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We investigate the breaking and bending phenomena of a facet of a three-dimensional crystal which
evolves under crystalline mean curvature flow. We give necessary and sufficient conditions for a facet
to be calibrable, i.e. not to break or bend under the evolution process. We also give a criterion which
allows us to predict exactly where a subdivision of a non-calibrable facet takes place in the evolution
process.
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1. Introduction

Motion by crystalline mean curvature in three dimensions is an important example of geometric
evolution of solid sets. Besides its geometric interest, it finds applications in material sciences and
crystal growth: see, for instance, [6,7, 16,23]. Among the geometric flows by anisotropic mean
curvature, we say that the evolution is crystalline if the anisotropy ¢ is faceted, which means that
¢ is a piecewise linear convex function or, equivalently, that the Wulff shape Wy = {¢ < 1}isa
polytope. It has been recently shown [3, 24] that a facet F of a polyhedron E evolving by crystalline
mean curvature can subdivide into two or more regions, or can even bend, creating a curved portion
on the surface dE (see also [22] for numerical computations). In this paper we investigate these
phenomena for a generic nonsmooth anisotropy (including the crystalline ones) and give necessary
and sufficient conditions for a facet not to break or bend during the evolution. Moreover, in the
case of convex facets, we identify explicitly the velocity (denoted by Kf ), and therefore we are able

to predict exactly where a subdivision will take place. /c(f is obtained as the solution of a global
variational problem on the whole of 9 E [4], and is expected to coincide with the actual velocity of
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the crystalline evolution. This conjecture is strongly supported by the expression of the first variation
of the surface energy computed in [4].

It is remarkable that the analysis of facet breaking/bending phenomena turns out to be equivalent
to the study of a variational problem on a given facet F' of d E: more precisely, the sublevel sets of
/f;f in F are solutions of a prescribed anisotropic curvature problem with respect to an anisotropy

¢, which is a sort of two-dimensional restriction of the original anisotropy ¢. Prescribed mean
curvature problems in the Euclidean case have been widely studied (see for instance [13, 15, 17])
also because of their connections with capillarity theory [8—10]. For the anisotropic case we refer
to [18-20]. As a consequence of these results and the results in [21,24], it turns out that the
connected components of the level sets of /cq‘5E lying inside F' are portions of the boundary of the

corresponding two-dimensional Wulff shape {5 < 1}. This fact is crucial in the present paper.

Let us describe more precisely the content of this paper. In Section 2 we introduce some notation.
In Section 3 we collect some definitions and results from [4] and [5] which are necessary in the
sequel. In particular, we recall the notion of Lipschitz ¢-regular set (Definition 3.1): a Lipschitz
set E C R3 is said to be Lipschitz ¢-regular if dE admits a Lipschitz intrinsic normal vector
field ny. The ¢-mean curvature Kf is defined in (16), through a minimizer Np;, of the variational
problem (15) on vector fields on d E. This variational problem is meaningful only for nonsmooth
¢. Indeed, when ¢ is smooth and strictly convex, Kf simply reduces to divng; for a nonsmooth ¢,
this is in general not the case, and the variational problem (15) is necessary in order to naturally
define K¢E . By the results of [4] and [5], it follows that K¢E is bounded on 9 E and has bounded

variation on the facets of 9 E. In particular, the jump set of qu;: is well defined (on facets), and it
should identify the subdivision regions in the geometric evolution problem. In Definition 3.12 we
recall the notion of ¢-calibrable facet, that is a facet ' C 9 E such that «E is constant on the interior
of F. Such facets are expected not to break or bend during the evolution process. In Section 4 we
localize the variational problem (15) on a facet F, see Propositions 4.5, 4.6 and Corollary 4.7. At
the basis of the localization argument there is a trace property of the class of ¢-normal vector fields
having bounded divergence (the class H divos (0E)). In order to prove that the normal trace for such
a nonsmooth ¢-normal vector field N on 9F from ‘both sides’ of 9 F (with respect to the Lipschitz
manifold d E) does not actually depend on N € H dlqvb* (0E) and coincides with the function cg
defined in (8), we need some assumptions on the shape of dE locally around F: essentially we
require that d E meets transversally the facet F, see Proposition 4.3. In Section 5 we introduce and
study the anisotropic prescribed curvature problem on F', see Theorem 5.2. A first characterization
of ¢-calibrable facets is given in Theorem 6.1 of Section 6; in the case of a crystalline and even
¢ this result has been obtained in [24]. Here Theorem 6.1 is proved also in presence of a bounded
forcing term g. In Section 7 we prove that, under the assumption that F is convex and that E is
convex at F (which means that, locally around F, E lies on one side of the support plane Hr
through F'), then the sublevel sets of « f (restricted to F) are convex. In Section 8 we prove one of
the main results of the paper, namely a characterization of convex ¢-calibrable facets which can be
concretely handled. More precisely (see Theorem 8.1) if E is convex at F' and F' is convex, then F
is ¢-calibrable if and only if the ¢-curvature of d F is bounded by the quotlent of the anisotropic
¢ perimeter of F with the measure of F (this quotient is the mean value of /c¢ on F, see (41)).
In Section 9, under the assumptions that ¢ is crystalline, F 1s~convex, and E is convex at F, we
precisely identify the sublevel sets of Kf as union of all the ¢-Wulff shapes with a given radius
contained in F, see Theorem 9.1. As a consequence we localize the subdivision region; moreover
(see Corollary 9.5) we obtain that « f is convex on F'. This is an indication that convex sets remain
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convex under crystalline mean curvature flow. Finally, in Section 10 we apply the above results to
an explicit example, partially discussed in [3]. This is an example of convex polyhedral set (very
close to the Wulff shape) which has a non ¢-calibrable facet and does not remain polyhedral under
crystalline mean curvature flow.

All results of Sections 5-9 refer to a Lipschitz ¢-regular set (E, ng), to a facet F' corresponding
to a facet of the Wulff shape Wy, and under the assumption that any N € HS};"C (0E) has normal
trace on d F coinciding with the function cr. The extension of the results of Sections 8 and 9 for
nonconvex facets F' seems to be nontrivial, and deserves further investigation.

2. Notation

In the following we denote by - the Euclidean scalar product in R? and by | - | the Euclidean norm
of R3. Given v € R3, we set v! := {w e R3:w-v =0} If p > 0and x e R¥, k = 2,3, we set
B,(x) ={ye R : |y — x| < p}.

Given two vectors v, w € R? we denote by [v, w] (resp. Jv, w[) the closed (resp. open) segment
joining v and w. With the notation A € B we mean that the set A is compactly contained in B.

The symbol H* denotes the k-dimensional Hausdorff measure in R3, k € {1, 2}. We often use
the symbol | B| to denote the 7> measure of B. When integrating on a plane of R?, we will often use
the notation dx in place of d2(x) for the integration measure. All sets and functions considered in
this paper are Borel measurable.

If A c R¥, k =2, 3, we denote by 14 the characteristic function of A and by 9 A the topological
boundary of A.

We say that A C R, k = 2,3, is Lipschitz (or equivalently that A is Lipschitz) if, for any
x € 0A, there exists p > 0 such that B,(x)NdA is the graph of a Lipschitz function f and B,(x)NA
is the subgraph of f (with respect to a suitable orthogonal coordinate system). By Lip(dA) (resp.
Lip(0A; Rh), h = 2, 3) we denote the class of all Lipschitz functions (resp. vector fields with values
in R") defined on 9 A.

Let 2 C R? be a bounded open set. The space BV ({2) is defined as the set of all functions
u € L' () whose distributional gradient Du is a Radon measure with bounded total variation in {2,
ie. |Du|(2) = fg |Du| < 400, see [14]. 2 will play the role, in most cases, of the interior of a
facet F of a Lipschitz set E C R3.

We say that a set B C {2 is of finite perimeter in {2 if 13 € BV ({2). If B is of finite perimeter
in {2, 0*B denotes the reduced boundary of B; 3*B is rectifiable and can be endowed with a
generalized exterior Euclidean unit normal V2.

We recall the following result, which is a particular case of a theorem proved in [2].

THEOREM 2.1 Let 2 C R? be a bounded open set. Let u € BV (2) and X € L*(£2; R?) with
divX € L*(£2). Then the linear functional

(X,Du):go—)—/ ugodiVde—/ uX - Vedx, goeCCI(Q)
N N

defines a Radon measure (still denoted by (X, Du)) and satisfies
[(X, Du)|(B) < IX|l00(:r2)| Dul(B)

for any Borel set B C f2. If in addition {2 is Lipschitz, then there is a function [ X ‘39] € L>®(012)
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such that [|[X - 5]l L 92) < X[l Loo(2:p2). and

/udidex+/ 0(X, Du)d|Du|=/ [X -2 dH! (1)
7 0 382

where 0 (X, Du) € L|08u\ ({2) denotes the density of (X, Du) with respect to | Du]|.

The last part of Theorem 2.1 is still valid when (2 is a bounded open set which is locally Lipschitz
continuous up to a finite set of points in 9 2.

