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We prove the property of finite speed of propagation for degenerate parabolic equations of order
2m > 2, when the nonlinearity is of general type, and not necessarily a power function. We also give
estimates of the growth in time of the interface bounding the support of the solution.

In the case of the thin-film equation, with non-power nonlinearity, we obtain sharp results, in the
range of nonlinearities we consider. Our optimality result seems to be new even in the case of power
nonlinearities with general initial data.

In the case of the Cauchy problem for degenerate equations with general m, our main assumption is
a suitable integrability Dini condition to be satisfied by the nonlinearity itself. Our results generalize
Bernis’ estimates for higher-order equations with power structures. In the case of second-order
equations we also prove L estimates of solutions.

1. Introduction

We consider in this paper two problems for degenerate higher-order parabolic equations. Our main
result is an estimate of the finite speed of propagation of compactly supported solutions to these
problems.

Let us first introduce an initial-value boundary problem for the well known thin-film equation
arising in the theory of lubrication, and studied both for its mathematical and physical interest. We
consider the equation

ur + (f(luDuxxr)x =0, (L.1)

set in the domain (x,t) € Or = (—R, R)x (0, T), R, T > 0, together with the initial and boundary
conditions

u(x,0) = up(x), — R <x <R, (1.2)
uy(—R, 1) =0, uy(R,t) =0, O0<t<T, (1.3)
Urxy(—R, 1) =0, Uxxx (R, 1) =0, 0<tr<T. (1.4)
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The case we cover is the one corresponding to the range 2 < n < 3 for f(s) = s", which is known
in the literature [10, 15, 17,24]. Our proof provides an alternative approach in the case of power
nonlinearities, and is of more general scope: see Section 6 for the precise assumptions we stipulate
on f. For example, functions like the ones in (1.12) below (for s > 0) are admissible choices of
f,provided 3 > a > 2, g € R. Sums of suitable power functions are also admissible: see [16] for
references.

We consider suitable non-negative solutions of the problem at hand, i.e. solutions which can be
approximated by positive regular solutions (see Section 6 for details). We prove that such solutions
have the property of finite speed of propagation and, more exactly, that if supp ug C [—ro, ro], then
suppu(-,t) C [—z(t), z(¢)] for large t > 0, where z(¢) is defined by (setting 2 = (—R, R))

z(* ch(nuoul,g)

t z()

Here C depends only on certain structural properties of f: see Theorem 6.1 for a precise statement.
Note that this estimate is optimal, as we prove in Proposition 6.1; this seems to be a new result (for
general initial data) even in the case of power nonlinearities (the case of source-type solutions was
treated in [17]).

We do not attempt to give here an account of the large literature in the field of the thin-film
equation; we refer the reader to the papers mentioned above, and to [19] and [18] for an interesting
discussion of the positivity properties of solutions to (1.1) and related equations.

We have collected all the material concerning the problem for the thin-film equation in Section 6,
as we think this makes its presentation clearer. The rest of this Introduction and Sections 2-5 are
devoted to our second problem, (1.5), (1.6). Actually, we apply to both problems essentially the same
method: that is an energy approach relying on the embedding inequality we prove in Section 3. The
method is indeed flexible enough to cover equations of form (1.5) of any order, and even equations
with a different structure, like (1.1).

More precisely, the main ideas of the proofs of the finite speed of propagation property (proof of
Theorem 1.1 in Section 4 for problem (1.1)—(1.4), and proof of Theorem 6.1 in Section 6 for problem
(1.5), (1.6)) are (1) obtaining a suitable energy inequality (see (4.5) and (6.22)) in a sequence of
expanding domains, (2) applying a new embedding result for non-power functions (i.e. Lemma 3.1)
to obtain an ‘improved form’ of the energy inequality (see (4.7) and (6.27)) and (3) using the latter
to construct an iteration process, finally showing that a certain integral norm of u (and therefore u
itself) vanishes on annuli {p/2 < |x| < p} if p is large enough (see (4.8)—(4.10) and (6.28), (6.29)).

Let us introduce the Cauchy problem

b(u), + (=)™ > DU(D"ulP"2D%u) = 0, in RN x (0, 00), (1.5)

lae|=m

b(u(x,0)) = vo(x), in RV, (1.6)

where N, m > 1 are integers, and p > 1. The initial data vy € L! (RN) will be required later to
satisfy, when m > 1, certain additional integrability conditions.

For general m we investigate the property of finite speed of propagation, but, in the case of
problems of second order, i.e. m = 1, we establish both sharp L° bounds of solutions and optimal
estimates of the speed of propagation of the support. To the best of our knowledge, the property of
finite speed of propagation under the Dini condition (1.7) in the multidimensional case N > 1 has
not been proven before, with the exception of the papers [20, 35] which treat just the case m = 1,
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p = 2 with methods based on the comparison principle. Our methods rely instead on integral
estimates, and are of more general scope. In fact Theorems 1.1 and 1.2 below apply to solutions of
equations of more general form, modelled after (1.5). This is an obvious consequence of the proofs
given here. See Section 2 for an approach based on comparison with an explicit supersolution.

When m = 1, the second-order equation (1.5) appears in modelling the flow of a gas through
a porous medium (see the references in [23]); it is sometimes referred to, in this connection, as
the equation of non-Newtonian elastic filtration (the Newtonian case being the one with p = 2).
Actually, owing to the definition of |D™u| we give below, (1.6) does not reduce exactly to the p-
Laplacian equation when m = 1 and b(u) = u, but this standard operator can be treated without
any change in our approach: see Remark 1.6. A great deal of work has been attracted by this subject
in the past (see [23,26] and references therein). It seems that our results are new even in the case
m=1.

Note that in (1.5) the sum is extended to all the space derivatives of order m. Moreover, we use
the notation

1/p 1/p
|D-/u|=<Z|D“u|f’> , ||D-'u||pRN=<f |Dfu(x>|"dx> L0<j<m
, o

lor|=j

We assume that b and its inverse function 8 = b~ ! are increasing functions, of class ACjoc in R,
with 5(0) = 0. Our main assumption is

§ o dr

D(s) := / — < 00, s e R, (1.7)
0 b(r)7T

where we let r¢ = |r|°"!r for r # 0, a € R. In fact, this sole assumption is sufficient to imply

finite speed of propagation for solutions of (1.5), at least if m = 1: see Section 2. We also need for

technical reasons (with the exception of Section 2) the assumptions

B'(5)ls| <vIBGs),  ae.seR, (1.8)

for some v > 0, and
O\
D(s) < C(—) D(s0), (1.9)
50

for all s, s > 0, s < s0; here ¢, A > 0 are given.
In order to find sharper estimates, we need additionally

B ()|s| = n|B(s)], ae.s € R, (1.10)

for some u > 0. In fact, the parameters v, A, and w when (1.10) is stipulated, do not enter the
functional form of our estimates, which is determined only by the function b, and by N, m, p, of
course.

REMARK 1.1 In fact (1.10) is connected with (1.9): if we assume pu(p — 1) > 1 above, one can
check that (1.9) holds (see also (3.9) below).
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An equivalent form of (1.9) is
D(as) < o'D(s), foralls > 0,
for some a, a’ € (0, 1).
For the sake of notational simplicity, we that assume throughout
ci|b(=s)| = b(s) > c1_1|b(—s)|, foragivenc; > 1 and all s > 0. (1.1D)

If this assumption is violated, our results still hold, though the corresponding statements are
formally more involved. For example, the function ¢ in (1.20) below should be replaced with
max(¢(s), ¢(—s)), and so on. One should also rephrase (1.9) for both positive and negative s.

REMARK 1.2 Power functions b(s) = s|s|*"!, 0 < a < p — 1, are examples of admissible
nonlinearities. Further examples are provided by functions given by

b(s) = s|s|“nls||7, (1.12)

for 0 < s « 1 and for s > 1 (and suitably extended for intermediate values of s). Indeed, when
0 <a < p —1and g € R is arbitrary, such functions satisfy all our assumptions. Note that b given
as in (1.12) (for small s, of course) satisfies the Dini condition (1.7) evenifa=p —1,q > p — 1.
Thus Section 2 remains valid in this case.

Let us introduce the non-negative functions

b(s) K
D(s) = / B(t)dr, o(s) = / b(t)dr, s €R. (1.13)
0 0

We denote by y, Yo generic positive constants depending on N, m, p and on the constants appearing
in the assumptions above.

