 77 = 0.005, 0.0025, respectively. The solutions for x (p) = p and for non-trivial x
(denoted as x-model) are compared to the analytical solution of the Stefan problem with undercooling.

20
temperature phase field

_““"‘*m,_,/_““‘\._,_,/_

Time level t = 0.02 ’ ’ Time level t = 0.02
g \_/\_/ g H\_// r‘_‘\_,/ {
1.0 1.0 1.0 1.0
Time level t = 0.10 Time level t = 0.10
£=0.010 £ =0.005
| ] [ T ]
55 10 liquid interphase solid

Temperature scale

FIG. 3. Two-dimensional travelling-wave solution of phase-field equations with standard coupling (x(p) = p) for the
values of small parameter § = 0.01, 0.005. Temperature on the top edge is utop = 1.0, temperature on the bottom edge is
Upottom = —3J.5, the side edges are adiabatically isolated. Other parameters are L = 6.0, 8 = 10.0, a = 2.0, « = 1.0,
u* = 1.0, the domain 2 = (0, 2) x (0, 1), mesh ~; = 0.005, 0.0025, hp = 0.005, 0.0025, respectively.

The solution of (5.1) has the form of a travelling wave

ulx,t) =u_qo for x < pt,
U_oo — L + Lexp(vp(x —vrt)) for x > vpt,

where
Utoo =U—co — L, vp = —(u* —u),
o

with u_o, being the far-field temperature.
Figure 2 indicates the difference in convergence of the phase-field model (2.5) with standard and
improved coupling x towards the sharp-interface formulation (5.1). We observe a gain in distance to
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20
temperature phase field

0.5
5

Time level t = 0.02 : ) Time level t = 0.02

S =N s ‘\._ '
W NN

1.0 1.0 1.0 1.0
Time level t = 0.10 Time level t = 0.10

£=0.010 £ =0.005

] [ T ]
10 liquid interphase solid

-5.5 Temperature scale

FIG. 4. Two-dimensional travelling-wave solution of phase-field equations with improved coupling (x'(s) = r22rs2r=1 for
s <05, x'(s) = 22 (1—5)2 "1 fors > 0.5 with r = 2) for the values of small parameter & = 0.01, 0.005. Temperature on
the top edge is utop = 1.0, temperature on the bottom edge is upoiom = —35.5, the side edges are adiabatically isolated. Other
parameters are L = 6.0, 8 = 10.0, a = 2.0, o = 1.0, u™ = 1.0, the domain 2 = (0, 2) x (0, 1), mesh ] = 0.005, 0.0025,
hy = 0.005, 0.0025, respectively.

the analytical solution, and also in the shape of the numerically obtained temperature field. Figures
3 and 4 show the difference in the solution of the same two-dimensional problem if changing &. The
equations with non-trivial coupling x exhibit more stable behaviour with respect to &.

Acknowledgements

The author was partly supported by project MSM J04/98/210000010 of the Ministry of Education of
the Czech Republic: and by the project no. 201/01/0676 of the Grant Agency of the Czech Republic.
The support of the Laboratoire de Métalurgie Physique, Département des Matériaux, Ecole
Polytechnique Fédérale de Lausanne concerning computational tools is gratefully acknowledged.

REFERENCES

1. ALIKAKOS, N. D. & BATES, P. W. On the singular limit in a phase field model of phase transitions.
Ann. Inst. Henri Poincaré 5, (1988) 141-178.

2. BENES, M. On a computational comparison of phase-field and sharp-interface model of microstructure
growth in solidification. Acta Techn. CSAV 41, (1996) 597-608.

3. BENES, M. Phase-field model of microstructure growth in solidification of pure substances, PhD Thesis,
Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University, (1997).

4. BENES, M. & MIKULA, K. Simulation of anisotropic motion by mean curvature—comparison of phase-
field and sharp-interface approaches. Acta Math. Univ. Comenianae 67, (1998) 17-42.

5. BENES, M. Numerical simulation of microstructure growth in solidification by the phase—field model
with a gradient coupling term. In: VAN KEER, R., VERHEGGHE, R., HOGGE, M. & NOLDUS, E. (eds),
ACOMEN’9S, Advanced Computational Methods in Engineering. pp. 343-350. Maastricht (1998).

6. BRONSARD, L. & KOHN, R. Motion by mean curvature as the singular limit of Ginzburg—Landau
dynamics. J. Diff. Egns. 90, (1991) 211-237.



10.
11.
12.
13.
14.

15.
16.

17.

18.

MATHEMATICAL ANALYSIS OF PHASE-FIELD EQUATIONS 221

CAGINALP, G. An analysis of a phase field model of a free boundary. Arch. Rational Mech. Anal. 92,
(1986) 205-245.

CAGINALP, G. Stefan and Hele—Shaw type models as asymptotic limits of the phase-field equations.
Phys. Rev. A 39, (1989) 5887-5896.

CAHN, J. W. & HILLIARD, J. E. Free energy of a nonuniform system. I. interfacial free energy.
J. Chem. Phys. 28, (1958) 258-267.

FIERRO, F. & PAOLINI, M. Numerical evidence of fattening for the mean curvature flow. Math. Models
Methods Appl. Sci. 6, (1996) 793-813.

GI1USTI, E. Minimal Surfaces and Functions of Bounded Variation. Birkhduser, Basel (1984).
GRISVARD, P. Elliptic Problems in Nonsmooth Domains. Pitman, Boston (1985).

GURTIN, M. Thermomechanics of Evolving Phase Boundaries in the Plane. Clarendon, Oxford (1993).
LADYZHENSKAYA, O. A. Mathematical Aspects of Dynamics of Viscous Incompressible Fluids. Nauka,
Moscow (1970) In Russian.

LAGERSTROM, P. A. Matched Asymtotic Expansions. Springer, New York (1988).

PAOLINI, M. & VERDI, C. Asymptotic and numerical analyses of the mean curvature flow with a space-
dependent relaxation parameter. Asymptotic Anal. S, (1992) 553-574.

ROUBICEK, T. A generalization of the Lions-Temam compact imbedding theorem. Cas. Pést. Matem.
115, (1990) 338-342.

TEMAM, R. Navier-Stokes Equations, Theory and Numerical Analysis. North-Holland, Amsterdam
(1979).