Finsler metrics and duality mappings. We indicate by ¢ : R3> — [0, 4-00[ a Finsler metric on R3,

i.e. a convex function satisfying the properties
$&) = Mgl pag) =ap@).  E€R’ a0, 2
for a suitable constant A € ]0, +oo[. The function ¢° : R — [0, +o00[ is defined as
¢°(E") :=sup{€™ - & : (&) < 1}, 3)
and is the dual of ¢. We set
Wy = {£* e R : (") < 1}, Wy =€ eR?: ¢(5) < 1}

By a facet of dWW, (or of HW(Z) we always mean a two-dimensional facet.

We say that ¢ is crystalline if Wy is a (convex) polytope. If ¢ is crystalline, then also Wg isa
(convex) polytope. Wg is sometimes called the Frank diagram and W, the Wulff shape.

By T and T° we denote the possibly multivalued duality mappings defined by

T():=4D"($(&)* &R’

0 g% 1 =40 2 * 3 (4)
T°(&") == 5D (¢ ()", § e R,

where D~ denotes the subdifferential.

¢-distance function. Given a nonempty set E C R3 and x € R3, we set
disty(x, E) := inf ¢(x — ), disty(E, x) := inf ¢(y — x),
yeE yeE
dj (x) := disty (x, E) — disty(R* \ E, x).

IfE Cc R3is Lipschitz, for H? almost every x € d E we denote by vE (x) the outward unit Euclidean
normal to d E at x. At each point x where d f is differentiable, there holds Vd 5 (x) € aIWY; we set

vg(x) = Vdf(x) at those points x € d E. We have vg(x) = ¢0”(f§)3)).
If E C R3 is Lipschitz we define
Norg(DE) := {N : 9E — R* : N(x) € T° (v} (x)) for H?a.e. x € E}, (5)

Lip, 4(DE) := Lip(d E; R?) N Nory (IE).
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Note that if N1, N2 € Nory(dE), then N; — N3 is tangent, since N1 - vy = 1 = N; - vy.
We also set dPy to be the measure supported on d E with density ¢’ (vE), ie.

dP,(B) :=/B¢”(VE)dH2, B C OE.

If E is Lipschitz and ¢ € Lip(dE) we denote by V. the Euclidean tangential gradient of ¥ on
dE and, if v € Lip(d E; R?), we denote by div, v the Euclidean tangential divergence of v. In the
following, whenever there is no risk of confusion, we do not indicate the dependence on E of the
unit normals vE and vf, i.e. wesetv:=vE and vy := vf.

DEFINITION 2.2 We say that F is a facet of dE if F is the closure of a connected component of
the relative interior of 0 E N Ty dE for some x € JE such that the tangent plane 7,0E to dE at x
exists.

If F is a facet of E, we denote by 0 F (resp. int(F)) the relative boundary (resp. the relative
interior) of F. Let F be a facet of 0 E; we define v(F') to be the outer unit normal to int(F) (i.e.
v(F) := vE (x) for any x € int(F) C dE), we set vy (F) 1= WF()F)), and

W) = T°(vg(F)).

We denote by Hr the affine plane spanned by the facet F. Whenever necessary, we identify Hr
with the plane parallel to Hr and passing through the origin, and F with its orthogonal projection
on this latter plane. ~ ~ _

Fix y € int(qu) and let rywj = W; —y. Let ¢y : HrF — [0, +00[ be the Finsler metric
on Hp such that {5), <l}=r1 ﬁ/j Define also sym(qzy) as the Finsler metric on Hg such that

{ sym(ay) <ly=-14 erf . The classes of Lipschitz ay -regular sets and Lipschitz sym(ay)-regular
sets do not depend on the choice of y. We accordingly often omit specifying the point y (thus
addressing, for instance, ¢,-regularity as ¢-regularity). _

We denote by ¢ the dual of ¢p. The maps T, T? are defined as in (4) with ¢ in place of ¢ and
Hp in place of R3.

If v : Hr — [0, +o0[ is a Finsler metric on Hr and B is a finite perimeter subset of Hr, we
bLi
yovh)
V2 If there is no risk of confusion, we do not indicate the dependence on B of v and T)'g .

denote by 55 the normalized outward unit normal to 9* B. We use the symbol Fg in place of

If ¢ : Hr — [0, +o0[ is a Finsler metric on Hr and B C HF is Lipschitz, we set

Nory (0B) := (N : 9B — Hp, N(x) € T°(¥y (x)) for H' a.e. x € 3B}, (6)
Lipy,, (8 B) := Lip(3 B; Hr) N Nory (3 B). )

3. Preliminaries

In this section we collect some definitions and results taken from [4] and [5] which will be useful in
the sequel.

3.1 Lipschitz ¢-regular sets

DEFINITION 3.1 Let E C R3. We say that E is Lipschitz ¢-regular if d E is compact and Lipschitz
continuous and there exists a vector field ny : 9E — R3 with ng € Lip, 4(0E).
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ng is usually called a Cahn—-Hoffman vector field; several different choices of ny are usually
allowed for the same set E, due to the nonsmoothness of ¢ (notice for instance that if ¢ is crystalline
then T and T are necessarily multivalued).

The standard example of Lipschitz ¢-regular set is Wy, x).

Notation. Throughout the paper, the symbols E or (E, ny) always denote a Lipschitz ¢-regular set;
ng will be a given selection in Lip,, (3 E) as in Definition 3.1. The symbol F' will always denote a

facet of 0 £ such that VT’; is a facet of W.

DEFINITION 3.2 We say that E is convex (resp. concave) at F if there exists an open set U C R3
suchthat FCUand F=ENHpNU (resp. F=R3\ ENHp NU).

THEOREM 3.3 F is locally Lipschitz, out of a finite set of points in dF \ 9* F. Moreover, if E is
convex or concave at F, then F is Lipschitz.

DEFINITION 3.4 We define the trace function cp € L°°(0F) as
cr(x) == ng(x)-vF(x)  Vx e d*F. (®)

The next result shows that cf is independent of the choice of ny € Lip, ,(dE), but depends only
on F, on 9 E locally around F, and on the geometry of Wy. We say that d E is weakly convex (resp.
weakly concave) at x € 9* F if 7 (x) points outside (resp. inside) E.

LEMMA 3.5 Letn € Lip, 4(9E). Then, for any x € 3*F we have

max {p-VF(x):pe ﬁ/g} if OF is weakly convex at x,

€))

~F
x) -V () =cp(x) = ~
e v = er(x) min {p -VF(x):pe W;} if OE is weakly concave at x.

DEFINITION 3.6 Let v : Hr — [0, +oo[ be a Finsler metric on Hr. Let B C Hr. We say that B
is Lipschitz i-regular if d B is compact and Lipschitz continuous and there exists a vector field in
Lipy , (9B).

In the following proposition, y is any point in the interior of WF | see the discussion after
Definition 2.2.

PROPOSITION 3.7 If E is convex at F then (F, ny — y) is Lipschitz a-regular. If E is concave at
F,then (F, y — ng) is Lipschitz sym(¢,)-regular.

In the next definition we prefer to keep the notation ﬁ;s instead of Py.

DEFINITION 3.8 Let A be an open subset of Hr. For any B C F, we set
1’3(;(3, A) = sup{/ div,ndx :neCC](A; ryﬁ/j)}, (10)
B
Ps(B) := Py(B, Hp). an

Notice that ]?(;(F ) < 400 by Theorem 3.3.



CHARACTERIZATION OF FACET BREAKING 421

3.2 ¢-tangential divergence

Let us introduce the ¢-tangential divergence for vector fields v € L?(dE; R?) as bounded linear
operator on Lip(d E). Recall that (E, ny) is Lipschitz ¢-regular.

DEFINITION 3.9 Letv € L*(0E; R%). We define divg, s, - v : Lip(0E) — R as follows: for any
Y € Lip(0E) we set
(divg nyr v, ) = /z; Y v - vy diveng dPy — /a [Ver — Ve - ng vl - vdPy. (12)
E E

Notice that, if X € L2(8E; R3) is a tangent vector field, then

(divgny e X, ¥) = —/ V.y-XdP, V¢ €Lip(E). (13)
oE

We say that divg n,-v is independent of the choice of ng if, given n € Lip, 4,(dE) then
(divg nyzv, ¥) = (divg y v, ) for any ¢ € Lip(dE). When divg p, v is independent of the
choice of ng, we simply set divy ;v = div¢,n¢,,v. It turns out that if n € Lipwp(aE) then
(divg ny.cn, ¥) = faE Y div,ndPy for any Y € Lip(dE). Moreover, if N € Norg(0E), then
divy stV is independent of the choice of ny and, on int(F), divy ; N coincides with div; N (we
will accordingly use the notation div; N in place of divy N on int(F)).

3.3 The minimum problem on 0 E

We define
HY(E) := (N € Norg(IE) : divg N € L*(DE))},

H%®(E) := {N € Norg(E) : divg . N € L*(IE)}.