DEFINITION 1.1 We say that u# is an energy solution of (1.5), (1.6) if u € LP(0,T;
w™-P(RN)Y), for all finite T > 0, and

/ / {—b(u);,+ Z|Dmu|1’_2D“uD“§}dxdt:/ vo(x)¢ (x, 0) dx, (1.14)
0 RN RN

lee]=m

for all ¢ € C™(R" x [0, o0)), such that supp ¢ is bounded.
Moreover, we stipulate that ||® (uo)[l; gy < +00, where ug = B(vp), and that it is possible to
integrate by parts so as to get (formally multiplying the equation by u¢)

t
[ owt e+ 3 [ [ ptweyptuipmur 2
B laj=m Y O/RY
=f @ (up(x)¢(x) dx, (1.15)
RN

fora¢ =¢(x) > 0,¢ € Cff (RN), for almost all # > 0. (In Remark 1.5 we point out how in some
cases this last assumption about integration by parts can be removed.)
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DEFINITION 1.2 We say that u is a weak solution of (1.5), (1.6) with m = 1 if it is locally
bounded in RY x (0, 00), u € LY (0, 0o; W™P(RN)), and (1.14) is satisfied. In the same spirit

loc
of Definition 1.1, we assume a priori that we can carry out integration by parts as in (5.1) and in

(5.13) below.
REMARK 1.3 It follows from Definition 1.1 that we can multiply (1.5) by u and integrate by parts,

proving
1P Oy gy < [P@o) | gy, forallz > 0. (1.16)

Let us also remark that, if both (1.8) and (1.10) are stipulated, we have

1+ v)"lo(s) < D(s) < (1+ w12 i g(s). (1.17)

These inequalities can be proven by integrating by parts the integral defining @ (s). In order to
prove the second bound in (1.17), we also use the first of (3.7) below to get sb(s) < 21 (s).
Therefore, (1.16) can be restated in terms of ¢.

If we define v = b(u), then v solves, formally,
v+ (=D" Z D"‘(|Dm,3(v)|p’2D"‘,3(v)) =0, inRY x (0, 00). (1.18)
l|=m

The precise definition of solution in terms of v follows trivially from the definitions above. This
formulation is used in Sections 2 and 5.
Let us define

Z(t) =inf{r > 0 | u(x,t) =O0ae. |x| > r), ¢

WV
o

Our main results are the following two theorems.

THEOREM 1.1 Assume that (1.7)—(1.9) and (1.11) hold. Let u be an energy solution of the problem
(1.5), (1.6), with compactly supported initial data v, so that supp vo C By, for some 1 < ry < oo.
Then

1
Z(t) < yiro + yat t>0, (1.19)

where y, depends also on ||@ (uo) Iy gv-
If, in addition, we stipulate also (1.10), then we have the sharper estimate

1
Z(t)"P\ 7T
Z(t)%(D{(%) 1])<y||¢(uo>||1,w, (1.20)

fort > t(ro, [l o) |l g¥)-

THEOREM 1.2 Letm = 1, and let u be a weak solution of (1.5), (1.6). Assume (1.7), (1.8), (1.10),
(1.11), with u(p — 1) > 1, u > 1. Then

Xp-1 -
b(lluC, )l oo rM)Du(, oo rN) 7 <yt ?llvolly gy, t>0. (1.21)

Moreover, if we assume that supp vg C By, ro > 1, then for t > 7(ro, |lvoll; g¥),

1
Z@O)P\ 7T
Yo fRNvou)dx <Z(r>Nb<D—1[(¥) lbéyllvolll,RN- (122)
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Note that the bound for Z(¢) in (1.22) is sharp, at least if fRN vg # 0.

REMARK 1.4 (POWER NONLINEARITIES) If b(s) = s%, thatis B(s) = s*, @ = 1/a, fors € R,
and a givena < p — 1, estimate (1.20) becomes

—1-a

____p=l-a +1
Z(@) < y||v8‘+1||{V](1§,;1’”)+””’(““> tAN(P741—2)+4mp(a+T)’ t>1, (1.23)

which is the bound given in [12]. In fact, the equations considered in [12], though slightly different
from (1.5), fit in the class described in Remark 1.6 below.
When m = 1, (1.21) and (1.22) reduce to the known estimates

L N
(-, Do < vllvoll gy~ e No=T=aw0a, 1 > 0, (1.24)
p—l—a B
Z@) < yllvoll gy T tNOTaR > 1 (1.25)

In the case of power nonlinearities the proof of Theorem 1.2 is considerably easier than in the
general case, as we point out in Remark 5.1.

REMARK 1.5 (INTEGRATION BY PARTS) It is known that, when dealing with general nonlineari-
ties, or with higher-order equations, the problem of integration by parts is not trivial: see [1, 11, 12].
However, one can check, with the help of the classical results of [31], that the assumptions of
Proposition 3.1 in [12] are in fact satisfied in our case if we take X = W7 (RY) N L¥(R") and

Y =LRY) = {f | /RN o(f(x))dx < +oo},

provided we assume, in order to fit simply in the theory of [31], that b is an odd function satisfying
(1.8), (1.10). In Y we define the usual Orlicz norm. Therefore, at least in this case, we can in fact
prove the formula of integration by parts in Definition 1.1, and consequently the bound (1.16) for
@ (u(t)) in L' (RV), rather then including it in the definitions.

Under the same assumptions, existence of energy solutions follows from the energy estimate,
and from Bernis’ approach in [11].

REMARK 1.6 Our results and techniques apply to equations in the more general form

b(u), + (=)™ Y D*Ag(x,u, Du) =0,

la|=m

where Du denotes the vector whose components are all the space derivatives of u of order less than
or equal to m. We have here to assume the conditions

> 1Aa(.u, D)l S colD™ulP Y7 Aa(xou, Du)Du > 1| D" ul”,
la|=m |la|=m
with two suitable constants c¢g, ¢ > 0.
A further example is provided by equations of the type
bu); + AT (AT ulP2 AT u) =0 (1.26)

under the same assumptions as above (but here m > 2 is even). The proof stays unchanged in this
case, after an application of the Calderon—Zygmund inequality (see Remark 4.1 below; see also
Section 11.3 in [12] for a different approach when b(u) = u).
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In the case of power functions b(s) = s¢, the property of finite speed of propagation, that is Z(¢) <
oo if Z(0) < oo, was shown to hold in [7] for m = 1, and for any N > 1, provided a < p — 1. For
allm > 1 and for all N > 1 the result was proven in the breakthrough paper [12]. See also [13] for
an exposition on the application of local energy methods to problems of this kind (the equation of
thin films is treated in [14, 15]). In the case of general nonlinearities, and p = 2, N = I, m = 1,
finite speed of propagation was proven in [27] under the Dini condition (1.7), which was proved
to be also necessary in [25, 30]. Finally, it has been recently proved in [23] that condition (1.7) is
necessary and sufficient for the property of finite speed of propagation to hold, in the case N = 1,
m = 1, and for general p (the authors treated even more general equations involving lower-order
terms). We refer the reader to the paper [23] for further information on the literature dealing with
this problem.

In the case N > 1, the use of energy methods in the proof of finite speed of propagation dates
back to [6,21]. Our method relies on local energy estimates and, when m = 1, on sup bounds of
the solution, which yield optimal results, as pointed out above. In the case m = 1, the growth of Z
is estimated only in terms of the L' norm of the initial data vo. Our technique is similar to the one
developed in [4, 5] to obtain sharp bounds in domains different from RN (for power nonlinearities).
However, when m > 1 we cannot exploit the L° bounds as we did there. The case when b is a
power function has also been treated in [32,33], with a method based on integral estimates, but
completely different from ours.

Structure of the paper. Section 2 is devoted to the construction of an explicit supersolution to
(1.5). Section 3 contains the embedding result that is central to our approach. In Sections 4, and 5,
we prove Theorems 1.1 and 1.2, respectively. Finally, Section 6 deals with the thin-film equation.