Let F: HS}; (0E) — [0, +00[ be the functional defined as

F(N) := / (divg.. N)?dPy. (14)
oE
The minimum problem
inf{F(N) : N € HO% (VE)} (15)
admits a solution and, if N1 and N, are two minimizers, then divy ; N1(x) = divy ; Na(x) for H2
almost every x € JE.
Except for Section 6, in the following we denote by Npin a solution of (15), and we set

kg = divgy r Nmin € L*(QE). (16)

K f is the natural definition of ¢-mean curvature of d E. The following regularity results hold.

THEOREM 3.10 Kf € L>®(JE). Moreover Kf € BV (int(F)).
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We set
Kmin(F) := ess infic(f, Kmax (F) := ess sup Kf,
F F

and for any A € R we define
02f = {x e int(F) : kj (x) < A}, OF = {x €int(F) : kj (x) < A}.
THEOREM 3.11 Forevery A € R the set Q{ is a solution of the following variational problem:
inf(Py (B, int(F)) — A|B| : (B\ 2) U (2] \ B) € int(F)}. (17)

Moreover, if A # 0, every connected component of int(F) N B.Qf is contained in a translated of
%Z)Wd})p , and has extrema on 0 F'. Same assertions hold for the sets 6)[ .

DEFINITION 3.12 We say that F is ¢-calibrable if Kf is constant on int(F’).
The following technical result will be very useful in the sequel.

THEOREM 3.13 For any A € R we have

—6(Nuin, D1 ) (x) = max{ p AU ) ipe Wi H'ae.x eint(F)na* Rl

—6(Nuin, D1gr)(x) = max{ p T ()i pe 128! H' ae. x € int(F)Na*OF,

where 6 (Nmin, -) is given by Theorem 2.1.
We conclude this section with the following definition.

DEFINITION 3.14 If P C Hp is Lipschitz a-regular, we denote by ?qf the a-curvature of 0P,
obtained by taking the divergence of a minimizer of a functional as in (14) with P in place of E and
¢ in place of ¢.

4. Normal traces on 9 F. Localized minimum problem on facets

The aim of this section is to extend the validity of the first equality in (9) under weaker regularity
assumptions on 7. In doing this, however, we strengthen the regularity assumptions of d E locally
around F. We miss the proof of the first equality of (9) for a facet F' of a generic (Lipschitz ¢-
regular) set and a generic N € Hﬁ qu;’C (0E). We recall that, thanks to Theorems 2.1 and 3.3, any
N e H‘il(;m (3 E) admits a normal trace [N - V5] € L®(9F).

We begin with the simplest case, where we assume that d F is locally the intersection of two
half-planes. This situation covers the case when E is polyhedron.

PROPOSITION 4.1 Let N € Hii;w (0E). Assume that there exist x € dF and p > 0 such that

B,(x) N OE is the union of B,(X) N F and B,(x) N Fy, where F| C Riisa half-plane nonparallel
to Hr. Then

[N-vF1=cr  H'ae. onB,®) NaF. (18)
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E

FI1G. 1. Case (i) of Proposition 4.1 (F, := F).

Proof. Let N € Hﬁi;m (0E) and let x be the tangent vector field defined by x := N — ngy. Let

x € B,(x) N JF be a Lebesgue point of [x -7F). Set F, := F. Let I be a fixed positive number
small enough, and let 0 < ¢ <« [. Let R, := R! U R? C B,(¥) be the set ‘centred’ at x as in
Fig. 1, where we identify the rectangle RZ (resp. the rectangle REI) with [—e€, 0] x [, ] (resp.
[0, €] x [, []). We also sometimes identify the edges of the rectangles with their lengths.

To prove the assertion, it is enough to show that

/ [x -V 1dH' = 0. 19)
{0} [—L,1]

Indeed, since (19) holds for any / small enough we deduce [y - 5F1(x) = 0, and (18) follows
recalling (8).

Let § be a positive number with § < €. For any y € 9 E define ¥ (y) := Ldist(y, 9E \ Re) A 1.
Then ¢ € Lip(dE) and spt(y¥) C R..

Recalling that divy ; x is a bounded function on 0 E, it is immediate to check that

‘ / Y divg . x d77¢‘ =10(e), ‘ / ¥ divy x dP¢‘ =10(), i=1,2. (20)
Re Ri
We also claim that

/. Ve - x dPy =10(€) + O(e),  i=1,2. 1)
R

1
€

Indeed, from (20) we get
—/2er~XdP¢=lO(e)+flerp-xdﬂs. (22)
Ré RE

By general properties of Lipschitz ¢-regular sets (see [5: Lemma 4.1 and Theorem 4.4]) it follows
that, if z € B,(X) N F1 N F,, then ny(z) € W:l al W;z, and 777 (z) belongs to the outward normal
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cone to Bﬁ/f at ny (z). Therefore
V@) (p—ng) <O forany pe W', i=1.2. (23)

Giveny € Ré, we denote by 7; (v) € [—I, [] the point of minimal distance of y from [—/, []. Clearly
|y — ;i (y)| = O(e). Since ny is Lipschitz continuous on 0 E and N (y) € W(fz (resp. N(y) € W;‘)

for H? almost every y € F» (resp. for H? almost every y € F; N JE), using (23) we have, for
i=1,2andy € F;,

@) - x () =0 ®) - (NO) = ng (i (1) + 55 () - (ng (i (1)) — np (1))
=011 (1 (1) - (NG = ng (i (1)) + 57X - (ng (i (3)) = np (1))
<VI®) - (ng (i () — ng () = OCe). (24)

Recalling the definition of ¢ and the properties of the distance function, we have

1 ~F — 1 ~
—/ Vfw-xdﬂb:—/ sz(x)~XdP¢+—/ VP - x dPy, (25)
R2 (S As 5 Bs

where As := [—€, —€ + 8] x [—1,1], Bs :={y € Re2 \ As : dist(y, dE \ R¢) < 8}, and V” denotes
the outward unit normal to the level sets of /. A similar formula holds when R? is replaced by R.
Therefore, using (24) and (25), we get
—/‘ Ve - x dPy < 10(€) + O(e), i=12. (26)
Re
From (26) and (22) we deduce
[O(e) + O(e) = —/2 Vi - x dPy =10(€) + /1 Ve - x dPy = 10(€) + O(e),
RE R€

which proves claim (21).
Using (20) and (1) we have

lO(e):/ wdivrxd’Pq;:—/ vﬂ//.xderf 1//[X~iRel]d73¢. 27)
R! R} aR!

Observe that ¥ vanishes on d R, and, when restricted to 8R€1, is nonzero only on the segment [/, ],
and is equal to one on [—]/ + 8, [ — §]. Hence

/ ¥ [x 'VRfl]de = / [x 'VRg]d% + 0(9). (28)
aR] [—I+8,1—-8]
Inserting (28) into (27) and using (21) we have
/ [x ~ERfl]d73¢ =10(e) + O(e) + O($).
[—I48,1—8]

Letting first § — O and then € — 0%, we get (19), and the proposition is proved. ([
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We now extend the class of sets E for which Proposition 4.1 is valid. For any x € dE and p > 0
we let E,(x) 1= E£—x Recall that (E, ng) is a Lipschitz ¢-regular set, and that vy = vg . We begin
with the following lemma on the structure of the blow-up of dE.

LEMMA 4.2 Let x € 9E. There exist a set Eg = Eg(x) C R? and a sequence (p;), of positive
numbers converging to 0 such that
@ 1g,, ) — 1, weakly in BVioc (R?),
(b) OEj is an entire Lipschitz graph and ny(x) € T"(v;:,EO (y)) for H? almost every y € 0Ey,
(c) Ep minimizes Py between all subsets of R3 of finite perimeter which coincide with E( out of
some ball.

In contrast with the Euclidean case, in general Ey is not a cone over x.

Proof. Point (a) is standard in the theory of finite-perimeter sets. Let us prove (b). Let x = 0
for simplicity. Let I C R> be a plane and f : IT — R be a Lipschitz function such that 3 E
coincide with the graph of f in a neighbourhood of 0. Then dE, can be written (locally around 0)
as the graph of the Lipschitz function f,(y) := @. Since f, are equi-Lipschitz on any bounded
set, using the Ascoli-Arzela theorem, f,, converges uniformly on compact subsets of II (possibly
passing to a subsequence) to a Lipschitz function fy whose subgraph is Ey. We can also assume
that f,, converges to fo weakly in HILC(H ). By [5], Lemma 4.2, we have that for any R > 0

lim sup dist(v(f” (y), T(nyp(0))) =0. 29)
=0T yeBR(0)NI*E,

Since T (ny(0)) is a convex set and v(f” -+ fp(~)vn) converges to vf"(- + fo(-)vH) weakly in
L (), from (29) it follows that

() € T(ng(0)  forHae.y € dEy.

It follows T"(v;YO () 2 T°0ni(T (ny(0)))) > ne(0), and (b) is proved (note therefore that 9 Eq
admits a constant ¢-normal vector field ny(0)).

Let us prove (c). Let A C R3 be a set of finite perimeter such that (Eg \ A)U(A\ Ep) € Bg :=
Br(0) for some R > 0. From the Gauss—Green theorem we get

0= /B divng(0) (1g, — 14) dx = (D1gy(Br) — D14(BR)) - ng(0)

= (D1gy(BR)) - ny(0) — Py(A, BRr),

where the last inequality follows from the inequality p4 . ng(0) < ¢° (v4). Since v(fo -ngp(0) =1
on 3*Eop, we obtain Py(A, Br) > Py(Eo, Br), and (c) is proved. [l

PROPOSITION 4.3 Assume that for 7! almost any x € 3*F the boundary 8 E(x) of the blow-up
set Eg(x) defined in Lemma 4.2 is the union of two closed nonparallel half-planes P;, P», with P
parallel to F'. Assume also that the Lipschitz functions f), in the proof of Lemma 4.2, converge to
fo strongly in HILC(H), and that | D1 Eex [(K) — |D1p,|(K) for any compact set K contained in

the plane spanned by P,. Then, for any N € Hﬂ i(;” (0E) we have

IN-9F1=cr  H'ae. ondF. (30)
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Proof. Fix X € 0*F and assume for simplicity X = 0. In a neighbourhood V of X = 0, the set E
coincides with the subgraph of a Lipschitz function f : II — R. Up to a translation, we can assume
that 0 € IT and f£(0) = 0. Letalso U := V N IT and 7 : R? — IT be the orthogonal projection such
that w(y, f(y)) = yfory € II. For p > O welet U, := U/p, and we define N, € L*(U,; R3),
n, € Lip(Uy; R3) and &, € L®(U,; R?) as

No() =Ny, f(), np(y) :=ng(py, (),
£0(y) =% (=V (), DN, (y) — np(y)),

where y € U,. We divide the proof into four steps.

€29

Step 1. Wehave div &, € L*(U,).

Indeed, for any function ¢ € CCI(U ») we have, setting 1} =y om,
fU E,() - VY () dy = /U (No(y) — 1, (3)) - VY ()P (= f,(3). 1) dy
= / (N, —np) - Vir dP,
IE,N(V/p)
1 .
= —2/ (N(x) —ng(x)) - (Vi) (x/p) dPy
P~ JIENV

1 o
= —f (N(x) —ng(x)) - V(¥ (x/p)) dPg.
P JIENV

Since N — ng € Hi i;"o (0E) is a tangent vector field, from the previous equality we deduce

C N o ~
/U &0) VU dy < /BE ¥ (x/p) APy = CollF 1o,y < CollV Lo,

for some positive constant C, c independent of p. This proves Step 1.
Step 2. Definition of &.

Letting p — 0, up to a subsequence, we can assume that, for all n € N, &, weakly* converges, in
Hﬁ 1;/)00 (B, (0)NII) to a divergence free vector field &y € H‘i 1;“’ (II), that f,, converge to fo € Lip(II)

uniformly on compact subsets of IT, strongly in H,\ (IT) (by assumption) and V fo — V fo almost

1
everywhere in I1. ”
Step 3. We have
§o(y) € Co(y) := [T”(Vfo(y)) —ngp(M1g°(=V fo(y), 1)  forae.ye Il
Indeed

E,(y) € Co(y) := [Ty (py, pf ))) —ng(py, pf GNP’ (=V f,(»),1)  forae.y e U,.

From the upper semicontinuity of 7°¢ it follows that for almost every y € IT

U S < o).

e>0p<e
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Since Cyp(y) is a convex set and £, — &p weakly in L?
every y € II.

(), it follows &y(y) € Co(y) for almost

loc

Step 4. Definition of Njy.

For H? almost every x € d Eg let us define

§o( (x))

N = 0 .
00 = n9 O+ S Y oo, D

Clearly, Ny € To(v¢°) we now prove that Ny € HdwOo (0Ep). Indeed, since &) € HleOO(H) and
div&p = 0, for any v € Lip(d Ep) with compact support we have

(No—n¢(0))'Vlﬁd7’¢=/ £ -V orHdy =0,
dEy 7

which implies Ng € Hdl(;“’ (0Ep) and divy ; Ng = 0.

We now conclude the proof of the proposition. Assume that X € 9*F is a Lebesgue point for
[N - 5] on 9 F. For simplicity we let X = 0. Recalling that v"2 = v¥ (0), by Proposition 4.1 we
have

[No - 721 = ¢ (0), H'a.e.on Py N Ps.
To conclude it is enough to show
[No - P2 = [N -7F)(0), H'a.e.on P; N Py. (32)

Let ¢ € CCl (R3), 0 < ¥ < 1 be a radially symmetric function such that ¢ = 1 in B;(0) and
spt(v) C B2(0). We have

[N 5710) = lim W / [N - 51y (x/p) dH!
BF
me/ [N -5 19 (x/p) dH!
oF/p

1
lim —/ divi Ny (x/p) dx
pﬁo<p faF/pwdHl ‘ /

+ /N \Y w(x/p)dx>

p? faF/ ¥ dH!
1
—lm-—o- | N, Vyydx
p=0 fBF/pwdH Fo LT
1

= No - Vo dx = [Ng - b2,
Tom 0 7 Jp, 0 Ve dx = [No ]

where, in the first equality of the last line, we used the convergence assumption on d F'/p. The proof
of (32) is complete. U
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REMARK 4.4 Notice that any convex set E such that dE \ F intersects F' transversally verifies the
assumptions of Proposition 4.3.

ASSUMPTION  In what follows, we will always assume that £ and F are such that any vector field
N e Hﬂ‘;w (3E) verifies [N - 7¥] = c¢p on 9 F (see the hypotheses in Propositions 4.1 and 4.3).

We let
H% (F) := (N € Nory(F) : div; N € L*(F), [N -v"] = cr},
H{%*(F) := {N € Norg(F) : div,;N € L(F), [N - 3] = cr},
where Norg(F) is as in (5) with dE replaced by F, and we define the functional F (., F) :

HIY(F) — [0, 4-o00[ as

F(N,F) := / (div; N)>dP, = ¢°(v(F)) / (divy N)?dx. (33)
F F

PROPOSITION 4.5 The minimum problem
inf{F(N, F): N € H (F)} (34)

admits a solution. Moreover, if N; and N; are two minimizers, then div; Ni(x) = divy Na(x) for
H? almost every x € int(F).

Proof. Let C := {div;N : N € Hﬁi(;(F), [N -vF] = cp}. Then C is a convex subset of L2(F).
Let us prove that C is closed in L%(F). Let f; := diveN; € C be such that fy — f in L*(F)
as k — oo. We have to prove that f € C. Localizing the arguments of Proposition 6.1 in [4] to
the facet F, one can prove that f = div; N, for some N € LZ(F : R3). It remains to check that
[N -9F] = cp. Letu € C'(F); since [Ny - VF'] = ¢ for any k, we have

/udivakdx—i-/Nk-Vudx:/ crudH', k e N.
F F oF

Noticing that sup; || Nl (F) < 400, we may, possibly extracting a subsequence, pass to the limit
as k — oo, and we get

/udivadx—i—/N-Vudx:/ cFud'H].
F F oF

Asu € CN(F)is arbitrary, we obtain that [N 37| = cr. The existence of a (unique in the divergence)
minimizer of (34) is a standard consequence of minimization on convex sets of convex functionals
on Hilbert spaces. [

The following proposition, based on the trace property discussed in Propositions 4.1 and 4.3,
shows that the divergence of a solution to (34) is the divergence of Ny, restricted to F.

PROPOSITION 4.6 Npin|F is a solution of (34).
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Proof. By our assumptions on E and F we have that [Npjn : vF] = ¢p on 9F. Assume by
contradiction that Ny is not a solution of (34). Let n € HS, 1:;“’(F ) be a solution of (34), and
define

—_n on int(F),
7=\ Npin on JE\ F.

To reach a contradiction, it is enough to show that

div,n on int(F),

. (35)
divg ; Nmin OndE \ F,

divy .7 = {

since this implies that F () < F(Npin), thus violating the minimality of Npi,. Relation (35) is
equivalent to showing that

(divg 77, ¥) = f Y divendPy + / Y divg, : Nmin dPy Vi € Lip(dE). (36)
F dE\F

We first observe that [ -7F] = cp on 8F, hence
/ ¥ [ —ng) -9 1dH! = 0. (37)
aF

As n — ngy is a tangent vector field, (37) implies that

/;: Y dive(n —ng)dPy = — /]; Ve - (n — ng) dPy. (38)

Equality (38) holds also with Ny in place of n; since, moreover, by (13)
[0 ivos Vo =16 4Py = = [ 9t Wi = ) Py,
dE dE
we deduce
f ¥ divg, ¢ (Nmin — ng) dPy = — f Ve - (Nmin — 1g) dPy. (39)
dE\F dE\F

To conclude the proof, it is now enough to observe that (36) is equivalent to the sum of (38) and (39)
(recall that Ny - vy =1 -vp = 1). O

The following result is a consequence of Propositions 4.5, 4.6 and Theorem 3.10.

COROLLARY 4.7 If N is a solution of (34) then div; N coincides with Kf restricted to F, hence
belongs to L°(F) N BV (int(F)).