2. An explicit supersolution

If m = 1 and the structure of the equation is exactly the one in (1.5), we can prove finite speed
of propagation of solutions corresponding to compactly supported and bounded initial data just
assuming (1.7). This is done via comparison results similar to the ones in [9], which are applicable
[8] to the supersolution of (1.5) defined below. Indeed, we work here with the formulation of the
problem in terms of v = b(u), and following ideas similar to the ones developed in [21, 35] when
p=2.
Note that
N /7
by = [ Ear,

0 ¢p-1

and define the function V (x, t) by means of

DB(V) =§,  where S(x,r>=[a—c(p>'x'7pj.] ,
(t+d)rTd+

and c(p) = (p — 1)p~P/(P=D_Here a and d are two arbitrary positive constants. For each > 0,
the support of V (-, t) is bounded, and coincides with the support of &(-, 7). Moreover, we can check
that, at least formally,

V; —div(|DB(V)|P2DB(V)) = 1NV >0, in RY x (0, o0). 2.1
pt+d
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In fact, elementary calculations show that V is a weak solution of (2.1) in the sense of Definition 1.2

(with obvious modifications), and the quoted comparison principle yields the result.

3. Preliminary results. Embedding

First, we gather here, for the reader’s convenience, some elementary facts following from our

assumptions.
It follows by integration from (1.8) that

Ib(as)| > a¥|b(s)|. 1B(as)| < a’B(s), a>1,seR,
Ib(as)| < ¥ [b(s)], 1B(as)| = o’ |Bs)), O<a<I, seR.

Therefore, recalling the definition of ¢,

14 -1 T

plas) Zav™ o(s), o~ (as) < avilg™ (s), a>1selR
For all s € R we have
Is|” < D)7 p(s).
as one can check simply applying Holder’s inequality to
N
s =/ b)YPb(r)" VP dr.
0

The function D also satisfies fora > 1, s > 0,

D(as) =a fs b(ar)_ﬁ dr < a/s b('l:)_f’l*l dt = aD(s).
0 0

If we assume (1.10), we get analogously

|b(as)| < ailb(S)l, |Bas)| = a"|B(s)l, a>1s€eR,
|b(as)| = Olﬁlb(S)l, 1B(es)] < | B(s)], O<a<l seR,
and
olas) = oziﬂgo(s), (p_l(OtS) < aﬁ(p_l(s), O<a<l,seR.

Moreover, if (1.10) holds with u(p — 1) > 1, onehas for0 <o < 1,5 > 0,

S - N -
D(as) = oe/ b(ar) 7T dr < oz)‘/ b(r)" 7T dr = o D(s),
0 0

where we exploited (3.6), and seti=1-— 1/(u(p—1)) >0.

3.1)
(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
(3.7)

(3.8)

(3.9)
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LEMMA 3.1 Assume (1.7), (1.8), (1.11), and let
ue W RNy ={f e WP ®RY) | (f) € Li,.RY)}.

@,loc loc

Then forallp > 0,1 > ¢ > 0,
f lu|? dx < spmpf |ID"u|? dx 4+ ye~“H,[ul, (3.10)
G, Gy
where

p—1
Hp[u]zf @(u) dx D(wl[p’v/ go(u)de ,
G G,

and w = Nv(p — 1)/(pv + p). Here the domain G, is equal either to B, = {|x] < p}, or to
I'y ={ajp < |x| < azp}, where 0 < o < . In this last case, y depends also on ay, a2, ax — oj.

P

We note again that y in (3.10) is independent of ¢ and of p.
Proof. Define for p, k > 0,
Apk) ={x € Gy | |u] > k}.

Then, obviously
/ |u|? dx <2”_1{[ [|u|—k]”dx+k”|Ap(k)|}. (3.11)
Ay (k) Ap (k)

Moreover, from a well known integral inequality (see, e.g. [29] Chapter II, Lemma 5.1)

/ [lul — K17 dx <yl|Ap(k>|%f |Dul? dx, (3.12)
Ap (k) A, (k)
provided

A, () <8N,  0<8 <, (3.13)

where §p depends on N, and on ay, a3 too if G, = I',. In this connection, we should remark that
inequalities like (3.12) are, in general, in force in convex domains. Nevertheless, we are able to
prove it even in the annulus I',, owing to assumptions (3.13). Essentially, the proof is the same as
in [29], when we exploit the remark that

1T, (x) = A, (k)| = pop,  forallx € I},

where I',(x) ={y e, |ty+ (1 —1t)x € I,,Y0 <t < 1}, if § is suitably chosen.
Moreover, Chebichev’s inequality yields, together with (1.11), and for the same constant ¢
introduced there,

C1

A,k <
4,01< 55 |

o(u)dx. (3.14)
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Recalling (3.4) we get
kPIA, (k)] < ch(k)p_l/G o(u)dx. (3.15)
P
Note also that, by the same token,
/ ul? dx < / D)? ' p(u) dx < Cﬂ?(k)p_]/ @(u)dx. (3.16)
Gp—Apk) Gp—Apk) G,

Thus, putting (3.11)—(3.16) together, we infer

lu|? dx < 7/2{|Ap(k)|11\7// |Du|? dx +’D(k)P71/ ou) dx}, (3.17)
A

Gp P (k) G/J

where we have to assume (3.13). Next, for a given 1 > & > 0, we select § < §p so that
o <&

Then we choose k from

C1l N
— dx =6p",
0 prw(u) x = 6p

so that, by virtue of (3.14), (3.13) certainly holds. Therefore, (3.17) gives
1 - 1
— |u|P dx <8/ |[Dul? dx + Cs—Hplul, (3.18)
p? Jg, G, pP
where, taking into account (3.3) and (3.5),
C: <ye™®, w=Nv(p—1/(vp+ p).

Finally, the classical John—-Nirenberg—Gagliardo inequality, together with Young’s inequality, imply

1
i S
|Du|pdx<y3{</ |Dmu|pdx) ( |u|pdx) +—p |u|pdx}
G, G, G, rr Jg, (3.19)
< ﬁ/ |u|1’dx+,o'"(m_l)/ |D"u|P dx.
P Jg, Gy

If we select € € (0, 1/(2y3)], (3.10) immediately follows for ¢ = 2¢.

To prove (3.10) even for ¢ € (1/y3, 1), we choose ¢ = 1/(2y3) in (3.10). Next we take into
account that, with this choice of &, we have 2¢ < & < 1, so that the first term on the right-hand
side of (3.10) (written for £) can be bound above by replacing 2& with ¢, and the second term can
be majorized simply by multiplying it by 7 > 1. (]

REMARK 3.1 When b is a power function, say B(s) = s%, o > 1/(p — 1), the quantity H,[u] can
be written more explicitly as

-1
a(p—1) \? o _Nep=h-N
H = —_— a+1 .
plul ((x(p—l)—l) ari? ||M||a$1’Gp

Note that “t < pif and only if a(p — 1) > 1.
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The following result on cutoff functions is proven essentially as in [28], though in a different
geometry; we give here the proof to establish the needed dependence of the estimate on the geometry
of the domain.

LEMMA 3.2 Letp > Oand ar > o1 + 1/2,0 < @ < o be given. Define
Sp={x e RY | (@1 —)p < |x| < (@2 + @)p}.

Then there exists a Lipschitz-continuous function ¢ > 0, such that its support is Ep, (x) =1lin
fa1p < |x| < a2p}, ¢ € C*(S,), and |D¥¢| < y (N, kK)a*p=* in Sp. Moreover, for £ > m,
0<k<m0<e<1,ueWmP(S,), wehave

_ _ _ _m—=k _ _
(@p) FlIc T D" ull s, < elg D ullps, +ve™ ® (@p) "1 ullps, - (3.20)
Proof. Let ¢ : [0, +00) — [0, +00) be a function such that ¢ (s) = 1 fora; < s < @y, and
Y(s) =a (s —a — o)y, s <
Y(s)=a oy +a—s)4, s >an+a)2.

We also require v € C*®([o; — /2, ap + «/2]). Of course we may assume |1p(k)(s)| < yoe_k,

k> 1fora; —a/2 <s < ar+ a/2. Then, define ¢ (x) = ¥ (|x|/p) and

/ (o4 Vi o .
rizp(al—a—i—E), ri=p<a2+a—§>, i>1.