5. Prescribed anisotropic curvature problem on convex facets

The following result will be useful in the sequel.



430 G. BELLETTINI, M. NOVAGA & M. PAOLINI

PROPOSITION 5.1 Assume that E is convex at F. Then for any A € [kmin(F), kmax (F)] we have

/QF kb dx = Py(02f), /@F kE dx = Py(6f). (40)
p! Py

A

In particular

/Fxf dx = Py(F). 1)

Proof. Let A € [kmin(F), kmax (F)]. We apply (1) with the choice {2 := int(F) (recall Theorem 3.3),
X := Npjp, 4 = IQ{, so that, being [Npin - V'] = cF on 9 F,

/ Ky dx = _/ Q(Nmin,DIQF)dH1+/ [Nmin - V7 11 o dH'.
QF int(F)Na* ) . aF .

Then the first equality in (40) follows, using a localization argument, from the definition of i’;,
from Theorem 3.13 and from the expression of cr given by the second equality in (9) in the weakly
convex case (recall that, if E is convex at F, then d E is weakly convex at any x € 9 F). The proof
of the second equality in (40) follows in a similar way. U

The following result is crucial to characterize ¢-calibrable facets and extends the first
assertion of Theorem 3.11; it shows that the sets Q{ solve a minimum problem which is the
anisotropic version of the so-called prescribed curvature problem: see for instance [9] and references
therein, [18-20].

Define e

G,.(B) := Py(B) — A|B|, B CF.

THEOREM 5.2 Assume that E is convex at F. Then for every A € [kmin(F), kmax (F')] the sets .Q{
and @f are solutions of the following variational problem:

inf{G,(B) : B C F}. 42)
In addition, if 2 is a solution of (42) then
ofcceol. (43)
Proof. Forany B C F it holds

G).(B) = / (Kf — ) dx. (44)
B
Since 2F = int(F) N {/cd’f — A < 0}, if follows that
[k -nacz [ o -nar 45)
B Q{

As E is convex at F, using Proposition 5.1, we get

/ (kg — 1) dx = Py(2F) — 110F). (46)
QF

A
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From (44)—(46) it follows that Qf is a solution of (42). In a similar way one proves that 9{ is also
a solution of (42).

Finally, let 12 be another solution of (42). Then the equality must hold in (45) with B replaced
by Q. Similarly, the equality in (45) must hold with B replaced by 2 and (ZAF replaced by OF
These observations imply (43). D

REMARK 5.3 Assume that E is convex at F. Then

T
Kmin(F) 2 2 m 47)

Indeed, if A is such that QF # (J, then by the isoperimetric inequality (see for instance [11]) it
follows Py($2F) > 2,/m| 2} |. Therefore, by Theorem 5.2 we have

0=3G.0) > G.(2f) > 2/m|f | - x02f].

Hence
IF| > 12| > =, (48)

which implies (47). Notice that from (48) it follows that @Kfn o # W, since @Kfn Ly =

F
mk>/<min(F) QA

6. Characterization of general ¢-calibrable facets

This is the only section of the paper where we consider also the presence of a forcing term g. We
also do not assume here any convexity-type assumption on E and F.

Let g € L*(JE); all results of Section 3.3 still hold [4], [5] when the functional F in (14) is
replaced by

f (divy . N — g)> dPy, N e HYY(JE). (49)
oE
provided we replace /c¢ with dlﬁm g, where dmm = div¢,r./\/min, Nmin @ minimizer of (49).

Accordingly, the functional F (-, F) in (33) must be modified into
/ (div, N — g)*>dPy, € HI (F). (50)
F
Again (see Corollary 4.7) if N is a minimizer of the functional in (50), then div; N — g coincides

with dE. — g restricted to F.
_ 1/ d
= x.
8B |B| Bg

min
For any B C F we set
We also define the constant Vg as follows:

1
Vp = — CF dH! —gF-
[Fl Jar d
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Notice that by the results of Sections 4 and by (1) (we recall that by Theorem 3.3 F is Lipschitz up
to a finite set of points) we have

V—i/ [Nmin - ]dH— /( ) dx (&29)
F_|F| oF min gF_|F| min — & :

If B has finite perimeter in Hp, for x € 3* B we define

~B o F : *
max{p-v°(x):peW ifx € "B\ 0F
ep( = |17 peWsl "B (52)
cr(x), otherwise.
A weaker form of the implication (i) = (ii) of the following result was proved in [3].
THEOREM 6.1 The following two conditions are equivalent.
(i) F is ¢-calibrable (i.e. dlﬁin — g is constant on int(F));
(i) for any B C F of finite perimeter in Hr there holds
1 _
cpdH! — g5 > LCF dH!' —gp. (53)

|B| Jo B |F|

Proof. (ii) = (i). Suppose by contradiction that F is not ¢-calibrable, i.e. dgin — g is not constantly
equal to Vg on int(F). It follows that Q‘f {dE. — ¢ < Vp} N int(F) is nonempty. By

min
Corollary 4.7, we can find A < Vg such that .Q{ is a nonempty set of finite perimeter. Set for

simplicity Q := (2{ . From (1) we have

/ dE dx = —/ 0(Nomin, D1g) dH! +/ [(Noin - 7119 dH!
[ int(F)Na*Q oF
= —/ 0 (Nmin, D1g) dH! +/ [(Nmin - V7 1dH.
int(F)Na*Q AFN3*Q

Recalling Theorem 3.13 (which is still valid for Ny, [5]) and definition (52) of cp, we have
—0(Nmin, D1g) = cp on 8* Q Nint(F); moreover [Nmin Dl =cp = cgon dF Na*Q. Therefore
fQ dE dx = fa*Q co dH!. It follows, using (ii),

1
Vi >A>— drﬁmdx So=— codH' —go > Vr, (54)
| QI 101 Jo=o
which is a contradiction.
(i) = (ii). Let B C F be a set of finite perimeter in Hr. If we integrate dflm —g over B, using (1)
and (52), we get

Vi = = 0 (Nmin, D15) dH!
|B| / |B| int(F)Na* B e
1
crdH! — g5 < — cgdH!' — g5,
|B| IFN3*B BBl Jys 5

which is (ii). 0
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7. Convexity of the sets Qf and 9{

Our aim is to prove the following result.

THEOREM 7.1 Assume that E is convex at F and that F is convex. Then Q[ is convex for any
A > kmin(F), and O} is convex for any A > kin(F).

In Corollary 9.5 we will prove a stronger result, namely that Kf is (continuous and) convex

on F. We will prove Theorem 7.1 only for the sets Q{ since the assertion on 9{ follows from the
convexity of Q{ and the equality

of = ﬂ nr. VA > kmin(F). (55)
W>A

To prove Theorem 7.1 we need some preliminary lemmas.

LEMMA 7.2 Assume that E is convex at F' and that F is convex. Let A > «pin(F). Then int(Q{ )
consists of a finite union of convex open sets whose closures are pairwise disjoint.

Proof. Since Q{ has finite perimeter, by [1] it follows that

() =JCi.  Pp(2) =) Py(Co), (56)

iel iel

where [ is at most countable and C; are nonempty open connected sets, pairwise disjoint. Observe
that each C; is simply connected by Theorem 5.2, because filling the holes strictly decreases the
functional G, (we use here the property that, if E is convex at F, then A > knin(F) > 0, see (47)).
This fact, together with the property that dC; has finite length, implies that dC; is parametrizable in
a Lipschitz way by a closed Jordan curve. Let us show that C; is convex for any i € I. Let co(C;)
be the (open) convex envelope of C;, and assume by contradiction that co(C;) # C; forsome i € I.
It follows that the set A := |J;; co(C;) properly contains 2 F hence |A| > |Q){F |; moreover A is
contained in F, since F' is convex. Parametrizing dC;, we can use Jensen’s inequality to prove that
Py(C;) = Py(co(C})). Therefore, by (56)

Py(2f) = " Py(Ci) =Y Py(co(Ch)) > Py(A).

iel iel

Hence G, (A) < G, (Q){F ), which contradicts Theorem 5.2. It follows that each C; is convex. In view
of the different scaling factors of 13;5(-) and | - | it is easy to see that / is finite. Indeed, eliminating
the connected components with volume sufficiently small decreases the functional G, . It remains
to prove that C; N C; = ¢ fori # j. Assume by contradiction that C; N C; # #. By Jensen’s
inequality it follows again that G, strictly decreases by substituting C; U C; with co(C; U C;), thus
contradicting Theorem 5.2. U

In the following lemma we prove that the part of 0 F lying ‘above’ or ‘below’ a connected
component of int(F) N Q{ can be written as a graph on a segment [x, y], with possibly a ‘vertical’
part at x or at y, but not at x and at y, see Fig. 2.

LEMMA 7.3 Let F be convex. Let A > 0 be such that Q{ ¢ {0, int(F)}. Denote by X the closure
of a connected component of int(F) N 82, and set {x, y} := X N JF. Let 7% be the outward unit
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2

© o

F1G.2. Lemma 7.3: 0 F is locally graph of a function f, possibly discontinuous at one extremum.

normal on [x, y] to the convex set bounded by X and [x, y] (when XY’ = [x, y] we set 7Y = 9 ).
Then there exist a vector v such that v - 7> < 0 and a convex function f i [x, y] = Ruv such that
either f(x) = O or f(y) = 0, and graph(f) U [x,x + f(x)]U [y, y + f(y)] € 9F. A similar

statement holds for 6.

Proof. Let II := {w : (w — x) ¥ < 0}. Let 7y, Ty be the tangent unit vectors to dF N II at
x and y respectively, pointing inside II (7, and 7, exist because F' is convex). Let us prove that
7, and 7, are ‘weakly convergent’, i.e. (ty — 7y) - (y — x) < 0. Assume by contradiction that
(ty — 7x) - (y —x) > 0. Choose v, [v] = 1, such that 7, - (y —x) > V- (y —x) > 7 - (y — X).
Let C be the (convex) connected component of Q{ such that 9C D Y. It is easy to realize that we
can slightly translate C in the direction of v still remaining inside F, and this translated set does not
intersect Qf \ C (recall Lemma 7.2). Precisely, there exists € > 0 such that

STHCCF,  (2F\ONGET+C) =0, Vse 0,€L (57)

Let us fix 0 < 51 < € and define 2= (Qf \ C) U (517 + C). Then 2 is a minimum of G, which
does not contain .Qf , contradicting (43).

It follows that (zy — 1) - (y — x) < 0. This and the convexity of F imply that there are a unit
vector v and a convex function f : [x, y] — Rv such that 0 F N II = graph(f) U [x,x + f(x)]U
[y, ¥ + f(y)]. It remains to check that either f(x) = 0 or f(y) = 0. Indeed, if by contradiction
f(x)-v>0and f(y) - v > 0, then we can perform a slight translation of C in the direction of v
obtaining a contradiction, exactly as in the previous argument.

The assertion on 9{ follows from similar considerations. 0

REMARK 7.4 As Y C F and X is contained in a translated of %VT’; (Theorem 3.11), from
Lemma 7.3 it follows that ' can be written as a graph of a convex function ¢ : [x,y] — Rv
such that o (x) = o (y) = 0.

We are now in the position to prove Theorem 7.1.

Proof. By Lemma 7.2, it is enough to show that Q{ is connected. Assume by contradiction that
Q{ has (at least) two connected components C, C' and let ¥’ C dC, x,y € X, 14, Ty, I, v, f be
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as in Lemma 7.3 and its proof. We can assume, without loss of generality, that C' C (F \ C) N II.
In the same way, we can find X' C C’, x', y" € X', 7/, Ty, II' such that C C (F \ C") N II'. By
Lemma 7.3 we have

(ty =) - (y —x) <0, (ty — ) - (v =) 0. (58)
Since F is convex and C C (F \ C’) N II', from the first inequality in (58) it follows

(ty — ) - () = x) 2 0.

Hence (7, — 7) - (y' — x”) = 0. In the same way we obtain (t, — 7,) - (y —x) = 0. It follows that
o0F N I N IT’ is the union of two parallel segments, which implies f(x) -v > 0 and f(y) - v > 0,
contradicting Lemma 7.3. ]

8. Characterization of ¢-calibrable facets in the convex case

The aim of this section is to prove the following theorem, which is one of the main results of this
paper.

THEOREM 8.1 Assume that E is convex at F and that F' is convex. Then F is ¢-calibrable if and
only if

Py(F
ess sup Fg < o (F) (59)
aF |F|
Proof of the implication:
~r _ Py(F) . .
esssupky < = F is ¢-calibrable. (60)

IF |F|

We need the following local comparison lemma, whose proof (well known in the crystalline
case [12]) is omitted. Recall that, if A > 0, the ¢-curvature of %W; is constantly equal to X.

LEMMA 8.2 Let P C HpF be a closed convex Lipschitz 5—regular set, let~x € 0P and A > 0.
Assume that there exist a neighbourhood N (x) of x and a translated B of % W; such that x € 981,
x A

and

PONx)N B%.
Then
ess inf ?qf <A
dPNN (x)
Similarly, if
PNN(x) C By,
A

then

ess  sup Ef})\.
3PNN (x)
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Assume by contradiction that (60) is false, i.e. F is not ¢-calibrable. Since E is convex at F, by (41)

we have ~
1 Py(F
L[ o B0
|Fl JF |F|
Therefore we can pick A > 0 with the following properties:
—  Py(F
A > »(F)
|F|

, !2{ ¢ {9, int(F)}, Q{ of finite perimeter. (61)

Let ¥ C 902F, x, v, v, Il be as in Lemma 7.3 and its proof. From Lemma 7.3 and Remark 7.4
it follows that there exist two convex functions f,o : [x,y] — Rwv such that f - v > o - v,
Y = graph(o) and Il NdF = graph(f) U [x,x + f(x)]U[y,y + f(»)]. Let

M:={zelx,yl: f(2) —o(2) = I[fclaﬁ(f — o)}

We divide the proof into two cases.
Case 1. Assume that M N ]x, y[ # @.

Letz € M N ]x, y[. Then F is a convex set which is Lipschitz a—regular by Proposition 3.7, and
is contained, locally in a neighbourhood of the point z+ f (z)v, in the set f(z)v+ Q{ . Recall that, by

Theorem 3.11, we know that Y’ is contained in a translated of %WXF . Therefore, using Lemma 8.2,
it follows

ess sup qu > A (62)
oF
From (62) and the inequality in (61) it follows ess sup; ¢ Eg > Pdl’élF), which contradicts (59).

Case 2. Assume that M N Jx, y[ = @.

In this case we can suppose M = {x}, since by Lemma 7.3 if x € M then f(x) # o(x) =0
and f(y) = o(y) = 0, which implies y ¢ M.

Define 0. (-) :=0(-+€(y —x))on Il ;=[x —e(y —x),y —€(y —x)]. If € > 0 is sufficiently
small, the set M¢ 1= {z € I : f(z) —0c(z) = maxy, (f — o)} cannot intersect d1.. We now reason
as in Case 1 considering o, in place of o and taking a point z’ € M in place of z. The proof of (60)
is concluded.

Proof of the implication:

F is ¢-calibrable = ess sup %qf
IF

Py(F)
|F|

N

(63)

We need some preliminaries. The following lemma is a sort of converse of Lemma 8.2. It concerns
the existence of an ‘obsculating” Wulff shape. By definition, we set inf = 4-o0.

LEMMA 8.3 Let P C Hpf be a closed convex Lipschitz g-regular set. Let x € 9P be a point of
differentiability of d P and where qu (x) exists. Define O(x) as the set of all R > 0 such that P is

locally contained, in a neighbourhood of x, in a translated Bz of RVT’j with x € 9Bg; define also
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I(x) as the set of all » > 0 such that a translated B, of rVT/g with x € 313, is locally contained, in a
neighbourhood of x, in P. Then

Ry () = (supI(x))~" = (infO(x))~"

Proof. The assertion is well known when 5 is smooth and strictly convex. Here, we shall give the
proof only in the crystalline case. Since P is Lipschitz ¢ -regular, there exists 7y € Lip(dP; Hr)
with 774 (x) € T"(UP (x)) for H! almost every x € dP. As P is also convex and ¢ is crystalline,
only two pos51b111t1es occur: either x is in the interior of an arc or of an edge where 72 is constantly
equal to a vertex of WF or x is in the interior of an edge of L C d P parallel to some edge [ C 8WF

In the first case we have Ky P(x) = 0, and since ¢> is crystalline and 9 P is differentiable at x, it is

immediate to check that O(x) = ¥ and 7 (x) = ]0, +oo[. In the second case we have '/?(f x) = %
and I (x) = 10, L/I[, O(x) = ]L/l, +oo[, which gives the assertion.

The following lemma concerns minimizers of the functional G, computed on graphs of
functions u.

LEMMA 8.4 Leta,b € R,a < b, . > 0and G, : H] ([a, b]) — R be defined as
Gi(u) = / ¢ (—u'(s), 1) — Au(s) dH' (s). (64)
[a,b]

Assume that there exists a function u) € HO1 ([a, b]) whose graph is contained in a translated of
%awg . Then u;, minimizes G in H ([a, b)).

Proof. Assume first that VT’j is smooth and strictly convex, and let 5" = ¢~5" (&1, &), (61,&) €
R? ~ Hp. Then the Euler equation associated to G, reads as

3 (ad° 3
5(851 (), 1)) B

)=As +c, for some ¢ € R. (65)

which is equivalent to
8¢°
981

Since the functional G, is strictly convex in Hol([a, b)), if we prove that u, solves (65), then
u; minimizes G, in Hol([a, b]). By assumption, there exists a point z = (¥, ¥) € R? such that
graph(u,) C 7 + %BWJ;. Letting ig(s) = (—ub (s), 1)/@°(—u} (s), 1) we have

VG (—id} (). 1) = TOW(s)) = A, un()) — Z = (s — T, Az (s) — )

which implies (65) with ¢ = —x. Then u; minimizes G, on Hol([a, b)).