Then we have
27l <27 in X = {rig <lxl <ryU{r! <Ix| <rf ). (3.21)
Applying the John—Gagliardo—Nirenberg inequality in X; we getforO < k <m,0 < e < 1,
@27 ) D)) < ePID"ul] 5+ ye T @) Tl . (3.22)
Next we multiply (3.22) by 277 and, invoking (3.21), we arrive at
@) PR D o < P D U] g+ e T @) P . (323)

Note that a similar inequality holds for the domain 8" = {@; — «/2 < |x| < a3 + «/2}: indeed
we can introduce the scaling factor « < 1 in this inequality by a suitable choice of ¢. Finally, we
get (3.20) by summing the inequalities (3.23), over i = 1, 2, ... and then adding to the resulting
inequality the quoted estimate valid in S. (]

4. Proof of Theorem 1.1

Forp>4r0,deﬁnefor% >0)>60; >0,andi =0,1, ...

P P p
=3 =0+ 5O:=00, 1 =p+6p—Z0=00).
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Define also the sequence of annuli A; = {r/ < |x| < r/} C A;y1.Let &, i > 1, be the function
constructed in Lemma 3.2, where we define 8 = 6, — 61 and

N 0 6 B 0
O{l—z—ez—i-?, a—ﬁ, Ot2—1+92—§.

Then & = 1in A;, £ = Oout of A; 11, and | D¥¢;| < y (277 p6) 7K. Next we formally take uasa

testing function in the weak formulation of (1.5), (1.6), where s > m 1is to be chosen large enough.
More exactly, we invoke (1.15) in definition 1.1, to obtain

t
sup / @(u)g“fdx+/f &7 |D™ul? dx dr
0<r<t JRY 0JRN
m . t
<yYoeop [ [ o pmtuip - ardr, @
k=1 0JRY
where
b(u)
D u) = / B(z)dz, ueR.
0

Next, for ¢ € (0, 1), we majorize the right-hand side of (4.1) by means of Young’s inequality,
obtaining

t m ) t
sf/ |D"u|P¢f dx dt + ye PH! Z(zﬂep)*"l’// |D"FulP i dx dr. (4.2)
0JRN = 0JRN

In turn, setting s = £p, £ > m, we bound above the second term in (4.2): exploiting Lemma 3.2 we
get the bound

t t
_ ~ V4 — ~1— —i — l—
ye P“st/RN ¢ |D"ulP dx dr + ye~PTIE (27 6p) ’"P/O/RN TP P dede,  (43)

where we choose ¢ and then & so that we can absorb the terms containing | D™ u| and appearing in
(4.2), (4.3) into the left-hand side of (4.1).
Note that, integrating by parts and applying (1.8), one gets

@) = (1+v) o), ueR. (4.4)

Therefore, we arrive at

t t
sup / <p(u);,-"’dx+// ¢ |D™ul? dx dr <y(2—’ep)—m1’// [u|? dxdr.  (4.5)
Og‘[gt RN 0JRN 0 Ai+l

Next, we invoke Lemma 3.1 to majorize the right-hand side of (4.5) with

t
t .
e // ID"u|P dxdt + ye™”——(27'0) PH [u], (4.6)
0JA;41 p™P
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where ¢ = (w + 1)m, o as in Lemma 3.1, and we set

p—1
H°[ul = sup / ou(x, 1)) dx D(wl[p’v sup f w(u(x,r))de :
Axo Ao

0<r<r (IS AN

with Ase = {p(27! = 62) < |x| < p(1 + 62)}. Choosing & > 0 small enough (in fact, & < 2797),
we obtain, after an easy iteration procedure (see, e.g. [22]),

t

t
sup / o(u) dx +f |D"u|? dx dt < y0~ 9P ’H;o[u]. 4.7)
0<e<t JAg 0J 40 p"P

We conclude the proof by applying again an iterative technique: let p > 4rg and

o p p
pé:a—ag, ,o,’1’=,0~|—c72—n, n=0,1,.... (4.8)

We choose in the first part of the proof

b=027", O =02"""1, =021,
with o € (0, 1/4). Defining

Y, = sup L @(u(x, 7)) dx,

N
o<t P oy <Ixl<py)

it follows from (4.7) that for all n > 0,
t
Y1 Sy (@) 52" D (@™ (X)) (4.9)

To prove (1.20), we observe that, if (1.10) holds, we may invoke (3.8), with « = Y;,/ Yy, to get from
4.9)
t _ _ _
Yos1 < y—=2"Y MY 4 Do~ (Yo) P, (4.10)
0 P
where A = Au(p — 1)/(n + 1), and we have made use also of assumption (1.9). Thus, Lemma 5.6
in Chapter II of [29] implies that ¥,, — 0 if p is so large that

t - - —
V' Sy Yo D™ Fo)" 1 < .

Therefore, recalling the definition of Y,, we conclude that, under this assumption, u(x, ) = 0 for
|x] > p/2. Using now the bound Y,, < p_N||g0(u0)||1’RN, see remark 1.3, we finally infer (1.20),
after an elementary procedure of functional inversion.

Let us now turn to the proof of (1.19). Even if (1.10) does not hold, we may invoke (3.4) to
write, for s < Y,

p—1

o~ (s) < D' ()7 57 < Dip~ (Yo)) 7 s7.
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_1 1
Letdy = D((p_l(Yo))pT, zn = Y,/ . Then (4.9) gives
1 1

t » ng p=1 t
Zntl & V<W> 2"z, D(dozn) 7 < V(pmp

p—1

[N e 0N p-1
) 2"z, 7 [zy"D(dozo)] 7

again by means of (1.9). As above, we have that z, — 0 if

1
2 p*l)\

t

v . p-1
S ) %o [z9 "D(dozo)] ¥ < v,

yielding finally the estimate (1.19). Indeed, we see that dp and zp can be bounded in terms of
| @ (uo)ll; g~ when we note that, by the first inequality in (1.17), and by (1.16), we have

Yo < sup/ oux,t))dx < (1 +v) sup/ D (u(x, 7))dx < (1 + V)@ uo)ll| gn-
RN RN

>0 >0
The proof of Theorem 1.1 is concluded.

REMARK 4.1 The proof above makes use of the partial differential equation only to derive the
energy inequality (4.1). In the case of (1.26) this formula is changed only because the term | D" u|
is replaced by |AZ u| both on the left-hand side and on the right-hand side. On applying Young’s
inequality as in (4.2), we arrive at

t
sup / dj(u)é'ide—i‘// CZ-SIA% u|? dx dt
0<e<t JRV 0JrRN

m . t
<y Y @opR f/ & DRy de de. (4.11)
k=1 0J/RN

Clearly, we may replace the integrand in the second integral on the left-hand side with | A T (u ;is/ P,

at the only cost of changing the constant y appearing on the right-hand side. Next, we recall
Calderon-Zygmund inequality (see, e.g. [34] p.59): [D"v|l, gv < VA2 v|l, gv, which is valid
for compactly supported v, with y depending on p, N, m. We apply it to v = u{i‘v/ P This allows us

to bound below the left-hand side of (4.11) by formally substituting {ixlA% u|? with | D™ (u{is/ Pyp
there. The proof can then be continued as above.

5. Proof of Theorem 1.2

We may assume u > 0, by working separately with the positive and the negative part of u.
Define the sequences

th =(1—02"")1/2, kp = (1 — 27"k, n>0,

wheret > Oand o € (0, %) are arbitrarily fixed, while k > 01is to be chosen. Let O, = RN x (t,, 1),
and let ¢, = ¢,(¢) be a smooth function, 0 < ¢, < 1, ¢, = 1 fort > t,41, ¢ = 0fort < ¢y,
0 < gu <y2/(ot).
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The proof is in fact based on an iteration procedure that is very similar to the ones in [2, 3], so
we confine ourselves to a sketch of the main differences. In the proof of the sup estimate (1.21)
we work with the formulation of (1.5), (1.6) where the unknown is v = b(u). In the corresponding
weak formulation we select n = ;f +1[B(W) — B(knt1)]4 as a testing function. From the definition

of solution it follows that
t
/ F(u, kn )%, dx + / / Dn- DB(@)|DBw)|P~* dx de
RN (1) 0 JRN

t
a
_ 2 p
—/(; /RN F(v, kyt1) Fy (§n+1)ddey

where

1

F(v,k) = [/k (B(s) — BK))-+ dsT.