Let us consider now a general Finsler metric ¢. Choose a sequence of functions (ag)k, with
ak > 5‘) which converges uniformly on compact subsets of R? to 5" and such that {¢~Sk < 1} are
smooth and strictly convex. Let G, be defined as G, with ¢" replaced by ¢k The functionals Gy
converge unlformly, as k — 400, to G on bounded subsets of H ([a, b)). Slnce ¢k > ¢" we can
find functions u* S H ([a, b]) whose graphs are contained in a translated of 1 8{¢k 1}. By the
previous argument, “x minimizes G on H ([a, b]). Since u’)i — uy in H ([a, b]) as k — +oo, we
obtain that #; minimizes G. O
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Let us now prove (63). Assume that F' is ¢-calibrable, so that

int(F) =2 VYA > kmin(F), (66)
and suppose by contradiction that (59) does not hold. Let x € dF be a point where 9F is
differentiable, where there exists Eg (x) and k’g (x) > %. Choose

Py(F)
€ }W,K(b (.X') . (67)

By Lemma 8.3, there exist p > 0 and a translated 3 of %VT/(; such that x € 981 and
A A
FNB,(x) CB;.
A

We divide the proof into three cases.
Case 1. Assume that 7"('\75 (x)) is a singleton.

In this case we have, for p > 0 sufficiently small,
0F NaB1 N B,y(x) = {x}.
A

Choose a unit vector v and p > 0 small enough such that 9F N B,(x) and 081 N B,(x) are
A

both graphs of two convex functions of class H 1 along v, with F N B,(x) and B; N B,(x) as

corresponding subgraphs. Let As := B1 — §v, for § > 0 sufficiently small. Let {y;, y2} := dF N

0As. Denote by II the half-plane con?aining v and with y{, y, in its boundary. Then dF N II
and dAs N II are both graphs of two convex functions on [y, y»] along v. Applying Lemma 8.4
(and a suitable change of coordinates) we have that, letting H, := (F \ II) U (As N II), then
Gy(Hy) < Gi(F). By (66) we have G, (F) = Q;\(QAF). We deduce G, (H)) < Q;L(QAF), and this
contradicts Theorem 5.2, since H, does not contain _Qf .

Case 2. Assume that T° (T)"g (x)) is not a singleton and that 8VT/£ can be written as the graph of a
convex function (with respect to some direction) in a neighbourhood of 7o ('\75 (x)).

Note that necessarily To (U(f (x)) is an edge of 8VT’£ . As F is a convex Lipschitz a—regular set,

we have that x belongs to an edge L of 3 F. Since we may avoid subsets of 3 F with ! zero measure
in the computation of the essential supremum, we can assume that x belongs to the interior of an
edge L of d F. Reasoning as in Case 1, we can find a neighbourhood N (L) of L and a translated B

A

of%BWq’f such that x € 981 and
A
FNN(L) CB:.

Possibly reducing N (L), we can also assume

dFNaBL NN(L) = L.
A

Noticing that d F can be written as a graph of a convex function in a neighbourhood of L, we
conclude as in Case 1, making use of Lemma 8.4.
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FIG. 3. Case 3 of the proof of (63): Wf is not locally graph around /.

Case 3. Assume that T° (ig (x)) is not a singleton and that 9 VT/qf cannot be written as a graph in a
neighbourhood of 7o ('175 (x)), see Fig. 3.

Let L be the edge of d F containing x in its interior, and denote by x, x; its extrema. We often
identify L with its length. We need the following lemma. We denote by y € int(Wdﬁp ) the point such

that 5 = 5y, see the comments after Definition 2.2.

LEMMA 8.5 Let u > O and let C C HF be an open cone centred at ;y. Then
> o F 2 o F
PouWy, €)= = 1C 0 Wy

Proof. We take = 1, the general case follows by rescaling. For x € 9 VT/(; we have 5"(\7 Wy x)) =
T)'Wdf (x) - x, while for x € 3C \ {y} we have V¢ (x) - x = 0. Therefore

. 5”(5V~V<1>F(x)) dH! = / T)'%F (x) - x dH!

o= [ )
a(cmwdf)

Cﬂ3W¢

=/ _ divxdx =2/Cn W[ L.
cnwdf,r

O

We now prove the assertion in Case 3. Let € > 0; we denote by F the set of all points of F' whose
(Euclidean) distance from the line passing through L is greater than € > 0. We will prove that, if €
is small enough, then

Gi.(Fe) < Gu(F). (68)
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Denote by [ the (Iength of the) edge of ﬁ/j corresponding to L. We claim that
Py(F) — Py(F.) = el + o(e). (69)
If € is small enough, we can assume that F', in a neighbourhood of L coincides with a corresponding

portion of w + %VNVdf for some w € Hp. Indeed, if we modify F locally around L into a new set

F’ which coincides with a portion of a translated of %W; , then f’:p(F N = Ep(F ). Let y1, y2 be the
extrema of the edge of F parallel to L, let z1, zo be the orthogonal projections of y;, y, onto the
line passing through L and let §;, i € {1, 2}, be equal to 0 if the pomt z; belongs to L and equal to
1 otherwise (see Fig. 3 where 61 = 1 and 8 = 0). Let O := w + ¥ Ly, where ¢ qb‘ Finally let
X1, X» be the intersection of F' with the triangles with vertices O, x1, z; and O, x3, z» respectively,
let Y1, Y be the intersection of F with the triangles with vertices O, z1, y1 and O, z2, y» respectively,
and let Z1, Z, be the quadrilaterals with vertices O, x1, z1, y1 and O, x2, 22, y2.

Notice that 2(|Y1| + |Y2|) = Le + o(e) since |Y1], |Y2| have a basis with length |y; — z;| = €
and the sum of their heights is | y1 — y2| = L + O(e). Recalling the observation that F comcndes
with a portion of a translated of * qu locally around L, we can apply Lemma 8.5 with u := £ to
the cones containing X; and Y;, i = 1, 2 and we obtain

~ ~ 21
Py(F) — Py(Fe) = Z(|Zl| + 23] = 811X1] — 821 X2]) + o(e)

21
= Z(lYll + [Y2]) + o(€) = €l + o(e),

where we have used the fact that the area of the triangles x1y;z1, x2y222 is of order o(¢). The proof
of (69) is complete.
Observe now that

|F| — |Fe| = €L 4 o(e). (70)

Moreover, by (67) we have that the 5 curvature of L, which is %, is strictly larger than X, hence
AL — 1 < 0. Using (69) and (70) we have

Go.(Fe) = Py(Fe) — | Fe|
= Py(F) — el + 0(€) — A([F| — €L + o(e))
=Gu(F)+e(AL —1)+o0(e) <O

for € > 0 small enough. This gives (68). From (68) we deduce that F is not a minimizer of G, and
this fact, coupled with (66), contradicts Theorem 5.2. The proof of Case 3, and therefore the proof
of the implication (63), is complete.

9. Characterization of the sets Q/\F and (9{D in the convex case

Givenaset A C F and r > 0, we set
A ={xeF: dist(;(R2 \A,x) >r}, Aj' ={x e F: dista(x, A) <r},
Al ={xeF: dist(;;(R2 \A,x) >r}, Al ={xeF: distq;(x, A) <r},
AF = (A))F AL = AD)L
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Notice that

AE = U{B’ : B, C int(A) is a translated ofrﬁ/j},

_ ~ 1)
L= U{B’ : B, € Ais a translated of r W, }.

Moreover A C int(A), A, € A, and r < p implies AF D Af and A, D A%. Note also that
AATNIF #Pand DA, NIF # 0.

The aim of this section is to prove the following result, which exactly identifies the sublevels of
Kf on int(F).

THEOREM 9.1 Let ¢ be crystalline. Assume that E is convex at F' and that F is convex. Then

int(2f) = Ff VYA > kmin(F), (72)
x

—_— 1

of = F} YA > kmin(F). (73)

In general, it may happen that, for some A < kmin(F), the sets F f are nonempty, whereas the sets
A

Qf are obviously empty: see Section 10 for a concrete example of this phenomenon.
To prove Theorem 9.1 we need some preliminary lemmas.

LEMMA 9.2 Let P C HF be a Lipschitz g-regular closed convex set and let A > 0. Then

1
esssupf(;,D <A=P=P}.
3P

Proof. We divide the proof into two steps.

1
Step 1. Let us prove that P} # (.

Fix 4 > A and let x € 9 P be a point where 9 P is differentiable and there exists k’df x) < u.
1

Since Pip =N P1,itis enough to show that B is contained in P. Indeed, in this case Pf # 0,

r<
p w

1
and we conclude by compactness, letting ©« — A, that P # .
By Lemma 8.3, there exist an open neighbourhood N (x) of x and a translated B1 of ﬁW(; such

m
that x € 0B1 and N(x) N B:1 C P.
w w
Assume by contradiction that B is not contained in P. So B is locally (around x) but not
12 n
globally contained in P. The connected component I” of d P\int(131 ) containing x is homeomorphic

m
to the interval [0, 1]. Then I'\{x} = A1UA,, where A; are two arcs, whose interior parts are pairwise
disjoint, having x as the common extremum. There are only two possible cases.

Case 1. One of these two arcs, say Aj, can be written as the union of a (possibly empty) segment
and the graph of a convex function with respect to a suitable orthogonal coordinate system.
Reasoning exactly as in the proof of (60) of Theorem 8.1 (with F replaced by P and QXF replaced by

B 1) we deduce that there exists a point y € A; such that 'qu (y) = n > X, which is a contradiction.
m
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FI1G. 4. The set B locally but not globally contained in P.
m

Case 2. Both A and A; are union of two segments and the graph of a convex function which is
not continuous at the extrema.

We are in the situation depicted in Fig. 4, where d P contains two parallel segments /1, [, and B 1

m

is ‘tangent’ to one of them, say /1, from inside, and int(31 ) intersects /. We now slightly translate
m

B, in the direction of 7¥ (x) (i.e. toward the left in Fig. 4) in such a way that the interior part of the

m
new translated set intersects both /; and ;. Reasoning as in the proof of (60) of Theorem 8.1, we
conclude as in Case 1. The proof of Step 1 is complete.

1
Step 2. Let us prove that P = P}.

1 1
Assume by contradiction that P is strictly contained in P. This implies that Py is strictly
1

contained in P for some u > A. Let A be a connected component of int(P) \ Pf and let Y =
1 1

dAN 8Pj§ . Recalling (71) with r = 1/p and using the fact that Pf is convex, it follows that X' is
contained in a translated of iqu . Recalling again (71) and the fact that F' is convex, with similar

arguments as in Lemma 7.3, it follows that both dA \ X' and X can be written as graphs (in the
same direction) of two convex functions f, o respectively, such that f can be discontinuous in at
most one of the extrema. We can reason again as in the proof of (60) of Theorem 8.1 obtaining a
contradiction as in Step 1. (]

The following lemma proves that there is a point x in the boundary of a convex not Lipschitz 5
regular set P with the following property: P is, locally around x, contained in any (translated of the)
¢-Waulff shape with the proper radius and having x in its boundary. Heuristically, the ¢ -curvature of
dP atx is +oo.

LEMMA 9.3 Let 5 be crystalline. Let P C HFr be a compact convex set which is not Lipschitz
¢-regular. Then we can find a point x € 9 P having the following property: for any A > 0 there exist
p > 0and a translated B of %W({ such thatx € 81 and P N B,(x) € Bi.

A A A
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Proof. Since P is convex and 4) is crystalline, P is Lipschitz ¢> regular if and only if any edge of
a WF has a corresponding parallel edge of d P. Therefore, if P is not Lipschitz ¢-regular there exist

apoint x € d P and a straight line s parallel to some edge of 8WF such that s N d P = {x}. One can
verify that x satisfies the thesis. O

LEMMA 9.4 Let 5 be crystalline. Let A > kpin(F). Then .Qf is Lipschitz a—regular and

0F
ess sup ki A (74)
af

Similarly, if A > kmin(F), then @{ is Lipschitz ¢ regular and
F

€ss sup Ef* <A (75)
aof

Proof. Let us prove that QF verifies the assertions. Let A > «min(F). By Theorem 7.1 we know

that Q{ is a convex subset of F. We argue by contradiction. If Q{ is Lipschitz ¢ regular and
F

€SS Sup; oF K(;)Q > )\, then by Lemma 8.3 there exist x € 3/2F, a neighbourhood N (x) of x and a

translated B 1 of 1 T ¢ £ such that x € 881 and B 1 O Nx)N QF We then reach a contradiction

reasoning as 1n the proof of (63) of Theorem 8.1.

Assume now that QF is not Lipschitz ¢ -regular. We apply Lemma 9.3 and we reach a
contradiction as in the previous case.

Finally, the assertions on 9{ follow from the assertions on Q{ and (55). O

We are now in the position to prove Theorem 9.1.

We will prove Theorem 9.1 only for the sets @F, since the assertion on .Qf follows then from
the equality 2/ = Up<x @lf.

Fix A > «kmin(F). From Lemma 9.4 we have that 9{ is Lipschitz ¢~> regular and (75) holds.

Therefore, from Lemma 9.2 we have 6 = (ef ) Since O € F we have 9, c Fi, which
1
proves that F.} is not empty.

N 1 N
Assume by contradiction that @f is strictly contained in F}.Let ¥’ C 9 9{ Ax, ¥y} i=XYNOF,
1
IT be as in Lemma 7.3 such that X Nint(F{) # . By Lemma 9.2 and Lemma 9.4, there exists a
1
translated Bl of + WF such that B I c QF and X' C 86 I'. Moreover, by definition of F}, there

exists a translated Bz C Fof + WF such that 82 N (F\ QF) N II # @. Since F is convex it must

contain the convex combmatlon of B 1_ and le , Wthh implies that d F' N I cannot be written as the

graph of a (convex) function over [x? v, whikch is continuous at one extreme, and this contradicts
Lemma 7.3. The proof of Theorem 9.1 is concluded.

The following result suggests that, at least initially, convex sets remain convex during the
evolution by crystalline mean curvature.

COROLLARY 9.5 The function Kf is continuous and convex on F.
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Proof. Thanks to Theorem 9.1, we have (int(F) N 89{) int(F) N 8(2{) = () for A # u, which
implies that k (f is continuous on F.
Let us prove that KE isconvex on F.Letx,y € F,and let A := Kf(x), uw = Kf(y). We have

to prove that Hy € QF

e If A = w the assertion follows from the convexity of @f (Theorem 7.1),

SO we can assume A > u. Since x € 9{ and y € er, by Theorem 9.1 there exist zy, z, € F such
that

I ~p I ~¢
XGZx'i_XW(p EF, yGZy+;W¢ EF

Using the convexity of F we observe that

x+y€zx+zy A+ U ~

wFcF.
2 T PV
Atu
Therefore 32 ¢ F" . Since /Hz-u < ;};’j we have *1* € F - = of i where the last equality
follows again by Theorem 9.1. O

The assumption that ¢ is crystalline in Theorem 9.1 is necessary because we apply Lemma 9.3,
where it is required that ¢ is crystalline. We expect that Lemma 9.3 is still valid for a generic ¢, and
therefore that Theorem 9.1 is still valid for a generic anisotropy ¢.

10. An example of a convex set with non ¢-calibrable facets

We show an example of Lipschitz ¢-regular set, partially discussed in [3]. We justify the
computation of the ‘velocity’ Kf given in [3] and the subsequent crystalline mean curvature
evolution. This flow shows that the frontal facet F of E, for € in a suitable range, bends inside
E at the initial time [22]. In this example we make use of both Theorems 6.1 and 8.1: we could
avoid the use of these two results together, but we find it interesting to apply both of them.

Let Wy C R? be the prism with hexagonal basis in Fig. 5; the apothem of the hexagon has
unit length. Let also E be the convex Lipschitz ¢-regular set as depicted in Fig. 5. The apothem
of the frontal hexagonal facet F, of E has unit length. Notice that E satisfies the assumptions of
Proposition 4.1.

PROPOSITION 10.1 Lete€ :=7 — /42 € ]0, 1[. Then F¢ is ¢-calibrable if and only if € € [€, 1].

Proof Let us prove that if Fe is ¢-calibrable, then € € [€, 1]. Given € € [0, 1] we have |F¢| =

[(7 —€2), Py(Fo) = Jop, cr. dH' = H'(3F) = f(7 — €). Hence
Py(Fo) 2(7T—¢)
Vi = = < 2, A4 0,1 . 76
F. A T e €[0,1] (76)

The function € — V, is strictly convex on [0, 1], with Vg, = V= 2, and attains its minimum
for € = €, with value Vi = (7 + v/42)/7 < 2. In particular

Ve < VFE, and Fe C Fe Ve € 10, €.

Hence, by Theorem 6.1 (here g = 0), the facet F¢ is not ¢-calibrable for any € € ]0, €[.
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E

FIG.5. For e € ]0, €[ the frontal facet Fe C 9E is not ¢-calibrable. The dotted line I’ separates the region where « g is

constant from the region 7 where k g is continuous but not constant.

Let us now prove that if € € [€, 1] then F¢ is ¢-calibrable. Thanks to Theorem 8.1 and (76), it
is enough to prove that

~F _ 2(1—¢€) _
esssup K, < ——— Ve € [€, 1]. 77)

9F. 7—62

Denote by [p, g] the shortest edge of d F, see Fig. 5. Observe that the supremum of Eg‘ is attained

(recall that the length of the edges of W is f) In addition —=2— =

fl V3lp—ql
1. since 1 < =9 for anye € [, 11, (77) follows. O

on/ and is equal to

Proposition 10.1 identifies Kf on the frontal facet F, and on its opposite one. Since, by [3:

Lemma 5.1] all remaining facets of E are ¢-calibrable, we can compute explicitly « f on the whole
of 0E.
We finally observe that, given € € ]0, €[, we have kpyin(Fe) = 7+7_\/@’ hence Qf ¢ = () for any

A< 7+*/— whereasF # @ forany A € 11, ”7@].
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