Routine calculations lead us to

t
su F(v, kns1)?c? dx+/ / |IDB(W)|P¢P,, dxdrt
Ogrpgt »/RN e §n+l 0 Ju>k,yg P §n+]

211
<y=— // F(v, k,)? dx dz.
ot O

Note that

DF (v, ky) = Dv[B(v) — Bkn)]+ F (v, kn)) ™,

whence

1
B()\?2
IDF (v, kyy1)| < V|Dv|(T X{v>kyi1)-

(5.1)

(5.2)

(5.3)

(5.4)

This can be shown, in the case v > Ck, C = 2!*/%, by combining (5.3) with the following

estimate:

@f (B(s) — Blhkn1))s ds > P2 (ﬁ(S) —ﬂ(3>> ds
v kn+] v C +

v
2

B[ (v v\]v _ B[ 1 1 5
>T|:,3<5)—,3<E):|§> 2 [;-a}?)’oﬂ@)-

The case v < Ck follows even more simply. Therefore, from (5.2) we arrive at

P
sup / F, kny)?¢?  dx + FH 2[[ IDF (v, kpy1)|P¢?, dxdr
RN ’ n+1 k o JrN ’ n+1

oLt
2" 5
<y— F(v, ky)* dx dr,
ot On

(5.5)
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where we used u > 1 to ensure that 8(s)/s is nondecreasing in s. Then the proof of (1.21) can be
concluded as in the papers quoted above.

In order to prove (1.22) we need to multiply the equation by u?, for a small & > 0. This leads us
to consider for any fixed 6 € (0, 1) the function

E@s) = s#(gfl)(p(s#), s > 0. (5.6)

As an easy consequence of assumptions (1.8) and (1.10), & is increasing and
57 (as) <a’s7 (), a>1s>0, (5.7)
£ N as) < a%e7 (), O<a<l,s>0, (5.8)

Where C = 0(9, p, V) and d = /,L(p + 9 - 1)/]7(9[,L + 1) Let us alSO introduce the integral
! pl g/' ( ( ))d G, H@N
S ux X, .
14 N 14

and the function

PEO=L 1y pro—i

K@ =0 D(s 0 ) 7T T, s,

arising naturally in Lemma 5.2 below.
LEMMA 5.1 LetO<u € Wl"’(Gp), 0 € (0, 1), and assume (1.8), (1.7). Then for all ¢ € (0, 1)
/ uP dx <ep? | |Dul? dx +ye "pNK(1,), (5.9)
G, G,
where G, is chosen as in Lemma 3.1, and & = h(N, 6, p,v) > 0.

Proof. The proof is very close to the one of Lemma 3.1, so that we sketch only the main steps. Let
Apk) ={x € Gy | u(x) > kj, k > 0.

We can repeat without change the reasoning in (3.11)—(3.13). Again, we apply Chebichev’s
inequality to prove

1
|Ap (k)| < ) /Gp &(u) dx, (5.10)

and select k so that the right-hand side of (5.10) equals 8p”, with § suitably small and y8?/V < &.
Moreover, note that it follows from (3.4), (5.6) that

p+o—1
P

u? <u'ltu)

P (=1
) . (5.11)

A
D(M p+O—1

Therefore, using (5.11) to estimate u in G, — A, (k), we find, after an application of Holder’s
inequality

p+o—1

/G E(u) dx]

Substituting in the last inequality the definition of k, and using (5.7), we get (5.9). (I

N o p \EEE (D)
/ uP dx < 8ppf |Dul? dx + yp" 7 k'~ 'D(kargfl)
G, G,
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LEMMA 5.2 Let u > 0 be a solution to (1.5), (1.6), with m = 1. Under the assumptions of
Theorem 1.2, we have that u(x, t) = 0 for |x| > p, provided p > 4r¢ and

ip~PEy ' K(Eo) < n, (5.12)

where 6 in (5.6) is chosen suitably small, and we let

1 t
Ey = —/ / u(x, )P 1dx dr.
pNFP Jo By,

Proof. Define p,, p; as in (4.8), for o € (0, JT), p > 4rg. Let A, = {p; < |x| < p)/}, and define a
sequence of cutoff functions ¢, (x) sothat{, = 1in A,, ¢, =0outof A,_1, | D&, | < y(2’”0,0)’1.
We choose as a test fuction in the weak formulation of the problem the product u%,f’ 1> Where
0 € (0, 1) is the same constant appearing in the definition of &, and will be chosen later. We have,
formally,

9 b(u)
b = S L@, L = / B(s)” ds.
0
Therefore, integrating by parts we get
t
/ L(u)g,,”dx+/ / D(Lw)¢!) - Du|DulP~2dx dtr = 0. (5.13)
RN (1) 0 JRN

Moreover, by integrating by parts the definition of L(u), and applying (1.8), we find

b(u) u
/ B(s)P ds =61 4+ vo)~! / s b(s)ds = 01 +vo) ' u? o).
0 0

Then, standard calculations yield

t opn t
0-1 9-1 p pro—1
sup/ cP o go(u)dx—i—// u”|DulP¢”,  dxdr <y // u dx drt.
o<e<s JRY T 0 JRY ntl oPp? Jo Ja,

. _ pto-1 . .
Defining u = u 7 , this can be rewritten as

t opn t
su cP s(ﬁ)dx+// ¢P o Dul? dxdr <y // il. (5.14)
Ogrzt/IRN ntl o Jrv "t aPp? Jo Ja,

Set

1 -
Y= sup — &(u)dx.
ogr<e P Ay

Then the integral on the right-hand side of (5.14) can be majorized by means of Lemma 5.1, so that

1 t t
—f / u? dx dr < 8/ / |Di|? dx dt + ye ipN TP (Y,). (5.15)
PP Jo Ja, 0 Ja,
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One can get rid of the first term appearing on the right-hand side of (5.15) by an iteration procedure,
exactly as in the proof of Theorem 1.1, provided ¢ is chosen small enough. We omit the details, for
the sake of brevity. Therefore, we eventually arrive at

Yot < yyl IC(Y ), n>=0.
Taking into account that Y,/ Yy < 1, and by virtue of (5.8), and of (3.9), we see that
Y, _
IC(Yn) — IC<Y_"YO) < Y1+A(9)[Y 1— A(Q)K:(YO)]
0

where

o—-1) 6-1 1 o —1
mip + ) (1_ )M(P+ )(p_l)'

AB)=(1-0
@=0=-0= Girn t wp—D) plntD

Note that A(0) = u(p — 1) — 1 > 0, so that A(#) > O for small & > 0. Thus we conclude the
proof invoking the same result from [29] quoted in the proof of Theorem 1.1, and the fact that Yy
can bounded above by y E(y by means of calculations similar to the ones leading to (5.14). O

In order to complete the proof of (1.22), we have to apply the sup estimate (1.21) in (5.12).

REMARK 5.1 Let us deal first with the case of power functions, both for its intrinsic interest and
for its simplicity. Recall that when B(s) = s%, a > 1/(p — 1), (1.21) takes the form (1.24). Let us
apply this estimate in the definition of Ey:

1 ||v0|| +9 1
— p+0—1 LRV P
Eo= pN+p /szu dr < N+p ” ¢, d‘L’
|4 Plep=D)=1]+-pat (5.16)
||‘U0||1 RN Na(p—1)—N+p p—Nab
— ¢ Nalp=D-N+p |
0 P

provided 6 < p/(Nw). Note that in the present setting (5.12) can be written as

p+0—l_1
0+
[*3

p_p 0

< Y-

If we substitute the bound (5.16) for Ey in this inequality, we discover that (5.12) is fulfilled provided

a(p—DH—1 1
Na(p—D=N+p . Na(r—D=N+»
p =2 vlvoll| gy e Nep=D=NEp

Recalling Lemma 5.2, we conclude that Z(¢) is bounded as in (1.25).

Let us go back to the proof of (1.22) for a general b. The sup estimate (1.21) can be obviously
rewritten as

_N
et Dlloomy < A(ye 7 luoll z0) =A@, 120,
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where A; is the inverse function of s > b(s)D(s)NP~D/P_Then, noting that s — sPt0~1/b(s) is
increasing owing to u(p — 1) > 1, we calculate
+0—1
1 ! v vt G oIy
Eo < - f / up+9_1 dedr < )/” OIHI,R f oo,R
pNTP Jo JrN pN*P Jo b(Jlu(-, T) |l oo rN)

It follows from (3.4) that s?~!/b(s) < DP~!(s). Hence, recalling the definitions of A; and A, we
get forall T € (0, 1),

dr. (5.17)

e, D7 ol ¥y
— 2B A0 DA < y A ——L
bt D) ) PAE) P

Moreover, again from the definition of A(¢), and from (5.7), (5.8), it follows that

p p

—1 N —1 N
T ol n T ol en /18
0 LRY _ 48 1,R ( )

A(f) P X P -
b(A(T)¥ b(A)N

O<t<t,
T

foraé € (0, 1), provided 6 is chosen small enough. Therefore, using this estimate in (5.17) we draw
the conclusion

1+5
lvoll, gy A(r)?

PPN AR

(5.18)

Define

1
p(t) = COAM) Vlwoll Vows 1> 0,

where the constant C > 1 is going to be chosen presently. Just using the definition of A(#), we see,
after elementary calculations, that for p > p(¢),t > 0,

t t Y
— < = < . 5.19
pP = p@)P ~ CPD(A(r))r~! G419
Moreover, from (5.18) we find, again for p > p(7),
p+o6—1
Eo < e AW bAWM) < ot (A7), (5.20)

Thus, we get from (5.19), (5.20), and from the definition of K (setting A = A(¢) for ease of
notation), if p > p(7),

1 KED _ o IC[)/C_I’_N‘;%(A$>] , /c[g(,unf—.)]

X T, — < 14 —
pP Ey  pP yc—p—Ng(A—”i 1) Cr+MApp s(sz 1)

__ AP P
= cptpN)A 'D(.A)p_l(p(A) = cpH(pEN)AT
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Therefore (5.12) is satisfied when p > p(#), provided C is chosen large enough in the definition of
p(t). The proof of estimate (1.22) is concluded.
Finally, we can prove the bound below for Z(#) in (1.22) by observing that the estimate

/ vo(x) dx
RN

follows from conservation of mass, and then substituting in it the sup bound (1.21). Note that here
we look directly at u of general sign.

b(luC HllaerM)ZON = 1o

6. The thin-film equation

In this section we perform an a priori investigation of the problem (1.1)—(1.4). More exactly, we
look at solutions in a class defined by certain approximation properties, which are essentially the
same usually considered in the literature on (1.1) with power f (see (H) below). Thus, our method
actually provides a complete proof of finite speed of propagation at least in that case; the main
purpose of this section is to show that its scope is more general, even in the setting of the thin-film
equation. For example, we note that functions given by

f(s) =sIns|?, 0<s<k1, (6.1)

meet all the requirements we stipulate below on f,if3 >a > 2,q € R.
Note that, denoting £2 = (—R, R), under the assumptions

feCt™®), f0)=0, f(s)>0,s>0; up € WH(2), up >0, (6.2)

we can prove existence of a weak solution following the method of [16]. We use here the following
definition.

DEFINITION 6.1 A function u € C(Q7) N L®(0, T; WH2(£2)) is a weak solution of problem
(_1.1)—(1.4) if uy, Uy, Uy, Uxxx, Uxxxx DElOng to C(P), and / f(Ju))uxxx € L%(P), where P =
O7 \ [{u = 0} U {t = 0}]. Moreover, we require

// ug; dx dr + [/ ful)uxxxpyxdxdt =0, (6.3)
Or P

for all Lipschitz-continuous functions ¢ with ¢ = O near t = 0 and ¢t = T'. The initial data are taken
in a suitable pointwise sense, and (1.3) is also satisfied pointwise where u(£R, t) # 0. Moreover,
uy(-, 1) = uoy in L2(2) ast — 0.

If, additionally, u(-,t) € C 1 ([—R, R]) for almost every ¢t > 0, we say that u is a strong solution.

As in [16], we prove the conservation law

R R
[ u(x,t)dx :f ug(x) dx, t>0. (6.4)

R R

Note that below we work only with non-negative solutions, so that (6.4) becomes in fact an L'
estimate.
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A necessary tool in our approach are certain inequalities of Bernis’ type (see (6.9) below), whose
proof in a non-power setting relies on the assumption

A_flis) B .
— > > —, foralls >0,and given A > B > 1. (6.5)
s f(s) s
If we assume 3 > A > B > 2 we can prove in an elementary way, for all s > 0,
* f@ g
Gi(s) :=/ —4dr <00, Ga(s):= / Gi(r)dr < o0 (6.6)
s T 0
Wf(s) < Gao)s® Syf(),  Wf(s) < G3(s)s <y f(s), (6.7)

where G3(s) := fOS G7(7) dr. Alternatively, we can just require A > B > 1, and directly assume
(6.6), (6.7). Note that if f(s) = s", then (6.6) is equivalent to 2 < n < 3. Here and below y, yp
denote constants depending only on A, B. In the following we therefore assume that

either ()3 > A > B > 2,0r(ii)) A > B > 1 and (6.6), (6.7) hold. (6.8)

Under the assumptions above, one can prove for all positive v € C 3a, b], with v/ (a) = v/(b) =
Os

b fx))

W|v/(x)|6dx

b
/ GG (o) dx +

TN 2 2 b 2
< )// Ga(v(x)7 v (x)|”dx < 7// FE)"(x)7dx.  (6.9)
a f(v(x)) a

The proof follows closely the lines of [13], and we therefore omit it.
Similarly, we confine ourselves to some comments on the proof of inequality (6.10), which will
be the starting point of our argument:

R
sup / |(ur}BT+2)x|2dx+/f Flun]dx de gs// Flu]dx dr
O<t<t J—R 0 Fn{n>0}

2 3 6 2dxd K B2 24 1
+ Vellnaxx 5o + I ll5e + x llo] Ju”dxde + | [(uon 2 )x|"dx. (6.10)
Q:N{n>0} -R

Here n € CS(—R , R) is any non-negative cutoff function, and ¢ € (0, 1) can be chosen arbitrarily.
Moreover, we denote

f ()

v

f ()

vt

OF =[(=R,R) x (0,0)]N{u >0},  Flvl= f@)|vgaxl*+ el + vy |6,

for any sufficiently smooth positive function v. The proof of (6.10) is, as pointed out in [24] (when
f is a power), a consequence of Bernis’ inequalities (i.e. (6.9) in our case), when u(, t) is strictly
positive a.e. + > 0. It is a known fact that, when f is a power, 2 < n < 3, a solution to the
original problem can be approximated by solutions of this kind, see [10, 14]. Let us also remark that
the approximation of u with positive solutions has been proven of crucial relevance in the theory



254 D. ANDREUCCI & A. F. TEDEEV

of the thin-film equation; indeed different approximation procedures select different solutions with
different qualitative behaviour (see [10]). We set ourselves in the framework by now well known in
the case of power nonlinearities, that is we directly assume:
(H) a strong solution u can be found as the uniform limit of strong solutions us, as § —
0, corresponding to initial data ugs > 0 and such that us(-,#) > 0 a.e. t > 0. Moreover
f(ua)l/zu(;xxx — f(u)l/zuxxxxp weakly in L2(QT); here xp is the characteristic function
of the set P defined above. We also stipulate that f(u(;)l/zu,;xx — f(u)l/zuxxxp strongly in
L2(QT), and usy — u, strongly in L4(QT). In turn each u;s can be similarly approximated
with a sequence {uj}. of smooth positive solutions to nondegenerate parabolic equations.
In fact [14], essentially, deals with the convergence of each sequence {ug }¢, but the relevant methods
and results carry over immediately to the sequence {us}; itself (as a version of formula (3.5) in [14]
still holds for us).

LEMMA 6.1 Assume (H), and that f satisfies (6.5) and (6.8). Then (6.10) holds for the solutions
us of problem (1.1)—(1.4) (with initial data ugs).

We refer the reader to [24] for more details on the proof of Lemma 6.1, which is indeed very
similar to the case of a power function f treated there, when we keep in mind (6.5)—(6.7).

In fact, what we need in our next Theorem are (6.10) and (6.2), (6.8). If we know a priori that
(6.10) is fulfilled by u, the approximation steps in (H) can be dispensed with.

THEOREM 6.1 Assume u is a non-negative strong solution satisfying (H), and that (6.5), (6.8) hold.
Then if suppug C [—ro, ro], we have that for ¢+ > 0 suppu(-,t) C [—z(¢), z(t)], where z(¢) is

defined by
z(@)* luoll1,s2
— ’ 11

t Cf( z(1) ) ©1h

or by z(t) = 4rg if the solution z(#) of (6.11) is less than 4r( (i.e. for small #). Here C depends on
A, B only.

Note that (6.11) is actually sharp; for example, when f(s) = s",2 < n < 3 it gives the bound

2(t) < ylluoll I 175, for large 1, (6.12)

which is known to be optimal, see [17]. More generally, we can prove the following result about the
optimality of our estimate. Let us also recall that (H) is known when f is a power. Even in this case
the next Proposition seems new.

PROPOSITION 6.1 Define
r(t) = sup{|x| | u(x,r) > 0}.

Then, under the same assumptions of Theorem 6.1, and additionally stipulating A < 4, we have (as
long as 4rg < z(¢t) < R)

r(t) = yoz(1), (6.13)
where yp depends only on A, B, butnoton u, T, R.

Clearly, Proposition 6.1 cannot hold for the solutions with stationary support constructed in [10]:
indeed, those solutions are not the limit of us as in (H), but rather of solutions vanishing at some
point x for all positive times.
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Proof of Theorem 6.1.  1st step: a new energy inequality. We bound first supp u on the right, i.e.
we work with x > 0. Let us define the intervals

Ag={(01—=0Dp <x <(+061)p}, o ={(1 =6)p <x < (1+62)p},

forap > 4rg,and 0 < 0 < 6 < % Choose 7 as a standard cutoff function in A, with n = 1 in
Ap; we may assume

I 13 + 1xx 20 + 211G < ¥ (00)~°.

In this proof we skip several iteration processes, which can be carried out rigorously as shown above.
We also refrain from changing domains with each iteration process, formally referring to the pair
Ap, Ao in the whole proof (excepting the very last iteration, see (6.32)).

It follows from Poincaré’s inequality that

R B+2 o (R
/ l(usn 2 )xl?dx > V—Z/ uin®+2dx. (6.14)
—R P J-R

Let us write (6.10) for us. A standard iteration procedure, together with (6.14), now yields (when
followed by the limit § — 0)

l t t
sup — u? dx +/ / Fluldxdr < L6f £ (w)u? dx dr. (6.15)
0<t<t P~ JAg(x) 0 Jag 00)° Jo Jax

That is, we get (6.15) for each ug, or, more exactly, (6.15) with an additional term containing the
approximating initial datum on the right-hand side. This last term vanishes as § — O.
We denote A(J)r = Ao N {u > 0}. Define the function

5 d y
h(s)zf _y/ Jf@dr, s3>0 (6.16)
o Y Jo
A simple calculation (using the bound above in (6.5)) shows that
I () + |17 ()]*s> + [W" () 2s* < yf(s),  s>0. (6.17)
Therefore it follows immediately from the definition of F[u] and Young’s inequality that
B () xaxl? < y Flul. (6.18)
Furthermore, using the bound below in (6.5), we show
SF? <yh(s)?,  5=0. (6.19)

Hence, upon combining (6.15)—(6.19), we arrive at

t t
sup / u®dx + ,02/ 1h () gxx|? dx dr < %/ / h(u)?* dx dr. (6.20)
Ap(D) 0 Jag 0°0% Jo Ja

O<t<t

Next define

v="hw), o) =P (6.21)
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and obtain the new energy inequality

t t
sup f ¢1(v) dx +p2/ / [Vrxx|? dx d < %/‘ / v? dx dr. (6.22)
O<z<t J Ag(7) 0 JAag 0°0% Jo Jas

2nd step: a preliminary estimate of z(t) via a Dini function. This part of the proof is essentially a
repetition of the proof given in Section 4.
Define fors > 0

s s p/ep—1 s/ —1
Di(s) := / dr / W @) dr < y/ M dr
0 0 0

o[y Jo 207 1(r) h=1(7)
_, /’“m JI®
0

hs) £
R () dr < y/ LAY} dt < 0o, (6.23)
t 0 t
where we have made use of the bound (6.17) for /', and again of the bound below in (6.5): this last
bound in fact implies f(s) < s? f(1),0 < s < 1. Note that
s2 < Di(s)pi1(s), s >0, (6.24)

follows as (3.4) from an application of Holder’s inequality. Moreover, (6.5) and the explicit form of
h allow one to prove easily for all s > 0

Di(g; ' (as)) <a'Di(p; ' (s)), a>1; Di(p; (@s) < a®Di(p;'(s)), <],
(6.25)

where we have set g1 = A/2, go = B/2. The estimates (6.24), (6.25) are all we need for the proof
of Lemma 3.1 to remain valid in the present setting. Indeed, (6.24) is used in (the analogues of)
(3.15), (3.16), and (6.25) in (3.18). In the case at hand the embedding is

b b
/ v(x)zdme(b—a)ﬁ/ [y (¥)|% dx

b 1 b
+ye® / gol(v(x))dwl(gorl(m / wl(v(X))dx», (6.26)

where we assume b > a, v € W32(a, b), p1(v) € L'(a, b); here ¢ € (0,1) is arbitrary and
o =w(A, B).
The right-hand side of (6.22) can then be bound above by

2 t —w
t 1
%/ / |vxxx|2d~XdT+—y86 T sup / @1(v) dx Dy <<p1_1< sup —/ gol(v)dx)).
0% Jo Jax 0°0% o<r<iJAx(®) o<r<t P Jan)

Selecting a small enough ¢, and applying a suitable interpolation procedure, we get

t
sup / 01 (v) dx + p? / e 2 dx dr
Ap(1) 0 JAp

O<t<t
<2 sup / 01(v) dx D <<p_l<sup 1/ o1(v)d )) (6.27)
X 1< 4 1 X 1 — 1 X . .
96w+6p4 O<t<t J Ao (T) ! O<t<t P JAx(T)



FINITE SPEED OF PROPAGATION FOR THE THIN-FILM EQUATION 257

Define, for a sequence of intervals 1,11 C I, interpolating between Ag and A, (see (4.8))

1
Y, = sup —/ ¢1(v) dx. (6.28)
O<t<t P JI, (1)

Thus, applying (6.27) to the pair I,,+1 C I,,, we find, for a suitable y > 1,
Ypg1 < V"#anl(fm(yn))-
Reasoning as in (4.10), we obtain ¥;, — 0,n — oo if
~TDI@100) < (6.29)

We exploit (6.25) again here, analogously to what we did in Section 4. Obviously, (6.29) gives a
first estimate of z(¢).

3rd step: refining the estimate. This part is meaningful in the case of the thin-film equation, where
we have L' estimates of the non-negative solution available. We start again from (6.22), and prove
a new bound for Y. Combining this estimate with (6.29) we arrive at the final result.

Recall v = h(u), and define

o) =k~ W) =u,  Dyls) = /S & (6.30)
0o ()

The finiteness of the Dini function Dy(s) can be proven as in (6.23) above, taking into account
(6.17). Moreover, (6.24) and (6.25) are still satisfied when we formally replace D; with Dy, ¢1 with
@o, and set g1 = 1 + A, g2 = 1 + B. This is again, as above, an elementary consequence of our
assumptions on f. Thus, Lemma 3.1 gives

b b
/ v(x)zdme(b—a)ﬁf [y (¥)|% dx

b | b
+y87w/ <p0(v(x))deo<gool<m/ ¢0(v<x))dx>>, 631)

where we assume b > a, v € W3’2(a,b), po(v) € Ll(a,b); here ¢ € (0, 1) is arbitrary and
w = w(A, B). The integral of v? = h(u)? in (6.22) can be therefore majorized by

t 1
sp6// e P dx de + 27 sup/ ude()(h(wp _/ udx))
0 J Ao O<t<tJ Ao (T) O<t<t P JAx(7)

(we recall that gy = h~!). Then a final iteration procedure allows one to absorb the term containing
Vxxy 1N the resulting inequality, yielding for Yy defined as in (6.28)

1 t 1 1
Yo = sup —/ u® dx < )/_4 sup —/ ude()(h( sup —/ udx)) (6.32)
O<t<t P JAx(7) P 0<t<t P JAL () O<t<t P JAL (1)
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Here A/ is an interval strictly containing Ao, as required by the aforementioned iteration process.
Employing the mass conservation law (6.4) we obtain

t luoll1, 2
Yo < V—5||M0||1,on(h<7 :
o o

Substituting this bound in (6.29), we conclude that ¥;, — 0,n — o0, i.e. u(p, t) = 0, if p is chosen

SO as
t It lluoll1,
—Di [w 1[—5||uo||1,9Do(h<ﬂ>>H < . (6.33)
o P o

for a suitable yy. Next we take into account the inequalities

Do(h(s)) < ysf(s), Dile; () <yf(/s),  s>0,

which can be proven using (6.5), (6.17) and the explicit definitions of the involved functions. Thus

(6.33) is implied by
t [ lluolli e luollie \ 1"
J(p, 1) = —4f{ | tf <w< 1
p Iy P

Let us define now z(¢) by

oM luoll1, 2
k)

where C > 1 is to be chosen presently. If p > z(¢), we have, by definition of z(z),

_ ! luolli. [ z()*7"?
J(p’t)gj(Z(t)’t)_Z(t)“f{ 2(1)3 [r Ct:| }

_ ! luoll1.e ! luolle| _ 1
B z(t)4f{C1/2z(t)} S z(t)4f{ z(t) } S C S .

if we choose C = 1/yy. The theorem follows immediately, when we note that for x < 0 the proof
can be clearly reproduced without changes.

Proof of Proposition 6.1 Let ug be the approximating sequence in (H). We may make use of (6.9)
and of Holder’s inequality to get at almost each time level ¢ > 0

R R ir R 2 2
/ W2, dx < [/ f(tia)mx'deT[/ us dxj|;
“R ~R Uj ~R V[ (us)

< " Zd% fu d% 6.35
\V[/Rf(ua)IMSxxxl x] URW x]. 6.35)

The function r(¢) defined in the statement measures the actual size of the support of the solution u,
while the function z(z) > r(¢) defined as in Theorem 6.1 is an estimate of it. Recall that we assume
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in this proof z(¢) < R. In the following we denote I(t) = (—r(¢), r(t)), K(¢t) = (—z(¢), z(¢)). By
elementary calculus we have

R 2
lus(:, Dlloo,2 < c15 + (2r(t))% (/ uj, dX> , (6.36)

where
cis ;= maxfus(x,t) |0<t <T,r@) <|x| <R} -0, asé—0,

owing to the uniform convergence us — u. Obviously (6.36) still holds if we substitute r with z
there. Keeping in mind that A < 4, we check that s > s*/f (s) is increasing. Then

R u2 z(t) u2 uZ
f 8 dx =/ 5 dx +f S dx
—R V[ (us) —z() v S (us) lx|>z() v/ S (s)
2 2 2
flus (-, t)”oo,K(t) <o + )/Z(t) llus (-, t)”oo,l(z) + llus(, t)”oo,K(t)\I(t)
Vs, Dl k1) Vs, D lloo, k(1)

flus (s t)”go,[(t)

VFlusC Do, 10)

< cp5 +22(1)

< cas(t) +yz(0) (6.37)

where c¢ps denotes the third integral in (6.37), and

Rllus(-, 1) ||§O,K(t)\1(t)
Vs G D loo. k)
Clearly c45(t) — 0as§ — 0, forall ¢ > 0, since us converges to a function with positive maximum,

at each time level (this follows from conservation of mass). We now make use of (6.36) (with r
replaced with z), to obtain

cq5(t) = cos +y

R 2 2 R 2 d
/ ;?u )dx <egs(t) +yz() o +Z(lt) Sonton & T 1
* ’ f(Cla +z(1)2 (f,RR u3, dx)2)2
2 (R 2 dx
o) 4y IR 639)

f(z(r)% (f_RR 2, dx)i)z
where

2

Rcw
css(t) = cas(t) +y—== — 0, asés— 0.

vV f(cis)
From (6.35) and (6.38) we get

3

R R
(/fmwmmM>mU'@M>mm4:hm> (6.39)
—R —R
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Note that the strong convergence usy — uy in L*(Q7) implies that we may assume, perhaps
extracting a subsequence,

Usx (-, 1) = ux(-, 1), in L4(—R, R),ae.r > 0.

Thus, we have as § — 0, for almost every ¢ > 0,

1 (R 3 R
ng(t)%yZ(WfG(t)Z(/Ruxdx) )/ uy dx. (6.40)

R
On multiplying the equation by us,, and integrating by parts we get, using (6.39),

R R
/ s (x, 2 dy < =2 // Flus)lusens dx dr + / e (x, 10)?
—R —R

O:N{r>1t0}

t R
< —2/ Jrs(t)dr —i—/ Usy (x, t0)2 dx,
) —R

for a.e. ¢, to, with t > 7y > 0. (Here we exploit the possibility of approximating us with regular

strictly positive solutions u§ as in (H); strong convergence of first space derivatives takes place a.e.
in ¢.) On letting § — 0, we find

R P R L/ R 3
/ uy(x, 1)? dx < —yy f - <f u? dx)f(z(rﬁ (/ u? dx> )dr
R o 2(7) R —R

R
+[ x (x, 1)? dx.
—R

We stress the fact the the above inequality holds for all t > 1y, ¢, t9p € I, where I C (0, T), and
|I| = T. Then standard comparison results yield the bound z(¢) f_RR u)% dx < y(1)%, where

d 2
5(y—> =-Lro’,
¢ TR (6.41)
y(0)* = 2z(0)/ ul, dx > 0.
—R

We next proceed to estimate y(¢). The differential equation in (6.41) can be rewritten as

, 2y V1
== - = . 6.42
Y =5, T oA Fy (6.42)
We distinguish between the two cases
Z Y1
> 60— ; 6.43
2. 2957 Fy (6.43)
4 1
2 s r oy (6.44)
z 2z
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Here § € (0, 1) is selected so as

) B4+ A)

1—-8 244+ B)’

Define 1 = sup{t > 0 | z(t) = 4ro}; then for ¢ > t z(¢) is given by (6.11). Note that z €
AC}oc(0, 00), and that z is in fact of class C! for  # 7.
Define also the sets

Sy ={t>7](643) holds}, S, ={t > 7| (6.44) holds} = intS5.

Note that, when ¢ > 7, by differentiating the equality defining z, we find

473 luollt,2 \ lluoll, e 74 z(t) z(t)
(4 cf : 2) 2 sothat —2 << = (645
Z(r + f( 2 22 g sothat mEEe ST S gy 04

when we invoke (6.5). Hence, for all r € S; we have

1 z(t)*
f®) < @i 1 (6.46)

Let us now consider the case when ¢ € S5; let fg be the least time such that (79, ) C S>. Assume
first that o > 7, so that fy € S;. Clearly, in (1, f) we have, owing to (6.42) and (6.44),

6))
Y < =(0=dn f2y4y. (6.47)
Z
A trivial integration by separation of variables, together with the inequalities
d 1 ! B d t A 1 -
4L _Jou B4t ;o i
dy f(y) F Fy drz(®)* ~4+Az@)
(the second one following from (6.45)), yield
1 1 B4+ A) B4+ A) t
- < - FA =y —— — (L =y ——. (6.48)
Fy@®) f((0)) 24 z(to) 24 z()

We have also used y(t) < y(fp), which is an obvious consequence of (6.47). The sum of the first
and second term on the right-hand side of this inequality is in fact nonpositive; indeed, recalling that
(6.46) is in force for t = ty € S1, we find

LR RN S RPN S e i .
o Z oV —a=U-0y —
S (o)) 2(10)* 24 z(1p)*
because of our definition of §. Then (6.48) gives at once
2A 2(0)*
Fo®) < . (6.49)

B4+ A1 =8y ¢

The case t € Sy, to = 1 is left to be considered. Clearly, (6.47) is then satisfied over (0, ¢) \ {z}, if
we keep in mind that z/ = 0 for r < f. Integrating this differential inequality over (0, 1), treating the
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term y’/f (y) as shown above, and exploiting now simply the nondecreasing character of z (instead
of (6.45)), we arrive at

1 1 1 t
— < - + <—-(1-8)mB . 6.50
Fy@) Fo@) () ( m 2z(1)* (©30)
Collecting the estimates (6.46), (6.49) and (6.50), we find the bound above
4
fO®) < y@, forallt > 1, (6.51)

and a suitable y.
Thus Holder’s and Poincaré’s inequalities give for ¢ > 7

1

R R 3

ol =/ udx<\/2r(t)</ u2dx)
—R

1

R\ r(t)
r(t)r(t)(/Rux dx) <y ()r(t)y(t) (by (6.51))

r(t) z(t)4) r(t) lluoll1,s2
S Zh SV , 6.52
20) r@)f~ < 20 rt)—— 20) (6.52)

where the last inequality follows from the definition of z().
Proposition 6.1 is proven.
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